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Abstract. Reproducing kernels has been recently applied to statistical inference
problems by using the kernel mean expression of probability distributions. Given a
random variable X taking values on a measurable space and a reproducing kernel
Hilbert space H on that space with a positive de�nite kernel k, the kernel mean is
de�ned by E[k(·, X)] ∈ H. This gives a mapping from the probabilities to H. If
this mapping is injective, the kernel mean uniquely identi�es the probability. This
class of kernel is useful for statistical inference and called characteristic. This paper
gives a brief review on how characteristic kernels can be applied to derive practical
methods for statistical inference problems, and discusses conditions that a positive
de�nite kernel is characteristic.

1 Introduction

Statistical inference concerns problems of estimating or testing the relations and
properties of distributions of random variables using �nite number of data. There
are various methods which solve speci�c tasks of statistical inference problems.
Positive kernels or reproducing kernel and reproducing kernel Hilbert spaces have
been proved to be useful for statistical data analysis since 1990's [12]. This paper
explains a more recent methodology of statistical inference using kernel means.

Let X be a random variable taking values on a measurable space (X ,B), where
B is a σ-algebra on X , and let H be a reproducing kernel Hilbert space (RKHS
in short) on X de�ned by a bounded measurable positive de�nite kernel k. De�ne
kernel mean, mk

X , of X on H by

mk
X = E[k(·, X)] ∈ H. (1)

Note that by reproducing property of k, mk
X satis�es

⟨mk
X , f⟩H = E[f(X)] (2)

for any f ∈ H. If there is no confusion, the kernel mean is simply denoted by mX

by omitting k. Since the kernel mean depends only on the probability distribution
of X, it is also denoted by mk

P or mP if the distribution is P .
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Let P be the set of probability measures on (X ,B). A bounded measurable
kernel k on (X ,B) is called characteristic (with respect to (X ,B)) if the mapping

P → H, P 7→ mk
P

is injective. Because the kernel mean with a characteristic kernel uniquely identi�es
the probability, inference problems on the properties of probability distributions
can be cast into the inference on the kernel means. For example, as we will see
in Section 2, independence of two random variables X and Y can be tested by
comparing the kernel mean of the joint variable (X,Y ) and the product of kernel
means of marginals.

In statistical inference, the kernel mean mX should be estimated with �nite
number of data. Suppose X1, . . . , Xn is an i.i.d. sample with the same distribution

as X. The empirical kernel mean m̂
(n)
X is de�ned by

m̂
(n)
X =

1

n

n∑
i=1

k(·, Xi).

It is known [2] that m̂
(n)
X is a strongly consistent estimator, i.e., ∥m̂(n)

X − mX∥
converges to zero in probability as n → ∞. Moreover,

√
n(m̂

(n)
X −mX) converges

to a Gaussian process. One of the advantages of using positive de�nite kernels
and RKHS in statistical methods lies in the reproducing property: various useful
quantities de�ned with the RKHS norm of the empirical kernel means can be exactly
computed, while they are elements in in�nite dimensional functional spaces. We
will see some examples in Section 2.

In discussing the relation between two random variables, covariance is an es-
sential notion. Let (X ,BX ) and (Y,BY) be measurable spaces, and (X,Y ) be an
random variable taking values in X × Y . Suppose HX and HY are RKHS's with
bounded measurable positive de�nite kernels kX on X and kY on Y, respectively.
The cross-covariance operator ΣY X : HX → HY is the operator that satis�es

⟨g,ΣY Xf⟩HY = E[g(Y )f(X)]− E[g(Y )]E[f(X)]

for any f ∈ HX and g ∈ HY . The cross-covariance operator can be also de�ned by

ΣY X = E[m
kYkX
(Y X)−m

kY
Y ⊗mkX

X ], where the product space HY ⊗HX associated with
the product kernel kYkX is identi�ed with the space of bounded linear operators
from HX to HY in a standard way. Obviously Σ∗

Y X = ΣXY , where A∗ denotes the
adjoint operator of A, and it is easy to see that ΣY X is a Hilbert-Schmidt operator.
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When Y = X, the self-adjoint operator ΣXX is called covariance operator. ΣXX is
a self-adjoint, trace class operator.

