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Exponential manifold by reproducing kernel Hilbert
spaces

1.1 Introduction

The purpose of this paper is to propose a method of constructing exponen-
tial families of Hilbert manifold, on which estimation theory can be built.
Although there have been works on infinite dimensional exponential families
of Banach manifolds [14, 10, 13], they are not appropriate for discussing sta-
tistical estimation with a finite sample; the likelihood function with a finite
sample is not realized as a continuous function on the manifold.

The proposed exponential manifold uses a Reproducing Kernel Hilbert
Space (RKHS) as a functional space in the construction. A RKHS is de-
fined as a Hilbert space of functions such that evaluation of a function at an
arbitrary point is a continuous functional on the Hilbert space. Since eval-
uation of the likelihood function is necessary for the estimation theory, it is
very natural to use a manifold associated with a RKHS in defining an expo-
nential family. Such a manifold can be either finite or infinite dimensional
depending of the choice of RKHS.

This paper focuses on the Maximum Likelihood Estimation (MLE) with
the exponential manifold associated with a RKHS. As in many non-parametric
estimation methods, straightforward extension of MLE to an infinite dimen-
sional exponential manifold suffers the problem of ill-posedness; the estima-
tor is chosen from the infinite dimensional space, while only a finite number
of constraints is given by the sample. To solve this problem, a pseudo-
maximum likelihood method is proposed by restricting the infinite dimen-
sional manifold to a series of finite dimensional submanifolds, which enlarge
as the sample size increases. Some asymptotic results in the limit of infinite
sample are shown, including the consistency of the pseudo-MLE.

This paper is an extended version of the previous conference paper [6].
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1.2 Exponential family associated with a reproducing kernel
Hilbert space

1.2.1 Reproducing kernel Hilbert space

This subsection provides a brief review of reproducing kernel Hilbert spaces.
Only real Hilbert spaces are discussed in this paper, while a RKHS is defined
as a complex Hilbert space in general. For the details on RKHS, see [1].

Let © be a set, and .77 be a Hilbert space included in the set of all real-
valued functions on €. The inner product of .7 is denoted by (, ). The
Hilbert space S is called a reproducing kernel Hilbert space (RKHS) if there
is a function

E:O2xQ—-R
such that (i) k(-,z) € A for all x € Q, and (ii) for any f € J and x € Q,
(fi k(s 2)r = [(2)

The condition (ii) is called the reproducing property and k is called a repro-
ducing kernel.

A reproducing kernel is symmetric, because k(z,y) = (k(-,y),k(-,x))» =
(k(-,2), k(- y))r = k(y,z). Tt is easy to see that a reproducing kernel is
unique if it exists. The following proposition is a characterization of RKHS.

Proposition 1 A Hilbert space of functions on  is a RKHS if and only
if the evaluation mapping e, : & — R, f — f(x), is a continuous linear
functional on € for any x € Q2.

Proof Suppose k : 2 x 2 — R is a reproducing kernel of 7. For any x €
and f € 2, we have |ea (/)] = |f(2)] = |(f. k(o 2))or | < I I @) =
| flloz+/k(z, ), which shows e, is bounded. Conversely, if the evaluation
mapping e, is bounded, by Riesz’s representation theorem, there exists ¢, €
S such that f(z) = ex(f) = (f, ¢z) .- The function k(y,x) = ¢5(y) is then
a reproducing kernel on 7. O

A function k£ : Q x @ — R is said to be positive definite if it is symmet-
ric, k(z,y) = k(y,z) for any z,y € Q, and for any points z1,...,z, € Q
the symmetric matrix (k(z;,x;));; is positive semidefinite, i.e., for any real
numbers ci, . .., ¢, the inequality szzl cicik(xs, x;) > 0 holds.

A RKHS and a positive definite kernel have one-to-one correspondence.
If 7 is a RKHS on €, the reproducing kernel k(z,y) is positive definite,
because », ; cicjk(zi, ;) = [|>2; cik(-,x;)||% > 0. It is also known ([1])

that for a positive definite kernel k& on ) there uniquely exists a RKHS 4,
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such that .7, consists of functions on €2, the class of functions > ;" | a;k(-, z;)
(m € N,z; € Q,a; € R) is dense in 7, and (f,k(-,x)).s = f(x) holds for
any f € J4 and x € . Thus, a Hilbert space 5 of functions on 2 is
a RKHS if and only if 7 = 74 for some positive definite kernel k. In
practice, a RKHS is often given by a positive definite kernel.

