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Spline smoothing
(X1,Y1), ..., (XN, YN) ： Xi ∈ Rn, Yi ∈ R
P： differential operator on Rn

Spline smoothing:
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Roughness penalty
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Laplacian and Green function
Laplacian

Self-adjoint:

Green function for Laplacian

– Green function solves a differential equation:
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( , ) ( )G x xξ δ ξΔ = −
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( ) ( , ) ( )f x G x y y dyϕ= ∫
given ϕ.
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Smoothing penalty
Regularization term
Consider functions on Rn for simplicity (no boundary)

– example (n = m = 2)
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Smoothing

Expression by Laplacian
Partial integral shows

The smoothing problem is expressed by 
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Two cases
Case

e.g.   

– The Green function is a positive definite kernel.
– The penalty term is equal to the squared RKHS norm.  

Case
e.g. 

– Spline smoothing
– The functional space is RKHS + polynomial of some order
– The penalty term is equal to the squared RKHS norm of the 

projection of f onto the RKHS. 
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: RKHS regularization
Solution

Variational calculus
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If we have the Green function G for A   i.e. 

Note: f(Xi) unknown
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The solution is to have the form:

Plug it into the original problem:

The solution:
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Green function
Theorem

If                               , the Green function of A is a positive definite 
kernel.

Proof.
Since Α is shift invariant, so is G  (G(x, y) = G(x-y) ). Thus, 

0
( 1) ( ) ( )m m

m
m

a G z zδ
∞
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By Fourier transform

If                              , the Fourier inversion is possible.  
Use Bochner’s theorem. 
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Regularization by RKHS norm
Assume 
G: Green function of A.
HG: RKHS w.r.t. G. 
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The penalty term is, then,  

The above regularization is equivalent to the kernel ridge regression
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a0 = 0: Spline smoothing
Thin-plate spline

– The Green function of        is not necessarily positive definite, 
(but conditionally positive definite).

– The function space for f is

and 
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Pm-1 ： Polynomials of degree at most m - 1
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Let                              be decomposition by direct sum.

If m > n/2 ，the subspace H* is a RKHS with inner product 

In particular, the norm is given by 
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Solution of spline smoothing
By the representer theorem, the solution is to be of the form:

By plugging it,

The solution: 
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Outline

1. Spline smoothing

2. Relation to random process 
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– A Gaussian process is a random process               (random 
variables with index Ω) such that for any finite subset {t1, ..., tn} of 
Ω, the random vector is a Gaussian random vector. 

– Mean function
– Covariance function

– A Gaussian process is uniquely determined by the mean and 
covariance function. 

Gaussian process
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– Examples
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Random process and positive 
definite kernel

Covariance function is a positive definite kernel

– A random process on Ω determines a RKHS on Ω.

, 1 , 1( , ) [ , ]
i j

n n
i j i j i j t ti j i jc c R t t c c E X X= ==∑ ∑
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i t j t i ti j iE c X c X E c X= = =

⎡ ⎤⎡ ⎤= = ≥⎣ ⎦ ⎢ ⎥⎣ ⎦∑ ∑ ∑

Theorem
The covariance function R(s, t) of a random process 
is a positive definite kernel.

)Q For simplicity, mean = 0.
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Positive definite kernel defines Gaussian process
k(s,t): positive definite kernel on Ω. 

For any finite subset t = (t1, …, tn ) of Ω, the Gram matrix Σt = ( k(ti, tj) )
is always positive semidefinite. 

By Kolmogorov extension theorem, there is a Gaussian process with 
index set Ω such that 

The covariance function = k(s,t).
1

( ,..., )
nt tX X=X
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Stationary process and shift-
invariant kernel

Stationary case
: random process on Rm

– stationary process

covariance function is given by 

– Positive definite kernel for a stationary process is given by 

– Bochner’s theorem ⇔ Wiener-Khinchine’s theorem

[ ] [ ] ( , , )m
t h s h t sE X X E X X t s h+ + = ∀ ∈ R

( , ) ( )R t s R t s≡ −

( , ) ( )K t s K t s= −

(covariance function of a stationary 
process on Rm is the inverse Fourier 
transform of the power spectral.)
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