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Abstract

This paper discusses the behavior of the maximum likelihood esti-
mator, when the true parameter cannot be identified uniquely. Among
many statistical models with unidentifiability, neural network models
are the main concern of this paper. The set of unidentifiable true pa-
rameters is formulated as a conic singularity of the model, which is
embedded in an infinite dimensional space of probability density func-
tions. It has been known in some models with unidentifiability the
asymptotics of the likelihood ratio of MLE has an unusually larger or-
der. Following Hartigan’s idea, the likelihood ratio of MLE is described
by the supremum of an empirical process over a set of functions, and a
useful sufficient condition of such larger orders is derived. This result
is applied to neural network models, and a larger order is observed if
the true function is realized by a network with a smaller number of
hidden units than the model. A stronger lower bound of the order of
likelihood ratio is also derived on condition that there are at least two
redundant hidden units to realize the true function.

1 Introduction

This paper discusses the asymptotic behavior of the maximum likelihood
estimator (MLE) under the condition that the true parameter is uniden-
tifiable. The asymptotics of MLE is an important problem in statistical
estimation theory, and the asymptotic normality under some regularization
conditions is well known ([1]). However, if the dimensionality of the set of
true parameters is larger than zero, the Fisher information matrix at a true



parameter is singular, and the asymptotic normality is no longer satisfied.
The behavior of MLE in such unidentifiable situations has not been clarified
completely.

There are many statistical models that have unidentifiability. Finite mix-
ture models, ARMA, reduced rank regression, and change point problems
are typical examples of such models. Because the asymptotics of the MLE is
not simple, model selection needs special consideration on such models. It is
known that feed-forward neural networks have also the problem of uniden-
tifiability. The true parameter of a feed-forward neural network model is
unidentifiable, if the true function is realized by a network with smaller
number of hidden units than the model. In this paper, we mainly discuss
the neural network model in investigating the behavior of MLE closely.

We formulate the problem of unidentifiability as a conic singularity ([2])
in the set of a statistical model, which is embedded in the space of all the
probability density functions. In this formulation, the likelihood ratio of the
MLE, with the true probability at the singularity, can be well described by
the supremum of an empirical process over the unit vectors in the tangent
cone. This empirical process shows very different behavior depending on
the functional property of the tangent cone, while each marginal variable
converge to a Gaussian distribution.

One of the interesting features is the order of the likelihood ratio of MLE,
as the sample-size n goes to infinity. A model satisfying the regularity con-
dition of the usual asymptotic theory has the likelihood ratio of the order
Op(1). However, larger orders have been reported in some unidentifiable
models. Hartigan ([3]) discusses the normal mixture models with two com-
ponents, and shows the likelihood ratio test statistics, under the hypothesis
of one component, has a larger order than O,(1). In neural networks, the
lower bound Op(logn) has been derived in unidentifiable cases ([4]). In this
paper, a useful sufficient condition of such larger orders than Op(1) will be
given in the term of functional properties of the tangent cone. This result
covers many models of a larger order of the likelihood ratio. Furthermore,
a stronger lower bound of the order for some neural network models will be
derived, by the analysis of the functional properties of the tangent cone.

2 Unidentifiability and Locally Conic Models

2.1 Preliminaries

Let (Z,B,u) be a measure space, and S be a set of probability density
functions on (Z,B,pu). The set S is called a statistical model if there is



a differentiable manifold (with boundary) © such that S is given by S =
{f(z;0) | 6 € ©}. We call © as the parameter space. We assume through-
out this paper that Suppf(z;6) is invariant for all 6 € O, and f(z;0) is
differentiable on 6 for each z € Z.

Suppose that the probability distribution of i.i.d. random variables
Z1,Za,... yZy is fo(z)u with the probability density function fy(z), which
has the same support as the model S. The function fy is called the true
probability density. Given the random variables, the likelihood ratio of the
model S with respect to {Z;}? ; is defined by

Ln(@) =Y log ;jgi;. W

We consider the mazimum likelihood estimator (MLE) 0 that attains the
maximum of the likelihood ratio, if it exists. From the definition, we have

. B e f(Z;;0)
Ln(0) = sup Ln(0) = 228;1% fo(Z:)

. 2)

The main topic of this paper is the behavior of the likelihood ratio of
MLE under the asymptotic assumption, where the number of samples goes
to infinity.

2.2 Unidentifiability of the true parameter

Throughout this paper, the true probability density fy(z) is assumed to be
included in the model {f(z;0) | @ € ©}. Then, there exists 6y € O such that
f(z;600) = fo(z). We do not assume the uniqueness of 6y, and denote the
set of true parameters by ©g; that is, ©g = {0 € O | f(2;600)u = fo(z)pu}-
Unless Oy is a single point, the usual view of asymptotic convergence to a
single true parameter does not hold.

We say that the true parameter is unidentifiable, if the set of true param-
eters O is a union of finitely many submanifolds of ©, and the dimension
of at least one of the submanifolds is larger than zero. There are many
important statistical models in which the true parameter can be unidenti-
fiable. One of the most famous examples is a finite mixture model. Let
g(z;a) be a probability density function on Z with a variable parameter a,
and f(z;a1,a2,b) be a mixture model defined by

f(z;a1,a2,b) = bg(z;a1) + (1 —b) g(2; a2), (3)



where b € [0,1]. Suppose that the true density fo(z) is given by g¢(z;ao)
for some ap. Then, the set of parameters to give fo(z) contains {(a1,az,b) |
a; = az = agp, b: arbitrary} U {(a1,a2,b) | b = 0,a2 = ao, a; : arbitrary} U
{(a1,a2,b) | b = 1,a1 = ag, ag : arbitrary}, which is high dimensional.
The reduced rank problems ([5]), ARMA model ([6]), and the change point
problem ([7]) are other examples of models with unidentifiability. Feed-
forward neural network models, such as multilayer perceptrons ([8]), are
also among such models. We will mainly discuss the multilayer perceptron
model in this paper.

Our main concern is to investigate how the likelihood ratio of MLE
behaves on condition that the true parameter is unidentifiable. If the true
parameter is identifiable, under some regularity conditions, the asymptotic
distribution of the likelihood ratio of MLE converges in law to the chi-square
distribution of freedom d. On the other hand, in unidentifiable cases, even
the order of the likelihood ratio of MLE can be different from Op(1), as
shown later.

2.3 Locally conic model

In the previous subsection, the unidentifiability was defined in terms of
the parameters. However, if the space of probability density functions is
considered, the set of true parameters corresponds to a single point in the
space. The point is a singularity in the set of density functions defined by the
model, if the dimensionality shrinks only at the point. The property of the
set of density functions around the singularity will be better understood, if
more convenient parameterization can be introduced than the original one.
Following Dacunha-Castelle & Gassiat ([2]), with some modification, a conic
singularity is utilized for describing the unidentifiability.

Let Ag be a (d—1)-dimensional differentiable manifold (with boundary),
© an open set in Ag X R, and S = {f(z;0) | 0 € O} be a statistical model.
The parameter 6 € © is decomposed as 6 = («a,3) for a € Ap and § € R.
Let a function fy(z) be an element in S. The statistical model S is called
locally conic at fy if the following conditions are satisfied;

1. f(z; (e, B)) is differentiable on 3 for each o € Ay and fyu-almost every
z.

2. Let ©g and O(«a) be subsets defined by ©g = © N (Ap x {0}) and



O(a) =0 N ({a} x R) for a € Ay, respectively. Then,

o= ] o). (4)

acAp
3. The set of the parameters to give fj is ©g; that is,
[z (. B))u = fo(2)n < B=0. (5)
4. For all a € Ay,

Halogf(z;oz,O) . (©)

op

L2(fop)

If the dimension of Ay is larger than zero, the parameter giving fp is
not identifiable. Intuitively, a locally conic model S is a d-dimensional set
with a singularity at fo in the space of probability density functions. For
each a € Ay, the submodel S, = {f(z;0) | # € O(«)} is a one-dimensional,
identifiable statistical model. The score function of S, at the origin,

_ Olog f(z;(,0))

= o5 ,
can be looked as a unit tangent vector in the direction of S, (see fig.1). The
family of score functions C' = {v, | @ € Ap} generates the tangent cone at
the singularity fo. We call the set C' the basis of the tangent cone, which
has a key importance in the following discussion.