Many functions are known to be positive definite. On R"”, the basic ex-
amples include the linear kernel k(z,y) = 2”7y, and more generally, the
polynomial kernel k(z,y) = (z7y + ¢)? (¢ > 0,d € N). The RKHS defined
by the linear kernel is isomorphic to the n-dimensional Euclidean space.
The RKHS given by (z7y + ¢)¢ (¢ > 0) is the polynomials of degree d
or less as a vector space. It is also known that the shift-invariant kernel
exp(—|z — y[P) on R is positive definite for 0 < p < 2. The positive definite
kernel exp(—# |z—y[?) (0 > 0) is often referred to as Gaussian RBF kernel,
and the associated RKHS is infinite dimensional. When p = 1, it is known
that the RKHS defined by exp(—|x —y|) is the Sobolev space H'(R) = {u €
L?(R) | there exists ' € L*(R) such that u(z) = [*_ u/(y)dy}. Many ex-
amples of positive definite kernels and the associated RKHSs are shown in
[3] and [2].

It is also important to note that if a positive definite kernel k on a topo-
logical space is continuous, all the functions in /%, are continuous. This is
casily seen from |f(x) — f(y)| = [(f, k() — k(- 9))og | < [ f]lg (k(z, 2) +
k(yv y) - 21{5('% y)>1/2'

1.2.2 Ezxponential manifold associated with a RKHS

Let €2 be a topological space, and i be a Borel probability measure on §2. The
support of p is defined by the smallest closed set F' such that p(Q\F) = 0.
Throughout this paper, it is assumed that the support of p is €. The set of
positive probability density functions with respect to u is denoted by

My, = {f Q=R ‘ f > 0 almost everywhere-p, and/ fdu=1 } .
Q

Hereafter, the probability given by the density f € .#,, is denoted by fyu,
and the expectation of a measurable function on 2 with respect to fu is
denoted by Ef[u] or Efu(X)].

Let £ : Q2 x 2 — R be a continuous positive definite kernel on 2. Define
a subclass of .Z,, by

My (k) = {f €M,

there exists 0 > 0 such that/eé\/ F@) £ (2)dp(z) < oo} :
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A positive definite kernel % is bounded if and only if the function k(zx,z)
on Q is bounded, since |k(z,y)| < k(x,z)k(y,y) by the positive semidefi-
niteness. For bounded k, we have .#),(k) = .#,,.

It is also worth noting that f € .#,,(k) if and only if the function =
Vk(x, z) belongs to the Orlicz space L¢*" ~1(f), which is used for construct-
ing the Banach manifold by [14]. In fact, L ~1(f) is defined by the class
of function u for which there is @ > 0 such that

E; [cosh(g) ~1] <.

Throughout this paper, the following assumption is made unless otherwise
mentioned;

(A)  The RKHS .77, contains the constant functions.

This is a mild assumption, because for any RKHS /%, the direct sum J7.+R,
where R denotes the RKHS associated with the positive definite kernel 1
on , is again a RKHS with reproducing kernel k(z,y) + 1 ([1]). This
assumption is made so that subtracting a constant may be operated within
4,

For any f € .#,(k), the expectation Ef[\/k(X,X)] is finite, because
SE/VE(X, X)) < Efle? FX X)) < o0, From |u(z)| = [(u, k(-,2)) s | <
VE(x, x)||u|| s, the mapping u — E¢[u(X)] is a bounded functional on /%
for any f € ., (k). We define a closed subspace T of 7, by

Tf = {u € I, ‘ Ef[u(X)] = 0},

which works as a tangent space at f, as we will see later. Note that, by the
assumption (A), u — E¢[u] is included in Ty for any u € J.
For f € ., (k), let #; be a subset of Ty defined by

#; = {u € Ty | there exists § > 0 such that Ej[e X X)+u(X)) < 0o}.
The cumulant generating function ¥y on #} is defined by
U ¢ (u) = log E¢[e™)].

