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Abstract| We elucidate essential di�erences be-

tween feed-forward neural network models and con-

ventional linear statistical models. When the target

is overrealizable, the MLE of the former shows worse

generalization, while experimental results reveals that

iterative learning of a neural network shows eminent

overtraining and better generalization in the middle.

I. INTRODUCTION

It is well-known that learning in feed-forward neural

networks can be described as the parametric estima-

tion from the viewpoint of statistics. It is an interest-

ing problem whether there is any di�erence between

neural network models and conventional linear models

like the polynomials in their statistical properties.

We elucidate essential di�erences, focusing on the

generalization error in overrealizable cases, where the

target function is realized by a smaller-sized network

than the model in use. The standard asymptotic the-

ory tells that if we use the maximum likelihood esti-

mator (MLE), the generalization error is proportional

to the number of parameters. In overrealizable cases,

however, the Fisher information matrix is singular,

which makes the standard theory inapplicable.

This paper discusses the linear neural network

(LNN) model. We give a rigorous calculation of

the generalization error of a LNN in an overrealiz-

able problem. Experimental results are shown on the

generalization error in regular but almost overrealiz-

able cases, which are often seen in practical problems.

Moreover, we experimentally investigate the learning

curve of steepest descent method and compare the re-

sults of overrealizable and regular cases.

II. STATISTICAL PRELIMINARIES

A. Linear neural networks (LNN)

A LNN has the identity funtion as its activation func-

tion. The ith output (1 � i �M) is given by

fi(x;A;B) =
PH

j=1
Bij

PL
k=1

Ajkxk : (1)

The function f(x;A;B) is a linear map from RL to

RM . We assume H �M � L throughout this paper.

An output of the target system is observed with a

measurement noise. A pair of data (x;y) satis�es

y = f(x) + Z; (2)

where f(x) is the target function and Z is a random

vector whose distribution is N(0; �2IM ), a normal dis-

tribution with 0 as its mean and �2IM as its variance-

covariance matrix. An input vector x is generated

randomly with its probability density function q(x).

Training data f(x(�);y(�))gN�=1
are independent sam-

ples from the joint distribution of q(x) and eq.(2).

We use the least square error estimator (LSEE):

(Â; B̂) = argmin
A;B

PN
�=1

ky(�) � f(x(�);A;B)k2: (3)

If we assume a conditional probability

p(yjx;A;B) = (2��2)�M=2 e�
1

2�2
ky�f(x;A;B)k

2

; (4)

the LSEE is equal to the MLE, whose statistical be-

havior for a large number of training data is given by

the statistical asymptotic theory ([1]).

We assume that f(x) is perfectly realized by the

prepared model, and f(x;A0; B0) = f(x).

B. Generalization error { regular cases {

The generalization error of the MLE f(x; �̂) is, in gen-

eral, de�ned by

Egen � EX;Y

�Z
kf(x; �̂)� f(x)k2q(x)dx

�
: (5)

The statistical asymptotic theory shows

Egen �
�2

N
� S (N !1); (6)

where S is the dimension of the parameter �. Eq.(6)

plays an essential role also in the derivation of Akaike

information criterion (AIC).

The derivation of eq.(6) requires the regularity of

the Fisher information matrix at the true parameter.

The Fisher information matrix is given by

Iab(�) =
1

�2

Z
@fT (x;�)

@�a

@f(x;�)

@�b
q(x)dx: (7)

Eq.(6) is not applicable to a LNN, because of the sin-

gularity of its Fisher information matrix. A transform

A 7! CA; B 7! BC�1 does not change the function

f(x;A;B) for any regular matrix C. There is a sub-

space around each (A;B) such that the parameters in
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it gives the same function as f(x;A;B). Therefore,

the directional derivative tangent to the subspace is

zero, which causes the singularity.

To avoid this redundancy, we consider the reduced

model with the �rst H rows of B �xed as IH . A LNN

can always be converted to a network in the reduced

model. It is easy to see that a Fisher information ma-

trix of the reduced model is regular if and only if the

linear map of the network is of full rank. The Egen of

a LNN of full rank is, then, given by

Egen =
�2

N
H(L+M �H) +O(N�3=2): (8)

The target is overrealizable i� the rank of the map is

less than H . Note that the generalization error in an

overrealizable case is not necessarily given by eq.(8).

