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1 Introduction

This paper further develops the semiparametric estimation theory for ergodic diffusion
processes initiated by Nishiyama (2009). Consider the ergodic diffusion process X on R
which is a solution to the stochastic differential equation (SDE) given by

Xt = X0 +
∫ t

0
S(Xs; θ)ds +

∫ t

0
σ(Xs; h)dWs, (1)

where s ; Ws is a standard Brownian motion. Here, we consider a d-dimensional
parametric family {S(·; θ); θ ∈ Θ} for the drift coefficient indexed by a compact subset Θ
of Rd, and a possibly infinite-dimensional “parametric” family {σ2(·; h);h ∈ H} for the
diffusion coefficient indexed by a (general) totally bounded metric space (H, dH). We
denote by (θ0, h0) the true value of (θ, h). Our aim is to estimate θ0 when the model
is perturbed by the unknown nuisance parameter h. We refer to Nishiyama (2009) for
the novelty and the importance of this problem and for a historical review; here we only
state that in the case where the nuisance parameter space H is infinite-dimensional, the
asymptotically efficient estimation for θ0 was first established in Nishiyama (2009) which
may be thought as an initial point of this research direction.

In the case where the process X is observed continuously on the time interval [0, T ],
the diffusion coefficient σ2 may be assumed to be known (say, σ2

0), and the maximum
likelihood estimator (MLE) for θ0 is a solution to the estimating equation ℓ̇T (θ) = 0
given by

ℓ̇T (θ) =
1
T

∫ T

0

Ṡ(Xt; θ)
σ2

0(Xt)
[dXt − S(Xt; θ)dt],

where Ṡ(·; θ) denotes the derivative of S(·; θ) with respect to θ. In this case, the
asymptotic normality of the MLE, as well as its asymptotic efficiency in the frame-
work of Hájek-Le Cam’s theory, has been already established (see Kutoyants (2004)).
On the other hand, in the case where the process X is observed only at time points
0 = tn0 < tn1 < · · · < tnn, the diffusion coefficient has to be estimated, too. Nishiyama
(2009) took an approach to use the estimating function Ψn, which is an approximation
of ℓ̇T (θ) with the true σ2

0 replaced by the nuisance σ2(·;h), given by

Ψn(θ, h) =
1
tnn

n∑
i=1

Ṡ(Xtni−1
; θ)

σ2(Xtni−1
; h)

[Xtni
− Xtni−1

− S(Xtni−1
; θ)|tni − tni−1|].

His assumption on the sampling scheme is that

∆n = max
1≤i≤n

|tni − tni−1| = o((tnn)−1) and tnn → ∞,

as n → ∞. Assuming that there exists a dH -consistent estimator ĥn for h0, he proved
that any (approximate) solution to the estimating equation θ ; Ψn(θ, ĥn) ≈ 0 is asymp-
totically normal and efficient in the sense that the asymptotic distribution coincides with
that of the MLE in the continuous observation case. In order to obtain this result, he
applied the weak convergence theory for ℓ∞-valued martingales established by Nishiyama
(1997, 1999, 2000) to the random fields (θ, h) ;

√
tnn(Ψn(θ, h) − Ψ̃n(θ, h)), where Ψ̃n is

the “compensator” of Ψn given by

Ψ̃n(θ, h) =
1
tnn

n∑
i=1

Ṡ(Xtni−1
; θ)

σ2(Xtni−1
; h)

[∫ tni

tni−1

S(Xt; θ0)dt − S(Xtni−1
; θ)|tni − tni−1|

]
,
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in the sense that the difference Ψn(θ, h)−Ψ̃n(θ, h) is the terminal variable of a martingale.
To apply the theory, he assumed the following two conditions on (H, dH): the Lipschitz
continuity condition

|σ2(x; h) − σ2(x;h′)| ≤ Λ(x)dH(h, h′), (2)

where Λ(x) is a suitable function; and the metric entropy condition∫ 1

0

√
log N(H, dH , ε)dε < ∞, (3)

where N(H, dH , ε) denotes the ε-covering number of the space H with respect to the
metric dH . To check the condition (2) it is convenient to set σ2(·;h) = h ∈ H ⊂ ℓ∞(R),
where ℓ∞(R) is the space of bounded functions on R, and equip the space H with the
uniform metric || · ||∞. Hereafter we adopt this parametrization and simply write like
“σ2 ∈ H”. In this case, the condition (3) is satisfied if, for example, we set H to be a
class of smooth functions; see e.g. van der Vaart and Wellner (1996) and Section 3 below.