The view of tangent vectors can be rigorously formulated if S is included
in a maximal exponential model ([9]), which is an infinite dimensional Ba-
nach manifold. In the definition, we only require that the functions in C' are
in L2(fou). They are not necessarily tangent vectors of the Banach manifold
in the sense of Pistone and Sempi ([9]).

va(2) (7)

2.4 Neural network as a locally conic model

A feed-forward neural network model is an example of a locally conic model.
This paper mainly discusses multilayer perceptrons ([8]). The multilayer
perceptron model with H hidden units is defined by a family of functions

H
o(x;0) = Z bj s(ajz +c¢j) +d, (8)
i=1



Figure 1: Locally conic model

where z € X = R, s(t) = tanh(t), and 6 = (a1, ... ,am,b1,... ,bg,c1,... ,cg,d)T €
Oy = R3¥*H+1 Only models with one-dimensional input and output is dis-
cussed for simplicity.

Learning in neural networks can be regarded as statistical estimation.
Assume that the distribution of an input sample X; is a probability @ on

X =

R. When the multilayer perceptron model is discussed, it is always

assumed that @) is absolutely continuous with respect to the Lebesgue mea-
sure on R, which is written by ug, with the density function ¢(z), and that
the integral Eg|log g(x)| is finite. Let ) be a subset of R, and (), By, 11y) be
a measure space. Let 7(y | u) be a conditional probability density function
of y € Y given u € R. This is used for a noise model. Throughout this
paper, we put the following assumptions;

[Conditions on noise model (NM1)]

1.

2.

The conditional density r(y|u) is of class C! on u for all y € Y.
For different w; and ug, we have r(y|ui)py # 7(ylug)py.

The Fisher information G(u) of r(y|u), defined by

Gu) = [ (ZELIDY ), (9

is positive, finite, and continuous for all u € R.



4. For allu e R

. 0 logr(y[u')
lim E,. (. ‘— < o0. 10
The condition 4 assures the famous relation E,n(y|u)[azl—0§1LM] = —G(u) by

Lebesgue’s dominated convergence theorem.
Given the function ¢(z; 0), the statistical model of multilayer perceptron
is defined by

f(z0) =r(y | p(x;0))q(x), (11)

where z = (z,y) € Z = X x Y, with respect to the measure pugr X py.
Popular choices of 7(y | u) are the additive Gaussian noise model

1 1 )
r U) = —expi—=—— Iy —u 12
() =—5— P{-55(—w’} (12)
for continuous y, and the binomial distribution model
e

1+ ev

r(y|u) = (13)
for binary output y € Y = {0,1}, which often appears in classification
problems.

The true parameter can be unidentifiable in the multilayer perceptron
model. It can be seen in the simplest case as follows. Suppose we have the
multilayer perceptron model with 2 hidden units, and the true function g (z)
is given by a perceptron with only one hidden unit. If @g(z) = by tanh(agz),
then for any parameter 6 in the set {# € O3 | a1 = ag,b; = by, c1 = 0,bs =
0,d = 0, ag,cy : arbitrary} U {0 € ©y | a1 = ag,by = by,c1 = 0,a2 =
0, by tanh(cz) +d = 0} the function o(x;6) equals to the true function!. We
can see that the set of true parameters is a high dimensional subset in the
parameter space. It is known that the true parameter is unidentifiable if and
only if the true function can be realized by a network with smaller number
of hidden units than the model ([10],[11],[12]).

This unidentifiability of multilayer perceptrons can be formulated as a
locally conic model. Suppose we have the multilayer perceptrons with H

!These two subsets do not give all the parameters to realize wo(z). The whole set of
the true parameters is shown in [12].



hidden units. Let K be an integer such that 0 < K < H, and ¢o(z) be a
function realizable by a multilayer perceptron with K hidden units.

A slightly restricted parameter space O3, is defined by ©3, = {0 =
(a1,...,am,b1,... ,bg,c1,... ,cg,d) € O | a; # 0, bj #0 (1 < j <
H), (aj,c;) # £(an,cp) (1 < j < h < H)}. Note that in ©F; the parameters
that correspond to the functions realizable by a smaller-sized network are
eliminated (see [10]). For a parameter in ©7;, it is known ([13]) that the
functions {1, s(a;x +¢;), s'(a;x + ¢j)x, s’ (a;x —i—cj) | 1 <j < H} are linearly
independent.

Given a function

Z bk S ak.'.U + Ck + do (14)

for 6y = (al, ... ,a%,b(l),... ,bg{,c‘f,... cK,dO) € O}, the parameter space

is again restricted slightly to ©}; by O3 = {0 € 0% | (aj, ¢j) # £(ad, ) (1 <
k<K K+1<j<H)} This reductlon does not matter in discussing the

maximum likelihood estimation, because MLE lies in ©% with probability

one. Introduce a new parameterization by

B =sgn(bic1)\/B g+ + B,

_ .0
&c:“’“ﬂ“’“, (1<k<K), ¢&=a;, (K+1<j<H),
b, — 1Y b; .
cr — .
_ 0
5:dﬂd. (15)



for 6 € ©%, and define new parameter spaces Il and II}; by

O ={w=(&,---,¢mm, - 1, C1y- -+ ,Ca, 6, 3) |
A+ 86 A0(1<k<K), &#0(K+1<j<H),
(a9 + B, & + BCr) # £(ah + Bén, & + 5G) (1 <k < h < K),
(ah + Bk, & + BG) # £(§5,¢) 1<k < K, K +1<j < H),
(& G) # £, G) (K+1<j<i<H),
(&, G) # £af, ) L<k<K,K+1<j<H),

H
WAPm#A0(1<k<K), Y nmi=1n#0(K+1<j<H),
j=K+1
nx+1 >0, B € R} (16)

and II}; = {w € IIy | B # 0}, respectively. The multilayer perceptron can
be rewritten using this parameterization:

K
U(zsw) = Y (0 + Bme) s((af + Bér)T + () + BG))
k=1 o
+ > Bns(&z+ &)+ B4, (17)
j=K+1

It is easy to see that the II}; and ©3; are diffeomorphic by the transform
(15), and ¢(x;0) = ¢ (z;w) holds for the corresponding § € O} and w €
IT};. Thus, it suffice to consider {¢(z;w) | w € Iy}, when the maximum
likelihood estimation is discussed.

Let Sg = {f(z,y;w) | w € IIg} be a statistical model defined by

f(@,y;w) = r(yld(z;w))q(x). (18)

The model Spy consists of probability density functions corresponding to
@o(x) and the functions given by ¢(z; ) for § € ©3;. The function fo(x,y)
be a density function defined by (), that is, fo(z,y) = r(y|eo(z))q(z).
The model Sg is a locally conic model, if o summarizes (&1, ... ,(xg,0) and

w = (e, ).

Theorem 1. Let Sy be the statistical model of multilayer perceptrons with
H hidden units defined by egqs. (17) and (18), and fy be a density function
given by (14). Then, under the assumption [NM1], Sy is locally conic at

Jo-



Proof. Let Ag be a set given by Ag = {a | (,0)}, and IIg(a) by g (a) =
{(a, 8) | B € R} for a« € Ayg. We can see Ilg = Uyea,lIn(a), because
for all (o, ) € Ily, the point («,0) is also contained in IIy by the fact
6o € ©% and (&,¢;) # £(al, ) for K+1 < j < H. We can also prove that
Y(z;w) = o(z) for all z if and only if w € Il o. The sufficiency is trivial.
For the necessity, because s(§;xz + ¢;) (K +1 < j < H) is not contained in
the linear hull of the functions {1, s(alz + ¢?), s(&z + (), s((a) + B&)x +
(A +8)) |1 1<k<K,K+1<i<H,i# j} by the definition of Ily, the
coefficients of s(&;x + (;) in eq.(17) must be zero to realize 9 (z;w) = @o(x).
This implies § = 0. Thus, the model Sy satisfies the conditions 1, 2, and 3
in the definition of a locally conic model.

