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Abstract

Local minima and plateaus pose a serious

problem in learning of neural networks. We

investigate the geometric structure of the

parameter space of three-layer perceptrons

in order to show the existence of local min-

ima and plateaus. It is proved that a critical

point of the model with H � 1 hidden units

always gives a critical point of the model

with H hidden units. Based on this re-

sult, we prove that the critical point corre-

sponding to the global minimum of a smaller

model can be a local minimum or a saddle

point of the larger model. We give a neces-

sary and su�cient condition for this. The

results are universal in the sense that they

do not use special properties of target, loss

functions, and activation functions, but only

use the hierarchical structure of the model.

1 Introduction

It has been believed that the error surface

of multilayer perceptrons (MLP) has in gen-

eral many local minima. This has been re-

garded as one of the disadvantages of neural

networks, and a great deal of e�ort has been

paid to �nd good methods of avoiding them.

There have been no rigorous results, how-

ever, to prove the existence of local minima.

Even in the XOR problem, existence of lo-

cal minima had been controversial. Lisboa

and Perantonis ([1]) elucidated all the criti-

cal points of the XOR problem and asserted

with a help of numerical simulations that

some of them are local minima. Recently,

Hamney ([2]) and Sprinkhuizen-Kuyper &

Boers ([3]) rigorously proved that what have

been believed to be local minima in [1] corre-

spond to local minima with in�nite param-

eter values, and that there are no local min-

ima in the �nite weight region for the XOR

problem. Existence of local minima in gen-

eral cases is still an open problem.

It is also di�cult to derive meaningful re-

sults on local minima from numerical exper-

iments. We often see extremely slow dynam-

ics around a point in simulations. However,

it is not easy to tell rigorously whether it is

a local minimum. It is known ([4],[5]) that

a typical learning curve shows a plateau in

the middle of training, which causes almost

no decrease of the training error. It can be

easily misunderstood as a local minimum.

We mathematically investigate critical

points of MLP, which are caused by the hier-

archical structure of the model. We discuss

only networks with one output unit in this

paper. The function space of networks with

H � 1 hidden units is included in the func-

tion space of networks with H hidden units.

However, the relation between their param-

eter spaces is not so simple ([6],[7]). We in-

vestigate their geometric structure and elu-

cidate how a parameter of a smaller network

is embedded in the parameter space of larger

networks. We show that a critical point of

the error surface for the smaller model gives

a set of critical points for the larger model.

The main purpose of this paper is to

show that a subset of the critical points cor-

responding to the global minimum of the

smaller model can be local minima of the

larger model. The set of critical points is

divided into two parts: local minima and

saddles. We give an explicit condition when

this occurs. This gives a formal proof of the

existence of local minima for the �rst time.

Moreover, the coexistence of local minima

and saddles in Moreover, the coexistence of

local minima and saddles explains a serious

mechanism of plateaus: when such is the

case, the parameters are attracted in the

part of local minima, walk randomly for a

long time, but eventually go out from the

part of saddles.
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2 Geometric structure of

the parameter space

2.1 Basic de�nitions

We consider a three-layer perceptron with

one linear output unit and L input unit.

The function of a network with H hidden

units is de�ned by

f (H)(x;�(H)) =

HX
j=1

vj '
�
w
T
j x
�
; (1)

where x 2 RL is an input vector and �(H) =

(v1; : : : ; vH ; w
T
1 ; : : : ;w

T
H)

T is the parame-

ter vector. We do not use bias terms for

simplicity. The function '(t) is called an ac-

tivation function. In this paper, we use tanh

for '. However, our results can be easily

extended to a wider class of functions with

necessary modi�cations.

Given N training data f(x(�); y(�))gN�=1,

the objective of training is to �nd the pa-

rameter that minimizes the error function

EH (�) =

NX
�=1

`(y(�); f(x(�);�)); (2)

where `(y; z) is a loss function. If `(y; z) =
1
2ky�zk

2, the objective function is the mean

square error. Another popular choice is the

cross-entropy. The results in this paper are

independent of the choice of a loss function.

