Kernel Method: Data Analysis with Positive
Definite Kernels

5. Theory on Positive Definite Kernel and Reproducing
Kernel Hilbert Space

Kenji Fukumizu

The Institute of Statistical Mathematics.
Graduate University of Advanced Studies /
Tokyo Institute of Technology

Nov. 17-26, 2010
Intensive Course at Tokyo Institute of Technology

ST
DA |J|
XN



Outline

Positive and negative definite kernels
Review on positive definite kernels
Negative definite kernel and its relation to positive definite
kernel

Bochner’s theorem
Bochner’s theorem
Explicit form of some RKHS

Mercer’s theorem
Basic facts of Hilbert space
Integral operator and Hilbert-Schmidt operator
Mercer’s theorem

Restriction, Sum, and Product of RKHS
Restriction, Sum, and Product of RKHS

53



Positive and negative definite kernels
Review on positive definite kernels

Bochner’s theorem

Mercer’s theorem

Restriction, Sum, and Product of RKHS

3/53



Review on Positive Definite Kernels |
Proposition 1

Ifk;, : X x X — C (i =1,2,...) are positive definite kernels,
then so are the following:

1. (positive combination)  aky + bks (a,b>0).

2. (product) k1ko (k1(z,y)ka(z,y)) .
3. (limit) limiooki(,y), assuming the limit
exists.

Remark. Proposition 1 says that the set of all positive definite
kernels is closed (w.r.t. pointwise convergence) convex cone
stable under multiplication.

Example: If k(x,y) is positive definite,
1

3
3!k + ..

@Y =1 4 k4 %kQ +

is also positive definite.



Review on Positive Definite Kernels Il
Proposition 2

Letk : X x X — C be a positive definite kernel and f : X — C
be an arbitrary function. Then,

k(z,y) = f(x)k(z,y)f(y)

is positive definite. In particular,

f(@)f(y)
is a positive definite kernel.
Example. Normalization:

7. _ k(.ﬂ:’, y)
) = e k)
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Negative Definite Kernel

Definition. A function ¢ : X x X — C is called a negative
definite kernel if it is Hermitian i.e. ¥ (y, z) = ¢(z,y), and

> eiti(i,x) <0

ij=1
forany z1,...,2, (n >2)in X and ¢y, ..., ¢, € C with

Yo =0.

Note: a negative definite kernel is not necessarily minus
positive definite kernel, because we need the condition

2y ¢ =0.
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Properties of negative definite kernels
Proposition 3
1. Ifk is positive definite, v = —k is negative definite.
2. Constant functions are negative definite.

Proof. (2) Y7, _jcic; =Y Y ¢ = 0.
Proposition 4

If; : X x X — C (i =1,2,...) are negative definite kernels,
then so are the following:
1. (positive combination)  awy + bio (a,b>0).
2. (limit) limiooti(z,y), assuming the limit
exists.

e The set of all negative definite kernels is a closed convex

cone.
e Multiplication does not preserve negative definiteness.



Example of Negative Definite Kernel

Proposition 5
LetV be an inner product space, and ¢ : X — V. Then,

b(@,y) = o(x) — o(y)II?

is a negative definite kernel on X.

Proof. [Exercise]



Relation Between Positive and Negative Definite
Kernels
Lemma 6

Lety(x,y) be a hermitian kernel on X . Fix xo € X and define

QO(SC,y) = —¢($7y) + "/J(l’a .CC()) + w(‘rOvy) - "/’(33071’0)-

Then, v is negative definite if and only if v is positive definite.

Proof. "If" part is easy (exercise). Suppose ) is neg. def. Take any
z;eXand¢ € C(1=1,...,n). Definecy = -7, ¢;. Then,

0> sz:00i7j¢($i, xj) [for xg, 1, ..., 2]
=D GG (@i, ) + Co iy it (i, o) + oDy citp(wo, 75)
+ |eol*¥(xo, o)
= szzlci@{¢($ia ;) — (i, x0) — (w0, x7) + (20, y0) }

= _ZijlciFj@(xi7xj)~
— 10/53



Schoenberg’s Theorem

Theorem 7 (Schoenberg’s theorem)

Let X be a nonempty set, and ) : X x X — C be a kernel.
Y is negative definite if and only if exp(—t1) is positive definite
for allt > 0.

