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Abstract

It is well�known that kernel density estimators for i�i�d� data have point�wise asymptotic

normality� This note extends it to the functional sense with respect to a local parameter�

The localizing constants should be the same as the bandwidth�

� Introduction and results

It is well�known that kernel density estimators for i�i�d� data have point�wise asymptotic nor�

mality� this fact is so elementary that we may safely omit a bibliographical review� However�

since the density f is originally de�ned as a Radon�Nikodym derivative with respect to Lebesgue

measure� the value f�x	 at each point x does not intrinsically make sense� Thus� an assertion

in some functional sense is preferable in order for� e�g�� the construction of con�dence inter�

vals� Although the bandwidth processes or
and deviation processes as random elements taking

values in the space C were studied by Krieger and Pickands� III ���
�	 and M�uller and Pre�

witt ������ ����	� the weak convergence of local random �elds of normalized residuals was not

considered in the literature up to the present�

The purpose of this note is to extend the asymptotic normality of kernel density estimators

to the functional sense with respect to a local parameter� The localizing constants should be

chosen to be the same as the bandwidth� The results are shown by using Ossiander�s central
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limit theorem for empirical processes indexed by classes of functions� see e�g� Van der Vaart

and Wellner �����	 for this theory�

Let fXigi�N be an i�i�d� sequence of Rd �value random variables with Lebesgue density f �

Let x� � R
d be a �xed point� and let fbngn�N be a sequence of positive constants such that

bn � � as n � �� We are interested in estimating the local function u � f�x� � bnu	� where

the parameter u runs through a subset U of Rd � We consider the kernel estimator

bfn�x� � bnu	 �
�

nbdn

nX
i��

K

�
Xi � x�

bn
� u

�
�u � U�

where K�x	 is a kernel function on R
d � We make two kinds of conditions either of which the

kernel function should satisfy�

Condition � �smooth kernel� The function K � Rd � R satis�es that�

�i	
R
Rd
K�x	dx � �� K�x	 � K��x	 for every x � R

d � and K has a compact support�

�ii	 there exist � � � and L � � such that jK�x	�K�y	j � Ljx� yj� for every x� y � R
d �

Condition � �monotone kernel� The function K � Rd � R is of the product form K�x	 �Qd
p��Kp�x

�p�	 of some functions Kp � R � R� p � �� ���� d� The functions Kp need not be the

same� but each of them satis�es�

�i	
R
R
Kp�x	dx � �� Kp�x	 � Kp��x	 for every x � R� and Kp has a compact support�

�ii	 the function x� Kp�x	 is non�increasing on ����	�

Here� and in the sequel� the notation x�p� means the p�th component of a vector x � R
d �

The goal of this note is to derive the asymptotic behavior of the sequence of �normalized	

residual processes Rn � �Rn�u	ju � U	 de�ned by

Rn�u	 �
q
nbdn

n bfn�x� � bnu	� f�x� � bnu	
o

�u � U�

The key point is to investigate the processes Zn � �Zn�u	ju � U	 given by

Zn�u	 �
q
nbdn

n bfn�x� � bnu	� efn�x� � bnu	
o

�u � U�

�



where

efn�x� � bnu	 �
�

bdn

Z
Rd
K

�
x� x�

bn
� u

�
f�x	dx

�

Z
Rd
K�y	f�x� � bn�u� y		dy �u � U�

Notice that the processes Rn and Zn are not necessarily continuous in the case of a monotone

kernel� We thus treat them as ���U	�valued random elements� taking advantage of the modern

theory of weak convergence� this approach is natural especially in the multi�dimensional case�

Proposition � Choose a kernel function K � Rd � R satisfying either Condition � or 	� and

let fbng be a sequence of positive constants such that bn � � and that nbdn 	 � as n��� If f is

continuous at x�� and if U is bounded� then it holds that Zn �
 Z in ���U	� where u� Z�u	

a centered� continuous Gaussian process such that

E �Z�u�	Z�u�		 � f�x�	

Z
Rd
K�x� u�	K�x� u�	dx �u�� u� � U�
��

Remark� The continuity of the limit process u � Z�u	 is considered with respect to the

Euclidean metric�

Let U� � U� � � � � be a sequence of bounded subsets of Rd such that
S�
i�� Ui � R

d � We

denote by ��
loc
�Rd	 the set of all functions z � Rd � R that are bounded on every Ui� and equip

it with the local uniform metric d de�ned by

d�z�� z�	 �
�X
i��

�
sup
u�Ui

jz��u	� z��u	j 
 �

�
��i�

Using Theorem ����� of Van der Vaart and Wellner �����	� we obtain the following�

