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Abstract

We present a sufficient condition under which the rescaled sample max-
ima of the data {X;} has the same asymptotic distribution as that of the
data {X;+e;} with observation noise e;. The condition is described in terms
of the Orlicz norm.
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Let {X;} be any sequence of real valued random variables. Suppose that there
exist some sequences a, and b, of constants and a non-degenerate distribution GG

such that the weak convergence

holds for the sample maxima M, = maxj<;<, X;. In this paper, we consider
the case a, — oo only. In the case where {X;} is an independently, identi-
cally distributed (i.i.d.) sequence, this assumption is equivalent to that the dis-
tribution is long tailed, that is, for every real number k the asymptotic relation
P(X > x4+ k)~ P(X > x) holds as x — oo; this is satisfied if the distribution is
subexponential. (See Shimura (2008).)

In this paper, we consider the situation where the perturbed data X; = X; + e
with noise e; is observed. Here {e;} is any sequence of real valued random variables
which may depend on {X;}. Our aim is to give a sufficient condition under which

the convergence

My —bn G (1)
Qp
holds for the same constants a,,b, and distribution G as above, where Mn =
maxi<i<n X;.
In order to state our main result, let us recall the definition of the Orlicz norm
|Z]|,0 Let ¢ be a convex, non-decreasing, non-zero function such that (0) = 0

and that
lim sup () () /1 (cay) < o0 (2)

Z,Yy—00

for a constant c. For a real valued random variable Z, we define
1Z]ly = inf{C' > 0: Ey(]Z]/C) <1}.

This defines a norm, called the Orlicz norm corresponding to ). When 9(z) = 2P,
the corresponding Orlicz norm is the L, norm. Another important case is 1,(z) =
e — 1 for p > 1. In this case 1, '(z) = (log(1 + 2))"/?, and if

P(|Z] > 2) < Ke " Vx>0

then || Z]|y, < (14 K)/C)P. (See e.g. Lemma 2.2.1 of van der Vaart and Wellner
(1996).) In general, it is easy to see that E|Z| < ¢~!(1)]|Z||, by the definition
and Jensen’s inequality. See Chapter 2.2 of van der Vaart and Wellner (1996) for
more imformation on the Orlicz norms.

Now we give our main theorem.



Theorem 1 Assume ¢~*(n)/a, — 0. If sup; ||e:||, < 0o then (1) holds.

Proof. We denote by iy = ip(w) the index ¢ which achieves the maximum of X;(w)
for 1 < i < n. Since
o 1< X, < Lol < . ,
12025 X g el = X e < gl end < oo X g e
we have |Mn—Mn| < maxi<j<p |€;]. So it is enough to show that max;<;<, |e;|/a, —7
0. For every € > 0, it holds that

p <maX1<z’<n lei > 8) Emaxi i<y |€i]
any, an€

P (1)]| maxi<icn e[y
AnE ‘
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Here, by Lemma 2.2.2 of van der Vaart and Wellner (1996), there exists a constant
K depending only on 1 such that the right hand side is bounded by

Y1) KY ™ (n) maxi<i<y |lei |y
an€ ’

which tends to zero as n — oo by assumption. The proof is completed. O

Although one may think that the above theorem might be already well known
since the proof is so simple, it is appearently new. Indeed, the key inequality,
namely Lemma 2.2.2 of van der Vaart and Wellner (1996), seems to have newly
presented in thier book. The assumption (2) on which their proof is based is not
imposed in the usual contexts of Orlicz norms. Our approach using Orlicz norms
for the extreme vlaue theory seems novel, and we believe the importance of our
simple and new result.

Let us give some examples.

1/o

Proposition 2 Assume a, ~ n'/® for some a > 0. If sup, Ele;|P < oo for some

p> (a V1), then (1) holds.

Proof. Set 1¢(z) = z? in Theorem 1. O

When {X;} is an i.i.d. sequence, typical examples of Proposition 2 are Cauchy
distribution (o = 1) and Pareto distribution (o > 0 is general), and in these cases
the extreme value distribution G is the Fréchet distribution. The tail of the latter
is light when « is larger, and in that case p has to be chosen to be larger. (So

the tail of {e;} has to be light.) For a distribution in the maximum domain of

3



attracton of the Fréchet distribution, the constant a,, is given by n'/*L(n) where
L(-) is a slowly varying function (see e.g. page 131 of Embrechts et al. (1997)). If
we choose p > (a V 1) corresponding to this «, then sup, Fle;|P < oo implies (1).

The following proposition is concerned with cases of lighter tailed distributions.

Proposition 3 Assume (logn)'/?/a, — 0 for some p > 1. If there exist K,C > 0
such that for all 1
P(le;] > ) < Ke™*", Vx>0,

then (1) holds.

Proof. Set ¢(z) = ¢,(z) = ¢ — 1 in Theorem 1, and note that ||e;||y, < ((1+
K)/C)/r. .

The examples of Proposition 3 in the case where {X;} is an i.i.d. sequence in-
clude (some cases of) Weibull-like distributions, Benktander-type-I distributions
and and Benktander-type-1I distributions, and in these cases the extreme value
distribution G is the Gumbel distribution. (See pages 153-157 of Embrechts et al.
(1997).) We refer to Theorem 3.3.26 of Embrechts et al. (1997) for the character-
ization of the maximum domain of attraction of the Gumbel distribution and the
corresponding constants a,, and b,,.

In summary, for given a,, if we choose a function 1 such that ¢»~*(n)/a, — 0,
then it is sufficient for (1) that the Orlicz norms of the noises with respect to v
are bounded. Our result may be applied also to the cases where {X;} is not i.i.d.
For example, Theorem 4.4.6 of Embrechts et al. (1997) gives a general theory of
extreme value distribution for stationary sequences, and our result can treat such

sequences with noises.
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