For the condition 4, let N(a) be the L?( fo(z, y)urpy)-norm of a tangent
vector %log f(z,y;(,0)). This is essentially determined by the partial
derivative:

oY(x; (a,0 A
(@i (@, 0) &(B ) _ Y msGe ) +o
j=K+1
K K K
+ ans(agx +) + Z W¢ps (ax + D) + Z W) (s (adx + ). (19)
k=1 k=1 k=1

The L? norm is calculated as

://7”(?/|900(:B))Q(:B){ar(yg’f(m))&p(x(;(ﬂa’ 0))}2dazduy

= [ Glenten{ A 1) (20)
Since @o(z) is bounded, so is G(go(x)) by the continuity of G(u). From
eq.(19), the function {%¢($; (a, 0))}2 is also bounded. Thus, N («) is finite.
Because the functions 1, s(§;24(;), s(abz+cY), ' (adz+cQ)z, and s’ (adz+cY)
(1<k<K,K+1<j<H) are linearly independent (see [13]), the partial
derivative %¢($; (a,0)) is not constant zero. Hence, the zero points of

%¢($; (,0)) has no accumulation points, and the probability of the set by
@ is zero. Therefore, 0 < N(«a) < oo for all @ € Ay. Using N(a)S instead
of 3, we have the normalized tangent vectors at fo(z,y). O

10



3 Maximum likelihood estimation in locally conic
models

3.1 MLE and supremum of a random process

Let S = {f(z;(a,0)) | (o, 3) € ©} be a statistical model, which is locally
conic at fo € S. Suppose Z1,%s,...,Z, are i.i.d. random variables with
the law fou. For each o € Ay, the submodel S, = {f(z;(a,5)) | B € O(a)}
is a smooth, one-dimensional model with a variable parameter 8. If the
maximum likelihood estimator ﬁa in S, exists for each o € Ay, the likelihood
ratio of the MLE in S is given by

sup Ln(e) = sup Ln(aa ﬂa)' (21)
e e

Assume that each submodel S, satisfies some regularity conditions of the
asymptotic normality. A set of conditions, which is essentially from Wald
([16]) and Cramér ([1]), is given as follows?. For simplicity, we write each
submodel by {g(z; 3)|3 € V'}, neglecting the index «. The parameter set V'
is an open set in R, and we write ap = inf{8 | 8 € V} € RU {—o0} and
bp =sup{f | B €V} eRU{oo}.

[Conditions on asymptotic normality (AN)]
1. For any 8 € V, the integral Ey,,[|1log g(z; 3)|] is finite.

2. Let H;(z;t) and H_(z;s) be functions defined by

H,(2:1) = suplogg(:8) and H._(235) = suplogg(=: ),  (22)
B>t B<s

respectively. Then,

11T1bnEfw[H+(z; t)] < oo and lifn Egu[H_(2;8)] < oo. (23)
0 sbao

3. There exist Ay and A_ such that fA:E fo(z)dp > 0 and

)lf%n H,(z;t) = —00 forall ze€ Ay, (24)
0
liim H_(z;s) = —o0 forall ze A_. (25)
slag

2 Another set of conditions is found in van der Vaart ([14], Section 5.3), which is more
refined than the famous ones by Cramér ([1]).

11



4. Forall B eV,

lim Ey,, [ sup logg(z; )] < oo. (26)
pl0 5"=BI<p

5. The density g(z; 3) is three-times differentiable on (3 for all z, and

[sup MH =

lim Ey),,
’ 1BI<p 0B

lim (27)

The conditions 1-4 are slight modification of Wald’s regularity conditions
for the consistency of MLE 3, ([16]). The condition 5 assures asymptotic
efficiency of Ba under the consistency assumption. If each submodel S,
satisfies the conditions [AN], the standard argument using Taylor expansion
leads to

- 1
Ln(aaﬁa) = EUn(a)Q + Op(]-)a (28)
where Uy, () is a random variable defined by
Un(a) = % Zl va(Z;), (29)
and v, (2) is a function in the basis of the tangent cone C, defined by
va(2) = 5 log (25 (0,0)). (30)

The variable Uy, () converges in law to the standard normal distribution
for each o € Ay. If we consider the behavior of U,(«) over all «, it can be
looked as an empirical process over « or C', and every marginal distribution
on finite points converges to a multidimensional normal distribution. The
likelihood ratio of MLE is given by

sup L, (0) = sup {lUn(oz)2 + op(l)} . (31)
6o acAo 2

Dacunha-Castelle and Gassiat ([2]) discuss the convergence of U,, as-
suming the uniform convergence in the asymptotic normality and the em-
pirical process. More precisely, if the higher order term of 0,(1) in eq.(31) is
bounded uniformly over «, the term can be eliminated from the supremum;

= 1 a)? 0
sup L,(0) = sup { 3050 | + 0,(1) (32)

12



Furthermore, if the stochastic process U,, converges "nicely” to a Gaussian
process W over C, the limit of the supremum of |U,,| can be replaced by the
the supremum of |W| (see Wellner & van der Vaart ([15]) and van der Vaart
([14]) for the detail). Then, we obtain

sup L, (0) = sup 1VV2 + 0,(1). (33)
0o a 2

Dacunha-Castelle & Gassiat propose a likelihood ratio test based on the
supremum of the Gaussian process W.

Unlike Dacunha-Castelle & Gassiat ([2]), when discussing the stochastic
process U, in eq.(28), this paper will investigate non-uniform cases, in which
the simplification in egs. (32) and (33) does not hold. In non-uniform cases,
the behavior of MLE is complex, and even the order of the likelihood ratio
can be different from the usual O,(1), as I mentioned in Section 1.

3.2 Slower convergence in non-uniform cases

The likelihood ratio of MLE can have a larger order than Op(1), if the
function class of the tangent cone is "rich” enough, as the cone in the normal
mixture and multilayer perceptrons.

In this subsection, a useful sufficient condition of such an unusually larger
order is derived, as an extension of Hartigan’s idea ([3]). Note that the
marginal distribution of U, on finite points vy, ... , v, in C always converges
to a multi-dimensional normal distribution with the covariance Ep[v;v;].
Thus, two components of the limit are independent on condition that their
covariance is zero. Suppose we can find an arbitrary number of ”almost”
uncorrelated random variables in C. Then, the supremum of U, («) on such
variables can take an arbitrary large value, since the maximum of m in-
dependent samples from the standard normal distribution is approximately
V2logm for large m. Hartigan ([3]) applied this idea to a normal mix-
ture model with two components, calculating the covariance explicitly. An
extension of this idea leads us to the following theorem;

Theorem 2. Let a statistical model S = {f(z;(,3))} be locally conic at
fo €S, and C = {vy(2) = %f(z; (a,0))} be the basis of the tangent cone.
Assume that for each oo € Ay the submodel {f(z;a,8) | B} satisfies the
conditions of asymptotic normality [AN]. If there ezists a sequence {v,}5° 4
in C such that v,, — 0 in probability, then, for arbitrary M > 0, we have

lim Prob(sup L,(a,B) < M) = 0. (34)
n—oo (067/@)

13



Proof. From Proposition 1 below, for arbitrary € > 0 and K € N, there
exist v(a1),... ,v(ak) € C such that |E[v(a;)v(aj)]| < € for different ¢ and
j. The rest of the proof is accomplished in the same way as Hartigan ([3]),
which will be shown below.

Let W = (Wy,... ,Wg) be a random vector following the limiting nor-
mal distribution of (U, (v, ), - - - , Un(Vag )), and X be the variance-covariance
matrix of W. Because the absolute value of every off-diagonal element in 3
is less than e, by Gersgorin’s inequality ([17]), we have (1 + (K — 1)e)Ix <
Y < (1— (K +1)e)lg. Then, for arbitrary M > 0, the inequality

P( max |W;| < M) </ +6‘72(1+<11(—1>5>WTW61W
1<i<K - ~ Jiemar VDR
14+(K—1)e)K/2 _L,Ty,
é ( (|Z\1/)2) /[_MM}K —(2ﬂ_)1K/26 2 du
< <71+(K_1)5>K/2{<I>(M) — o(~M)}~X (35)
= \1-(K—-1)e

holds, where ®(¢) is the cumulative distribution function of the standard
normal distribution. For any § > 0 and M > 0, there exists K € N such
that {®(M) — &(—M)}¥ < g. For such K, we can find € > 0 that satisfies

(LE=De) K72 9 Then, eq.(35) leads

1-(K—-1)e
P( max |W;| <M) <. (36)
1<i<K
The convergence of (U, (aq), ... ,Up(ak)) to W means lim,,_, P(max; |U,(c;)| <
M) = P(W € [-M, M]¥). This completes the proof. O

On the covariance of the random variables with bounded L? norm, we
have the following proposition, which is used in the above proof.

Proposition 1. Let {v,}72, be a sequence in L*(P) such that |[v,||r2(py =
1 for all n, and v, — 0 in probability. Then, there exists a subsequence
{vn@) 132, that satisfies

EP|vn(k)vn(h)| <e (37)
for all different k and h.