Theorem � Choose a kernel function K � Rd � R and a sequence of constants fbng as in

Proposition ��

�i	 If f is continuous at x�� then it holds that Zn �
 Z in ��
loc
�Rd	� where u � Z�u	 a

centered� continuous Gaussian process whose covariance E �Z�u�	Z�u�		 is given by 
�� for

every u�� u� � R
d �

�ii	 If f is twice continuously di�erentiable in a neighborhood of x�� and if

lim
n��

nb�dn � h ���

�



then it holds that Rn �
 z� � Z in ��
loc
�Rd	� where

z� �
p
h

dX
p��

dX
q��

Z
Rd
y�p�y�q�K�y	dy

��f�x	

�x�p��x�q�

����
x�x�

�

This result can be applied to construct a con�dence band� substituting estimators for f�x�	

in the covariance of the limit process Z and for the second derivatives of f at x� in the constant

z�� Other applications will be presented elsewhere� Notice that the assumptions appearing

above are exactly the same as those in the context of point�wise asymptotic normality� and

thus are quite reasonable� Our conclusion is that the local smoothness of the density f implies

not only the point�wise asymptotic normality but also the weak convergence of local residual

processes Rn�

� Proofs

Let us begin with stating a version of Ossiander�s central limit theorem� see e�g� Theorem ������

of Van der Vaart and Wellner �����	 or Corollary ��� of Nishiyama �����b	 for the proof �the

latter is a martingale version of the theorem below�� Notice that no metric is required a�priori

there�

� � f��		g������� is called a Decreasing series of Finite Partitions �DFP	 of an arbitrary set

U if�

�i	 each ��		 � fU�	� k	 � � � k � N	�		g is a �nite partition of U �

�ii	 	� N	�		 is decreasing� and lim���N	�		 ���

For every n � N� let ��n�Fn� P n	 be a probability space� Given a mapping Z � �n � R �

f�g we denote by �Z�Fn any Fn�measurable majorant of Z� see Lemma ����� of Van der Vaart

and Wellner �����	� Given an ���U	�valued row�independent array f
ni gi�N � f�
ni �u	ju �

U	gi�N on ��n�Fn� P n	� we de�ne


ni �

�
sup
u�U

j
ni �u	j
�
Fn

�i � N�

and given a DFP ��

k
nk	 � sup
��������Q

max
��k�N����

pPn
i��E

nj
ni �U�	� k		j�
	

�

�



where


ni �U
�	 �

�
sup

u��u��U �

j
ni �u�	� 
ni �u�	j
�
Fn

�i � N� �U � � U�

Theorem � Let U be an arbitrary set� For every n � N� let f
ni gi�N be an ���U	�valued�

centered row�independent array on a probability space ��n�Fn� P n	� Assume the following con�

ditions �A	� �B	 and �C	�

�A	 limn��

Pn
i��E

n
ni �u�	

n
i �u�	 � C�u�� u�	 �some constant� for every u�� u� � U �

�B	 limn��

Pn
i��E

nj
ni j��f�n
i
��g � � for every 	 � ��

�C	 there exists a DFP � of U such that

lim sup
n��

k
nk	 �� and

Z �

�

q
logN	�		d	 ���

Then� it holds that
Pn

i�� 

n
i �
 X in ���U	� where each marginal �X�u�	� ���� X�ud		 has the

normal distribution N����	 with � � fC�ui� uj	gij � Furthermore� the formula

��u�� u�	 �
q
C�u�� u�	 � C�u�� u�	� �C�u�� u�	 �u�� u� � U

de�nes a pseudo�metric on U such that U is totally bounded with respect to �� and that almost

all paths of X are uniformly ��continuous�

Proof of Proposition �� We can write Zn�u	 �
Pn

i�� 

n
i �u	 where


ni �u	 �
�p
nbdn

	
K

�
Xi � x�

bn
� u

�
�
Z
Rd
K

�
x� x�

bn
� u

�
f�x	dx



�

We will check the conditions of Theorem �� For every u�� u� � U � since

E
ni �u�	

n
i �u�	 �

�

nbdn

	Z
Rd
K

�
x� x�

bn
� u�

�
K

�
x� x�

bn
� u�

�
f�x	dx

�
Z
Rd
K

�
x� x�

bn
� u�

�
f�x	dx

Z
Rd
K

�
x� x�

bn
� u�

�
f�x	dx



�

�

n

	Z
Rd
K�y � u�	K�y � u�	f�x� � bny	dy

�bdn
Z
Rd
K�y � u�	f�x� � bny	dy

Z
Rd
K�y � u�	f�x� � bny	dy



�

we easily obtain

lim
n��

nX
i��

E
ni �u�	

n
i �u�	 � f�x�	

Z
Rd
K�y � u�	K�y � u�	dy�

�



The Lindeberg condition �B	 follows from the assumption nbdn 	 �� In the following� we will

