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Bayesinan Inference Revisited

o Computation of Integral is required in many Bayeisn inference

p(X[6)z(0)

PO =T o 10)m(0)d0

o Posterior distribution with hidden variables
Complete model  p(X,Z|6)

Likelihood  p(X |6) :jn p(X,,Z, |6)dz
[TTp0x,.2, 10)0z(0)
”H 0(X.,Z. |6)z(6)dZdé

o Marginal likelihood / ABIC

m: model
P(X | m) :IP(X |6,m)P(&|m)dé&

p(@| X) =




Approximation Methods

Various methods for approximation

o Laplace approximation

Quadratic (Gaussian) approximation around the maximum point
of the integrand.

o Variational method (explained here)
o Expectation propagation (a method similar to belief propagation)

o Sampling: importance-sampling, MCMC, ...
(Take Iba-san’s course!)

etc....

The above list is not at all complete.

See Pattern Recognition and Machine Learning. C.M. Bishop (2006)
Chap. 10 & 11.



Variational Bayesian Learning



Bayesian Learning with Hidden
Variables

o Model:
complete data  p(X,Z|&,m)

X: observable variable
Z: hidden variable

g. parameter
prior of parameter p(&|m) m: model

(m)
prior of model p(m) ‘
&

o Posterior given data:
D=(Xyro.0s Xy)y Z=(Zyy...,Zy) iid. data (X)

p(D,Z]8,m)p(&|m)p(m)
> > [ p(D,Z|8,m)p(@|m) p(m)dﬁn
" where p(D,Z]6,m) =[] p(X;,Z;]6,m)

p(Z,6,m|D) =



o Example: Gaussian mixture in Bayesian viewpoint @
Model (K components)

< 12
p(x|0,K) = 2. 7ap(X| 2, Z4) 0 = (7, :ua’za)aKzl '
a=1 ’
X

Complete model with hidden variable

K , Z=(Z,..Z) takes values in
P(X,Z6,K) = [T{mah(X| 5, Z5)}" {(100,...0,
a=1
(0,1,0,....,0), \ K class
Priors on 6 . 0,0,0,...1) } |

p(z | K) = Dir(z | ag,....r )
p(/ua |za’ K) =N (/u | VO’(gosa)_l)
D(S,) =W (S |79, By, K) o] S [0 exp{— %Tr[SBo]}

where S = X1 Wishart distribution
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Variational Method

Goal of variational method

o Direct computation of the posterior P(Z,8,m|D)
requires the computation of

p(D) = Z;I p(D,Z[6,m)p(d|m)p(m)déd

The integral and sum are not easy to compute in general.

o Variational method:
Approximate 0(Z,6,m| D)

by using variational representation of this posterior.



Variational Representation

L ower bound

log p(D) = logs

=log E,

> Eq{log p(D,Z,6,m)

— Z.6,m)l
ZZ q(Z,0,m)log 0(Z

of marginal likelihood
zz: o(D,Z,0, m)dé’}

:.og{zz az.0,m POZ0M g, }

JAREZT q(Z,0,m);

q(Z,0,m)=q(Z,0,m| D) : arbitrary probability

{p(D,Z,@, m)
q(Z,0,m)

(Jensen’s inequality)

q(Z,0,m) |

p(D Z,0, m)
&, m)

#la]




Variational Representation

Proposition
log p(D) = #[a]+ KL(q || p)
P p(D,Z,6,m)
where 5[q)= X3 [a(Z,0,m)log o o 9
_ q(Z,6,m)
KL(q || p) —%% q(Z,6,m)log p(z,e,m|D)d‘9
Proof)
Fal— q(Z,6,m)
Hal= -z n 02 0.m)log 5540

__ q(Z,6,m) p(Z,6,m|D)
= "2zn]a@f m){'og oZ.o.mD) 9 p(dz,0,m) }dg

=—KL(q|| p) +log p(D)



Variational Representation

Variational representation of posterior
log p(D) = #[a]+ KL(q || p)

independent of g

maximizer of #[q] < minimizer of KL(q||p)

< q(Z,6,m)=p(Z,6,m|D)

pP(Z,0,m| D) =argmax ¥[q]
q

Since q is a function of (Z,6,m), the solution is given by
the variational method or calculus of variations.
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Approximation: Factorization

Approximation by factorization
The exact maximization of ¥[q] is usually intractable.
Factorization for tractability

q(Z,6,m) =~ q(Z|m)q(é|m)q(m)

The factorization restricts the space of g, and thus the maximization
of #[q] under this restriction gives the posterior only approximately.