Lemma 1 For any u € #}, the probability density function

eu_‘llf(u)f
belongs to #,,(k).

Proof 1t is obvious that W(u) is finite for any u € #%, so that the above
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probability density function is well-defined. By the definition of #%, there
is & > 0 such that E[e’VFXX)+uN)] < o6 which derives

/66 k(:z:,w)eu(w)—\Ilf(u)f($)d,u(x) _ e—\I/f(u)Ef [66 k(X,X)-i—u(X)] < 0.

This implies e*~ YW f € 4, (k). O
From Lemma 1, the mapping
& Wy = Mu(k),  ws O

is well-defined. The map £y is one-to-one, because &f(u) = £¢(v) implies
u — v is constant, which is necessarily zero from E¢[u] = E¢[v] = 0, since u
is continuous and the support of fu is € 7.

Let 7 = &£¢(#%), and ¢y be the inverse of £y, that is,

o Sy — Wy, g»—»log?—Eﬁlog?}.
It will be shown that ¢ works as a local coordinate that makes .#, (k) a
Hilbert manifold. The following facts are basic;

Lemma 2 Let f and g be arbitrary elements in 4, (k).

(i) #} is an open subset of Tj.
(it) g € S} if and only if Sy = 5.

Proof (i). For an arbitrary u € #}, take § > 0 so that E[e*(X)+v MXX)] <
00. Define an open neighborhood V;, of win Ty by Vi, = {v € T} | ||[v—ul| 5 <
0/2}. Then, for any v € V,,,

E; [6(5/2) k(X:X)Jrv(X)] =E; [6(5/2) k(XvX)Jr(v*u,k(wXD%k+u(X)]

< By [eO/2VROX o=l //FXX) ()]

B [HVIEDH0] < o
which implies #} is open.

(ii). “If” part is obvious. For the “only if” part, we first prove .7; C 7
on condition that g € /. Let h be an arbitrary element in ., and take

1 The continuity assumption on k is made to guarantee the injectiveness of £;. With an almost-
everywhere positive density function f, it is obvious that two density functions e“(z)f‘l'f(“)f(m)
and e”(z)_‘pf(v)f(x) define the same probability if and only if u — v is constant almost ev-
erywhere with respect to fu. We wish to further guarantee, however, that u — v is exactly
constant, because a function is identified as the zero element in a RKHS only if it is exactly
zero. We thus assume that the functions in .4, are continuous and the support of u is Q.
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u € #y and v € ¥, such that g = e YW f and h = e*"Y9(Wg. From the
fact g € #}, there is § > 0 such that E,[e?CIHVEEX] < 55 We have
[ evl@tu@)+o/k(z2) =V () £ (1) dp(x) < oo, which means v+u— Ef[v] € #;.
From h = etu=Eslt)=(Vr)+¥s()=Erl]) f - wwe have W p(v + u — Effv]) =
Us(u) + Wy(v) — Effv] and h = (v +u — E¢[v]) € S,

For the opposite inclusion, it suffices to show f € #;. Let v > 0 be
a constant so that Ef[eVVk(XJQ] < 00. From e g = e YW f we see
[ eVE@D=u@) g (1) du(z) < oo, which means —u + Ey[u] € #,. It follows
that f = e vt¥rWg = e(CutBolu)—(=Vr(W+Elul)lg means f = &,(—u +
E,u]) € 7. O

The map ¢y defines a structure of Hilbert Manifold on ., (k), which we
call reproducing kernel exponential manifold.

Theorem 1 The system {(Zf,05)} re.n, k) i a C*-atlas of M, (k), that
18,

i) If Sy NSy # 0, then (S N.S,) is an open set in T.
f g S g f
(ii) If S5 NSy # 0, then

09005 o (i) - PF(TF N Fg) = @o(FF N F)
is a C*° map.

Thus, #,,(k) admits a structure of C*°-Hilbert manifold.

Proof The assertion (i) is obvious, because .7y N .7, # () means . = .7,
from Lemma 2. Suppose .y N .7, # 0, that is, .y = .7,. For any u € #%,

eu_qu(u)

u— s (u)
g0 9! (u) = gy (e f) =log !]