Proof.

If part:

oo 1) =ty ORI

Only if part: We can prove only for ¢t = 1. Take =y € X and
define

e(@,y) = —v(z,y) + ¥(@,20) + ¥ (20, y) — ¥ (0, o).
v is positive definite (Lemma 6).

efw(x’y) = eip(xry)efw(wio)e—w(y,aio)ew(x()vwo) .

This is also positive definite. O
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Generating New Kernels |

Proposition 8
If{ : X x X — C is negative definite and {(x,z) > 0. Then, for
any0 <p <1,

Y(z,y)?
is negative definite.
Proof. Use the formula
p > —p—1 —tz
2P = / tTP7 (1 —e dt (€ C).
T =) Jy ( )dt - ( )
Then,
_ p > —p—1 —t(z,y)
x,y)P = / tP (1—e dt
V) = sy [ )

The integrand is negative definite for all ¢ > 0. .
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Generating New Kernels Il

e Forany0 <p <2,
|z —y|”

is negative definite on R™.

e Forany0<p<2anda >0,

exp(—alz —y|[")

is positive definite on R™.
e « = 2 = Gaussian kernel.
e o =1 = Laplacian kernel.

13/53



Generating New Kernels IlI

Proposition 9
Ify : X x X — C is negative definite and Rey(x,y) > 0. Then,
for any a > 0,

1
Y(z,y) +a
is positive definite.
Proof. -
- — / e~ t@W(@y)+a) gy
¢($7 y) +a 0
The integrand is positive definite for all ¢ > 0. .
Forany 0 <p <2,
1
1+ [lz —ylP

is positive definite on R™. (p = 2: Cauchy kernel.)
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Positive definite functions

Definition. Let ¢ : R — C be a function. ¢ is called a positive
definite function (or function of positive type) if

k(z,y) = ¢(x —y)
is a positive definite kernel on R", i.e.,
2 j=1Cip(i — x5) 2 0
forany z1,...,x, e Xand ¢y,...,¢, € C.
e A positive definite kernel of the form ¢(x — y) is called shift

invariant (or translation invariant).
e Examples: Gaussian and Laplacian kernels.
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Bochner’s theorem |

The Bochner’s theorem characterizes all the continuous
shift-invariant kernels on R™.

Theorem 10 (Bochner)

Let ¢ be a continuous function on R™. Then, ¢ is positive
definite if and only if there is a finite non-negative Borel
measure A on R™ such that

b(z) = / eV 1T A (w).

e ¢ is the inverse Fourier (or Fourier-Stieltjes) transform of A.

e Roughly speaking, the shift invariant functions are the
class that have non-negative Fourier transform.

17/53



Bochner’s Theorem |l

o The Fourier kernel eV=1¢"« s a positive definite function
for every w € R™.

exp(vV—=1(z — y)Tw) = exp(vV—1zTw)exp(vV-1yTw).

e The set of all positive definite functions is a convex cone,

which is closed under the pointwise-convergence topology.

e The generator of the convex cone is the Fourier kernels
{eV=1z"w | € R7Y.
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exp(J—_le x)

The closed cone of positive definite functions.
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Bochner’s theorem I

e Example on R: (positive constants are neglected)

p.d. function Fourier transform
2
oxp(— g5z %) exp(—% |wl?)
1
exp(~alz) St a?
1
P+ a? exp(—alw])

e Bochner’s theorem can be extended to toplogical groups
and semigroups [BCR84].
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Explicit Realization of RKHS by Bochner’s Theorem |

Assume in the Bochner’s theorem dA = p(w)dw, i.e.,
k) = [ /"),

p(w) is continuous for every w, and [ p(w)dw < co.
(e.g. Gaussian, Laplacian, Cauchy.)