But, this gives an EM-like tractable algorithm!
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Derivation of VB Method

p(D,Z,0, m)de
q(Z,6,m)

7la)= X3 [ a(Z|m)a(@ | mya(m)log

_ 2 1m0 miog PO:Z18mpE@ mp(m),,
Samz [a@ima@imiog ™ 1o

p(D,Z|9,m)d9
q(Z|m)

p(@|m) p(m)
+J-q(6’| m) log 00| m)d9}+%q(m) log 0(m)

=ZQ(m){§ |aimya(@1mtog
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Derivation of VB Method: Fixed Model

Fixed model
Suppose we have a fixed model m.
Maximize
p(D,Z|8,m) p(d|m)
#l01= 2 [a@Im)g(o1m)log 40+ 3 [a(@Im)log 2% Hdo
Z q(Z|m) Z q(@|m)

Lagrange functional
J[a(Z[m),q(@|m),2,v]=&[al+ A(X,a(Z[m)-1) +v(Jq(@|m)do-1)

Euler-Lagrange equations
aJ[q(Z|m),q(@|m),4,v] _, dI[a(Z|m),q(@|m),4,v] _
oq(Z|m) ’ oA

aJ[q(Z]m),q(@|m),4,v] _, dIla(Z|m),q(@[m),4,v] _
oq(@ | m) ’ ov

0

0
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Derivation of VB Method: Fixed Model

o VB-E step
A3[a(Z|m),q(@1m), 2] _
aq(Z|m)

— [q(6)m)log p(D’Zw’m)de—jq(a m)q(6|m) d6+1=0

q(Z|m) q(Z|m)

.q(¢9| m)log p(D,Z|8,m)dé—logq(Z|m)-1+4=0
q(Z|m)= Cexp{jq(@l m)log p(D,Z| 6, m)d<9jl

oJ[q(Z]m),q(@|m),4,v] _
oA

O I — >,0(Z|m)=1

—) q(Z|m):Cexp{Iq(6’| m)log p(D,Z| 8, m)de} C: normalization constant
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Derivation of VB Method: Fixed Model

o VB-M step

Similarly,
a3[a(z|m),q(8]m), Av1 _

a@m q(elm)=C'p(@lm)exp{gq(zlm)'og p(D,Z|9,m)}

aJ[q(Z|m),q(@|m),4,v] ~0 |:> jq(<9|m)d9=1
ov

( q(Z|m)=C exp{jq(éﬂ m)log p(D,Z |6, m)dé?Jl

k q(e|m)=c:'p(e|m)exp{gq(zm)log p(D,zw,m)}

The two equations are not closed form, and iterations are needed.
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Variational Bayes: Fixed Model

Algorithm (fixed model m)

1. Intialization
a@|m)®, q(z|m)®
2. Repeat until some convergence criterion is satisfied.
VB-E step

a(z|m)*“ =Cexp|[ a(@]m)" log p(D,Z| 6,m)do)
VB-M step

G(@]m) Y =C* p(g)] m)exp{;q(z m)© log p(D, Z |, m)}

t=t+1
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Variational Bayes: Fixed Model

o VB-E step for exponential family
Assume the complete model is given by an exponential family

p(X,Z|6,m)=exp(6"u(x,z) -y (6))
Then,
[a@1m® 1og p(,Z|0,m)d0 = [a(@1m) {67 X, u(X,,Z)) - Ny (O) 6
="' Zi u(X;,Z;)- NEq(Q)(t) [l//(@)]

where 9“7 =[ag(0|m)Vdo

=) q(Z|m)*™ o exp{jq(6’| m)" log p(D,Z |, m)dé’Jl
o expl0 T T,u(X,,Z,)~NE_ , [ (9)])= p(D,Z2]0®,m)

=) q(Zlm)"* =p(Z|D,6",m)
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Comparison with EM Algorithm

Exponential family is assumed for the complete model.

EM Variational Bayes
Goal: Goal:
Maximize log p(D|8) w.r.t. 0 Approximate p(Z,8|D)
E-step E-step
a(2)"™ = p(Z|D,6") a(2)"* = p(z|D,8")
M-step M-step

6™ =argmax > q(2)*Plog p(D,Z|6)  q(6)" « p(v) exp{Zq(Z)(t) log p(D,Z| 9)}
0 'z z

o &.[q] increases monotonically.
o VB-E step is computationally as demanding as EM-E step.
o Normalization in VB-M step may be intractable in general.
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Model Selection

MAP approach to model selection

e p(D,Z,6,m)
J[Q]—%% q(Z|m)a(@|m)q(m)log 0(Z.6.m) do

=2.9(m&,[9(Z[m),q(¢[m)] - KL(q(m) | p(m))