This is a direct consequence of the following proposition.

14



Proposition 2. Let (2, B, P) be a probability space, and Y, X1, Xo,... be
random variables. Suppose there exists K > 0 such that fYQdP < K and
fngP < K , and X,, converges to 0 in probability. Then, we have
lim E|YX,|=0. (38)
n—oo
Proof. Let € be any positive number Because [Y2dP < oo, there exists

6 > 0 such that [, Y?dP < &= for any measurable set A with P(A) < 4.
For eachn € N, a measurable set A, is defined by

13 g
A, = cQlY| > — d |X,|>—|Y|}. 39
{w | Y] i = | Xl 3K| |} (39)

Because X,, — 0 in probability and A, C {|X,| > 9K§/2} we can ﬁnd

ng € N such that for all n > ny we have P(A,) < ¢, hence f Y2dP < 9K

Since A¢ 3\/—} Udw | [Xn| < 5%|Y]}, we “obtain for all
n > ng

/|YX dP = / Y X, |dP+/ Y X,|dP

g(/ Y2dP /XQdP +/ |YXn|dP+/ Y X,,|dP
{YI<35=) {1Xnl <55 Y]}

5 5 5
<—\/E+—/ XndP+—/ Y [2dP
3VK 3WK e 3 ) !
€ L
- x/_+ —¢ 40
=3 3\/_ (40)
In the last line, we use the fact [ |X,|dP < ([ | X, [2dP)Y/? < VK. O

4 Likelihood Ratio of Multilayer Perceptrons

We apply the results in the previous section to the multilayer perceptron
model, which is defined by eq.(8). We use the same notations as Section
2.4, giving the true function ¢g(x) by eq.(14) and the locally conic parame-
terization by eq.(17).

We need additional assumptions on the noise model 7(y|u) to ensure the
asymptotic normality conditions [AN] on the one-dimensional models.
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Conditions on noise model (NM2)

1. For any compact set K C R, sup; ,cx Er(yje)| logr(y|u)| is finite.

2. Let hy(y|s) and h_(y|s) be functions defined by

hi(yls) =suplogr(ylu)  and  h_(y|s) = sup logr(ylu), (41)

u>s u<l—s

respectively. For any compact set K C Rand s € R, supgc e By () [P+ (y]5)]
is finite.

3. For an arbitrary compact set K C R, there exist A, A_ C Y and
B > 0 such that

li_>m hy(yls) = —oc0 forallye AL, (42)
li_>m h_(y|s) = —oc0 forallye A_, (43)
and
/ r(y|€)dy > B for "¢ € K. (44)
Ay

4. For any compact set K C R,

lim sup E, e[ sup logr(ylu')] < oco. (45)
pi0 ¢ek |u/ —u|<p
ue

5. The density (y|u) is three-times differentiable on u for all y € ), and
for any compact set K C R,

‘83 log r(y|&')
O3u

lim sup E,.(, ¢ { sup ] < 0. (46)

PO ceK l€'=¢l<p

The above conditions are satisfied by many important noise models. In
the case of the Gaussian noise model and binary output model, they can be
checked easily. In fact, the conditions 1, 4, and 5 are easy. On the conditions
2 and 3, stronger conditions will be checked in Section 4.

The next lemma shows that the conditions [NM2] implies the asymptotic
normality [AN] in some type of submodel in Sg.
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Lemma 1. Let wo(z) be a bounded function, w(x) be a positive, bounded
function, and r(y|lu) be a density function on Y which satisfies [NM1] and
[NM2]. Then, the statistical model {g(z;3) | B € R}, which is defined by
9(z; 8) = r(ylwo(x) + Pw(z))q(x), satisfies the conditions [AN].

Proof. From [NM2]-1 and boundedness of w(x) and wg(x), for each 3 there
is A > 0 such that E,( () |logr(ylwo(z) + Bw(z))| < A for all x € R.
The fact Eg|logg(x)| < oo implies the condition [AN]-1.

Since H,(z;t) = hy(ylwo(z) + tw(x)) + logg(z) and for any ¢ there
exists s such that wg(x) 4 tw(x) > so for all x , we have Ey,,[H, (z;t)] <
EQ[E, (yjwo(z)) [h+(y]s0)] + log q(z)]. The compactness of the range of wo(x)
and the condition [NM2]-2 show the first assertion of [AN]-2. The second
one is similar.

We will show only on H for the assumption [AS]-3, because the proof on
H_ is exactly the same. There exists M > 0 such that |wg(z)| < M. Take
A4 C Y and B > 0 in the assumption [NM2]-3 for a compact set [—M, M].
Then, for any z € X x A, we have lim;_ o, H (2;t) = limy_ o0 hy (y|wo(x) +
tw(z)) +log (@) = —o0, and [y, Jo(2)di = Folfs, r(yluo(z))] > B.

From [NM2]-4 and the boundedness of w(x), for any (3 there exists pg > 0
and C such that E,(yju,(a))[SuP|g_p)<, log 7(y|wo(z) + f'w(z))] < C holds
for all p € (0, po] and € R. This shows the condition [AN]-4. By a similar
argument, [NM]-5 implies [AN]-5. [l

Theorem 3. Assume that the model is the multilayer perceptron model (8)
with H hidden units, and the true function is given by a network with K
hidden units for K < H. Under the assumptions [NM1] and [NM2] on the
noise model r(y|u), we have for arbitrary M > 0,
lim Prob (sup L,(0) < M) = 0. (47)
n—oo 9
Remark. This theorem means that the order of the likelihood ratio of MLE
is strictly larger than O,(1).

Proof. For the lower bound, it suffice to consider a submodel in the locally
conic parameterization eq.(17). Let o(x;&, h) be a bounded, monotone de-
creasing function given by

1

1 1
o(@i6.h) = 5 {1+ s~ ~ M)} = oo, (9
and {g(z;t,c)} be a submodel defined by
9(z:t,¢,8) = r(yleo(z) + fw(z;t, c))q(x), (49)
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where

1
w(z;t,c) = ma(m; A t+ %), (50)

and B(t,c) is a normalizing constant of L?(fou) norm given by

Bit,c) = / Glgo(@))o(z; 2 t + 1)2dQ(x). (51)

Because ¢o(x) and w(z;t,c) are bounded functions, from Theorem 2
and Lemma 1, we have only to show there is a sequence in the basis of the
tangent cone C, which converges to zero in probability. The set C' consists
of the functions

1 dlogr(ylpo(x))
B(t,c) Ou

v(z,y;t,c) = o(x; At+ %) (52)

Let a be a positive number that satisfies G(po(x)) > a for all z € R.
Such a exists because of the continuity of G(u) and the boundedness of
@o. Let F(t) be a distribution function of the input probability Q. From
the assumption that @) is absolute continuous with respect to the Lebesgue
measure, Fg is continuous on R. If we define ty = inf{t € R | Fp(t) > 0} €
R U {—o0}, we have Fg(t) > 0 for all ¢ > to, and limy 4, F(t) = 0.

Since o(z;c?,t + %) is bounded and converges to X(_oo¢(z) at every
z for ¢ — +o00, by Lebesgue’s dominated convergence theorem, we have
lim, ,o0 B(t,c) = ffoo G(po(x))dQ(x) > aFg(t). Hence, for each t we can

find cgl) such that \/B(t,c) > %m for all ¢ > cgl).
For any t > ty and 0 > 0, there exists c£2) (8) > 0 such that o(z;c?,t +
1)< Fp(t) forall z > ¢t + 6 and ¢ > c§2) (6). Then, if a sequence (¢, dn,cp)
is chosen so that ¢, | tg, 0, 4 0, and ¢, > max{ct ,cgn (0r)}, the inequality

ooyt )| < 2| 2T Wigo@) | [r, (53)

holds for all z > t,, + §,, and y. Because Fg(t,) — 0 and ¢, + J,, | to for
n — oo, the sequence v(z,y;ty,c,) converges to zero for all x > ¢y and y,
which means almost everywhere convergence. O

If K < H — 2, a different type of sequence can work for the proof of
Theorem 3. Let W = {w(x; &, h,t)} be a family of functions defined by
1

w(w; &, h,t) = m2{8( {(x—t+h)—sEz—t—h)}  (54)
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where A(£, h,t) is a normalization constant of L?(fou) norm given by

A(E,hot) = Epyp [<8logrg/lltsoo(x)) s(&(x —t+ h)) ; s(&(x —t — h))>2]

= Eq[G(po(2)){s(€(x —t+h)) = s(€(@ —t = h)}*].  (55)

A subfamily of the multilayer perceptron in the locally conic parameteriza-
tion is defined by

V(x5 €, h,t, B) = wo(x) + Bw(z; &, b,y t). (56)
This is obtained by setting 7, =& =(=0=0(1<:<kandi> K + 3),
Ek+1 = Ek42 = & (k1 = —Cxy2 = h, and g1 = k42 = 3 in eq.

