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Abstract

This paper discusses the likelihood ratio test statistics (LRTS) in re-
gression problems, and derives a general upper bound of the asymptotic
order of LRTS for the sample size n. In some cases of estimation, where the
true parameter is not identifiable, the LRTS diverges to infinity asymp-
totically. It is also known that the LRTS of some nonlinear models has
a lower bound of the order log n. This paper shows log n gives an upper
bound of the asymptotic order of regression under very general assump-
tions, which are satisfied by many practical probability models including
the Gaussian noise and the binary regression.

1 Introduction

The asymptotic distribution of the likelihood ratio test statistics (LRTS) for
a large sample size is an important topic in theory and practice. It has been
used for a basis of many statistical methods such as hypothesis test and model
selection. The most well-known result on the asymptotics of LRTS is its con-
vergence to the chi-square distribution under some regularity conditions. If we
have a statistical model with a d-dimensional parameter and assume the null
hypothesis of a probability P0 in the model, the LRTS under the null hypothesis
converges to the chi-square of the degree of freedom d. However, if the regular-
ity conditions do not hold, the convergence to the chi-square is not guaranteed,
and various results on the asymptotic distribution have been obtained for spe-
cific cases. Among other works, Hotelling (1939) analyzes LRTS of nonlinear
regression models for a finite sample size using a geometrical method. Chernoff
(1954) gives a general expression of the LRTS by the conic approximation of a
model. Mixture of chi-squares is known as a limiting distribution for a class of
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models, in which the neighborhood of the true parameter can be approximated
by a convex cone (Shapiro 1988).

It is also known that the LRTS may have a larger asymptotic order than the
ordinary constant order Op(1), when the sample size n goes to infinity. Har-
tigan (1985) shows that the LRTS of the Gaussian mixture models with two
components diverges to infinity asymptotically under the null hypothesis of one
component. Bickel and Chernoff (1993) and Liu and Shao (2001) derive the
asymptotic distribution of this LRTS, which has the order of log logn. In a
change point problem, where the model assumes the existence of a change point
against the null hypothesis of no change point, the asymptotic distribution of
the LRTS is known to be of the order log logn (Csörgő and Horváth 1996).
These examples suggest that one cannot describe the local behavior of the max-
imum likelihood estimator by finite dimensional sufficient statistics, and must
incorporate the infinite degree of freedom in general. In this line of research,
Fukumizu (2003) considers divergence of LRTS from the viewpoint of infinite
number of orthogonal score functions around a singularity in statistical models,
and derives a useful sufficient condition of such divergence.

When the LRTS diverges, the first concern on its behavior is the asymptotic
order. The purpose of this paper is to show a general upper bound Op(log n)
for the LRTS in regression models. This bound is derived under mild conditions
on the class of regression functions and the probability model. Thus the re-
sult is generally applicable to many practical regression problems, including the
Gaussian noise model and binary regression. The asymptotic order is not only
the first step for the exact distribution, but it will be meaningful for discussing
statistical problems on models that show divergence of LRTS; it can be used,
for example, to design the ratio of a penalty term in the penalized likelihood
approach.

There have been some existing results on the log n order of LRTS. Hagiwara
et al. (2001) discuss LRTS for a type of Gaussian nonlinear regression defined
by neural networks, which can approximate the point-mass function, and derive
a lower bound of logn for the null hypothesis that the regressor is constant zero
and the samples are i.i.d. normal random variables. Fukumizu (2003) extends
this Op(log n) lower bound to a much wider class of nonlinear regression, which
essentially focuses on neural networks. The result covers an arbitrary bounded
function as the true regression, and requires only mild conditions on probability
models. Combined with the lower bound in Fukumizu (2003), the main theorems
of this paper show that the LRTS of some type of nonlinear regression has
exactly the log n order. In Hagiwara (2001), the upper bound Op(log n) has been
previously obtained for a special type of radial basis function model, in which the
location parameters are restricted at the sample points of the covariate. This
paper pursuits the upper bound of logn by extending the idea in Hagiwara
(2001), which uses the exponential inequality for large deviation.