In a similar manner to the kernel mean, given (X1, Y1), . . . , (Xn, Yn) the empir-

ical cross-covariance operator is de�ned by

Σ̂
(n)
Y X =

1

n

n∑
i=1

kY(·, Yi)⊗ kX (·, Xi)−
( 1

n

n∑
i=1

kY(·, Yi)
)
⊗

( 1

n

n∑
i=1

kX (·, Xi)
)

in the tensor form. Σ̂
(n)
Y X converges to ΣY X in Hilbert-Schmidt norm at the rate of

n−1/2.

2 Statistical inference with kernel means

This section describes some examples of statistical inference with kernel means and
cross-covariance operators.

2.1 Two sample test

Suppose we have two i.i.d. samples X1, . . . , Xℓ and Y1, . . . , Yn with law P and Q,
respectively. We wish to determine whether P = Q or not. This problem is called
two-sample homogeneity test, and has been long studied in statistical literature. In
statistical terminology, the null hypothesis is P = Q, and the alternative hypothesis
is P ̸= Q. With a characteristic kernel, the problem of comparing two probabilities
can be cast into the problem of comparing two kernel means. This motivates us to
de�ne the following test statistic:

Tℓ,n =
∥∥∥1
ℓ

ℓ∑
i=1

k(·, Xi)−
1

n

ℓ∑
j=1

k(·, Yj)
∥∥∥2

by introducing a positive de�nite kernel k. Note that this gives an empirical esti-
mator for the squared distance measure of probabilities ∥mP −mQ∥2. By virtue of
the reproducing property, we have

Tℓ,n =
1

ℓ2

ℓ∑
a,b=1

k(Xa, Xb) +
1

n2

n∑
c,d=1

k(Yc, Yd)−
2

ℓn

ℓ∑
a=1

n∑
c=1

k(Xa, Yc).

A small value of Tℓ,n is expected under the null hypothesis P = Q, and the null
hypothesis is rejected with the error probability α (signi�cance level) if Tℓ,n is larger
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than some threshold θα. The region of rejection is called critical region. For this
test statistic, a better statistical property is obtained by debiasing it, which results
in

Uℓ,n =
1

ℓ(ℓ− 1)

ℓ∑
a=1

∑
b̸=a

k(Xa, Xb)+
1

n(n− 1)

n∑
c=1

∑
d ̸=c

k(Yc, Yd)−
2

ℓn

ℓ∑
a=1

n∑
c=1

k(Xa, Yc).

It is known ([15], Chap. 12) that Uℓ,n is in the class of U-statistics and the asymp-
totic distribution of Uℓ,n under ℓ, n → ∞ with constraint ℓ/(ℓ + n) → γ ∈ (0, 1)
is a mixture of χ-square distributions. With this asymptotic distribution, we can
determine θα for the test. Gretton et al. [8, 9] show some practical applications in
comparing with other methods.

2.2 Independence test

Testing independence or dependence of two random variables is an important prob-
lem in many situations. Let (X1, Y1), . . . , (Xn, Yn) be an i.i.d. sample on X × Y
with law P , and consider the statistical test for independence of Xi and Yi: the
null hypothesis is that they are independent, and the alternative hypothesis is that
they are not. This problem can be regarded as a special case of two sample test,
since we want to compare two probabilities P and PX ⊗ PY , where PX and PY

are marginal probabilities of Xi and Yi, respectively. Prepare bounded measurable
positive de�nite kernels kX on X and kY for Y such that kXkY is a characteristic
kernel on X × Y . We can then use the statistic ∥m̂XY − m̂X ⊗ m̂Y ∥2 for testing
independence of Xi and Yi. It is easy to see that this is equivalent to using the

squared Hilbert-Schmidt norm of the empirical cross-covariance operator Σ̂
(n)
Y X . The

test statistics is thus given by

∥Σ̂(n)
Y X∥2HS

=
1

n2

n∑
i,j=1

kX (Xi, Xj)kY(Yi, Yj)−
2

n3

n∑
i=1

n∑
j=1

kX (Xi, Xj)

n∑
ℓ=1

kY(Yi, Yℓ)

+
1

n4

n∑
i,j=1

kX (Xi, Xj)

n∑
ℓ,r=1

kY(Yℓ, Yr).