(17). The basis of the tangent cone of the submodel {r(y|y(z; &, h,t, 5))q(z)}
consists of the functions of the form

dlogr(yleo(z))

v(z;&, h,t) = 5

w(xz; &, h,t). (57)

From the fact that G(u) is positive and continuous, and that ¢g is
bounded, there exist a,b > 0 such that a < G(gp(x)) < b for all z € R.
For arbitrary h > 0 we can find §(h) > 0 so that for any & > d(h),
3{s(&(z + h)) s(¢(xz — h))} is larger than 1 on z € [—2, 2] and less than h
on z ¢ [~3h,3h]. Let h, > 0 be a decreasing sequence which converges to
zero. If &, is taken so that &, > d(h,), the normalization constant satisfies

S
Al hns0) = [ Gloo() () a(w)dz = Gho (59)

—1hn

NS

Thus, for all z with |z| > 2h,,, we have

(2560, 0] = | ZEE RN |t (e 4 ) = e~ )
hn | 9logr(ylpo(® ))‘
Va ou '

For all  # 0, the sequence v(z;&,, hy,0) converges to zero from the fact
hy, 4 0,. This means almost everywhere convergence, since () is absolutely
continuous with respect to the Lebesgue measure.

The next lemma on the functional space W will be used in Corollary 1
after Theorem 4.

(59)
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Lemma 2. For a closed interval I, a non-negative value M (I) is defined by

M(1) = Epy [ (ZETIDEDN )] - [ Glontonataras, (60

and a function ur(z) by

1 0Ologr(ylpo(z))
ur(z) = 0 5y xr(z), (61)

if M(I) > 0. Let W be defined as above. Under the assumptions [NM1],
there exist a,b > 0 such that for an arbitrary € > 0 and closed interval I
with M(I) > 0, we can find a function w(x;&, h,t) € W, which satisfies (i)

0 < w(z; &, h,t) < \/% for all x € R, (i) w(z; &, h,t) > \/% for all

r €1, and (iii) [|v(z; €, ht) — ur(2)|L2(fon) < €, where v(2;&, h,t) is given
by eq. (57).

Proof. For notational simplicity, a proof will be given in the case of I =
[—c, c]. The extension to the general case is straightforward. Write w(z; &, h)
and v(z; &, h) for w(x; &, h,0) and v(z; &, h,0), respectively, and use o (z;&, h) =
3{s(&n(@ + hy)) — s(&n(x — hy))} for abbreviation.

In a similar way to the argument before the lemma, there exist sequences
hy, | c and &, — oo such that
[1] o(x;&én, hp) <2 for all z € R,
2] |o(x;&én, hn) — x1(z)| = 0 for all z € R, and
8] o(z;&n,hn) > 4 forallz € I.

From [1], [2] and the boundedness of G(o(x)), by Lebesgue’s dominated
convergence theorem, we obtain

— 0, (62)

H BIOgrg/IL@O(l‘))O_(:‘U, éna hn) o 810grg//{£§00($)) (.’17)‘

L2(fop)

as n goes to infinity. Eq.(62) means also A(&,, h,) — M(I) > 0. Then, a
simple argument shows the assertion (iii). From eq. (62), there exists ng € N
such that 2M(I) < A(&n, hn) < 2M(I) for all n > ng. Combining this with
[1] and [3], we obtain (i) and (ii) in the assertion, by taking a = 2/2 and

b= #5 Note that a and b are taken so that they do not depend on I. [J

In the case K < H — 2, we can derive a better lower bound of the likeli-

hood ratio, by counting a number of almost independent random variables
in C. However, we need to strengthen the assumptions on the noise model
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r(ylu). In listing the conditions, the most concise ones are not sought for,
but the ones that can be easily checked are intended. Indeed, the following
assumptions are verified easily for the Gaussian noise model and the binary
output model, as shown later. In the following conditions, h(y|s) is the
same as in [NM2].

[Conditions on noise model (NM3)]

1. For an arbitrary compact set K C R, there exists a non-negative
function 7(s) defined on [0, 00) such that positive numbers A;,d; (i =
1,2) and Ty exist so that

7(s) > A;s® for 0 < s < Ty, 7(s) > Ags®? for s > Ty, (63)

and a lower bound of the KL-divergence is given by

v [loz Z193] > r(lu — €), (64)

for all £ € K and u € R.

2. For an arbitrary compact set K C R, there exist Ay, A_ C Y and
v, B > 0 such that

h
lim sup +(yls) <0 forallye Ay, (65)
5—00 s
h_
lim sup (ls) <0 forallye A, (66)
5—00 s
and
/ r(y|€)dy > B for "¢ € K. (67)
Ay
3. There exist a continuous function ¢1(£) and A > 0 such that for all
s>1
E, o)l hs(yls)]* < £1(8)s™. (68)
4. There exist a continuous function ¢2(§) and v > 0 such that for arbi-
trary R > 1
Ologr(ylu) |2 y
E’r(y|§)[sup —8u( | >‘ } < 6(§)R. (69)

ul<R
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5. For any compact set K C R,

82 logr(y|u) 2 alogr(y|u) 3
s B [~ | | <0 mnd s B [ ] <o
(70)
6. For any compact set K C R,
9% logr(yl¢) |2
lim sup F, su ‘7 < 00. 71
b ecc [5'—5p3p du? } ()

The conditions [NM3] are satisfied by the Gaussian noise model and
the binary output model. Consider the Gaussian distribution with variance
one: r(ylu) = \/L— exp{—3(y — u)?}, for simplicity. The conditions 5 and 6

2m
are trivial. Because the KL-divergence is equal to %(u — €)2, the condition
1 is satisfied. We have hy(y[s) = —3(y — s)° — logv2r for y < s and

hi(y|s) = —log /2w for y > s, and a similar form for h_(y|s). Then, the
condition 2 can be verified for any bounded interval Ay and v = 2, and the

dlogr(ylu)
ou

condition 3 is trivial. Because =y —u, for any R > 0, we see

sup‘u|§R|alo%u(yM|2 is (y + R)? for y > 0 and (y — R)? for y < 0. Hence,
the condition 4 is satisfied for v = 2.

For the binary output model r(y|u) = the conditions 5 and 6 are

evy

trivial. The KL-divergence is E,(y¢)[log 1"(yl|53 —log r(ylu)] = 1+%(u —-&)+
log(1+e %) —log(1+e~¢) = Hﬁ(ﬁ —u)+log(1+e*) —log(1+ef). For any
C >0 and ¢ € [-C,C], we have E, (¢ [logr(y|{) — logr(y|u)] > ﬁm —
£| —log(1+€%). Then, for any u with |u—&| > 2(1+e%)log(1+e®), a lower
bound E,.¢)[log r(y|¢) —log r(ylu)] > mm — | is obtained. By Taylor
expansion of KL-divergence, there exists a > 0 such that E, (¢ [logr(y[§) —
log r(y|u)] > a(u—§&)? for all € € [~C,C] and |u—&| < 2(1+eY) log(1+€%).

Thus, we can choose Ty = 2(1+ e“) log(1 + €), and define 7(s) by ms

for 0 < s < Tp and a(u — &)? for s > Tp. This shows the condition 1. Since
hi(yls) = —(1 —y)log(1l + €®) and h_(y|s) = ylog(l + €°), The condition
3 is straightforward. For the condition 2, choose A} = {0} and A_ = {1}.

Then, limg_, % = —1 for all y € AL. The condition 4 is trivial, since

al°+(y‘“) = —log(1l + e~ ") is bounded.