Optimize g(Z|m), q(€m), g(m), and choose m such that

m~ =argmaxq(m)

o Method (A)
Compute optimum g*(Z|m) and g*(4m) for all m by VB-EM steps, and
optimize #[g*(Z|m), g*(€m), g(m)] w.r.t. g(m). Choose m as above.

o Method (B)

Simultaneous optimization of q(Z|m), g(dm), q(m).
19



VB for Gaussian Mixture Model

Model K
p(x|0) =D m.p(X]| 5, Z,) x: d-dimensional
a=1

o Complete model

K .
p(X,Z|0)=T1{m (x| 1., Z,)}" Z=(Z,,...Z) takes \<alues in
a=1

{(1,0,0,...,0),
o Conjugate Prior (0,1,0,...,0), \ K class
Dir - <
p(z) =Dir(z] ... aq) (0,00,...1)} |
p(:ua | 2a) - N (,Ll | VO’(fosa)_l)
L(p0—d— 1
P(S,) =W (S |7,,B,) oc|S |2(77 ¥ eXp{_ ETr[SBo]}
where S = X1 Wishart distribution

20



VB for Gaussian Mixture Model

o Update of q(&)® can be done by update of the parameters.
By using the conjugate priors,

q(n)® is always Dirichlet,

Q(ﬂ)(t) Dir (x| a(t)’ (t))
q(¢X)® is always Gaussian,

(e 12,00 = N | 20, (N9 +£)50) )
q(S)® is always Wishart.

a(S,)"” =W (s |70, BY)

a !'"a

The marginal probability of the mean g(x)® is t-distribution.
()" o T (|’ 25, £1)

B(t)
fO —p +NO+1-d, ==
Hi o [ i (N(t) +§O)f(t)

f+d

t-distribution: T (x| 1,3, f)oc 4+ (x— )T (F£) (x— )} 2
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VB for Gaussian Mixture Model

Algorithm (see Bishop (2006) or # & - £ FH(2003) for the details.)
1. Initialization of parameters

2.  Repeat
VB-E step (update of g*(2))

n(t+l) (Zn _1) _ exp(j/in(t—l_l)) =1,..., K
T; =q(4; = _ZK ex n(t+1) n=1 N
i &Xp(ri ) e
where
7Y =W (o + NY) - W (Kay + X5, NTY) : digamma

18 (7,+NO+1-j) 1
+=3 | o —Zlog|BY
5L ( 5 5109|877

(t)

. ~ f -~
—2Tr|:(770+Ni(t))Bi(t) {fm 0 5T =) =) H

Hi
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VB for Gaussian Mixture Model

VB-M step (update of q(&)® by updating the parameters)
N = 3° 200
| |
=1

- N o N - _
Xi(t) = Zfin(t)xn Ci(t) = Zfin(t)(xn - Xi(t))(xn - Xi(t))T
n=1 n=1

a® = g+ NO

77i(t) =T+ I\_li(t)

NEUAVAL
ﬁm:Npo+%%
I WEU

Ni()+§0

&

BY =B, +C," + —
| b N +&

()Ti(t) _Vo)(xi(t) _Vo)T
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‘ Demo: VB for Gaussian Mixture

o Matlab demo
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‘ Appendix: Jensen’s inequality
f(x): convex function on R"
Q: probability on R"

Jensen’s inequality
Eolf(X)]= f(Eo[X])

E, [ (X)]=af (%) + (L-a) f (x,)

\ Q=ad, +(1-2a)s,
f(x)

\éz/ f(E,[X]) = f(ax, +(1-a)x,)
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Appendix: Calculus of Variations

o Optimization of functional
maximize F[q]=[@(q(x), x)dx

For any function u(x)

0= % Flq+tu],_ = % [o(a(x) +tu(x), x)dx|_ = 0P (‘2(;)' %) (x)dx

= oF[a]= 8(0((9(;, X) _ 0 Euler equation

If there is a constraint on ¢, e.g. jq(x)dx =1
J[q,A]1= F[q]+ A(] qdx —1) A: Lagrange multiplier

o[a,4]_, M4, 2]_
o9 V)

0 Euler-Lagrange equation
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Summary

Various methods for approximate inference

o Laplace method

o Variational method

o Sampling (MCMC, importance sampling, etc)

o Expectation propagation etc., ...

Variational method

o Approximation of posterior for hidden variables, parameter, and
model.

o EM-like algorithm can be used.

o References on VB

C.M. Bishop. Pattern Recognition and Machine Learning. (2006) Springer.
HE-EH. FHEAL-EMZEZ-ERINAXE. T#HERZOIOV 74711, 5HE#KEL
aiEEE(2003)

See also http://www.variational-bayes.org/
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