C. The importance of overrealizable cases

We discuss here the signi�cance of analysis of overre-

alizable cases, in which the true parameters consist of

the subvariety of dimension more than 0 ([2]). In ad-

dition to theoretical interest, the analysis of such cases

is important also for practical reasons.

Consider the case where the target function is lo-

cated very close to the subvariety of redundant net-

works. The generalization error for a su�cient number

of training data is still expected to be given by eq.(8).

However, the required number of data for eq.(8) might

be extremely large in such cases. We make experi-

ments to verify this, preparing a LNN with 2 input, 1

hidden, and 2 output units. The true function is

f(x;�0) =

�
"

0

�
(" 0)x; (9)

where " is a small positive number. This is not over-

realizable unless " = 0.

Figure 1 shows the averaged mean square errors for

100 simulations using 1000 training data. Since the ef-

fective number of parameters is only three, 1000 train-

ing data would be su�cient to apply eq.(8) in usual

cases. The generalization errors for " smaller than

0.1 show eminent increase from the theoretical predic-

tion. The behavior of a network with small weight val-

ues cannot be necessarily described by the asymptotic

theory even for a considerably large number of data,

but is approximated by the error for " = 0 which we

will derive later. Since some of parameters are often

very small in practical applications, we should consider

practical situations as overrealizable cases.

III. GENERALIZATION ERROR IN

OVERREALIZABLE CASES

A. General results

We analyze the simplest overrealizable case where the

target function is constant zero. We use the notations:

X = (x(1) � � �x(N))T ; Y = (y(1) � � �y(N))T : (10)
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Figure 1: Almost overrealizable target

Proposition 1 ([3]). Let VH be a M � H matrix

whose i th column is the eigen vector corresponding

to the i th largest eigenvalue of Y TX(XTX)�1XTY .

Then, the MLE of a linear neural network is given by

Â = V T
H Y TX

�
XTX

��1
; B̂ = VH : (11)

If the target function is constant zero, Y is indepen-

dent of X . In this case, we have

Theorem 1. Assume f(x) = 0. Let �1 � �2 � : : : �
�H � 0 be the eigen values of Y TX(XTX)�1XTY .

Then, the generalization error is given by

Egen =
1

N
E [�1 + � � �+ �H ] +O(N�3=2): (12)

B. Networks with two output units

It is very di�cult to calculate E[�i] in general. If the

output is two dimensional, E[�1] can be obtained ([4]).

Theorem 2. Assume that M = 2. Then, the gener-

alization error for the zero target function is

Egen =

(
�2

N

n
L+

p
�
�(
L+1

2
)

�(
L

2
)

o
if H = 1;

�2

N
2L if H = 2:

(13)

Note that the e�ective number of parameters for

a regular target function is (L + 1) if H = 1. The

generalization error in Theorem 2 is worse than the

generalization error in regular cases. If the number of

input units is very large, the Stirling's formula gives

Egen �
�2

N

n
L+

p
�L=2

o
: (14)

This is much worse than the error for a regular target.

We make computer simulations to con�rm the the-

oretical results. The uniform distribution on [�1; 1]L
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Figure 2: Generalization errors (2 output units)

is used for q(x), and � = 0:1. We prepare two target

functions: one is the constant zero for an overrealiz-

able case, and the other is a regular target de�ned by

A = (IH O) and B = (IH O)T . The MLEs are calcu-

lated for 1000 samples. The average square errorZ
kf(x; Â; B̂)� f(x; A0; B0)k2q(x)dx

is obtained for each MLE. We make 1000 simulations,

changing the random numbers. Figure 2 shows the av-

erage of experimental results and the theoretical pre-

dictions. We see that the experimental results coin-

cides with the theoretical predictions very much.