("

Theorem 4. Let r(y|u) be a conditional probability density function of y €
Y given u € R, which satisfies the conditions [NM1], [NM2], and [NMS3],
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vo(z) be a bounded function on R, and fo(z) is a density function with re-
spect to the measure j1 = pr X fty, which is defined by fo(x,y) = r(y|po(z))q(z).
For a closed interval I, a non-negative value M (I) is defined by

// alogr y|900 )))2X1(m)r(y|¢0(gj))q(:z;)d,u,ydﬂi, (72)

and a function uy(z) is defined by

1 Ologr(ylpo(z))

ur(z) =

if M(I) > 0, where z = (z,y). Suppose that W = {w(z;a) | o € Ap} is a
family of functions such that the the function

oz ) = ZOBTUARE (74)

satisfies ||v(z; )|l p2(sop) = 1 for all « € Ag. It is further assumed that there
exist a,b > 0 such that for any € > 0 and closed interval I with positive
M(I) we can find w(z; ) € W which satisfies

(i) 0 < w(z;a) < \/% for all z € R,

(i) w(z; o) > —=2 = forallz € I, and

(i) [ [ lo(z: @) — ur(2) Pr(yleo(a))a(@)du,de < <.

Then, for the locally conic model f(z;a, B) = r(y|vo(z) + fw(x; a))q(z)
(v € Ag and B € R), there exists 6 > 0 such that, given i.i.d. sample from
fop, we have

su L,(a,

limianrob<po"B—(ﬂ) > 5) > 0. (75)
n—00 logn

Remark. The above theorem asserts that the order of the likelihood ratio is

at least Op(logn).

From this theorem and Lemma 2, the following result on multilayer per-
ceptrons is obtained.

Corollary 1. Suppose that the model is the multilayer perceptron with H
hidden units, and the true function is given by a metwork with K hidden
units for K < H—2. Then, under the conditions [NM1], [NM2] and [NM3],
there exists § > 0 such that

supg L, (0)

lim inf Prob (
n—00 logn

25) > 0. (76)
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Proof of Theorem 4. From [NM1]-3 and the boundedness of ¢o(z), the value
M (R) is positive and finite. Fix a positive number K such that M ([—-K, K]) =
@. Such K exists, since ) is absolutely continuous with respect to the
Lebesgue measure. For an arbitrary m € N, we can obtain a partition
{I,[gm} | k=1,... ,m} of [-K, K| such that I,[gm} ’s are closed intervals with
disjoint interiors, and M(I,[cm}) = % for all k. For each k (1 <k <m, a

function u[m](z) is defined by

m 01
ul™(z) = 5 logr< ‘@0 +ﬁﬁx1k( ))‘620: [ ogrg/lltwo(x))le[cm](x).
(77)

This is a tangent vector of the locally conic one-dimensional model r (y‘cpo(:vﬂ—

1 .. . [m]
—Y . m (T x) at the origin. Note that the functions ui, "(2) are
bt (@ )a(o) g v(2)

uncorrelated under the probability fou.
3
Let H3(x) be a function defined by Hs(x) = Fj, ‘M‘ . By the

O ou

assumptions [NM1]-3, [NM3]-5, and the boundedness of ¢g(z), there exists
B > 0 such that Hs(z) < BG(po(z)) for all z € [-K, K]. Then, we obtain

Epulul™ () = 3/2/H3 XI (z)dx

< s [ Gl pate)ds = s i (78)

Let P, and @Q,, be the probability distribution of the m-dimensional
random vector (\/—ZZ 1 [m](Z-),...,\/—ZZ 1 LT]( Z;)), and of the m-
dimensional normal distribution N(0, I,,,), respectively. Let D denote the

family of all the convex measurable sets on R™. The Berry-Esseen-type
inequality ([18]) gives

Lm*
sup |Pa(A) = Qi (A)] < T

where L is a universal constant. From eqs.(78) and (79), choosing A =

[—vv/logm, vy/logm]™, we have for all n and m
Prob< max {L Zu,&m}(zz)‘ > V\/logm)
v i=1

1<k<m

S Epulu™(2)P, (79)

1<k<m

—Pr0b< max \A >I/\/logm)‘ < C,m\/ﬁ . (80)
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where Vi, (1 < k < m) are i.i.d sample from the standard normal distribu-
tion, and C” is a constant independent of n and m. Let [z] denote the largest
integer that is not larger than z. If we set m = [n?] for 0 < v < 1—11, the right
hand side of eq.(80) converges to zero as n goes to infinity. From the ex-
treme value theory, the probability of the event {maxj<x<m, |Vi| > vv/logm}
converges to 1 for 0 < v < /2. Thus, for such v and arbitrary ¢ > 0, we
have

2
> v2710gn> >1-—¢, (81)

1 & [m
Prob (12}2%‘% ;ui[c }(Zi)

for sufficiently large n.
By the assumptions on W, for arbitrary £,6 > 0, m € N, and k (1 <

k < m), there exists w,[cm] € W such that (i) 0 < w,[gm}(:v) < ay/m, (i)
w,[cm] (z) > by/m on Iy, and (iii) Efw!v,[cm] (2) —u,[cm} (z)|2 < %, where v,[cm] (2)
is a function defined by eq.(74) for w,[ﬁm} (z), and @, b are positive constants
independent of €, m and k. Then, using Chebyshev’s inequality, we obtain

Prob( > 5)

< Prob(l <7k <m, ‘% Zu,&m}(Zi) - %v,&m](Zi) > 5)
i=1

(7))

— max

1
igkgm‘%v

1, )
2| 7 @)

]. " m 1 m
< mProb(‘% Sz - %v,[c l(z,)
=1

Epulul™(z) — ol (2)2
62

> )

<m <eEe. (82)

Combining eqgs.(81) and (82), there exists 7 > 0 such that

Prob( max ‘i zn:v[m}(Z-) ’ >+'logn ) >1—2¢ (83)
1<k<ml\/n P koA

holds for sufficiently large n.
Since M(I) = [ G(po(x))g(z)dx, by the assumption [NM1]-3 and the

boundedness of yg(z), there exist ¢,d > 0 such that = < Q(J ,[gm}) < 4 holds

for all m and k (1 < k < m). From this fact and the choice of w,[cm}, Lemma
3 in Appendix asserts that there exists y; > 0 such that for all positive ~
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satisfying 0 < v < 1 and m = [n?], the following asymptotic expansion of
the likelihood ratio holds;

1g}ca<xmsup;10g ) {1<k<m 5 ( Z:: Z; ) } (14 0p(1)),
(84)

where f,Lm](z; B) = r(yleo(z) + ﬁwLm] (z))g(z). The proof is completed by
combination of eqs.(83) and (84). O

The order Op(log n) has been formerly obtained by Hagiwara et al. ([4]).
However, they consider only the least square loss function, and use its special
property. The approach in this paper extends their results. The above
theorem can be applied to various noise models, including binary output
models.

As shown in the above discussions, the behavior of the likelihood ratio
deeply depends on the functional property of the tangent cone C'. If the mul-
tilayer perceptron model has only one redundant hidden unit, the behavior
can be totally different. In fact, Hayasaka et al. ([19]) show that, if the
network model has one hidden unit of step function, and the true function
is constant zero, the likelihood ratio of MLE has the order of Op(loglogn),
under the least square loss function. This is essentially the same as the
result of a change point problem ([7]).

5 Conclusion

An approach to investigate the behavior of MLE has been discussed on con-
dition that the true parameter is unidentifiable. Following the discussion of
Dacunha-Castelle and Gassiat ([2]), this paper has formulated the likelihood
ratio of MLE by the supremum of an empirical process, which converges to
the standard normal distribution marginally. Unlike Dacunha-Castelle and
Gassiat ([2]), which concentrates on uniform convergence cases, non-uniform
cases have been the main concern of this paper, and a useful sufficient con-
dition of an unusually larger order of the likelihood ratio has been derived.
These results have been applied to neural network models, and O,(logn)
lower bound of the likelihood ratio has been obtained, under the assump-
tion that there are at least two redundant hidden units to realize the true
function.
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Lemmas used in the proof of Theorem 5

Lemma 3. Let Y be a subset of R, r(y|§) be a probability density function
on a measure space (Y, By, f1y) with one-dimensional parameter &, which
satisfies the assumptions [NM1], [NM2], and [NM3], and Q = q(x)dz be
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a probability on X = R, which is absolutely continuous with respect to the
Lebesgue measure on R and Eg|logg(x)| < co. We have a bounded function
vo(z), and i.i.d. random variables (X1,Y1),(X2,Y2),... with probability
r(y|po(x))g(x)prpy. Let a, b, ¢, and d be positive constants, and D be a
compact interval. For m € N, a family of functions W,, is defined by

Wph={w:R—=R|0<w(z)<aym for all z € R, and there exists
a closed interval I C D such that = < Q(I) < £ and w(z) > by/m on I}.