In view of this preceding result, the purpose of the current paper is to give an estima-
tor for the diffusion coefficient σ2(x), which takes values in a class of smooth functions and
is consistent with respect to the uniform metric. In a nonparametric setting, Hoffmann
(2001) studied the rate of convergence of some estimators for the diffusion coefficient,
with respect to the L2-metric, but his results do not fit in our purpose. Nishiyama (2009)
presented one example of consistent estimators by the least square method which can be
applied for any metric dH , but his estimator is the minimizer over a space of functions
which is not very realistic from computational point of view. In this paper, inspired by
an idea of Kristensen (2008a, b), we propose an explicit estimator by using a semipara-
metric kernel method which we can directly compute from the data. The idea is based
on the fact that

σ2(x) =
2

f(x)

∫ x

−∞
S(y; θ)f(y)dy

where f is the invariant density. We substitute a consistent estimator for θ and a kernel
density estimator for f(·) in order to obtain an estimator for σ2(·). The present paper
gives a way to implement the general theory of Nishiyama (2009).

The paper is organized as follows. The uniformly consistent estimator for σ2 is given
in Section 2, and the asymptotically efficient estimation for θ is done in Section 3.

2 Uniformly consistent estimator for diffusion co-

efficient

Throughout this paper, we assume the following.
C1. The solution X to the SDE (1) is a regular diffusion for which the speed measure

m is finite (this implies the ergodicity), and the invariant density f is given by

f(x) =
1

Gσ2(x)
exp

(
2

∫ x

0

S(y; θ)
σ2(y)

dy

)
,

where G =
∫

R
1

σ2(x)
exp

(
2

∫ x
0

S(y;θ)
σ2(y)

dy
)

dx < ∞. We further suppose that f is differen-
tiable with the derivative f ′ which is bounded on each compact set.
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See Theorem 1.16 of Kutoyants (2004) for a sufficient condition under which the
invariant density is given as above. It follows from this formula that

S(x; θ) =
1

2f(x)
∂

∂x
(σ2(x)f(x)),

thus we have
σ2(x) =

2
f(x)

∫ x

−∞
S(y; θ)f(y)dy.

So we will estimate the functions x 7→ f(x) and x 7→ A(x) given by

A(x) =
∫ x

−∞
S(y; θ)f(y)dy.

It is natural to use the estimators

f̂n(x) =
1
tnn

n∑
i=1

1
bn

K

(
x − Xtni−1

bn

)
|tni − tni−1|,

Ân(x) =
1
tnn

n∑
i=1

∫ x

−∞

1
bn

K

(
y − Xtni−1

bn

)
dyS(Xtni−1

; θ̃n)|tni − tni−1|,

where K is a kernel function on R and θ̃n is a consistent estimator for the true θ0. By
using them, we propose the estimator

σ̂2
n(x) =

2Ân(x)

f̂n(x)
(4)

for the true σ2
0(x). When f̂n(x) is zero, we set σ̂2

n(x) to be any fixed value. In the
following, we denote by f0 and A0 the true functions of f and A, respectively, for the
true values θ0 and σ0.

Kristensen (2008a, b) studied this kind of estimator in the low frequency case. See
also the references therein for more information on related works. However, Kristensen’s
works did not reach the asymptotically optimal estimation. We consider the problem in
the high frequency case and will obtain an asymptotically optimal result.

Here we collect some known results which will be used in our proofs. We denote by
l = (lt(x) : t ∈ [0,∞), x ∈ R) the local time of the regular diffusion X with respect to
the speed measure m. For every m-integrable function g the occupation times formula
says that ∫ t

0
g(Xs)ds =

∫
R

g(x)lt(x)m(dx).