In matrix notation,

∥Σ̂(n)
Y X∥2HS =

1

n2
Tr

[
KXQnKY Qn

]
,
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where KX and KY are Gram matrices given by (kX (Xi, Xj))ij and (kY(Yi, Yj))ij ,
respectively, and Qn = In − 1

n1n1
T
n with 1n = (1, . . . , 1)T .

In a similar manner to the two sample test, the asymptotic distribution of the
test statistic for n → ∞ is known and can be used for determining the critical
region of the independence test at a signi�cance level. Alternatively, we can also
use permutation test, which simulates the distribution under the independence as-
sumption by random permutation of either of (Xi) or (Yi). For the details of this
test statistic and numerical examples, see [8, 10].

Another important statistical notion is conditional independence, which is
widely used in statistical inference for graphical modeling, causal inference, and
Bayesian methods. This paper describes only a sketch of the kernel method for
conditional independence, and leaves the details to the original papers [4, 6]. Sup-
pose we have random variables (X,Y, Z) on X × Y × Z, and bounded measurable
positive de�nite kernels kX , kY , kZ on X ,Y,Z, respectively. The respective RKHS
are denoted by HX ,HY ,HZ . The conditional cross-covariance operator from X to
Y given Z is the operator from HX to HY de�ned by

ΣY X|Z = ΣY X − ΣY ZΣ
−1
ZZΣZX . (3)

Here the operator ΣY ZΣ
−1
ZZΣZX should be rigorously interpreted as

Σ
1/2
Y Y VY ZVZXΣ

1/2
XX , where VY Z is given by the unique operator in the de-

composition [1] ΣY Z = Σ
1/2
Y Y VY ZΣ

1/2
ZZ with |VY Z | ≤ 1, R(VY Z) ⊂ R(ΣY Y ) and

N (VY Z)
⊥ ⊂ R(ΣZZ). VZX is given similarly.

The conditional cross-covariance operator is related to the conditional covariance
as follows.

Proposition 1 ([3]). Assume kZ is characteristic. Then, for any f ∈ HX and

g ∈ HY

⟨g,ΣY X|Zf⟩HY = E[Cov[f(X), g(Y )|Z]].

The above de�nition is a straightforward extension of the conditional covariance
of the Gaussian random variables: for a Gaussian random vector (X,Y, Z) the
conditional covariance between X and Y given Z is given by

CY X|Z = CY X − CY ZC
−1
ZZCZX ,

where the existence of C−1
ZZ is assumed. It is well known that for Gaussian variables

X and Y are conditionally independent given Z if and only if CY X|Z = 0. As an
extension of this fact, we have the following theorem.



6 The 8th Congress of the ISAAC � 2011

Theorem 2 ([3]). De�ne W = (X,Z) and use the product kernel kW = kXkZ for

W . Assume that kZ and kYkW are characteristic kernels on Z and Y × (X × Z),
respectively. Then, X and Y are conditional independent given Z if and only if

ΣYW |Z = O.

Note that in the above theorem the joint variable W = (X,Z) is used to
check the conditional independence. As is shown in Proposition 3, the condi-
tional cross-covariance operator can handle the conditional covariance between
f(X) and g(Y ) given Z only on average over Z, though conditional independence
requires Cov[f(X), g(Y )|Z] = 0 for almost every Z. Intuitively, the joint variable
W = (X,Z) in ΣWY |Z makes it possible to handle each value of Z.

As ΣYW |Z is a Hilbert-Schmidt operator, the squared Hilbert-Schmidt norm
∥ΣYW |Z∥2HS can be used for discussing conditional independence or dependence.
Further discussions on this statistic can be found in [4], and an application to
causal inference is proposed in [14].

3 Characteristic kernels on LCA group

As we have seen in the previous section, the characteristic property of a kernel is
important in its statistical applications. This section discusses some conditions of
this property. We �rst start with a general condition.

Proposition 3. Let (X ,B) be a measurable space, and k be a measurable bounded

positive de�nite kernel on X with RKHS Hk. Then, k is characteristic if and

only if Hk + R is dense in L2(P ) for any probability measure P on (X ,B), where
Hk + R = {f + c | f ∈ Hk, c ∈ R}.

Proof. Suppose mP = mQ for di�erent probabilities P and Q while Hk+R is dense
in L2(|P −Q|), where |P −Q| is the total variation of P −Q. Then, for any E ∈ B
and ε > 0 there is f ∈ Hk and c ∈ R such that

∫
|f + c − χE |d|P − Q| < ε.