Then, the RKHS %, is given by’
2 m |f(t
{f € I2(R / O }
/f )j(t)
()

' f denotes the Fourier transform defined by f = o [ e V19 e £(1)dy
22/53




Explicit Realization of RKHS by Bochner’s Theorem Il

e H; is a Hilbert space consisting of functions on R™.
e (-,-)3, defines an inner product on #y.

e k(-,x) is the reproducing kernel of H:
Proof. From

k(ﬂj,y) — /eﬁwT(zy)p(w)dw _ /eﬁwaeﬁwTyp(w)dw’

the Fourier transform of k(-, y) (y fixed) is given by
R p)(w@) = eV ().
Thus,
flw)eY=1="vp(w)
p(w)

:/ﬂmwﬁﬂww:ﬂm

23/53
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Examples

1

o Gaussian RBF kernel: p(t) = ot exp{—% w?},

2

Hy = {f € L*(R, dx) ‘ /]f(w)]Qexp((;wQ)dw < oo},

/f exp —w )dw

1

e Laplacian kernel: p(w) = 2M2+ﬁ2

Hy={f € I*(R,da) | /|f(w)|2(w2 )t < oo},

9= [ )T + 5
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o Cauchy kernel: p(w) = %e—al%

Hy = {f € L*(R, dx) ‘ /\f(w)\zeo‘de < oo},

/f G(w)e“ldw.

¢ Note in the above three examples the RKHS’s admits
different decay rates of frequency.

25/53



Positive and negative definite kernels

Bochner’s theorem

Mercer’s theorem
Basic facts of Hilbert space

Restriction, Sum, and Product of RKHS

26/53



Complete Orthonormal System

o A subset {u;};cr of H is called an orthonormal system
(ONS) if (u;,uj) = 6;5 (0;5 is Kronecker’s delta).

e A subset {u;};c; of H is called a complete orthonormal
system (CONS) (orthonormal basis) if it is ONS and if
(x,u;) =0 (Vi € I) implies z = 0.

e A Hilbert space is called separable if it has a countable
CONS.
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Fourier Expansion
Theorem 11 (Fourier series expansion)

Let{u;}3°, be a CONS of a separable Hilbert space. For each

T € H,
7= ) s, (Fourier expansion)
Iz)|? = 32, |(x,w;)|?.  (Parseval’s equality)
Proof omitted.
Example: CONS of L?([0 27], dx)
U (t) = ﬁeﬁ”t (n=0,1,2,...)

Then,
f(t) = \/%Z;iozfooane\/jnt

is the (ordinary) Fourier expansion of a periodic function.

28/53



Bounded Operator |

Let H; and H- be Hilbert spaces. A linear transform
T : H, — Hs is often called operator.

Definition. A linear operator H; and H; is called bounded if

sup |[T[|, < oo
ez =1

The operator norm of a bounded operator T' is defined by

[T,

|7 = sup |[[T%|w, =sup :
lzllag, =1 e20 ||Z]3

(Corresponds to the largest singular value of a matrix.)

Fact. If T : H1 — Ho is bounded,

[Tl < NTN (13-

29/53



Bounded Operator |l

Proposition 12
A linear operator is bounded if and only if it is continuous.

Proof. Assume T : H, — Hs is bounded. Then,
[Tz — Taol| = |T'(z — xo)[| < [|T|[|z — 2ol

means continuity of 7.

Assume T is continuous. For any € > 0, there is § > 0 such that
|Tx|| < e forall x € Hy with ||| < 2.

Then,

SIS

1
sup Tl = sup =T <
[|z]|=4

llzll=1
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Overview

Hermitian kernel:
K == TK =) Eigendecomposition of Ty in L2

self-adjoint l
operator Eigendecomposition of K in L2

KX, y)=>"" A (x4 (y)

Positive definite kernel on a compact set:

K == TK ) Eigendecomposition of Ty in L2

positive ‘

self-adjoint Eigendecomposition of K

operator » —
K(x ) =2~ A ()4, (y)
uniformly and absolutely
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Hilbert-Schmidt Operator |
‘H: separable Hilbert space.

Definition. An operator T' on H is called Hilbert-Schmidt if for a
CONS {ypi}i2,

> ITei)? < o0,
=1
and its Hilbert-Schmidt norm ||T'|| s is defined by

%) 1/2
ITms = (52,1 Teill?) /2.

e ||T'||ms does not depend on the choice of a CONS.
") From Parseval's equality, for a CONS {v;}22,

ITIIs = S0 1Tl = 32720 3052 (w5, Tpo) P
= 2o Sl (T g, )P = 052 1T 51
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Hilbert-Schmidt Operator Il

e Fact: | 7| < |IT||ms-

(-.) Let u; be the unit vector such that ||Tuq|| > ||T| — . Make
CONS including u; and compute ||T'[|%5. )

e Hilbert-Schmidt norm is an extension of Frobenius norm of
a matrix:

IT |75 = Z Z (5, Tpi) |

i=1 j=1

(14, Tp;) is the component of the matrix expression of T
with the CONS’s {¢;} and {v;}.
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Integral Kernel
(Q, B, u)' measure space.
K (z,y): measurable function on Q x Q such that

// |K (z,y)Pdp(z)du(y) < . (square integrability)

Def. Operator Ty : L?(Q, ) — L?(Q, 1) by
(Tx f)( / K(z.)fWduly)  (f € LAQ,n)).
Ty : integral operator with integral kernel K.

Fact: Tk f € L*(Q, u).

) [|Tw f(@))2dz = [|[K(x, ()| *dp(=)
< [ [IK(z, Idu flf )Pdp(y)dp(x)
= [ [IK(z,y)Pdp(z)du(y)| 7
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Hilbert-Schmidt Operator and Integral Kernel |

Theorem 13

Let (2, B, 1) be a measure space, and assume L*(Q, j1) is
separable. Then, Ty is a Hilbert-Schmidt operator, and

I Ticlrs = / / el ) s )

Proof. Let {¢;} be a CONS. From Parseval’s equality,
JIK @, 9)Pdy = 5, |(K(2,), 00 2| = X, [ K (@, 9)ei(m)dy|* = 3, Trp() .
Integrate w.r.t. =, ({;} is also a CONS)

JNE (@ y)Pdedy = 3| TxZil* = | Txc |75
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Hilbert-Schmidt Operator and Integral Kernel Il

Converse is also true!
Theorem 14

Let (9, B, 1) be a measure space, and assume L*(Q, j1) is
separable. For any Hilbert-Schmidt operator T on L?(2, ),
there is a square integrable kernel K (x,y) such that

To = /K(Ly)so(y)du(y) (=Txyp).

Proof omitted.
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Hilbert-Schmidt Expansion |

e (Q,B, 11): measure space.

o K(z,y): Hermitian (K (y,x) = K(z,y)) square integrable
kernel.

e Fact: Tk is self-adjoint, i.e.,

(Tx f.9) = (f.Txg)  (Vf.g€ L*(Q p)).

Proof.

(Tx f.9) = [ [K(z,y) f(y)g(@)du(z)du(Y)

= [fly fK y, z)g(x)du(x)duy) = (f, Tkg)-

e For Hermite kernels, Tx admits eigendecompsition in an
analogous way to Hermitian (or symmetric) matrices.
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Hilbert-Schmidt Expansion Il

A self-adjoint Hilbert-Schmidt operator admits Hilbert-Schmidt
expansion:

e Every eigenvalue of T is a real value.

The eigenspace of each eigenvalue is finite dimensional.

o Let
‘)\1‘2‘)\2‘2”->0

be the non-zero eigenvalues (counted as multiplicity).

Let ¢; be the unit eigenvector w.r.t. A;.

Hilbert-Schmidt expansion

Ticf =Y Nilf, 6i)oi.
i=1
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Hilbert-Schmidt Expansion Il
Theorem 15

Let K be a Hermitian square integrable kernel, and \;, ¢; as
above.

K(z,y) =Y Nidi(x)di(y)
i=1
in L2(Q x Q, p x p).

(Proof omitted.) This is a generalization of eigendecomposition.

c.f. A: m x m Hermitian (or symmetric) matrix.
{A\i}2,: the eigenvalues of A. w;: unit eigenvector w.r.t. \;.

Then,
A= Z )\luzuf,
=1

Av = Z i (v, w;)u;.
i=1
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Integral Kernel and Positive Definiteness |

Consider positive definite K (z,y).
Proposition 16 (Positive definiteness)

Let D be a compact subset of R™, and K (x,y) be a continuous
symmetric kernel on € x €.
K(x,y) is positive definite on 2 if and only if

/ K(z,y)f(z)f(y)dzdy > 0
DxD

for any f € L*(D).

c.f. Definition of positive definiteness:

Z K(JIZ‘, fL’j)CiFj > 0.
1,3
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Integral Kernel and Positive Definiteness Il

Proof.
(=). For a continuous function f, a Riemann sum satisfies

Zz’,jK(ZL‘ia ZL‘J)f(l‘Z)f(a:JﬂElHEA > 0.