It was proved by van Zanten (2003) that if the speed measure is finite then

sup
x∈J

∣∣∣∣ lt(x)
t

− 1
m(R)

∣∣∣∣ →p 0

for every compact J ⊂ R. We define the local time estimator f◦ = (f◦
t (x) : t ∈ [0,∞), x ∈

R) for the invariant density f by

f◦
t (x) =

m(R)f(x)lt(x)
t

.

4



Then, under the assumption∫
R

F (x)2(1 − F (x))2dp(x) < ∞, (5)

where F and p denote the invariant distribution function and the scale function re-
spectively,

√
t(f◦

t − f) converges weakly in ℓ∞(J) to a Gaussian random field for every
compact J ⊂ R. This type of theorem was first proved by Kutoyants (1998) in a special
case, and it has been extended up to the present form by van der Vaart and van Zanten
(2005) as a fruit of their general study on Donsker’s theorems for diffusions.

Now, we shall list up some conditions on the drift and diffusion coefficients. Some
of them are actually needed for Theorem 2.1 below, and the others will be used only
for Theorem 3.1 which is based on Nishiyama (2009). The numbering is corresponding
to that in Nishiyama (2009). We suppose that there exists a parametric family of d-
dimensional vector-valued functions {Ṡ(·; θ); θ ∈ Θ} on R which satisfies the following
conditions. Typically, they may be considered to be the derivatives of S(·; θ) with respect
to θ, that is, Ṡ(·; θ) = ( ∂

∂θ1
S(·; θ), ..., ∂

∂θd
S(·; θ))T . The function Λ appearing in A1’ and

A3’ may be chosen to be common without loss of generality. The assumption that Λ is
Lipschitz continuous is necessary only for (6), but actually it is not a strong requirement.

A1’. Θ is a compact subset of Rd. There exists a measurable function Λ on R such
that at the true θ0 ∈ Θ,

S(x; θ) − S(x; θ0) = Ṡ(x; θ0)T (θ − θ0) + Λ(x)ϵ(x; θ, θ0),

where supx∈R |ϵ(x; θ, θ0)| = o(||θ − θ0||) as θ → θ0.
A2’. There exists a constant C > 0 such that:

sup
θ∈Θ

|S(x; θ) − S(x′; θ)| ≤ C|x − x′|;

sup
θ∈Θ

||Ṡ(x; θ) − Ṡ(x′; θ)|| ≤ C|x − x′|;

sup
σ2∈H

|σ2(x) − σ2(x′)| ≤ C|x − x′|.

A3’. There exists a Lipschitz continuous function Λ on R such that:

sup
θ∈Θ

|S(x; θ)| ≤ Λ(x); (6)

sup
θ∈Θ

||Ṡ(x; θ)|| ≤ Λ(x);

inf
σ2∈H

inf
x∈R

σ2(x) > 0;

||Ṡ(x; θ) − Ṡ(x; θ)|| ≤ Λ(x)||θ − θ′||, ∀θ, θ′ ∈ Θ.

A4’. supt∈[0,∞) Eθ0,σ2
0
(Λ(Xt)8 + |Xt|4) < ∞.

A5’.
∫

R(Λ(x)2 + |x|)f0(x)dx < ∞.
A6’. The matrix

I(θ0, σ
2
0) =

∫
I

Ṡ(x; θ0)Ṡ(x; θ0)T

σ2
0(x)

f0(x)dx
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is invertible.
A8’. For every ε > 0

inf
θ: ||θ−θ0||>ε

∣∣∣∣∣
∣∣∣∣∣
∫

R

Ṡ(x; θ)
σ2

0(x)
[S(x; θ0) − S(x; θ)]f0(dx)

∣∣∣∣∣
∣∣∣∣∣ > 0.

We are ready to give a uniform consistency result for the estimator σ̂2
n given by (4).