Here χE is the indicator function of E. This means |(
∫
fdP − P (E)) − (

∫
fdQ −

Q(E))| < ε. It follows from the assumption mP = mQ that
∫
fdP =

∫
fdQ, which

implies |P (E) − Q(E)| < ε. As ε > 0 is arbitrary, P (E) = Q(E), which causes
contradiction.

Next, suppose Hk + R is not dense in L2(P ) for some probability P . Then,
there is nonzero f ∈ L2(P ) such that

∫
fgdP = 0 for any g ∈ Hk and

∫
fdP = 0.

De�ne two di�erent probabilities Q1 and Q2 by Q1(E) =
∫
E |f |dP/∥f∥L1(P ) and

Q2(E) =
∫
E(|f | − f)dP/∥f∥L1(P ). Then, for any g ∈ Hk,

∫
gdQ1 −

∫
gdQ2 =∫

fgdP/∥f∥L1(P ) = 0. This implies mQ1 = mQ2 , hence k is not characteristic.
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3.1 Harmonic Analysis on LCA group

This subsection gives a brief review of the harmonic analysis on locally compact
group. For the details, see e.g. [11].

A complex-valued Radon measure µ on a locally compact space X is
said to be regular if |µ| is outer regular, that is, |µ|(E) = inf{|µ|(U) |
U is an open set including E} holds for every Borel set E. The set of regular mea-
sures on X is denoted by M(X). For a �nite regular measure, there is the largest
open set U with |µ|(U) = 0. The complement of U is called the support of µ, and
denoted by supp(µ)

Let G be a group. A function ϕ : G → C is called positive de�nite if
k(x, y) = ϕ(y−1x) is a positive de�nite kernel. This type of positive de�nite kernel
is called shift-invariant, since k(zx, zy) = k(x, y). There are many examples of
shift-invariant positive de�nite kernels, which are used in practical applications in
statistics: Gaussian RBF kernel k(x, y) = exp(−∥x− y∥2/σ2) and Laplacian kernel
k(x, y) = exp(−β

∑n
i=1 |xi − yi|) are famous ones on the additive group Rn.

A particulary interesting class of group in discussing positive de�nite kernels is
locally compact Abelian groups (LCA group, in short), on which famous Bochner's
theorem characterizes the continuous positive de�nite functions. For a LCA group
the additive notation x+ y is employed for the group operation hereafter.

A function γ : G → C is called a character of a LCA group G if γ(x + y) =
γ(x)γ(y) and |γ(x)| = 1 for all x, y ∈ G. The dual group Ĝ of G is the set of all
continuous characters of G. Ĝ is an Abelian group with the value multiplication,
which is conventionally denoted by addition, i.e., (γ1 + γ2)(x) := γ1(x)γ2(x). For
any x ∈ G, the function x̂ on Ĝ given by x̂(γ) = γ(x) (γ ∈ Ĝ) de�nes a character of
Ĝ. It is known that Ĝ is a LCA group if the weakest topology is introduced so that
x̂ is continuous for each x ∈ G. As is well known, the Pontryagin duality guarantees

that the group homomorphism G → ̂̂
G, x 7→ x̂ is isomorphism and homeomorphic,

where
̂̂
G is the dual group of Ĝ, and thus

̂̂
G can be identi�ed with G. In view of

this duality, it is customary to write (x, γ) := γ(x).
Let f ∈ L1(G) and µ ∈ M(G), the Fourier transform of f and µ are respectively

de�ned by

f̂(γ) =

∫
G
(−x, γ)f(x)dx, µ̂(γ) =

∫
G
(−x, γ)dµ(x), (γ ∈ Ĝ), (4)

where dx is the Haar measure of G. Note that f̂ and µ̂ are continuous. For
f ∈ L∞(G), g ∈ L1(G), and µ ∈ M(G), the convolutions are de�ned respectively
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by

(g ∗ f)(x) =
∫
G
f(x− y)g(y)dy, (µ ∗ f)(x) =

∫
G
f(x− y)dµ(y).

The convolution g ∗ f is uniformly continuous on G. For any f, g ∈ L1(G) and
µ ∈ M(G), the following relations hold:

f̂ ∗ g = f̂ ĝ, µ̂ ∗ f = µ̂f̂ . (5)

For a LCA group, the continuous positive de�nite functions are characterized
in the following theorem.