- E, [log
=u+log(f/g) — Eg[u"_l()g(f/g)]v

from which the assertion (ii) is obtained, because u — FEg4[u] is of C*° on
V.

It is known that with the assertions (i) and (ii) a topology is introduced
on .#,,(k) so that all /s are open, and .#,,(k) is equipped with the structure
of C*°-Hilbert manifold (see [12]). O

The open set . is regarded as a maximal exponential family in ., (k).
In fact, we have the following
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Theorem 2 For any f € #,(k),
Sy ={g¢€ A,k)| there exists u € Ty such that g = ev= Y py

Proof Tt suffices to show that ¢ = e*"¥r("f in the right hand side is
included in the left hand side, as the opposite inclusion is obvious. From

g € M, (k), there is 6 > 0 such that E,[e’VFXX)] < oo, which means
E[edVEXX)FuX)) < o0, Therefore, u € #; and g = &;(u) € 7. O

From Lemma 2 (ii), we can define an equivalence relation such that f and
g are equivalent if and only if they are in the same local maximal exponential
family, that is, if and only if #rN.%; # (. Let {#M 1 \en be the equivalence
classes. Then, they are equal to the set of connected components.

Theorem 3 Let {.7M},cp be the equivalence classes of the mazimum local
exponential families described above. Then, {.#M}ycp are the connected
components of M, (k). Moreover, each component SN s simply connected.

Proof From Lemma 2 and Theorem 1, {.#M},cp are disjoint open covering
of ., (k). The proof is completed if every #} is shown to be convex. Let
up and uj be arbitrary elements in #}. Then, there exists 6 > 0 such

that Ep [e‘st(X’X)J““O(X)] < oo and Ef [66 k(X’X)““(X)} < oo. For uy =
tuy + (1 — t)ug € Ty (t € [0,1]), we have (@) < te1(®) 4 (1 — t)et@) by
the convexity of z — e®. It leads

E; [65\/k(X,X)+ut(X)}
< B, [eéx/k(X,XHm(X) + (1= 0B [HVEET 0] < o,

which means u; € #5. O

The Hilbert space 74, which is used for giving the manifold structure to
M, (k), has stronger topology than the Orlicz space Lsh=1(f). Recall that
the norm of u € LM ~1(f) is defined by

[[wll peosh —1 5y = inf {a >0 ’ Ey [cosh(%) - 1} < 1}.

Proposition 2 For any f € #,(k), the RKHS 7, is continuously included
in LM =Y( ). Moreover, if a positive number Ay is defined by

Af = inf{a >0 ' /e ' kff’z)f(x)du(w) < 2},
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then for any u € 94,
[[wll peosn -1y < Afllull -
Proof From the inequality
Ey[cosh(u(X)/a) — 1] < Ey [e‘“(X)VO‘] -1
< E; [einun%m} 3

if ||ul|g /o < 1/Ay, then Ef[cosh(u/a) — 1] < 1. This means Ag||ul| 4 >
||u||Lcoshfl(f)- |

9

Proposition 2 tells that the manifold ., (k) is a subset of the maximum
exponential manifold. However, the former is not necessarily a submanifold
of the latter, because % is not a closed subspace of L' ~1(f) in general.
Note also that L' ~1(f) is continuously embedded in LP(f) for all p > 1.
Thus, Ef|ul? is finite for any f € #,(k), u € Hj, and p > 1.

The reproducing kernel exponential manifold and its connected compo-
nents depend on the underlying RKHS. It may be either finite or infinite
dimensional. A different choice of the positive definite kernel results in a
different exponential manifold. A connected component of .#,,(k) in Theo-
rem 3 is in general smaller than the maximal exponential model discussed
in [14].

1.2.3 Mean and covariance on reproducing kernel erponential
mantfolds

As in the case of finite dimensional exponential families and the exponential
manifold by [14], the derivatives of the cumulant generating function provide
the cumulants or moments of the random variables given by tangent vectors.
Let f € A,(k) and vi,...,vq4 € Ty. The d-th Fréchet derivative of ¥y in
the directions vy, ...,vq at f, = e*" Y5 f is denoted by DZ\I/f(vl, ceeyUd)-
From Proposition 2 and the known results on the derivatives for the maximal
exponential manifolds [14, 5], the W is C*°-Fréchet differentiable on ., (k),
and in particular, we have

Dquf(v) = Efu [U]a DZ\IIf(UhUQ) = COVfu [Ul(X)7U2(X)]7

where Covgy (v, va] = Egv1(X)va(X)]—Eg[v1(X)]Egva(X)] is the covariance
of v; and ve under the probability gpu.