Theorem 2.1 Suppose that the function K : R → [0,∞) satisfies that
∫

R K(u)du = 1
with a compact support, and that it differentiable with the derivative K ′ which is Lipschitz
continuous. Let the bandwidth bn ↓ 0 satisfy that ∆1/2

n b−3
n = o(1) and that b−1

n = o(
√

tnn).
Assume C1, A2’, A3’, A4’ and (5). For any bounded subset J of R, we have the following.

(i) supx∈J |f̂n(x) − f0(x)| →p 0.
(ii) supx∈J |Ân(x) − A0(x)| →p 0.
(iii) supx∈J |σ̂2

n(x) − σ2
0(x)| →p 0.

(iv) There exists a constant M > 0 such that P (σ̂2
n ∈ CM (J)) → 1, where CM (J) is

the class of functions g on J such that

|||g|||J := sup
x∈J

|g| + sup
x,y∈J
x̸=y

|g(x) − g(y)|
|x − y|

≤ M.

Remark. As for the initial estimator θ̃n, we suggest to use e.g. the least square estimator
which is the minimizer of the function

An(θ) =
1
tnn

n∑
i=1

|Xtni
− Xtni−1

− S(Xtni−1
; θ)|tni − tni−1||2.

It is easy to prove its consistency under some mild conditions.
Remark. The assertion (iv), which is necessary for our application, is stronger than
that |||σ̂2

n|||J = OP (1).
Before the proofs, we state a lemma which is well known.

Lemma 2.2 Let X be a solution to the SDE (1) for (θ, h) = (θ0, h0). Assume |tni −
tni−1| ≤ 1.

(i) For any k ≥ 2, there exists a constant Ck > 0, depending only on k, such that

E sup
t∈[tni−1,tni ]

|Xt − Xtni−1
|k ≤ Ck sup

s∈[0,∞)
E{|S(Xs; θ0)|k + |σ(Xs; h0)|k}|tni − tni−1|k/2

=: Dk|tni − tni−1|k/2,

provided the right hand side is finite.
(ii) For any k ≥ 2 and any measurable function g, it holds that

sup
t∈[tni−1,tni ]

E(|Xt − Xtni−1
|k/2|g(Xt)|)

≤ (Dk|tni − tni−1|k/2)1/2 sup
s∈[0,∞)

(E|g(Xs)|2)1/2,

provided the right hand side is finite.
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Proof. The assertion (i) is well known. (Use Hölder’s inequality and Burkholder-Davis-
Gundy’s inequality for

∫ tni
tni−1

|S(Xs; θ0)|ds and supt∈[tni−1,tni ]

∣∣∣∫ t
tni−1

σ(Xs; h0)dWs

∣∣∣.) The
assertion (ii) follows from Cauchy-Schwartz’s inequality and (i). 2

Proof of Theorem 2.1. By assumption, there exist some constants K̇, K̇ ′ > 0 and a
bounded set D ⊂ R such that

|K(u1) − K(u2)| ≤ K̇|u1 − u2|, |K ′(u1) − K ′(u2)| ≤ K̇ ′|u1 − u2|,

and K(u) = K ′(u) = 0 for u ∈ Dc. We set J1 = [inf J − 1, sup J + 1]. We shall use these
notations in the proofs below. The inequality “x . y” for x, y ∈ [0,∞) means that there
exists a constant C > 0 which is fixed throughout the proof such that x ≤ Cy.

To prove (i), put

f̃n(x) =
1
tnn

n∑
i=1

∫ tni

tni−1

1
bn

K

(
x − Xt

bn

)
dt =

1
tnn

∫ tnn

0

1
bn

K

(
x − Xt

bn

)
dt,

fn(x) =
∫

R

1
bn

K

(
x − y

bn

)
f0(y)dy.

First, we have

|f̂n(x) − f̃n(x)| ≤ 1
tnn

n∑
i=1

∫ tni

tni−1

1
bn

K̇

∣∣∣∣Xtni−1
− Xt

bn

∣∣∣∣ dt,

thus

E sup
x

|f̂n(x) − f̃n(x)| . ∆1/2
n

b2
n

.