Theorem 4 (Bochner's theorem). A continuous function ϕ on G is positive de�nite

if and only if there is a non-negative measure Λ ∈ M(Ĝ) such that

ϕ(x) =

∫
Ĝ
(x, γ)dΛ(γ) (x ∈ G). (6)

Moreover, such Λ is unique for each ϕ.

Bochner's theorem implies that the continuous positive de�nite functions form
a convex cone with the extreme points given by the dual group Ĝ.

3.2 Characteristic kernels on LCA group

Let G be a LCA group and k be a shift invariant positive de�nite kernel on G. We
wish to give conditions that k is characteristic. Before going to the formal theorems,
we show an intuitive explanation. First note that for a shift invariant kernel k, the
kernel mean mX for a random variable X with law P is given by

mX(x) = ⟨mX , k(·, x)⟩ =
∫
G
k(x− y)dP (y) = (ϕ ∗ P )(x).

Thus k is characteristic if and only if ϕ ∗ (P −Q) ̸= 0 for any di�erent probabilities
P and Q. By Fourier transforms, this holds if ϕ̂µ̂ ̸= 0 for any nontrivial �nite signed
measure µ. Based on Bochner's theorem, a su�cient condition is easily obtained.

Theorem 5 ([5]). Let ϕ be a continuous positive de�nite function on a LCA group

G given by Eq. (6) with Λ. If supp(Λ) = Ĝ, then the positive de�nite kernel

k(x, y) = ϕ(x− y) is characteristic.
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Proof. It su�ces to prove that if µ ∈ M(G) satis�es µ ∗ ϕ = 0 then µ = 0. By
Fubini's theorem,∫

G
(µ ∗ ϕ)(x)dµ(x) =

∫
G

∫
G
ϕ(x− y)dµ(y)dµ(x)

=

∫
Ĝ

∫
G
(x, γ)dµ(x)

∫
G
(−y, γ)dµ(y)dΛ(γ) =

∫
Ĝ
|µ̂(γ)|2dΛ(γ).

If µ ∗ϕ = 0, it follows from the continuity of µ̂ and supp(Λ) = Ĝ that µ̂ = 0, which
means µ = 0 by the duality.

In real-valued cases, the condition supp(Λ) = Ĝ is almost necessary.

Theorem 6 ([5]). Let ϕ be a R-valued continuous positive de�nite function on a

LCA group G given by Eq. (6) with Λ. The positive de�nite kernel k(x, y) = ϕ(x−y)
is characteristic if and only if either of the following (i) or (ii) holds: (i) G is non-

compact and supp(Λ) = Ĝ, or (ii) G is compact and supp(Λ) ⊃ Ĝ− {0}.

Proof. It is obvious that k is characteristic if and only if so is k(x, y) + 1. Since∫
Ĝ
(x, γ)dδ0 is a positive constant for compact G, where δ0 is the Dirac measure at

0 ∈ Ĝ, we can assume w.l.o.g. that 0 ∈ supp(Λ). The �if� part is thus given by
Theorem 5.

For �only if� part, assuming supp(Λ) ̸= Ĝ, we will construct two di�erent prob-
abilities P1 and P2 such that (P1 − P2) ∗ ϕ = 0. In the following, for a set A in
G or Ĝ, the notations −A = {−x | x ∈ A}, A − A = {x − y | x, y ∈ A}, and
A+ x = {y + x | y ∈ A} are used. Since ϕ is real-valued, Λ(−E) = Λ(E) for every
Borel set E. Thus U := Ĝ\supp(Λ) is a non-empty open set with −U = U and
0 /∈ U . Fix γ0 ∈ U . By the continuity of (γ1, γ2) 7→ γ1 − γ2, there exits an open
neighborhood W of 0 ∈ Ĝ such that ±γ0 /∈ W − W , cl(W − W ) ± γ0 ⊂ U , and
(W −W ) + γ0 ∩ (W −W )− γ0 = ∅.

Let g = χW ∗ χ−W , where χE denotes the indicator function of E. It is easy to
see that g is continuous and positive de�nite. By Bochner's theorem and Pontryagin
duality, there is a nonzero, non-negative measure µ ∈ M(G) such that

g(γ) =

∫
G
(x, γ)dµ(x) (γ ∈ Ĝ).