The first and second moments are expressed also by an element and an
operator of the Hilbert space. Let P be a probability on 2 such that
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Ep[\/k(X,X)] < oco. Because the functional s > u +— Eplu(X)] is
bounded, there exists mp € .74, such that

Eplu(X)] = (u,mp) s,

for all u € J4,. We call mp the mean element for P. Noticing that the
mapping %, x G, > (v1,v2) — Covplv1(X),v2(X)] is a bounded bilinear
form, we see that there uniquely exists a bounded operator ¥p on 5%, such
that

COVp[Ul(X),UQ(X)] = <U17 ZPv2>%”k

holds for all v1,v9 € .74,. The operator Xp is called the covariance operator
for P. For the detail of covariance operators on a RKHS, see [7].

When a local coordinate (yy,,-,) in a reproducing kernel exponential
manifold .#),(k) is assumed, the notations m, and ¥, are also used for
the mean element and covariance operator, respectively, with respect to the
probability density f, = e~ ¥/ f;. We have

Du\I/f(U) = <mu,’l)>jfk, DZ\I/f(Ul,’UQ) = <’U1,2u7)2>jfk.

The mapping #; > u +— m, € J is locally one-to-one, because the
derivative Eu|Tf0 is strictly positive for non-degenerate p. The element m,,
is equal to the mean parameter ([13]) for the density f, by identifying the
bounded linear functional D, ¥; with the element of T’.

The mean element mp(y) as a function is explicitly expressed by

mp(y) = Ep[k(X,y)]

from mp(y) = (mp,k(-,y)) s = Ep[k(X,y)]. The operator ¥, is an exten-
sion of Fisher information matrix.
It is interesting to ask when the mean element specifies a probability.

Definition 1 Let (2, A) be a measurable space, and k be a measurable posi-
twe definite kernel on Q such that [ k(z,z)dP(z) is finite for any probability
P on (2, B). The kernel k is called characteristic if the mapping P — mp
uniquely determines a probability.

It is known that Gaussian RBF kernels and Laplacian kernels are char-
acteristic on R™ and any compact subset in R"™ with Borel o-field ([9, 15]).
If k(z,y) = exp(—|z — y|) is used for defining .# (1) on the unit interval
[0, 1] with the uniform distribution y, then the mean parameter m,, uniquely
determines a probability in .Z,,.
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1.2.4 Kullback-Leibler divergence
Let fo € #,(k) and u,v € #},. With the local coordinate (yy,,-7,), it is
easy to see that the Kullback-Leibler divergence from f, = e*~ ¥ (w) fo to
fo= e’ Yo (”)fo is given by
KL(fullfo) = W gy (v) = W g () = (v =t mu) .- (1.1)
Let fu, fu, and f,, be points in .. It is straightforward to see

KL(full fw) = KL(full fo) + KL(fol[ fuw) — (0 — v, my — mv>dﬂ (1.2)

Let U be a closed subspace of Ty, and V = U N #%,. The subset N' =
cpJZOI(V) is a submanifold of .4, which is also an exponential family. Let

fe = e® Y5 () he a point in “f,, and consider the minimizer of the KL
divergence from f, to a point in N;

Uopt = arg min KL( fi|| fu)- (1.3)
uey

Theorem 4 Under the assumption that the minimizer uop of Eq.(1.3) ex-
ists, the orthogonal relation

<U — Uopt, My, — muopt>% = 0. (14)

and the Pythagorean equation

KL(fllfu) = KL(fel [ fuope) + KL(fugpl|fu) (1.5)
hold for any u € V.