So it holds that supx |f̂n(x)− f̃n(x)| = OP (∆1/2
n b−2

n ) = oP (1). Next, for sufficiently large
n,

sup
x∈J

|f̃n(x) − fn(x)| = sup
x∈J

∣∣∣∣∫
R

1
bn

K

(
x − y

bn

)(
ltnn(y)m(R)

tnn
− 1

)
f0(y)dy

∣∣∣∣
≤ sup

x∈J

∫
R

1
bn

K

(
x − y

bn

)
f0(y)dy · sup

y∈J1

∣∣∣∣ ltnn(y)m(R)
tnn

− 1
∣∣∣∣

= sup
x∈J

∫
R

K(u)f0(x + bnu)du · sup
y∈J1

∣∣∣∣ ltnn(y)m(R)
tnn

− 1
∣∣∣∣

≤ sup
x∈J1

f0(x) · sup
y∈J1

∣∣∣∣ ltnn(y)m(R)
tnn

− 1
∣∣∣∣ , (7)

which converges in probability to zero by Theorem 3.2 of van Zanten (2003). Since f0

is uniformly continuous on J1, it is easy to see that supx∈J |fn(x) − f0(x)| → 0. So the
proof of (i) is completed.
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To prove (ii), put

A1
n(x) =

1
tnn

n∑
i=1

∫ x

−∞

1
bn

K

(
y − Xtni−1

bn

)
dyS(Xtni−1

; θ0)|tni − tni−1|,

A2
n(x) =

1
tnn

n∑
i=1

∫ tni

tni−1

∫ x

−∞

1
bn

K

(
y − Xtni−1

bn

)
dyS(Xt; θ0)dt,

A3
n(x) =

1
tnn

n∑
i=1

∫ tni

tni−1

∫ x

−∞

1
bn

K

(
y − Xt

bn

)
dyS(Xt; θ0)dt,

A4
n(x) =

∫ x

−∞

1
bn

K

(
y − z

bn

)
dyS(z; θ0)f0(z)dz.

Notice that

sup
x

∫ x

−∞

1
bn

K

(
y − ξ

bn

)
dy ≤ 1, ∀ξ.

Hence

sup
x

|Ân(x) − A1
n(x)| ≤ 1

tnn

n∑
i=1

Λ(Xtni−1
)|tni − tni−1| · O(||θ̃n − θ0||),

which converges in probability to zero whenever θ̃n is a consistent estimator for θ0. Next

E sup
x

|A1
n(x) − A2

n(x)| ≤ 1
tnn

n∑
i=1

∫ tni

tni−1

E|S(Xtni−1
; θ0) − S(Xt; θ0)|dt . ∆1/2

n .

Thirdly, it holds that

sup
x

|A2
n(x) − A3

n(x)|

≤ 1
tnn

n∑
i=1

∫ tni

tni−1

∫ x

−∞

1
bn

{
1D

(
y − Xtni−1

bn

)
+ 1D

(
y − Xt

bn

)}
K̇

∣∣∣∣Xtni−1
− Xt

bn

∣∣∣∣ dyS(Xt; θ0)dt

≤ 1
tnn

n∑
i=1

∫ tni

tni−1

2Leb(D)K̇
∣∣∣∣Xtni−1

− Xt

bn

∣∣∣∣ S(Xt; θ0)dt,

where Leb(D) denotes the Lebesgue measure of the set D. Thus E supx |A2
n(x)−A3

n(x)| .
∆1/2

n /bn. On the other hand, by the same argument as that around (7) we can prove that
supx∈J |A3

n(x) − A4
n(x)| →p 0. Finally, it is easy to see that supx∈J |A4

n(x) − A0(x)| → 0
because S(·; θ0) and f0 are uniformly continuous on J1. The proof of (ii) has been
finished.

Next note that

sup
x∈J

|σ̂2
n(x) − σ2

0(x)| ≤ sup
x∈J

|f̂n(x) − f0(x)|
f̂n(x)f0(x)

|Ân(x)| + sup
x∈J

1
f0(x)

|Ân(x) − A0(x)|.

