
A kernel method for hierarchical and
non-hierarchical clustering

Kenji Fukumizu
Institute of Statistical Mathematics

4-6-7 Minami-Azabu, Minato-ku, Tokyo 106-8569 Japan
fukumizu@ism.ac.jp

Keywords: clustering, similarity, distance, reproducing kernel.

1. Introduction

In cluster analysis, choosing a distance measure among given data is not straight-
forward. For defining a similarity matrix in hierarchical clustering and some
types of non-hierarchical clustering such as spectral clustering ([1]), several
distance measures such as Pearson correlation, Euclidean distance, and non-
parametric measures have been widely used. The result of clustering, however,
often depends on a specific choice of the measure. If our purpose is to extract
a group of variables, for which we cannot presume the type of dependence, a
specific choice of measure may not capture the dependence of variables.

This paper proposes a novel approach to define a similarity matrix, which
can incorporate any nonlinear correlation of variables. Our method uses kernel
Hilbert spaces, which contain a sufficiently rich class of nonlinear functions of
variables. We define the similarity of two variables based on the theory of kernel
Hilbert spaces and covariance operators ([2]). This similarity represents the sum
of all the nonlinear correlations in principle, and provides a more reasonable way
for defining the similarity or dependence of two random variables than existing
measures, which extract only partial information of variables.

2. Kernel Similarity Matrix for Clustering

Suppose we have n data of d-dimensional for clustering. Each of the d-dimensional
data is represented by Xi ∈ R

d for 1 ≤ i ≤ n. Let k(x, y) = exp(‖x − y‖2/σ2)
be a RBF kernel function. The kernel similarity matrix (Dij) (1 ≤ i, j ≤ n) is
defined by

Dij = Tr
[
AT

ijAij

]
, Aij = Σ̂−1/2

ii Σ̂ijΣ̂
−1/2
jj (1)

where Σ̂ii and Σ̂ij are the d × d matrices, which are the empirical estimates of
the covariance operators ([2]) and defined by

Σ̂ii = (Gi + εId)2, Σ̂ij = GiGj (i �= j). (2)

The ε is a regularization coefficient. The d×d matrix Gi is the centralized Gram
matrix defined by Gi = Q

(
k(Xia,Xib)

)
Q, where Q is the orthogonal projection

onto the (d − 1)-dimensional subspace orthogonal to (1, . . . , 1)T . The value of
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Figure 1: (a) Network for generating data. (b) Result of hierarchical clustering
with the kernel similarity matrix.

Dij is expected to represent all the nonlinear correlations of the d-dimensional
random variables Xi and Xj ([3]).

The proposed similarity matrix can be easily used for any type of clustering
methods based on a similarity matrix.

3. Experimental Result

The proposed method is applied for clustering of the synthesized data, which
are 50 samples from the Bayesian network in Fig.1 (a). They are used for
clustering of the 12 variables. Some variables are continuous and others are dis-
crete, and the dependence between a node and its parents include nonlinear and
non-monotonic relations. While the hierarchical clustering with Pearson corre-
lation, Euclidean distance, and K-mean clustering do not give an appropriate
result, the hierarchial clustering with the kernel similarity matrix provides cor-
rect clustering, as Fig.1 (b) shows. Also, the spectral clustering ([1]) with the
kernel similarity matrix outputs the correct clusters. Application on real-world
data sets are now under preparation.
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