show that �C	 of Theorem � is satis�ed under either Condition � or �� and that the limit process

u� Z�u	 is continuous with respect to the Euclidean metric�

�The case of smooth kernel�� Assume Condition �� First notice that for any u�� u� � U

jK�y � u�	�K�y � u�	j � Lju� � u�j� �y � R
d ���	

We can take a compact set S which is a common support of the functions y � K�y�u	 for all

u � U � Now� for every 	 � �� choose a �nite partition ��		 � fU�	� k	 � � � k � N	�		g of U

such that the diameter of each partitioning set is not bigger than 	���� This can be done with

N	�		 � const� 	�d��� thus it holds that
R �
�

p
logN	�		d	 � �� On the other hand� it follows

from ��	 that if ju� � u�j � 	��� then

j
ni �u�	� 
ni �u�	j �
L	p
nbdn

	
�S

�
Xi � x�

bn

�
�

Z
Rd

�S

�
x� x�

bn

�
f�x	dx



�

We thus have

k
nk�	 � L�

nbdn

nX
i��

E

�����S �Xi � x�

bn

�
�

Z
Rd

�S

�
x� x�

bn

�
f�x	dx

�����
� �L�

bdn

Z
Rd

�S

�
x� x�

bn

�
f�x	dx

� �L�

Z
Rd

�S�y	f�x� � bny	dy

� �L� � Leb�S	 � sup
x�N

f�x	 for all su�ciently large n � N�

where N is a neighborhood of x�� The condition �C	 of Theorem � has been established�

�The case of monotone kernel�� Assume Condition �� For every p � �� ���� d� choose a

constant cp � � such that ��cp� cp� is a support of Kp and that U � Qd
p����cp� cp��

For every 	 � � and every p � �� ���� d� we introduce a �nite partition ��cp� cp� �
SNp���
kp�� Ip�	� kp	

where Ip�	� kp	 � ��p�	� kp � �	� �p�	� kp	�� such that

� � �p�	� kp	� �p�	� kp � �	 � 	�� kp � �� ���� Np�		�

This can be done with Np�		 � ��cp	
��� � �� Now� to check the condition �C	 of Theorem ��

�



we consider the DFP � � f��		g������� of U given by

��		 �

�
U �

dY
p��

Ip�	� kp	 � � � kp � Np�		� � � p � d

�
�

Then� since

N	�		 � ���		 �
dY

p��

Np�		 �
dY

p��

��
�cp
	�

�
� �

�
we have

R �
�

p
logN	�		d	 ���

Next� for every u�p� � ��cp� cp� we de�ne

Kn�u�p�

p �x�p�	 �
�p
bn
Kp



x�p� � x

�p�
�

bn
� u�p�

�
� �x�p� � R�

Then it holds that

jKn�u
�p�
�

p �Kn�u
�p�
�

p j � K
n���kp
p whenever u

�p�
� � u

�p�
� � Ip�	� kp	���	

where

K
n���kp
p �x�p�	 �

�����
Kp��	p

bn
� if

x�p� � x
�p�
�

bn
� Ip�	� kp	�

jKn��p��
kp�
p �Kn��p��
kp���

p j�x�p�	� otherwise�

The key points are the following�Z
R

jKn���kp
p �x

�p�
� � bny

�p�	j�dy�p� � �jKp��	j�	�
bn

���	

Support�K
n���kp
p 	 � �x

�p�
� � �bncp� x

�p�
� � �bncp����	

f� � lim sup
n��

sup
y�S

f�x� � bny	 ��� where S �
dY

p��

���cp� �cp����	

The fact ��	 will be proved later� while ��	 and ��	 are trivial�

Let us proceed with the main part of the proof� It follows from ��	 that

�p
bdn

����K �
x� x�

bn
� u�

�
�K

�
x� x�

bn
� u�

�����
�

�����
dY

p��

Kn�u
�p�
�

p �x�p�	�
dY

p��

Kn�u
�p�
�

p �x�p�	

�����
�

�����
dX

p��



p��Y
q��

Kn�u
�q�
�

q �x�q�	

�

dY

q�p��

Kn�u
�q�
�

q �x�q�	

�n
Kn�u

�p�
�

p �x�p�	�Kn�u
�p�
�

p �x�p�	
o�����

�
dX

p��

��Y
q 	�p

Kq��	p
bn

�A���Kn�u
�p�
�

p �x�p�	�Kn�u
�p�
�

p �x�p�	
���

�
dX

p��

��Y
q 	�p

Kq��	p
bn

�AK
n���kp
p �x�p�	� if u�� u� �

dY
p��

Ip�	� kp	�

�



Here� for every p � �� ���� d� we obtain from ��	� ��	 and ��	 that for all su�ciently large n � N��Y
q 	�p