Since infx∈J f0(x) > 0 the right hand side converges to zero in probability by (i) and (ii),
so the assertion (iii) is true.
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For M1 = 2 supx∈J A0(x)/ infx∈J f0(x) + 1 it clearly holds that P (supx∈J σ̂2
0(x) ≤

M1) → 1. On the other hand, we can prove that Ân is “Lipschitz continuous in proba-
bility on J” in the sense that there exists a constant M2 > 0 such that

P

 sup
x,y∈J
x̸=y

|Ân(x) − Ân(y)|
|x − y|

≤ M2

 → 1.

Indeed, we have

sup
x,y∈J
x̸=y

|Ân(x) − Ân(y)|
|x − y|

≤ sup
z∈J1

1
tnn

n∑
i=1

1
bn

K

(
z − Xtni−1

bn

)
Λ(Xtni−1

)|tni − tni−1|

≤ sup
z∈J1

1
tnn

∫ tnn

0

1
bn

K

(
z − Xt

bn

)
Λ(Xtni−1

)dt + OP

(√
∆n

b2
n

)
≤ sup

z∈J1

1
tnn

∫ tnn

0

1
bn

K

(
z − Xt

bn

)
Λ(Xt)dt + OP

(√
∆n

bn

)
+ OP

(√
∆n

b2
n

)
(8)

≤ sup
z∈J1

1
tnn

∫
R

1
bn

K

(
z − y

bn

)
Λ(y)ltnn(y)m(R)f0(y)dy + oP (1)

≤ sup
z∈J1

∫
R

1
bn

K

(
z − y

bn

)
Λ(y)f0(y)dy(1 + oP (1)) + oP (1)

= sup
z∈J1

∫
R

K(−u)Λ(z + bnu)f0(z + bnu)du(1 + oP (1)) + oP (1)

≤ sup
z∈J1

Λ(z)f0(z) + oP (1).

Here, we used the assumption that Λ is Lipschitz continuous in (8). On the other hand,
since ∣∣∣∣∣ 1

f̂n(x)
− 1

f̂n(y)

∣∣∣∣∣ =
|f̂n(x) − f̂n(y)|

f̂n(x)f̂n(y)

and P (infx∈J f̂n(x) ≥ infx∈J f0(x)/2) → 1, it only remains to show that f̂n is Lipschitz
continuous in probability on J . To see this, it is sufficient to show that its first derivative
f̂ ′

n satisfies that supx∈J1
f̂ ′

n(x) ≤ M3 + oP (1) for a constant M3 > 0. We approximate
f̂ ′

n(x) by

f̃ ′
n(x) =

1
tnn

∫ tnn

0

1
b2
n

K ′
(

x − Xt

bn

)
dt =

∫
R

1
b2
n

K ′
(

x − y

bn

)
f◦

tnn
(y)dy.

It indeed holds that

sup
x

|f̂ ′
n(x) − f̃ ′

n(x)| ≤ 1
tnn

n∑
i=1

supt∈[tni−1,tni ] K̇
′|Xtni−1

− Xt|
b3
n

|tni − tni−1|

= OP (∆1/2
n b−3

n ) = oP (1).
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Now, it follows from Theorem 2.6 of van der Vaart and van Zanten (2005) that√
tnn sup

y∈J1

|f◦
tnn

(y) − f0(y)| = OP (1).

Since b−1
n = o(

√
tnn) by assumption, we have

sup
x∈J1

f̃ ′
n(x) ≤ sup

x∈J1

∣∣∣∣∫
R

1
b2
n

K ′
(

x − y

bn

)
f0(y)dy

∣∣∣∣ + sup
x∈J1

∫
R

1
bn

∣∣∣∣K ′
(

x − y

bn

)∣∣∣∣ dy · oP (1)

= sup
x∈J1

∣∣∣∣ d

dx

∫
R

1
bn

K

(
x − y

bn

)
f0(y)dy

∣∣∣∣ +
∫

R
|K ′(u)|du · oP (1)

= sup
x∈J1

∣∣∣∣ d

dx

∫
R

K(u)f0(x + bnu)du

∣∣∣∣ + oP (1)

= sup
x∈J1

∣∣∣∣∫
R

K(u)f ′
0(x + bnu)du

∣∣∣∣ + oP (1).