Proof Since #%, is an open convex set, u; = t(u — Uopt) + Uopt lies in #5,
for all t € (—6,6) with sufficiently small § > 0. From Eq. (1.2), KL(f.|| fu,)
is differentiable with respective to ¢, and %KL( fellfus)lt=0 = 0 by the min-
imality. This derives

<U — Uopt muopt>jfk - <u — Uopt mu*>jfk =0,

which is the orthogonal relation. Pythagorean relation is obvious from
Egs.(1.2) and (1.4). O

1.3 Pseudo maximum likelihood estimation with .#, (k)

In this section, statistical estimation with a reproducing kernel exponential
manifold is discussed. Throughout this section, a positive definite kernel k
with the assumption (A) and a connected component . of .#,,(k) are fixed.
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From Lemma 2 and Theorem 2, for any fy € . the component .¥ can be
expressed by

S ={feu, k)| f= e~ Yo() £ for some u € Ty, },

where Uy is an abbreviation of Wy . For notational simplicity, #o = #;,
and f, = e*~Yo®) £y for u € ¥ are used.

It is assumed that (X1, Xo,...,X,,) is an ii.d. sample with probability
fep with f, € ., which is called a true probability density. We discuss
the problem of estimating f, with the statistical model .¥ given the finite
sample.

1.3.1 Likelihood equation on a reproducing kernel exponential
manztfold
The maximum likelihood estimation (MLE) is the most popular estimation
method for finite dimensional exponential families. In the following, we con-
sider the MLE approach with the reproducing kernel exponential manifold
%, which may not be finite dimensional. The objective function of MLE
with . is given by

sup Ln(u)’ Ln(u) - - ZU(XZ) - \I’Q(U),

5 n
ue/o i=1

where Ly (u) is called the log likelihood function. By introducing the empir-
ical mean element

the log likelihood function is rewritten by
La(w) = (), ) g, — Uo(u).
Taking the partial derivative of L, (u), we obtain the likelihood equation,
(A" 0) s = (M, v) g (Yo € ), (1.6)

where m,, is the mean parameter corresponding to the density f,. Note
that the above equation holds not only for v € Ty, but for all v € %,
since (m(™ —my,, 1) o, always vanishes. The log likelihood equation is thus
reduced to

my = m™, (1.7)
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that is, the mean parameter for the maximum likelihood estimator shoudl
be the empirical mean element (™).

If 74, is finite dimensional and (¢1,...,¢q) is a basis of Ty, Eq. (1.7) is
equivalent to

1 &
m= =S 6(X) (= 1..d),
i=1

1 d
R ot

where (m ) is the component of m,, with respect to the basis (¢1, ..., ¢q).
If the mapping u — m,, is invertible, which is often the case with ordinary
finite dimensional exponential families, the MLE % is given by the inverse
image of m(™.

Unlike the finite dimensional exponential family, the likelihood equation
Eq. (1.7) does not necessarily have a solution in the canonical parameter
u. As [13] points out for their exponential manifold, the inverse mapping
from the mean parameter to the canonical parameter u is not bounded in
general. For reproducing kernel exponential manifolds, the unboundedness
of the inverse of u — m, can been seen by investigating its derivative. The
derivative of the map u — m,, is given by the covariance operator ¥, which
is known to be of trace class ([7], Section 4.2). In fact, it is easy to see
T[Sy = Ep, [|Ik(, X) — mul%,] = E[k(X, X)] — E[k(X, X)], where X and
X are independent variables with the same distribution f, w. If J4, is infinite
dimensional, >, has arbitrary small positive eigenvalues, which implies >,
does not have a bounded inverse. Thus, the mean parameter does not give
a coordinate system for infinite dimensional manifolds.

If k£ is characteristic, another explanation by the moment matching is
possible to the fact that the likelihood equation does not have a solution.
From Eq.??71.7), the empirical distribution 2 3% |y, and the probabil-
ity et~ Yo(w) fop must have the same mean element. For a characteristic k,
however, these two probabilities must be the same; this is impossible if the
support of u is uncountable.

To solve this problem, a method of pseudo maximum likelihood estimation
will be proposed in Section 1.3.3, in which asymptotic properties of the mean
parameter yet play an important role.

1.8.2 \/n-consistency of the mean parameter

Although the mean parameter does not give a local coordinate of .Z),(k),
it is useful to analyze the asymptotic behavior of an estimator based on
the likelihood approach. The next theorem establishes \/n-consistency of
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the mean parameter in a general form. While this is a known result ([2],
Lemma 22, Section 9.1), the proof is shown for completeness.