2.2 Hierarchical structure of

MLP

The parameter �(H) consists of a (L+ 1)H

dimensional Euclidean space �H . All the

functions eq.(1) realized by �H consist of a

function space;

SH = ff (H)(x;�(H)) : RL ! R j �
(H)

2 �Hg:

(3)

We denote the map from �H onto SH by

�H : �H ! SH ; �
(H)

7! f(x;�(H)): (4)

We sometimes write f
(H)
� for �H(�).

A very important point is that �H is

not one-to-one, that is, di�erent �(H) may

give the same function. It is easy to see

that the interchange between (vj1 ;wj1) and

(vj2 ;wj2) does not alter the image of �H .

For the tanh activation, Chen et al. ([6])

showed that any analytic transform T of

�H such that f (H)(x;T (�)) = f (H)(x;�) is

a composition of the interchanges and sign


ips (vj ;wj) 7! (�vj ;�wj). These trans-

forms consist of an algebraic group GH .

The function spaces SH (H = 0; 1; 2; : : : )

have a trivial hierarchical structure;

S0 � S1 � � � � � SH�1 � SH � � � � : (5)

On the other hand, given a function f
(H�1)

�(H�1)

realized by a network with H � 1 hid-

den units, there are a family of parameters

�
(H)

2 �H that realizes f
(H�1)

�(H�1) . Mathemat-

ically speaking, a map from �H�1 to �H

that commutes the following diagram is not

uniquely determined.

�H�1 ����! �H

�H�1

??y
??y�H

SH�1 ����!

�H�1

SH

(6)

The set of all the parameters �(H) that

realize the functions of smaller networks is

denoted by 
H ; 
H = ��1H (�H�1(SH�1)).

Sussmann ([7]) shows that 
H is the union

of the following three kinds of submanifolds

of �H ;

Aj = fvj = 0g (1 � j � H);

Bj = fwj = 0g (1 � j � H);

C
�

j1j2
= fwj1 = �wj2g (j1 < j2):

Fig.1 illustrates these parameters. In Aj

and Bj , the jth hidden unit plays no role

in the value of the input-output function.

In C�j1j2 , the j1th and j2th hidden unit can

be integrated into one, where v1 � v2 is the

weight of the new unit to the output unit.

From the viewpoint of mathematical statis-

tics, it is also known ([8]) that 
H is the set

of all the points at which the Fisher infor-

mation is singular.

Next, we will see how a speci�c function

in the smaller model is embedded in the

parameter space of the larger model. Let

f
(H�1)

�(H�1) be a function in SH�1 � SH�2. To

distinguish �H�1 and �H , we use di�erent

parameter variables and indexing;

f (H�1)(x;�(H�1)) =

HX
j=2

�j'(u
T
j x): (7)

Then, given �
(H�1), the parameter set in

�H realizing f
(H�1)

�(H�1) is the union of the sub-

manifolds in each of Aj , Bj and C
�

j1j2
. For
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Figure 1: Networks given by Aj , Bj and C
�

j1j2
.

simplicity, we show only an example of the

submanifolds of A1, B1 and C
�

12;

� =fv1 = 0; vj = �j ;wj = uj ; (j � 2);

w1 : freeg;

� =fw1 = 0; vj = �j ;wj = uj ; (j � 2);

v1 : freeg;

�� =fw1 = �w2 = u2; v1 � v2 = �2;

vj = �j ;wj = uj ; (j � 2)g: (8)

All the other sets of parameters realizing

f
(H�1)

�(H�1) are obtained as the transform of �,

�, and �� by T 2 GH . The submanifold �

is a L dimensional a�ne space parallel to the

w1-plane, � is a line with an arbitrary v1,

and �� is a line de�ned by v1�v2 = �2 in the

v1v2-plane. Thus, each function of a smaller

network is realized by high-dimensional sub-

manifolds in �H .