The main mathematical technique used in this paper is exponential inequal-
ities on the supremum of the sum of independent variables over a function class.
Such inequalities often appear in the field of empirical processes (Dudley (1984),
Pollard (1984), van der Vaart and Wellner (1996)) and computational learning
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theory (Vapnik (1982), Vapnik (1998), Haussler (1992)). As we show in Lemma
3, the log n upper bound is easily obtained for the log likelihood of an indi-
vidual probability density function. A typical course for obtaining an upper
bound over a function class is to replace the supremum over infinite number of
functions with the maximum over finite ones, which can be taken by assuming
finiteness of covering number. While we also follow this general scheme in our
discussion, one difficulty is the unboundedness of the log likelihood function. In
general, a finite covering can be taken only for a function class which admits a
uniform bound for all the functions. To solve this problem, we develop a method
of dividing the function class into the unbounded part and the bounded part,
which depend on the sample size n, and show that the unbounded part does
not contribute significantly to the value of maximum likelihood.

2 Main theorems

Let (X ,B, µ) be a measure space, ϕ0 : X → R be a measurable function, and
F be a class of measurable functions from X to R. Suppose that p(y|u) is a
parametric probability density function on R with respect to Borel measure,
where u ∈ R is a parameter. Given Xn = {Xi}n

i=1 ⊂ Xn, we have independent
random variables Yi (1 ≤ i ≤ n), each of which follows the law

Yi ∼ p(y|ϕ0(Xi))dy.

For a given sample (X1, Y1), . . . , (Xn, Yn), the (log) likelihood ratio test statistics
(LRTS) is defined by

sup
ϕ∈F

Ln(ϕ), (1)

where

Ln(ϕ) =
n∑

i=1

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

. (2)

The variables Xi may be either random or deterministic.
We use the Vapnik-Čhervonenkis dimension (VC-dimension, Vapnik 1982,

Vapnik 1998) to restrict the complexity of the function class. Let C be a class
of subsets of a set Ω. The VC-dimension of C is the largest integer m such that
there are z1, . . . , zm in Ω for which {(1A(z1), . . . ,1A(zm)) ∈ {0, 1}m | A ∈ C} =
{0, 1}m is satisfied, where 1A(z) is the indicator function of a set A. The VC-
dimension of a function class F is defined by the VC-dimension of the subgraphs
{{(x, y) ∈ X × R | y ≤ ϕ(x)} | ϕ ∈ F}, and denoted by dimV CF .

To state the main theorem, we need some assumptions on the probability
model p(y|u);

Assumption (A)

(A-I). For any B > 0, there exist a function A1(y;u) and a constant α > 0 such
that the inequality

log p(y|u2) − log p(y|u1) ≤ A1(y;u1)(u2 − u1) (3)
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holds for all u1, u2 ∈ R, and

lim
R→∞

sup
u0∈[−B,B]

EY |u0

[
sup
|u|≤R

|A1(Y ;u)|]R−α < +∞ (4)

is satisfied, where EY |u denotes the expectation of Y with respect to the
probability p(y|u)dy.

(A-II). For any B > 0, there exist constants C > 0, β > 1 and a function A2(y;u)
such that the inequality

log p(y|u) − log p(y|u0) ≤ A2(y;u0)(u− u0) − C|u− u0|β (5)

holds for all u0 ∈ [−B,B] and u ∈ R, and the function A2(y;u) satisfies
either one of the following two conditions;

(a) for γ > 1, which is given by 1
β + 1

γ = 1,

sup
u0∈[−B,B]

EY |u0 [|A2(Y ;u0)|γ ] < +∞, (6)

(b) there is δ > 0 such that

sup
{u

(0)
i }⊂[−B,B]

E
[

max
1≤i≤n

|A2(Yi;u
(0)
i )|

]
< nδ, (7)

where Yi follows the law p(yi|u(0)
i )dy.

Theorem 1. Assume that dimV CF < ∞ and there exists B0 > 0 such that
|ϕ0| ≤ B0. If Assumption (A) is satisfied, then there exist constants T > 0 and
a > 0 such that the bound

Prob
(

sup
ϕ∈F

Ln(ϕ) > T log n
∣∣∣ Xn

)
≤ n−a

holds for any Xn and sufficiently large n.

While Assumption (A) covers many probability models for practical regres-
sion problems, binary regression is an example which does not satisfy (A-II).
For binary regression, in which the variable Y takes values in {0, 1}, under the
assumption that the conditional probabilities of Y = 1 is within the interval
(0, 1), the generic form of the probability model is the logistic model:

p(y|u) =
eyu

1 + eu
.

The log likelihood satisfies

log
p(y|u2)
p(y|u1)

= y(u2 − u1) − log
1 + eu2

1 + eu1
,

in which the second term of the right hand side is asymptotically linear for a
large u2. Thus, we cannot find β > 1 in the assumption (A-II).