C. Large scale networks

We analyze the generalization error of a large scale

LNN by calculating the density function of �i un-

der the assumption that L and M are very large and

M=L = �. We assume � = 1 w.l.o.g., since the gen-

eral result is obtained by multiplication of �2. Let

W = (XTX)�1=2XTY . All the elements of W are

subject to N(0; 1) and mutually independent.

Let u1 � u2 � : : : � uM � 0 be the egienvalues of
1

L
W TW . We de�ne the limiting density of ui as

�(u) = lim
M!1

�
1

M

PM
i=1

�(u� ui)

�
; (15)

where h�i is the expectation with respect to W . Using

the replica method, we can calculate �(u) as ([5])

�(u) =
1

2��

p
(u� um)(uM � u)

u
; (16)

where um = (
p
� � 1)2 and uM = (

p
� + 1)2. The

density takes a positive value only on (um; uM ).

Let � = H=M . We de�ne u� as the �-percentile

point of �(u); that is,Z uM

u�

�(u)du = �: (17)

If we use the transform t = fu�(um+uM)=2g=(2p�),

2

�

Z
1

t�

p
1� t2

2
p
� t+ 1 + �

dt = �; (18)

where t� is �-percentile point. Then, we have

PH
h=1

E[�h] = LM

Z uM

u�

u�(u)du

= LM
n
cos�1(t�)� t�

q
1� t2�

o
:(19)

Therefore,

Egen �
�2

N
LM

�
cos�1(t�)� t�

q
1� t2�

�
: (20)

On the other hand, the generalization error in reg-

ular cases is approximated by

Egen �
�2

N
LM�(1 + �� ��): (21)

Since elemental calculus gives

cos�1(t�)� t�

q
1� t2� � �(1 + �� ��); (22)

we can conclude that the generalization error of the

overrealizable case is always inferior to that of regular

cases.

We make experiments to see the applicability of the

theoretical results. We show here only the results of

networks with 20 input and 10 output units. The

above calculation requires in�nitely many units the-

oretically, and moreover, the validity of the replica

method has not been ensured yet. Figure 3 show the

experimental results. The target functions in both

cases are the same as the previous ones. We make 100

simulations, in each of which the MLE is calculated

for 10000 training data. Even in the networks with

smallest number of units, the theoretical results coin-

cides with the experimental ones very much. We can

conclude that the above approximation gives a good

theoretical prediction of the actual generalization er-

ror.

IV. DYNAMICS OF BATCH LEARNING

In a general network model like the multilayer per-

ceptron, the MLE cannot be calculated directly. We

must employ an iterative method like the steep-

est descent. We experimentally investigate learning

curves of the steepest descent method in overrealiz-

able/regular cases.
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Figure 3: Comparison of generalization errors

The model and the target functions are the same as

the experiments in III.B. We use a LNN with 1 hidden

unit. We generate 1000 training data and train the

network using the steepest descent method to min-

imize the sum of square errors. Figure 4 show the

average generalization error during training for the

overrealizable/regular target. The learning curve in

the overrealizable case shows eminent overtraining in

the middle of learning. It once becomes smaller than

the expected generalization error for a regular tar-

get, increases gradually, and �nally attains the error

of the MLE. The learning curve in the regular case

does not show such overtraining. This indicates that

some early stopping criterion is e�ective in overrealiz-

able cases, which corresponds with the practitioners'

assertion that early stopping has remarkable e�ect of

reducing the generalization error in many applications.

It is reasonable to think that models in use often have

almost redundant hidden units and the learning behav-

ior is similar to our result of the overrealizable case.

V. CONCLUDING REMARKS

This paper elucidated essential di�erences between

neural network models and usual linear models from

the viewpoint of mathematical statistics. We pre-

sented an example in which the generalization error

of the MLE changes according to the overrealizability

of the target, and an experimental result that shows

eminent overtraining only in the overrealizable case.

This paper is the �rst step to clarifying special sta-

tistical properties of multilayer network models. Al-

though we discuss a very simple model of linear neural

network, it is a very important and challenging prob-

lem to elucidate the static/dynamic behavior of net-

work learning in more general situations.
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Figure 4: Learning curves on the generalization error
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