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In kernel methods, Bellman operators are considered
with the signed measures α,β′

a;α,α
′
a;α on finite sam-

ple sets S0, O0 instead of sets S, O. Let Ĥn be the
Bellman operator

(ĤnV ) (α) = max
a∈A

[
α⊤Ra + γβ′⊤

a;αV
(
α′

a,O0

)]
. (1)

and Ĥ+
n be the corrected Bellman operator using prob-

ability vectors α̂, ˆβ′
a;α, ˆα′

a;α. Consider a set I(⊂ Rn)
such that α′

a,O0
∈ I for all α ∈ I.

Theorem 1. If β′
a;α ≥ 0 for all α ∈ I and a ∈ A,

kernel Bellman operator Ĥn is isotonic in I, i.e., for
any two value functions V and W , if V ≤ W in I,
ĤnV ≤ ĤnW in I.

Proof. The proof is similar to [Porta. et al., 2006]. Let
QV (α, a) be the action value function

QV (α, a) = α⊤Ra +
(
β′
a;α

)⊤
V(α′

a,O0
). (2)

Let aV ,aW be actions satisfying ĤnV = QV (α, aV ),
ĤnW = QW (α, aW ) for α ∈ I. If β′

a;α ≥ 0 for all
a ∈ A, V ≤ W in I indicates

⇒ α⊤RaV
+
(
β′
aV ;α

)⊤
V(α′

aV ,O0
)

≤ α⊤RaV
+
(
β′
aV ;α

)⊤
W(α′

aV ,O0
)

⇒ QV (α, aV ) ≤ QW (α, aV ) ≤ QW (α, aW )

⇒ ĤnV (α) ≤ ĤnW (α) (3)

Since this holds for all α ∈ I, Ĥn is isotonic in I.

The Bellman operator Ĥ+
n is isotonic in the set of prob-

ability vectors P ⊂ Rn.

Theorem 2. Suppose a value function V̂ (·) sat-

isfies ε = sup
α∈I

∣∣∣V ∗(α)− V̂ (α)
∣∣∣. If β′

a;α ≥ 0

and max
a∈A

∥∥β′
a;α

∥∥
L1

≤ C for all α ∈ I and

a ∈ A, value iteration ĤnV̂ has an error bound∣∣∣V ∗(α)− (ĤnV̂ )(α)
∣∣∣ ≤ γCε for all α ∈ I.

Proof.
∣∣∣V ∗(α)− (ĤnV̂ )(α)

∣∣∣ satisfies
≤ max

a∈A

∣∣∣Q∗(α, a)− Q̂(α, a)
∣∣∣

= γmax
a∈A

∣∣∣β⊤
a;α

(
V∗(α′

a,O0
)− V̂(α′

a,O0
)
)∣∣∣

≤ γmax
a∈A

β⊤
a;α

∣∣∣V∗(α′
a,O0

)− V̂(α′
a,O0

)
∣∣∣

≤ γCε

for all α ∈ I.

1-step value iteration using the corrected Bellman op-

erator Ĥ+
n has an error bound

∣∣∣V ∗(α)− (Ĥ+
n V̂ )(α)

∣∣∣ ≤
γε for all α ∈ I and d-step value iteration has∣∣∣V ∗(α)− ((Ĥ+

n )dV̂ )(α)
∣∣∣ ≤ γdε for all α ∈ I. Ĥ+

n

theoretically guarantees to run the kernel value itera-
tion with finite horizons, though empirically Ĥn often
worked.
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