As we show in Theorem 2, however, the same statement as Theorem 1 holds
for binary regression without Assumption (A).
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Theorem 2. Assume that the range of a function in F is (0, 1), dimV CF <∞,
and there exists B0 > 0 such that |ϕ0| ≤ B0. If the variable Y takes values in
{0, 1} and the probability model is given by the logistic model, then there exist
constants T > 0 and a > 0 such that the bound

Prob
(

sup
ϕ∈F

Ln(ϕ) > T log n
∣∣∣ Xn

)
≤ n−a

holds for any Xn and sufficiently large n.

In the above theorems, the finiteness of VC-dimension is a natural assump-
tion to exclude such function classes that can fit an arbitrary number of data
points without errors. Thus the above theorems provide the universal upper
bound of LRTS for regression models.

Note that the logistic model satisfies (A-I), which is used in the proof of the
theorems as a common assumption. The assumption (A-II) works for preventing
a function with a very large absolute value from contributing significantly to the
likelihood function. For binary logistic regression, it is more difficult to exclude
the contribution of such functions; the larger the value of ϕ(Xi) is, the better it
fits the sample with Yi = 1. Thus, for binary regression, we need more elaborate
discussion using VC-dimension of F to derive the bound.

A class of probabilities which satisfies Assumption (A) is given by an expo-
nential family. Suppose the probability model p(y|u) is an exponential family

p(y|u) = exp{η(y)u+ τ(x) − ψ(u)}.

By the convexity of the cummulant generating function ψ(u), we have

log
p(y|u2)
p(y|u1)

= η(y)(u2 − u1) − (ψ(u2) − ψ(u1))

≤ (η(y) − ψ′(u1))(u2 − u1).

If we assume ψ′(u) is bounded by a polynomial order, that is, if there exist α > 0
and D > 0 such that |ψ′(u)| ≤ D|u|α for all u, then, by defining A1(y;u) =
η(y)−ψ′(u), we see p(y|u) satisfies the condition of (A-I). If further ψ(u) admits

ψ(u2) − ψ(u1) ≤ ψ′(u1)(u2 − u1) + F (u1)|u2 − u1|β

for some continuous function F (u) and constant β > 1, the assumption (A-
II) is satisfied; in fact, (A-II)-(a) holds, because the moment of η(y) for any
order exists as a continuous function on u. The normal distribution is one of
such probabilities that satisfy those assumptions, as the cummulant generating
function ψG(u) = u2/2 admits

ψG(u2) − ψG(u1) = ψ′
G(u1)(u2 − u1) +

1
2
(u2 − u1)2.
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3 Proof of the theorems

First, we show a simple lemma on the bound of the log likelihood for a single
probability density function.

Lemma 3. Let m be a natural number, and p0,1(y), . . . , p0,m(y) and p1(y), . . . , pm(y)
be probability density functions on a measure space (Ω,B, µ). Suppose Y1, . . . , Ym

are independent samples from p0,1µ, . . . , p0,mµ, respectively. Then, for an arbi-
trary T > 0 and a natural number n, we have

Prob
( m∑

i=1

log
pi(Yi)
p0,i(Yi)

≥ T log n
)
≤ n−T .

Proof. From Chebyshev’s inequality with the exponential function, the proba-
bility is upper bounded by

e−T log n
m∏

i=1

Ep0,i

[ pi(Yi)
p0,i(Yi)

]
= n−T .

We use the ε-covering number N (ε,G, ‖·‖2) of a function class G with respect
to an L2 norm ‖ · ‖2. The ε-covering number is defined by the smallest number
of functions {fh} ⊂ L2 such that for every g ∈ G there exits fh that satisfies
‖g − fh‖2 < ε. It is known that if d = dimV CG is finite and |g| ≤ B for any
g ∈ G, the ε-covering number N (ε,G, ‖ · ‖2) is no more than Hd(B/ε)2d for any
ε > 0, where Hd is a universal constant (Section 2.6, van der Vaart and Wellner
(1996); see also Lemma 25, Pollard (1984)).

We show theorems 1 and 2 in the same proof except when we use the as-
sumption (A-II).

Proof of Theorems 1 and 2. We take and fix positive constants τ and λ so that
they satisfy λ > 1 + δ/(β − 1) and τ > 1 + αλ, where α, β, and δ are given
by the assumptions of the theorems. In the following, we fix Xn, and regard F
as a class of functions from Xn to R. Note that all the constants taken in the
proof do not depend on Xn. We define a norm ‖ · ‖2 on the functions on Xn by

‖ϕ‖2 =

√
1
n

∑n
i=1ϕ(Xi)2,

which is the L2 norm with respect to the uniform probability measure. Obvi-
ously, ‖ϕ‖2 ≤ 1/nr implies |ϕ(Xi)| ≤ 1/nr−1/2 for all 1 ≤ i ≤ n.