Kq��	p
bn

�A� Z
Rd
jKn���kp

p �x�p�	j�f�x	dx

�

��Y
q 	�p

jKq��	j�
�A bn

Z
Rd
jKn���kp

p �x
�p�
� � bny

�p�	j�f�x� � bny	dy

�
��Y

q 	�p

jKq��	j�
�A bn�f� � �	 �

Z
S

jKn���kp
p �x

�p�
� � bny

�p�	j�dy

�
��Y

q 	�p

jKq��	j�
�A bn�f� � �	 �

�� dY
q 	�p

�cq

�A �jKp��	j�	�
bn

� 	�Dp� where Dp �



dY

q��

�cq jKq��	j�
�
��f� � �	

�cp
�

which implies that

Z
Rd

������
dX

p��

��Y
q 	�p

Kq��	p
bn

�AK
n���kp
p �x�p�	

������
�

f�x	dx � 	�d
dX

p��

Dp�

We therefore have

lim sup
n��

k
nk	 �
vuut�d

dX
p��

Dp�

It remains to prove ��	� Observe thatZ
R

jKn���kp
p �x

�p�
� � bny

�p�	j�dy�p� � �I	 �
jKp��	j�

bn
	� � �II	�

where�

�I	 �
�

bn

Z �p��
kp���

��

���Kp�y
�p� � �p�	� kp		�Kp�y

�p� � �p�	� kp � �		
���� dy�p��

�II	 �
�

bn

Z �

�p��
kp�

���Kp�y
�p� � �p�	� kp		�Kp�y

�p� � �p�	� kp � �		
���� dy�p��

Further� it holds that

�II	 �
�

bn

Z �

�

���Kp�y
�p�	�Kp�y

�p� � �p�	� kp	� �p�	� kp � �		
���� dy�p�

� �

bn

Z �

�

���Kp�y
�p�	�Kp�y

�p� � 	�	
���� dy�p�

� Kp��	

bn

Z �

�

���Kp�y
�p�	�Kp�y

�p� � 	�	
��� dy�p�

�
Kp��	

bn

Z �

���
Kp�y

�p� � 	�	dy�p�

� Kp��	

bn
�Kp��		

��






Since the same bound holds also for �I	� we get ��	�

�Continuity of the limit process�� Theorem � says that the process u� Z�u	 is continuous

with respect to the pseudo�metric � on U de�ned by

��u�� u�	 �

sZ
Rd
jK�x� u�	�K�x� u�	j�dx �u�� u� � U�

Hence it su�ces to show that u� � ��u�� u�	 is continuous at u� with respect to the Euclidean

metric for every u� � U � This is immediate from ��	 in the case of a smooth kernel� On the

other hand� in the case of a monotone kernel� the claim follows from the inequality

jK�x� u�	�K�x� u�	j �
dX

p��

��Y
q 	�p

Kq��	

�A ���Kp�x
�p� � u

�p�
� 	�Kp�x

�p� � u
�p�
� 	
���

which can be easily shown by the same argument as above� �

Proof of Theorem 	� The assertion �i	 is immediate from Proposition � and Theorem ����� of

Van der Vaart and Wellner �����	� Next� observe that

efn�x� � bnu	� f�x� � bnu	 �

Z
Rd
K�y	 ff�x� � bn�u� y		� f�x� � bnu	g dy

and that

f�x� � bn�u� y		� f�x� � bnu	 � bdn

dX
p��

y�p�
�f�x	

�x�p�

����
x�x��bnu

�b�dn

dX
p��

dX
q��

y�p�y�q�
��f�x	

�x�p��x�q�

����
x��xn

�

where  xn is a point on the segment connecting x� � bnu and x� � bn�u� y	� We can obtain the

assertion �ii	 using the assumption that the kernel function K is symmetric� �

� Remark

As mentioned in Section �� Ossiander�s central limit theorem has been generalized to some

martingale cases including continuous�time ones� see Nishiyama �����a�b	� Thus it is possible

to obtain similar results for some dependent cases�

�
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