For v > 0, let my, be a natural number given by m, = [n?] for n € N, and
G, be a family of sequences {{w,(cn) FneN,1<k<mn, | w,(gn) € Wi, }- Then, there

exists vg > 0 such that for any v < v9 and {w,in)} € G,, we obtain, as n
goes to infinity,

r(Yilpo(Xs) + Bup” (X))
1233’5%“1’2@ A {1<k<mn <\/—Z XY) P+ op(1),

=1
(85)
where u,(Cn) (z,y) is a tangent vector given by
(n)
(n) _ Ologr(yleo(w) + Bwy ()| _ Ologr(yleo()) ()
uy, (z,y) = 93 b € wy ().
(86)

First, we will establish the uniform consistency of the maximum likeli-
hood estimator of 3.

Lemma 4. Let r(y|§), q(z), vo(x), and W,, be the same as in Lemma
3. For m € N, let H,, be the set of m functions in Wy, that is, H,, =

H{we}y | wi, € Wi}, For = = {w,&m}}?zl € Hu, we write Ekm] (2) for the
mazimum likelihood estimator of the model r(y|po(x )—I—ﬂw[m]( ))q(x), given
an i.i.d. sample (X1,Y1),...,(Xp,Yy) with probability r(y|eo(z))q(x) prity-
Then, there exist positive constants A, 7y, and v such that the inequality

m”

Prob( max {B,[gm}(a){ > 5) <

1<k<m - (87)

nev

holds for all0 <e <1, n,m, €N, and Z € H,,
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Proof. The proof is divided into five parts. In the first four parts, fix w(z) €
Win, and write fI™)(z; 8) = r(y|eo(x) + Bw(z))q(z) for z = (z,7). We define
HT} (z;1), H[m](z;t), and ¢l™(z; 8;p) for t,3 € R and p > 0 by

H™(zt) = suplog fI™ (2;8),  H™(2;t) = sup log fI™(2;8), (88)
B>t B<—t
and g™ (28,p) = sup log f™(z8), (89)
|8"—B|<p

respectively. A constant M is taken so that |po(z)| < M for all x € R. The
true probability is denoted by fo(z)u, where fo(z) = r(y|po(z))q(z) and

W= pyde.
(a) Bound of EfOM[HKn} (z;t)].  First, we will show that for arbitrary § > 0,
there exist By, A1 > 0 such that for all m € N and t > Bym™ the inequality

EgpuHIY (231)] < Epyullog fo(2)] — 30 (90)

holds. We will prove it only for HT](Z; t), since the proof on H[_m}(z; t) is
exactly the same. From the assumption [NM3]-2, there exist A C Y, I'; > 0,
Ay > 0,7 >0, and Ry > 0 such that [, r(y|u)dy > T for all u € [-M, M]
and logr(y|u) < —Aj|u/" for all y € A and u > Ry. If we set R = Rbojn—i/[,
we have po(x) +tw(z) > Ry for all t > R and = € I, where [ is the interval
on which w(z) > by/m. Then, for all x € I, y € A, and ¢t > R, the bound

HT} (z;t)

h(y|po(z) + tw(z)) + log ¢(z)
—Aq|po(z) + tw(x)|"™ + log q(x)

<
< —A(by/mt — M) +1log q(z) (91)

is obtained. From the assumption [NM3]-3, there exists F; > 0 such that
E,yie)lhs (y| — M)] < Fy for all £ € [-M, M]. Since wo(z) + Bw(z) > —M
for 8 > 0, we see that for t > 0

EpulH{" (0] < EolByjoylhs (0] = M < . (92)

For a real number 7, we define (r); by (r)y =rif r > 0 and (r); =0 if
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r < 0. Then, from eqgs.(91) and (92), we obtain

Bl (est) = [ Ho(stifont [ Hi(sit)folz)dudady
IxXA XxY\IxA

< Ay (av/mt — MY /I /A r(yleo(@))dpya(w)de
+ Efoul(H1(2;t))+] + Egllog g()|
< —Alrlé(b\/ﬁt — M) + Fy + Eg|logq(z)]. (93)

From this inequality and the fact Ejy ,[log fo(2)] < oo, we can conclude
eq.(90) if we choose A; > %'yl — 1 and sufficiently large By > 0.

(b) L? bound of Hj[tm](z; t). Next, we will prove that for any B; > 0 and
A1 > 0 there exist Bs > 0 and Ay > 0 such that the inequality

B llH (25 Bym ) ) < Bym™ (94)

holds for any m € N.
To see this, let £1(¢) and A > 0 be in the assumption [NM3]-3, and I'y > 0
satisfy [£;(§)] < Ty for all £ € [-M, M]. Then, the bound

Epou[|[HI (2 0)P) = Eg[Eryjpo(on [1h+ (300 (@) £ tBu ()]
< Eq[i(po(2))?|po(z) + tBw(@)[*]
< T3(M + tay/m)* (95)
is obtained. The above assertion is straightforward, if we choose sufficiently
large By and Ay > 2A\(\1 + %)

(c) Bounds of Ej,,[9™(2;8,p)].  We will show the fact that there exist
As, Bs > 0, A3 > 0, and 3 > 0, such that for arbitrary R > 1, § > 0 and
B € [—R, R] the inequalities

Efoulg"™ (2: 8, 0)] < Efoullog £ (2 8)] +6 (96)

and

Efullg™ (28, p) "] < Bs(v/mR)** + 26* (97)

for p < A36(y/mR)™73.
Because |po(z) + fw(z)| < M + ay/mR for 8 € [—R, R], from the as-
sumption [NM3]-4, we can find v5 > 0, ¥(y), and ¢2() such that

| log f1™ (2; B) — log fI™)(2; 8')| < T(y)w(=)|8 — B (98)
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and

E o[ ¥()] < 6(6)(M + ay/mR)” (99)

are satisfied. Eq.(98) means |gI™)(z; 8, p) — log fI™(z; 8)] < av/mp¥(y).
Since I's = Eg[l2(po(x))] < 0o, we obtain
Efoulg™ (2 8,0)] < Epoullog £ (23 )] + par/m{Ts(M + ay/mR)" }!/2
< Epypllog £ (2 8)] + Fsp(vmR) 3, (100)

for F3 = al“:l/Q(M +a)¥3/2. If we choose p as p < 5{F3(\/ER)L2&+1)}_1, the
first assertion is satisfied.

For this choice of p, noting that a?mp®Ey,,[¥(y)?] < §2, we further
obtain

Epullg™ (238, p)I7] < 2B, log £ (25 8)* + 2B, [¥ (y)*]a’mp?
< 4Bp,l|og fo()]2 + Ba*mU(y)?] + 2B, [¥(y)la*mp?
< 4Ey, | log fo(2)]> + 4a®>m(M + ay/mR)*{T3(M + ay/mR)"*} + 262
< 4Ejg,,|log fo(2)]? + As(vVmR)» 4 + 267, (101)

for sufficiently large As, which depends only on a, M, and T's. Because

Ej,ullog fo(2)|* < oo from the assumption [NM3]-3, the second assertion is
obtained.

(d) Lower bound of KL-divergence. ~We will show that there exist By > 0,
A4 > 0, and v4 € R such that the bound

Ejyullog f™(2; 8)] < Ey,pllog fo(2)] — Bym* e (102)

holds for arbitrary 0 < e < 1, m € N, and 3 with |3| > €.
By the property of Kullback-Leibler divergence, we have

B, (g0 log T (ylpo(z) + Bw(z)) — logr(ylpo(z))] <0, (103)

for all z and (. From the assumption [NM3]-1, there exist positive constants
Ay, Cy, Y4, 04, and Tp such that, if |fw(x)| < Tp, the inequality

Er(ylgo(a)) 108 7 (ylpo (x) + Bw(z)) —logr(ylpo(x))] < —Aa|Bw(z)[™
(104)

holds, and if |fw(x)| > Ty, the inequality

E,(y]p0(2)) (1087 (yl00(2) + fuw(x)) — logr(ylo(x))] < —CulBuw(z)|** (105)
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holds. Since w(z) > by/m for x € I, for all z € I and § with || > ¢, either
B, (y100(x)) 108 T(ylpo(z) + Bw(z)) —logr(ylpo(x))] < —As(bey/m)7
(106)
or

E, (yl00()) 108 T (ylo(z) + Bw(z)) — log r(ylpo(z))] < —Cy(bey/m)®
(107)

is satisfied.
From egs.(103), (106), and (106), for Ay = max{~y4,d4}, k4 = min{~4,d4},
and some constant Fy > 0, the bound

Ejoullog fI™ (2 8) — log fo(2)] < —Fa™m® (108)

C
m

is obtained, which means the assertion.