For a function ϕ : X → R, a function bn(ϕ) on Xn is defined by

bn(ϕ)(Xi) =

⎧⎪⎨
⎪⎩
nλ if ϕ(Xi) ≥ nλ,

ϕ(Xi) if − nλ ≤ ϕ(Xi) < nλ,

−nλ if ϕ(Xi) < −nλ.
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A function class F̃n(Xn) on Xn is defined by

F̃n(Xn) :=
{
ψ : Xn → R

∣∣ there exists ϕ ∈ F such that ψ = bn(ϕ)
}
.

It is easy to see d := dimV CF̃n(Xn) ≤ dimV CF < ∞. Thus, there are �n
functions {ψ[k]

n | k = 1, . . . , �n} on Xn such that for an arbitrary ψ ∈ F̃n(Xn)
there exists ψ[k]

n with ‖ψ − ψ
[k]
n ‖2 ≤ 1/nτ+1/2. Since any function in F̃n(Xn) is

bounded by nλ, we have

�n ≤ N (1/nτ+1/2, F̃n(Xn), ‖ · ‖2) ≤ Hdn
2d(τ+1/2)λ. (8)

For a function ϕ : Xn → R, we define Iϕ and Jϕ by

Iϕ = {i ∈ {1, . . . , n} | −nλ ≤ ϕ(Xi) < nλ}
and

Jϕ = {1, . . . , n} − Iϕ,

respectively. Thus, the following upper bound is obvious;

Prob
(

sup
ϕ∈F

Ln(ϕ) ≥ T log n
∣∣∣ Xn

)

≤ Prob
(

sup
ϕ∈F

∑
i∈Iϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≥ T

2
log n

∣∣∣ Xn

)

+ Prob
(

sup
ϕ∈F

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≥ T

2
log n

∣∣∣ Xn

)
=: P I + P II .

(i) Bound of P I

Under the assumption (A-I), which are satisfied by both the theorems, we
will prove that there exist T > 0 and ξ > 0 such that the inequality

P I ≤ n−ξ

holds for any Xn and sufficiently large n.
Let In be a family of indices defined by

In = {I ⊂ {1, . . . , n} | there exists ϕ ∈ F such that I = Iϕ}.
For a function ϕ and z = (x, y) ∈ X ×R, let G(z;ϕ) be the indicator function of
the subgraph of ϕ; that is, G(z;ϕ) = 1 if y ≤ ϕ(x), and G(z;ϕ) = 0 otherwise.
Then, for the 2n points Z+

i = (Xi, n
λ), Z−

i = (Xi,−nλ) (1 ≤ i ≤ n), we can see
the following three equivalence relations; ϕ(Xi) ≥ nλ if and only if G(Z+

i ;ϕ) =
G(Z−

i ;ϕ) = 1; ϕ(Xi) < −nλ if and only if G(Z+
i ;ϕ) = G(Z−

i ;ϕ) = 0; and
−nλ ≤ ϕ(Xi) < nλ if and only if G(Z+

i ;ϕ) = 0 and G(Z−
i ;ϕ) = 1. From this

fact, the cardinality of In is the same as that of the set {(G(Z+
i ;ϕ), G(Z−

i ;ϕ))n
i=1 ∈

{0, 1}2n | ϕ ∈ F}. By the fact dimV CF = d <∞, we have

|In| ≤ Kd(2n)d (9)
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for n > d, where Kd is a universal constant depending only on d (see Theorem
4.3a, p.146, Vapnik (1998)).