The integral is the limit of such sums, thus non-negative. For
f € L*(9, 1), approximate it by a continuous function.

(«). Omitted. See [Fuk10, Sec. 6.3]
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Integral Operator by Positive Definite Kernel

D: compact subset of R™.
K(x,y): continuous positive definite kernel on D.

(Tx f)(a / K(z.y)f()dy  (f € IA(D))
Fact: Recall from Proposition 16

(Tx f, P2y 20 (Vf € L*(D)).

In particular, every eigenvalue of Tk is non-negative.
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Mercer’'s Theorem
{Ai}2, (M > A > >0), {¢}52,: the positive eigenvalues
and unit eigenfunctions of Tk.
From Hilbert-Schmidt expansion,

K(z,y) = 32721 Mi¢i(2)i(y),
in 22(D x D).

Theorem 17 (Mercer)

Let K be a continuous positive definite kernel on a compact
subset D in R™. Then,

K(z,y) =Y Xigi(x)$i(y),
=1

where the convergence is absolute and uniform over D x D.

Proof is omitted. See [RSN65], Sec. 98, or [Ito78], Chap. 13.
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Explicit Expression of RKHS
Let K(z,y) be a continuous positive definite kernel on a
compact subset D in R™.
{2, M > > ), {#i}:2,: the positive eigenvalues
and unit eigenfunctions of e
By adding the northonormal basis of V(T ), we have a CONS
{¢i} of Hx consisting of eigenvectors of T .

Theorem 18

Hiy = {f € L2 ‘ f= Z%‘ﬁuZ ‘CLZ| }

’L

and for f = Zfil a;¢; and g = Zi:l bii,

>~ aib;
:Z o

=1

where a; and b; are set 0 if \; = 0.
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e |t is not difficult to show #;, is a Hilbert space.

¢ Reproducing property:
First note that by Mercer’s theorem,

S Ailoi(2)[? < o0,

which means K (-,z) = > 72, \i¢i(+)di(x) € Hy.
For arbitrary f = )", aip; € Hy,

(FKa) = YO S ) = e,
! i=1

=1

e C.f, RKHS on a finite set.
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Restriction of RKHS

k: positive definite kernel on a set X. H;,: corresponding RKHS.
Y: subset of X.

k: restrictionof kto Y x Y = positive definite kernel on Y.

Theorem 19
The RKHS corresponding to k is {f|y | f € Hy}.
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Sum of RKHS

k1, ko: positive definite kernels on a set X'.
‘H1,Ho: corresponding RKHS’s.

k1 + ko: positive definite kernel on X.

Theorem 20
The RKHS corresponding to k, + ks is given by

H={fi+fo:X =>R|f1€Hi,fo€ M},

and its norm is given by

1£13 = min{|l fill3, + 1 £2F, | £ = fi+ fo, fr € Ha, fo € Ha}
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Product of RKSH

k1, ko: positive definite kernels on set X7, X5, resp.
‘H1,Hs: corresponding RKHS's.

k((x1,22), (y1,y2)) == k1(z1,y1)k2(z2, y2): positive definite
kernel on X1 x X.

Theorem 21

The RKHS corresponding to k is the tensor product H, @ Hs.

Corollary 22

If k1 and ko are positive definite kernels on X, the RKHS
corresponding to k(x,y) = k1(x,y)ka2(z,y) is the restriction of
H1 ® Ha to the diagonal set {(z,x) € X x X | x € X'}.
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Tensor Product

Define inner product space H,®H, by

1)67-[ f e?—lg,z‘:l,...,n}.

Hi@Hy = {Zf @

(310010, g Peg®) = 330, (1267,
=1

7=1 =1 j=1

The tensor product #; © Hs is the completion of H;@Hs.
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Summary of Section 5

Negative definite kernels and positive definite kernels are
related by Schoenberg’s theorem.

Various examples of positive definite kernels can be
derived by functional operations.

Bochner’s theorem: characterization of continuous
shift-invariant kernels on R™ by Fourier transform.

Based on Bochner’s theorem, RKHS for shift-invariant
kernels can be written explicitly by Fourier transform.

Mercer’s theorem: eigendecomposition of positive definite
kernel.
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