Theorem 5 Let (2, B, P) be a probability space, k : 2 xQ — R be a positive
definite kernel so that Ep[k(X, X)] < 0o, and mp € 74, be the mean element
with respect to P. Suppose X1,..., X, are i.i.d. sample from P, and define
the empirical mean element m(™ by M) = LS (k(-, X;). Then, we have

[ —mpllag = Op(1/v/n) (0 — o).

Proof Let Ex[-] denote the expectation with respect to the random variable
X which follows P. Suppose X, X, X1,...,X, are i.i.d. We have

_(n 1
E|m™ — mpH_‘Q%;c = ?ZZE&-EX]- (k(Xi, X;)]

— %ZEXZEXU{(X%?X)] + EXEX[k(X’X)]
=1

= S ST BN X))+ L ExR(X, X))~ ExBglk(X. X))

i=1 j#i
_ %{Ex[k(X,X)] ~ ExE¢[k(X, X))
= O(1/n).
The assertion is obtained by Chebyshev’s inequality. O

It is further known ([2], Section 9.1) that /n(m(™ — mp) converges in
law to a Gaussian distribution on 5%.

1.3.3 Pseudo maximum likelthood estimation

This subsection proposes the pseudo maximum likelihood estimation using
a series of finite dimensional subspaces in .77, to make the inversion from
the mean parameter to the canonical parameter possible. With an infinite
dimensional reproducing kernel exponential manifold, the estimation of the
true density with a finite sample is an ill-posed problem, as discussed in Sec-
tion 1.3.1. Among many methods of regularization to solve such ill-posed
problems, one of the most well-known methods is Tikhonov regularization
[11], which adds a regularization term to the objective function for making
inversion stable. Canu and Smola [4] have proposed a kernel method for den-
sity estimation using an exponential family defined by a positive definite ker-
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nel, while they do not formulate it rigorously. They discuss Tikhonov-type
regularization for estimation. Another major approach to regularization is
to approximate the original infinite dimensional space by finite dimensional
subspaces [11]. This paper uses the latter approach, because it matches
better with the geometrical apparatus developed in the previous sections.
Let {#)}2° | be a series of finite dimensional subspaces of % such that

A0 c D for all £ € N. For any f € M, (k), a subspace T]SZ) of T}
is defined by T' JEZ) =TyNAH @), and an open set %(Z) of T }Z) is defined by
V/f(e) =WrNH (&) For simplicity, the notations #© and . are used for
V/f(oé) and {f, € .7 | u € # O}, respectively.

For each ¢ € N, the pseudo maximum likelihood estimator @(¥ in # ® is

defined by

9 = arg max (ﬁz("),u>%fk — Wo(u).

uey (0

n

In the following discussion, it is assumed that the maximizer @(¥ exists in
# (D and further the following two assumptions are made;

(A-1) For all u € #, let W ey ® (¢ € N) be the minimizer of

min KL f .
u(Z)ElW(Z) (fUH u(é))
Then

lu—uP)m —0 (£ o).

(A-2) For u € #p, let A\D(u) be the least eigenvalue of the covariance
operator X, restricted on T]Sf), that is,

MO () = inf (0, 20 .-
veT(), ||vl| s, =1

Then, there exists a subsequence (¢,,)5; of N such that for all u € #5
we can find § > 0 for which

>
<

AO = inf AO (')

W' €W, ' —ul| g, <6

satisfies
lim /nA{) = 4o0.

n—oo

The assumption (A-1) means .¥ (&) can approximate a function in .% at
any precision as ¢ goes to infinity. The assumption (A-2) provides a stable
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MLE in the submodel .#® by lower-bounding the least eigenvalue of the
derivative of the map u — m,,.

Theorem 6 Under the assumptions (A-1) and (A-2),
KL(f:|faen) =0 (n—o0)

i probability.
Moreover, let u, € # be the element which gives f,, = f«, and ug) be the
element in (A-1) with respect to uy. If positive constants v, and €, satisfy

e — ud | = 0(m) (0= 0) (1.8)

and

Sy =olen)  (n— o), (19)

then we have
KL(fillfawn)) = op(max{yn,en})  (n — o0).