For further analysis, we de�ne canonical

embeddings of �H�1 into �H , which com-

mute the diagram (6);

�w :�(H�1) 7! (0; �2; : : : ; �H ;w;u2; : : : ;uH);

�v :�
(H�1)

7! (v; �2; : : : ; �H ;0;u2; : : : ;uH);


�� :�(H�1) 7! (��2;�(1� �)�2; �3; : : : ; �H ;

u2;�u2;u3; : : : ;uH): (9)

where w 2 R
L , v 2 R, and � 2 R are

their parameters. We see that the images

of these embedding changing its parameter

span the submanifolds �, �, and �� respec-

tively; that is,

� = f�w(�
(H�1)) j w 2 R

L
g;

� = f�v(�
(H�1)) j v 2 Rg;

�� = f
�� (�
(H�1)) j � 2 Rg:

3 Critical points of MLP

Generally, the optimum parameter cannot

be calculated analytically, and some numer-

ical optimization method is needed to obtain

an approximation of the global minimum of

EH . One widely-used method is the steep-

est descent method, which leads to a learn-

ing rule de�ned by

�(t+ 1) = �(t)� �
@EH(�(t))

@�
: (10)

However, this learning rule stops at a critical

point, which satis�es @EH
@�

(�) = 0, even if �

is not the global minimum.

There are three types of critical point: a

local minimum, a local maximum, and a

saddle point. A critical point �0 is called a

local minimum (maximum) if there exists a

neighborhood around �0 such that for any

� in the neighborhood EH (�) � EH(�0)

(EH (�) � EH(�0)) holds, and called a sad-

dle if it is neither a local minimum nor a

local maximum, that is, if in any neighbor-

hood of �0 there exists a point at which EH

is smaller than EH (�0) and a point at which

EH is larger than EH(�0). It is well known

that if the Hessian matrix at a critical point

is positive (negative) de�nite, the critical

point is a local minimum (maximum), and if

the Hessian has both positive and negative

eigenvalues, it is a saddle.

We look for a critical point of EH in 
H .

Let �
(H�1)
�

= (�2�; : : : ; �H�;u2�; : : : ;uH�)

2 �H�1��H�2 be a critical point of EH�1.

It really exists if we assume that the global

minimum of EH�1 is not included in �H�2.

Then, we have

PN

�=1@z`
(�)'(uTj�x

(�)) = 0;

�j�
PN

�=1@z`
(�)'0(uTj�x

(�))x(�) = 0; (11)
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Figure 3: A local minimum in MLP.

'(t) = 1
1+e�t for the activation function,

and `(y; z) = 1
2ky�zk

2 for the loss function.

For training data, 100 random input data

are generated, and output data are obtained

as y = f(x)+Z, where f(x) = 2'(x)�'(4x)

and Z is a Gaussian noise with 10�4 as its

variance. Using back-propagation, we train

the parameter of MLP with 1 hidden unit,

and use it as the global minimum �
(1)
�
. In

this case, we have (�2�; u2�) = (0:98; 0:47)

and A2 = 1:91 > 0. Then, any point in �0 =

f
+� (�
(1)
�
)j0 < � < 1g is a local minimum.

We set v1 = v2 = �2�=2 as �� (� = 1=2), and

evaluate E2(�) at 1 million random points

around ��, which are generated by a nor-

mal distribution with 10�6 as its variance.

As a result, all these values are larger than

E2(��). This experimentally veri�es that ��
is a local minimum. The graphs of the tar-

get function and the function given by the

local minimum f(x;�
(1)
�
) are shown in Fig.3.

5 Conclusion

We investigated the geometric structure of

the parameter space of multilayer percep-

trons with H � 1 hidden units embedded

in the parameter space of H hidden units.

Based on the structure, we found a �nite

family of critical point sets of the error sur-

face. We showed that a critical point of a

smaller network can be embedded into the

parameter space as a set of critical points.