De�ne a function h on Ĝ by

h(γ) := g(γ − γ0) + g(γ + γ0) =

∫
G
(x, γ)d((γ0 + γ0)µ)(x),
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where (γ0 + γ0)µ is a signed measure de�ned by ((γ0 + γ0)µ)(E) =
∫
E(γ0(x) +

γ0(x))dµ(x). Note supp(g) ⊂ cl(W−W ). Since cl(W−W )+γ0∩cl(W−W )−γ0 = ∅
and g is nonzero, h is a nonzero function. Also supp(h) ⊂ cl(W −W )+γ0∪ cl(W −
W )− γ0 ⊂ U , which does not contain 0. Thus, by setting γ = 0, we have

((γ0 + γ0)µ)(G) = 0. (7)

Let m = |(γ0 + γ0)µ|(G) (̸= 0), and de�ne two di�erent probability measures by

P1 =
1

m
|(γ0 + γ0)µ|, P2 =

1

m
{|(γ0 + γ0)µ| − (γ0 + γ0)µ}.

From Fubini's theorem,

m · ((P1 − P2) ∗ ϕ)(x) =
∫
G
ϕ(x− y)(γ0(y) + γ0(y))dµ(y)

=

∫
Ĝ
(x, γ)

∫
G
{(y, γ − γ0) + (y, γ + γ0)}dµ(y)dΛ(γ)

=

∫
Ĝ
(x, γ){g(γ − γ0) + g(γ + γ0)}dΛ(γ) =

∫
Ĝ
(x, γ)h(γ)dΛ(γ).

Since supp(h) ⊂ U = Ĝ\supp(Λ), we have (P1 − P2) ∗ ϕ = 0.

Theorems 5 and 6 are generalization of the results in [13]. From Theorem 6, we
can see that the characteristic property is stable under the product for real-valued
shift-invariant continuous kernels.

Corollary 7 ([5]). Let ϕ1(x − y) and ϕ2(x − y) be R-valued continuous shift-

invariant characteristic kernels on a LCA group G. If (i) G is non-compact, or

(ii) G is compact and 2γ ̸= 0 for any nonzero γ ∈ Ĝ. Then (ϕ1ϕ2)(x − y) is

characteristic.

Proof. We show the proof only for (i). Let Λ1,Λ2 be the non-negative measures to
give ϕ1 and ϕ2, respectively, in Eq. (6). By Theorem 6, supp(Λ1) = supp(Λ2) = Ĝ.
This means supp(Λ1 ∗ Λ2) = Ĝ. The proof is completed because Λ1 ∗ Λ2 gives a
positive de�nite function ϕ1ϕ2.

Example 1. (Rn,+): Gaussian RBF kernel exp(− 1
2σ2 ∥x − y∥2) and Laplacian

kernel exp(−β
∑n

i=1 |xi − yi|) are characteristic on Rn, since the corresponding

non-negative measures are exp(−σ2

2 ∥ω∥2) and
∏n

j=1 1/(1 + ω2
j ), respectively, up to

positive constant. An example of a positive de�nite kernel that is not characteristic
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on Rn is sinc(x− y) = sin(x−y)
x−y : the Fourier transform is the indicator function of a

bounded interval.
Example 2. ([0, 2π),+): The addition is made modulo 2π. The dual group is

{e
√
−1nx | n ∈ Z}, and expression of the Bochner's theorem is given by Fourier

expansion,

ϕ(x) =
∞∑

n=−∞
ane

√
−1nx, an ≥ 0,

∞∑
n=−∞

an < ∞.

Among these positive de�nite functions, the characteristic kernels are given by the
ones with coe�cients a0 ≥ 0 and an > 0 (n ̸= 0). The examples of characteristic
kernels are k1(x, y) = (π − (x − y)mod 2π)

2 . (a0 = π2/3, an = 2/n2 (n ̸= 0)),
and k2(x, y) = 1/(1 − 2α cos(x − y) + α2) (Poisson kernel) given by an = α|n|

(α ∈ (0, 1)). Examples of non-characteristic kernels on [0, 2π) include cos(x − y),
F�ejer, and Dirichlet kernel.

The above conditions of characteristic properties can be extended in part to the
case of compact groups using the unitary representations [5].
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