Proof We prove the second assertion of the theorem. The first one is similar.
Let m, and mg) be the mean parameters corresponding to u, and ugf),

respectively. From Egs. (1.4) and (1.5), we have

(u—ul? m) = (=l m.) (1.10)
for all u e #©, and

KL(fllfatem) = KLU yem ) + KL(S, e [ faen)-

Egs. (1.1) and (1.8) imply

KL(E ) = 0(3) (= o0).
Thus, the proof is done if we show

Pr(|[a®) — ul™| s >e)) =0 (n— o). (1.11)

In fact, since Egs. (1.1) and (1.10) give

KL e || facenr) = Wo (@) = Wo(ut™) = (mee, i) — ul™) 1,

Eq. (1.11) means KL(f, || fzm) = 0plen) (0 — 50):
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Let § > 0 be the constant in the assumption (A-2) with respect to u,. If
the event of the probability in Eq. (1.11) holds, we have

sup L,(u)—L (qu")) >0, (1.12)
ey tn)
llu—ul™|| s, >em

where Ly(u) = (u,m™) — Wo(u). On the other hand, it follows from
Eq. (1.10) and Taylor expansion that for any u € # ()

Ly(u) — L (ul™)
ul™) i — ma) s — {Wo(u) ‘I’o(ug")) - (U—ugf"),mg")vfk}
~(n 1 n n
A —m) = =l S (u = ul))

k?

u —

u —

=
=
(n

where @ is a point in the line segment between v and ., ), By the definition
of A, for sufficiently large n so that ||u£f") — Uyl < 6, we obtain

l
sup Ln (u) - Ln(ui n))
uew (tn)
lu—ul™|| s, >em

gn -~ 1~ n In
< s Ju— g A mdlg = A =,
uey (n)
lu—ul™ || s, >en
~ 1<
< s =™ g {0 g - 53} (113)
ucy/ (én)

”u_ugﬂen>||%k25n
Egs. (1.12) and (1.13) show that the probability in Eq. (1.11) is upper
bounded by
Pr(Hﬁ@(") — || > %S\(E")an),

which converges to zero by Theorem 5 and Eq. (1.9). O

There is a trade-off between the decay rates of €, and ~,; if the subspace
W (tn) enlarges rapldlgf the approximation accuracy -, decreases fast, while

a small value for /\u* results in a slow rate of .

1.4 Concluding Remarks

This paper has proposed a new family of statistical models, reproducing
kernel exponential manifold, which includes infinite dimensional exponen-
tial families. The most significant property of this exponential manifold is
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that the empirical mean parameter is included in the Hilbert space. Thus,
estimation of the density function with a finite sample can be discussed
based on this exponential manifold, while many other formulation of infi-
nite dimensional exponential manifold cannot provide basis for estimation
with a finite sample. Using the reproducing kernel exponential manifold, a
method of pseudo maximum likelihood estimation has been proposed with
a series of finite dimensional submanifolds, and consistency of the estimator
has been shown.

Many problems remain unsolved, however. One of them is a practical
method for constructing a sequence of subspaces used for the pseudo max-
imum likelihood estimation. A possible way of defining the sequence is to
use the subspace spanned by k(-, X1),...,k(-, Xy). However, with this con-
struction the subspaces are also random depending on the sample, and the
results in this paper should be extended to the case of random subspaces to
guarantee the consistency. Another practical issue is how to choose the sub-
sequence £, so that the assumption (A-2) is satisfied. We need to elucidate
the properties of least eigenvalue of the covariance operator restricted on
finite dimensional subspaces, which is not necessarily obvious. Also, provid-
ing examples of the estimator for specific kernels is practically important.
Investigation of these problems will be among our future works.

Another important problem, which is not discussed in this paper, is the
dual geometry on the infinite dimensional exponential family. Unlike the
finite dimensional cases, it is not straightforward to define the dual connec-
tions on the tangent bundle of the infinite dimensional exponential manifold
([10]). It will be interesting to consider the dual geometric structure on the
reproducing kernel exponential manifolds for various choices of the space
and kernel k.
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