From the inequality

sup
ϕ∈F

∑
i∈Iϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

= sup
ϕ∈F

min
1≤k≤	n

{∑
i∈Iϕ

log
p(Yi|ψ[k]

n (Xi))
p(Yi|ϕ0(Xi))

+
∑
i∈Iϕ

log
p(Yi|ϕ(Xi))

p(Yi|ψ[k]
n (Xi))

}

≤ max
I∈In

max
1≤k≤	n

∑
i∈I

log
p(Yi|ψ[k]

n (Xi))
p(Yi|ϕ0(Xi))

+ sup
ϕ∈F

min
1≤k≤	n

∑
i∈Iϕ

log
p(Yi|ϕ(Xi))

p(Yi|ψ[k]
n (Xi))

,

the upper bound of P I is provided by

P I ≤ |In| �n max
1≤k≤	n

I∈In

Prob
(∑

i∈I

log
p(Yi|ψ[k]

n (Xi))
p(Yi|ϕ0(Xi))

≥ T

4
log n

∣∣∣ Xn

)

+ Prob
(

sup
ϕ∈F

min
1≤k≤	n

∑
i∈Iϕ

log
p(Yi|ϕ(Xi))

p(Yi|ψ[k]
n (Xi))

≥ T

4
log n

∣∣∣ Xn

)

=: P I,1 + P I,2.

From Eqs.(8), (9), and Lemma 3, we have

P I,1 ≤ HdKd2d n2d(τ+1/2)λ+d−T/4.

For a sufficiently large T , the exponent of n is a negative constant.
Next, we derive an upper bound of P I,2 using assumption (A-I). Because ϕ

and bn(ϕ) have the same value at Xi for i ∈ Iϕ, for an arbitrary ϕ ∈ F there
exists kϕ with 1 ≤ kϕ ≤ �n such that |ϕ(Xi) − ψ

[kϕ]
n (Xi)| ≤ 1/nτ for all i ∈ Iϕ.

By taking such kϕ, we obtain

sup
ϕ∈F

min
1≤k≤	n

∑
i∈Iϕ

log
p(Yi|ϕ(Xi))

p(Yi|ψ[k]
n (Xi))

≤ sup
ϕ∈F

∑
i∈Iϕ

A1(Yi;ψ[kϕ]
n (Xi))(ϕ(Xi) − ψ[kϕ](Xi))

≤
n∑

i=1

Snλ(Yi)
1
nτ
,

where SR(y) := sup|u|≤R |A1(y;u)|. From the assumption (A-I) and Cheby-
shev’s inequality, the upper bound of P I,2 is given by

P I,2 ≤ Prob
( n∑

i=1

Snλ(Yi) ≥ nτ
∣∣∣ Xn

)
≤
∑n

i=1E[Snλ(Yi)]
nτ

≤ C ′n
αλ+1

nτ
,

where C ′ is a constant. Because τ is taken so that τ > αλ+ 1, the exponent of
n is a negative constant.
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(ii) Bound of P II under Assumption (A-II)
From the assumption (A-II), if the inequality

∑
i∈Jϕ

log
p(Yi|ϕ(xi))
p(Yi|ϕ0(xi))

> 0

holds, we have∑
i∈Jϕ

|A2(Yi;ϕ0(Xi))||ϕ(Xi) − ϕ0(Xi)| > C
∑
i∈Jϕ

|ϕ(Xi) − ϕ0(Xi)|β . (10)

First, suppose (A-II)-(a) holds. By Hölder’s inequality, Eq.(10) means

(∑
i∈Jϕ

|A2(Yi;ϕ0(Xi))|γ
)1/γ(∑

i∈Jϕ

|ϕ(Xi)−ϕ0(Xi)|β
)1/β

> C
∑
i∈Jϕ

|ϕ(Xi)−ϕ0(Xi)|β .

If n is sufficiently large so that n > max{B1/(λ−1)
0 , 2}, we see |ϕ(Xi)−ϕ0(Xi)| >

(n− 1)nλ−1 ≥ nλ−1 for all i ∈ Jϕ. Thus, the above inequality leads∑
i∈Jϕ

|A2(Yi;ϕ0(Xi))|γ > Cγ |Jϕ|nβ(λ−1).

By Chebyshev’s inequality, we obtain

P II ≤ Prob
(∑

i∈Jϕ

|A2(Yi;ϕ0(Xi))|γ > Cγ |Jϕ|nβ(λ−1)
∣∣∣ Xn

)

≤
∑

i∈Jϕ
EYi|ϕ0(Xi)[|A2(Yi;ϕ0(Xi))|γ ]

Cγnβ(λ−1)|Jϕ| ≤ D

Cγ
n−β(λ−1),

where D = sup|u|≤B0
EY |u[|A2(Y ;u)|γ ] < ∞. In the last line, the exponent of

n is a negative constant, since we take λ > 1.
Next, assume (A-II)-(b). From Eq.(10), we have

max
i∈Jϕ

|A2(Yi;ϕ0(Xi))|
∑
i∈Jϕ

|ϕ(Xi) − ϕ0(Xi)| > C
∑
i∈Jϕ

|ϕ(Xi) − ϕ0(Xi)|β .

