The Optimal Discovery Procedure:
A Generalization of the Neyman-Pearson Fundamental
Lemma to Multiple Significance Testing
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Years after Enrollment

Barlogie et al. (2006 NEJM 354, 1021-30)
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DNA Microarray

DNA Microarray Testing
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Multiple Significance Testing

» Cox Proportional Hazard Regression
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False Discovery Rate (FDR)

» Familywise Error Rate (FWER)
» FWER=Pr(V=1)
» V: Number of false positive
» S: Number of significant tests

» False Discovery Rate (FDR)
» FDR =E[V/S]
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The Neyman-Pearson Fundamental Lemma

» The well-known Neyman-Pearson (NP) lemma provides an optimal
procedure for performing a single significance test when the null and
alternative distributions are known (Neyman and Pearson, 1933). Given

observed data, the optimal testing procedure is based on the likelihood
ratio

probabaility of data under alternative distribution
probabaility of data under null distribution

The null hypothesis is then rejected if the likelihood ratio exceeds some
prechosen cut-off. This NP procedure is optimal because it is ‘most
powerful’, meaning that for each fixed type | error rate there does not
exist another rule that exceeds this one in power.

Storey (2007) 9

Generalization to Multiple Significance Testing

» Although a single-hypothesis test involves forming a statistic, deriving a
set of significance regions, and determining the type | error rate for
each region, these components can conceptually be broken down into
two major steps when testing multiple hypotheses:

» (a) determining the order in which the tests should be called
significant and

» (b) choosing an appropriate significance cut-off somewhere along
this ordering.

» The first step can also be thought of as the process of ranking the tests
from most to least significant.

Storey (2007) 10




Storey (2007)’s Formulation
» EFP (Expected False Positive)
EFP(T) = jfl(x)dx+ ~-+jfm0(x)dx
r r

» ETP (Expected True Positive)

ETP() = | gmyes Oz + -+ | g ()
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Storey (2007)’s Lemma

» The multiple-testing procedure that maximizes ETP for each
fixed EFP among all STPs (single-thresholding procedure) is
defined by the following significance thresholding function:

gm0+1(x) t Gmy+2 (x) + - gm(x)
i) + f2() + -+ + fin, (%)

» Storey (2007) named this optimal testing procedure as
“optimal discovery procedure (ODP).”
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Comparison of NP and ODP Testing Approaches
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Fig. 1. Plots comparing the NP testing approach to the ODP testing approach through a simple example. (a) NP
approach. The null (gray) and alternative (black) probability density functions of a single test. For observed data
x and y, the statistics are calculated by taking the ratio of the alternative to the null densities at each respective
point. In this NP approach, the test with data y is more significant than the test with data x. (b) ODP approach. The
common null density (gray) for true null tests and the alternative densities (black) for several true alternative tests.
For observed data x and y, the statistics are calculated by taking the ratio of the sum of alternative densities to the null
density evaluated at each respective point. In this ODP approach, the test with data x is now more significant than the
test with data y because multiple alternative densities have similar positive means even though each one is smaller
than the single alternative density with negative mean. A color version of the figure is given in the supplementary
material available at Biostatistics online, Figure 8. 1 3
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Empirical Bayes Formulation
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Derivation of ODP (1)

» It is sufficient to show that, for any I'" such that EFP(I'') >
EFP(T), EFP(I'') < EFP(T). Equivalently, for any I'" such that
EFP(I'")/my = EFP(I')/my, ETP(I'')/m, < ETP(T')/m,.

EFP(F)

f [ rxto.wrdGoce, pigoax

ETP(F)
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» The optimization problem is equivalent to the NP lemma!!
16




Derivation of ODP (2)

» Therefore, the significant regions obtained by the marginal
likelihood ratio statistic

ff(xle'lp)dGl(erlplfl)
ff(xw;'/’)dGo(er‘pHo)

achieves the Storey’s optimality criterion.

A(x) =
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Noma and Matsui (2012)’s ODP

» The optimal discovery procedure that maximizes ETP among
all STPs is defined by the following significance thresholding
function under the empirical Bayes formulation:

Eg, [f (x]6,9)]
EGO [f(XlB, ¢)]

_ J f(x16,)dG,(6,(§1)
J f(x16,)dGy (8, 1))

Ropp(x) =
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Noma and Matsui (2012)’s ODP
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Estimation of the Hyperparameters

» Two-Component Hierarchical Mixture Model
» x;i~f(x|0;,¢;), (i=12,..,m)
> (0, P)~1oGo(0,P|§,) + m,G1(0,9[§,)

Null Non-Null (Alternative)
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Analysis of Lymphoma Clinical Study

c D
Training Set of Tumor
Specimens (N=95)

Immune-Response 1 Signature
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onst features of tumor-infiltrating immune cells.
scassz N Engl J Med. 2004 Nov 18;351(21):2159-69.
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Analysis of Lymphoma Clinical Study
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Results of the ODP analyses
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Number of significant genes

Concluding Remarks
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