We further elucidated a condition that a

point in the image of one embedding is a

local minimum. We see that under one con-

dition there exist local minima as line seg-

ments in the parameter space, which cause

serious plateaus because all points around

the set of local minima once converge to it

and have to escape from it by random 
uc-

tuation. It is important to see whether the

critical sets in Theorem 2 are the only rea-

son of plateaus. If this is the case, we can

avoid them by the method of natural gradi-

ent ([5],[9]). However, this is still left as an

open problem.
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Appendix

A Proof of Theorem 2

We have only to prove the theorem on 
+� ,

because the sign 
ip (v2;w2)7! (�v2;�w2)

maps 
�� (�
(H�1)
�

) to 
+� (�
(H�1)
�

) preserving

the local property of EH .

For simplicity, we change the order

of the components of �(H) and �
(H�1) as

(v1; v2;w
T
1 ;w

T
2 ; v0; v3; : : : ; vH ;w

T
3 ; : : : ;w

T
H)

and (�2;u
T
2 ; �0; �3; : : : ; �H ;u

T
3 ; : : : ;u

T
H) re-

spectively.

We introduce a new coordinate sys-

tem of �H . Let (�1;�
T ; �2; b

T ; v3; : : : ; vH ;

w
T
3 ; : : : ;w

T
H) be a coordinate system of

�H � fv1 + v2 = 0g, where

�1 = v1 � v2; � =
1

v1 + v2

�
w1 �w2

�
;

�2 = v1 + v2; b =
v1

v1 + v2
w1 +

v2

v1 + v2
w2:

(14)

This is well-de�ned as a coordinate system,

since the inverse is given by

v1 =
1

2
�1 +

1

2
�2; w1 = b+

��1 + �2

2
�;

v2 = �

1

2
�1 +

1

2
�2; w2 = b�

�1 + �2

2
�:

(15)

Using this coordinate system, the embed-

ding 
� is expressed as


� : (�2;u2; �3; : : : ; �H ;u3; : : : ;uH) 7!

((2��1)�2;0; �2;u2; �3; : : : ; �H ;u3; : : : ;uH):

(16)

The critical point set � is a line parallel to

the �1-axis with � = 0, �2 = �2�, b = u2�,

vj = �j�, and wj = uj� (3 � j � H).

Let �1� be the �1 component of ��, and

V�1� = f� 2 �H j �1 = �1�g be a comple-

ment space of �. We have � \ V�1� = ��.

If �� is a local minimum in V�1� for any

�� 2 �0, it is a local minimum also in �H ,

and if �� is a saddle in V�1� , it is a saddle

also in �H . Thus, we can reduce the prob-

lem to the Hessian of EH restricted on V�1� .

We write the Hessian by G�1� .

From eq.(15), we have

Lemma 1. For any � 2 f� = 0g, we have

@f

@�
(x;�) = 0 and

@f

@�1
(x;�) = 0: (17)

From eq.(16), @f

@b
(��) = 0 and @f

@�2
(��) = 0

also hold. Therefore,

rrEH(��) =

NX
�=1

@z`
(�)
rrf(x(�);��):

(18)

From Lemma 1, for any � 2 f� = 0g

@2f
@�1@!

(�) = 0 and @2f

@�@!
(�) = 0 hold unless

! = �. Then, from eq.(16), we have

G�1� =

0
@

@2EH
@�@�

(��) O

O
@2EH�1

@�@�
(�

(H�1)
�

)

1
A :

(19)

By simple calculation, we can prove

Lemma 2. For any � 2 f� = 0g, we have

@2f

@�@�
(x;�) = v1v2�2'

00(bTx)xxT : (20)

From eq.(18) and Lemma 2, we have

@2EH

@�@�
(��) = �(1� �)�22�A2: (21)

Noting that
@2EH�1

@�@�
(�

(H�1)
�

) is positive def-

inite and �2� 6= 0, if �(1 � �)A2 is positive

de�nite, so is G�1� , and if �(1 � �)A2 has

negative eigenvalues, G�1� has both positive

and negative eigenvalues. This completes

the proof.
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