Then, Hölder’s inequality shows

max
i∈Jϕ

|A2(Yi;ϕ0(Xi))|
(∑

i∈Jϕ

|ϕ(Xi)−ϕ0(Xi)|β
)1/β

|Jϕ|1/γ > C
∑
i∈Jϕ

|ϕ(Xi)−ϕ0(Xi)|β .

By a similar argument to the previous case, the bound

max
i∈Jϕ

|A2(Yi;ϕ0(Xi))| > Cn(β−1)(λ−1)
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must be satisfied for sufficiently large n. Thus, by Chebyshev’s inequality and
the assumption (A-II)-(b), we obtain

P II ≤ E
[
max1≤i≤n |A2(Yi;ϕ0(Xi))|

]
Cn(β−1)(λ−1)

≤ nδ

Cn(β−1)(λ−1)
.

Since β > 1 and λ > 1 + δ/(β − 1), the exponent of n is a negative constant.

(iii) Bound of P II for binary regression

Fix κ > 0 so that κ ≤ 1/(1+ eB0) ≤ eB0/(1+ eB0) ≤ 1−κ. Take ζ > 2d/κ2,
and let Nn := ζ log n. By partitioning F , we have

sup
ϕ∈F

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≤ sup
ϕ∈F

|Jϕ|≤Nn

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

+ sup
ϕ∈F

|Jϕ|>Nn

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

.

From the inequality log p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≤ log(1/κ) for all 1 ≤ i ≤ n, the first
term in the right hand side is upper bounded by ζ log(1/κ) log n. Thus, for
T > 2ζ log(1/κ), the probability P II is bounded by

P II ≤ Prob

(
sup
ϕ∈F

|Jϕ|>Nn

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≥ 0
∣∣∣ Xn

)
. (11)

We define a label tj(ϕ) for ϕ ∈ F and j ∈ Jϕ by

tj(ϕ) =

{
1 if ϕ(Xj) ≥ nλ

0 if ϕ(Xj) < −nλ.

Using these labels, we obtain

∑
i∈Jϕ

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

=
∑
i∈Jϕ

ti(ϕ)=Yi

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

+
∑
i∈Jϕ

ti(ϕ) �=Yi

log
p(Yi|ϕ(Xi))
p(Yi|ϕ0(Xi))

≤
∑
i∈Jϕ

ti(ϕ)=Yi

log
1
κ

+
∑
i∈Jϕ

ti(ϕ) �=Yi

log
1/(1 + enλ

)
κ

= |Jϕ| log(1/κ) − ∣∣{i ∈ Jϕ | ti(ϕ) 	= Yi}
∣∣ · log(1 + enλ

).

Combined with Eq.(11), this leads

P II ≤ Prob
(
there exits ϕ ∈ F such that |Jϕ| ≥ Nn and

|{i ∈ Jϕ | ti(ϕ) 	= Yi}|
|Jϕ| <

log(1/κ)
nλ

∣∣∣ Xn

)
. (12)
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Let Vn be the set of points, which is defined by

Vn = {(Xj , tj(ϕ))j∈Jϕ
| ϕ ∈ F}.

By a similar argument to the derivation of the bound of |In|, we see

|Vn| ≤ 2dKd n
d (13)

for sufficiently large n. For a fixed Γ = (Xj , tj)j∈JΓ ∈ Vn, where JΓ is the index
set corresponding to Γ, we define a random variable UΓ by

UΓ = |{j ∈ JΓ | Yj 	= tj}|,

where Yj follows the law p(y|ϕ0(Xj))dy independently. The expectation of UΓ

is given by

E[UΓ|Xn] =
∑
j∈JΓ

tjp(0|ϕ0(Xj)) +
∑
j∈JΓ

(1 − tj)p(1|ϕ0(Xj)) ≥ |JΓ|κ.

Note that |JΓ| ≥ Nn = ζ log n is assumed for Γ ∈ Vn. If n is sufficiently large
so that 1

2 |JΓ|κ > log(1/κ)
|JΓ|λ−1 , by Hoeffding’s inequality we obtain

Prob
( |{j ∈ JΓ | Yj 	= tj}|

|JΓ| <
log(1/κ)
nλ

∣∣∣ Xn

)

≤ Prob
(
UΓ − E[UΓ|Xn] <

log(1/κ)
|JΓ|λ−1

− E[UΓ|Xτ
τ
τX

∞ lo}(∞ /κX
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