(e) Uniform consistency. We write f,gm}(z;ﬁ) = r(y|po(x )—I—ﬂwk ( ))gq(x).
For a fixed § > 0, take B; and \; in the assertion (a), and denote R,, =
Bym?*t. Because we have

sup Zlogfk (Zi;8) <ZH (Zi; Run), (109)

B=Em i=1 i=1

for all m and k, eq.(90) and Chebyshev’s inequality give

Prob 3k, sup Zlog £ z::8) > Zlog folZ))

B> B 1
< mProb(% Z H{™(Zi; Rn) > Z log fo(Z))
= pu
m{Prob(% zn: H"(Z5; Ryy) — Epu[H™ (25 R)) > 5)
+Prob(+ Z 1o(Z:) = Epyullog fo(2)] < —5) }
. {V[HL (2 R) | Vliog fo(z >J}_

nd? nd2 (110)
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We can obtain a similar bound for § < —R,,, also, using Hﬁn} (z;t). From

the fact (b), the variance V[Hin } (Z; R,,)] is bounded by by Bam?? for some
By > 0 and A\ > 0. This shows there exist A5 > 0 and A5 > 0 such that

A~ )\5
Prob(*k, |3 > Ry,) < A5
n

(111)

holds for all m,n € N.

By the fact (d), we have Ey,,[log f,gm} (2;8)] — Eyyullog fo(z)] < —49,, for
all 8 with |8] > ¢ and m € N, where &,, = Bym"*e*. From the fact (c),
we have

Efoulg"™ (238, pm)] < Egyullog £ (25 8)] + 6m (112)
for all 8 € [—Rp, Rm] and pn,, = A35mm' Let N,, be a natural
number given by N, = [?—Z] + 1. Then, there exist positive constants Cj

and v5 such that N,,, < Csm*5e~*. Dividing the interval [—R,,, —6]U[J, Rp]
into N, intervals J; = [B; — pm, B +pm] (1 < j < Np,) with disjoint interior,
we have

Efoulg™ (28, pm)] < Efopllog fo(2)] — 30m (113)

for each j. Then, we obtain

Prob(aﬁ € [~ R, —€] U e, R, % anlog ™z 8) > Zlog folZ )

< Prob(k,1 < % < Ny, Zsup log f™(Z:; 8) > Zlogfo ))
<N, Pr0b< Zg (Zi; By pm) > - z_:llog fo(Zz')>

< C5m”5+15_)‘4{Prob(ﬁ 2: 9" (23 Bj, pm) = Egoulg™ (2 B, pm)] > 6 )

+ Prob(+ 3" log fo(Z0) ~ Bpullog fo(2)] < ~dm )}
=1

ml(,.n.
< C5mu5+l€—)\4{v[g ’(ri;Qﬂ]a ,Om)] + V[IOS(SJ;O(Z)] } (114)

From the fact (c), we see that there exist F5 > 0 and 75 > 0 such that

75

Prob< k, B € [ R, —€] U [5,Rm]) < Fg,n?gM (115)
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forall m,n € N, and 0 < ¢ < 1.
Combining egs. (111) and (115), we have the assertion of Lemma 4. O

Proof of Lemma 3. From Lemma 4, for a fixed small € > 0, the probability
of the event {maxj<x<m,, | B,(gn)\ < e} converges to one. Then, the maximum
likelihood estimator B,(gn) of the model f,gn)(z; B) = r(yleo (:v)+ﬁw,(€n) ())q(x)
satisfies the likelihood equation

an dlog (7 B™)

35 0 (116)

i=1

for all 1 < k < m,,, with a probability which converges to one. Taylor
expansion of eq.(116) and L,, leads

5 dlog £ (;;0) . Z 0%log £ (25 87)

a8 032 B ’(“n) (117)

=1 =1

and

B (2 B En 0log FIN(Zi0) sy 1 82 log £ Zi ) o
2 log =t fo(Zz')k 3 gﬁ g )+§Z %52 B

i=1 =1
(118)

=1

for some §; and (;* between 0 and ﬁ,(cn) A simple calculation shows

. D A L s Olog £ (Z:0)\ 2
Zlog f,g )(Zi;ﬁ]i )) _ <ﬁ > i gﬁ ) {S(k) B lT(k)} (119)
P fo(Z;) _iym 02 log 1 (2;,0) n oin
- n i=1 032
where

1 —n  8log £ (2:0)
gk — EZi:l 8%2

- 120)
n I (
1 82 log £, (Zi;8)
n > i W
and
1 82 log f,gn)(ZﬁO) 1\ 82 log f;in)(zﬁﬁi*)
Ték) _ n Zi:l 032 n Zi:l 032 (121)
(g s Mf
n i=1 32
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The proof of Lemma 3 is completed if we show for arbitrary € > 0

n

1 Z 9% log f,ﬁ")(Zi; Br
032

n“
=1

Prob( max )—i-l‘ZE) — 0 (n— ),

1<k<mn

(122)

for B, = 0, E,’;, and E,:* In fact, maxy |S,(¢k) — 1| and maxy, \Ték) — 1| converge
to 0 in probability from the above convergence.
By Taylor expansion, we have

032 n

1~ 0%log £ (ZisBy) _ 1 LA log /" (Z:;0) | 1 5 log /" (Zism)
n 032 n 033

=1

Bk?

(123)

i=1 i=1

~ 2 (n)(,. .
where 7 is between 0 and ;. Because 2 logggz (0) _ 92log g%’g*”o(m)) (w,(gn) (7)),

from the assumption [NM3]-5 and the fact |w](€n) ()] < ay/my, there exists
B; > 0 such that

n (n)( 7.
%Za2logfk (Z;;0) 1‘2} < 2+ 2Bym?

PR - , (124)

b

holds for all n € N. Therefore, by Chebyshev’s inequality, for 0 < v < % we
obtain

1 < 02log £ (Z:;0) e
Prob(lgl;%ngg 90 +1‘>§>
1 <~ 0%log f,gn)(Zi;O) €
< — e
_mnPronn; 95 +1‘>2>
2 + 2B;m?
< mn% — 0. (125)

Let d be a positive number such that d > 2. From the assumption
[NM3]-6, there exist By > 0 and ng € N such that

9 log r(y|go(z) + Buwl™ (z))
ous

ﬁ < By, (126)

Erylpo()) [ sup

|8|<my?
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for all n > ng and z € R. Let M. ,in) (z) be a function defined by

(),
Mén)(z): sup 0 log fi (z,ﬂ)" (127)

3
|8|<my? ap

The L? norm of this function is bounded by

" 9% log r (n) "
Efo,u[(Mlg )(Z))Q] = Eq [Er(y\goo(:c)) { sup og (y|900(93)3+ Bwy, (z)) ‘z{wl(c )(x)}GH
1Bl<my Ou

< By(av/m)®. (128)

Then, we obtain a bound of the probability

fy 3y Ty, 5

Pr0b<1 < Ik <m

op3

d
n

1
< > —
Prob( s 1A m)

no a3 ).
128 10gfk (ZN?) >2md)

—i—Prob( n}ggx |ﬁk\ < -, and 1 < Uk < my, > 533

< Prob( Jnax |ﬂk| > L) +my, Pr0b< zn:Mlin)(ZZ) > %mg). (129)
M i=1

From Lemma 4, there exist positive constants A, A, and v such that the
first term of eq.(129) is bounded by Am” . By Chebyshev’s inequality, the

4m, E M(”) —2d
second term is not greater than —— £ p—r )] < 4B2d° 72”" , which converges

to zero because we take d > 2. For such d fixed, taking sufﬁmently small
7 such that v(A + dv) < 1, we see that the first term of eq.(129) converges
to zero for m,, = [n?]. Thus, we have for any sufficiently small v > 0 and
My = [n’}’],

31 7.
Prob(1<3k< 28 ngk (u77)

/Bk‘ ) 0, (130)

o33
as n — 00.
Combination of egs.(123), (125) and (130) means eq.(122), and completes
the proof. O
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