Since f ′
0 is assumed to be bounded on each compact set, the proof is finished. 2

3 Semiparametric estimation

To proceed to the semiparametric estimation problem, let us specify the choice of the
nuisance parameter space H. We take the material below from Section 2.7.1 of van der
Vaart and Wellner (1996). Let I be a bounded, convex subset of Rq. (In the current
example of 1-dimensional diffusions, we are considering the case q = 1, but for the
generality we set q to be a general positive integer.) Let α > 0 and M > 0 be given, and
let α be the greatest integer smaller than α. For any vector k = (k1, ..., kq) of q integers
we define

Dk =
∂k·

∂xk1
1 · · · ∂x

kq
q

where k· =
∑q

i=1 ki. We denote by Cα
M (I) the class of functions defined on I such that

max
k·≤ α

sup
x

|Dkh(x)| + max
k·= α

sup
x,y

|Dkh(x) − Dkh(y)|
||x − y||α−α

≤ M,

where the sumprema are taken over all x,y in the interior of I with x ̸= y. Then, there
exists a constant K > 0 depending only on α and q such that

log N(Cα
M (I), || · ||∞, ε) ≤ KLeb(I1)

(
M

ε

)q/α

where Leb(I1) is the Lebesgue measure of the set {x : ||x − I|| < 1}. Hence the metric
entropy condition (3) is satisfied if q/(2α) < 1.

Now, let us fix a (large) compact interval J = [Jl, Jr] and we assume the following
conditions for the class H of functions σ2 : R → (0,∞):

H1. Every σ2 ∈ H is constant on (−∞, Jl] and on [Jr,∞).
H2. There exists M ′ > 0 such that the restriction to J of every σ2 ∈ H belongs to

C1
M ′(J):

sup
x

σ(x)2 + sup
x ̸=y

|σ2(x) − σ2(y)|
|x − y|

≤ M ′.
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The assumption H1 may look artificial, but in practice we can choose an arbitrary
large J . On the other hand, it should be also noted that the constant M ′ in H2 does not
have to be known to the statisticians in the course of constructing the estimators, as it
is seen below.

Based on any consistent estimator θ̃n, let σ̂2
n(x) be the kernel estimator given by (4)

for every x ∈ J , and extent it to all x ∈ R by defining σ̂2
n(x) = σ̂2

n(Jl) for x ∈ (−∞, Jl] and
σ̂2

n(x) = σ̂2
n(Jr) for x ∈ [Jr,∞). Then, by Theorem 2.1 (iv), there exists a constant M ′′

which is specified by the true S(·; θ0), σ0(·), the function Λ in (6) and the interval J such
that the obtained estimator σ̂2

n takes values in the space of functions whose restrictions
to J belong to C1

M ′′(J) with probability tending to 1. The constant M ′ ∨ M ′′ is used in
the proof, but the statisticians do not have to know its value in the estimating procedure.
As announced in Section 1, we propose to use the estimating function

Ψn(θ) =
1
tnn

n∑
i=1

Ṡ(Xtni−1
; θ)

σ̂2
n(Xtni−1

)
[Xtni

− Xtni−1
− S(Xtni−1

; θ)|tni − tni−1|].

The following result is now immediate from Nishiyama (2009) and Theorem 2.1, because
the last condition of A3 and the condition A7 in Nishiyama’s paper have already been
checked.

Theorem 3.1 Assume ∆n = o((tnn)−1) and tnn → ∞. Assume A1’ – A6’, H1, H2, and
all conditions in Theorem 2.1. Then, for any random sequence θ̂n such that

||θ̂n − θ0|| = oP (1) and Ψn(θ̂n) = oP ((tnn)−1/2),

the estimator θ̂n is asymptotically normal and efficient:√
tnn(θ̂n − θ0) →d N (0, I(θ0, σ

2
0)

−1).

When A8’ is also satisfied, the assumption “||θ̂n−θ0|| = oP (1)” is automatically satisfied.
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