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Abstract

This paper discusses a geometry associated with U-divergence including ideas of U-models,
U-loss functions of two versions. On the basis of the geometry we observe that U-divergence
projection of a data distribution p onto U-model My associates with the Pythagorean relation
for the triangle connection of p ¢ and ¢*, for any ¢ of the U-model where ¢* denotes the point
of My projected from p. This geometric consideration is implemented on the problem of sta-
tistical pattern recognition. U-Boost algorithm proposed in the practical application is shown
to pursue iteratively the U-divergence projection onto U-model evolving by one dimension
according to one iteration. In particular U-Boost algorithm released from the probability con-
straint reveals a novel property of statistical property beyond the notion of Fisher consistency,
which helps us to understand the statistical meaning of AdaBoost.

Key words AdaBoost, exponential family, logistic model, maximum likelihood, U-divergence,
U-model, U-loss function



1 Introduction

Information geometry has been growing a mathematical method for applying a variety of
sciences crossing over the statistical science, information science, quantum physics, artificial
intelligence since Amari [1] pioneered the important possibilities and foundations. In this
article we discuss an application of information geometry focusing on a boosting algorithm,
which is recently proposed as a novel algorithm for statistical pattern recognition in the machine
learning community, [20], [26].

Which definition is information geometry? It would be difficult to answer this question in a
word, however, it could be mildly said that this is an approach to discuss a parametric model of
probability distributions, say M = {pg(z) : 6 € O} as a geometric object. In statistical theory
a problem of inference is expressed not by M by the parameter space ©. For example, for a
point estimation a data distribution is assumed to be in M, however, it is often said that there
exists a true value 6 in the parameter space ©. This tells us that the fundamental statement
for statistical inference originally uses a relation between a manifold M and a coordinate space
O, which is fundamental in differential geometry.

However, any close interaction could not be build between geometry and statistics in the
early period of 20th century except for a suggestion that the model M is a Riemannian manifold
with the information metric g, cf. Rao [21]. The information metric is defined by Fisher
information matrix for any 6, of which the inverse gives the bound of variance matrices of
unbiased estimators. This is proved by simply applying the Cauchy-Schwartz inequality, and
it is formally equivalent to the uncertainty principle by Heisenberg. It is shown that the
Riemannian connection V associated with the information metric g does not play an intrinsic
role in statistical theory, and hence a pair of linear connections, called e-connection V() and
m-connection V("™ is formulated.

The reason to be formulated the connection pair naturally comes from a fact that a pair of
statistical model and inference is necessary in statistical problem. Thus any single connection
insufficiently tells the interactive relation between model and inference, while the connections
V(© and V(™ offer the optimal structures of model and inference, respectively. In other
words different structures of optimality need different scales of flatness. Hence this dualistic
formulation succeeds in understanding the notion of statistical sufficiency, exponential family,
Fisher’s maximum likelihood principle. It is interesting to see a fact that V = %(V(e) + vm)
when we consider a dualistic relation of statistical model and statistical inference.

Let us look at a family of Gaussian distributions over R% with the density form
1
Ga = {poa) = 2m) 3 exp{ — Sllw — 0]} : 0 € RY}, (1)

where the variance matrix is fixed as the identity matrix.



In practice, G4 is an elementary object in various subjects in Mathematics and we will
see that G, is the most basic object in the information geometry as follows. In general the
Kullback-Leibler (KL) divergence is defined by

KL(p,q) = /p(rr) log %dw-

When we restrict the definition domain of to the KL divergence G4, we get that

1
KL (o, p02) = 5161 = 62l )

which is exactly proportional to the squared Euclidian distance. Thus the Gaussian distribution
with mean vector 6 and the identity variance matrix can be viewed as a point of the Euclidian
space R? in the metric space. In general V(¢) and V("™ are different; in Gy they are the same
as V in which any geodesic line is nothing but the straight line. In the light of information
geometry Gy is Euclidean flat, which will be shown in a subsequent discussion. We result a
fact that G, reduces to the Euclidean space, that is, the most important model in statistics
can be reduced to the simplest geometry. This is closely related with a fact that Gauss’s least
square method is realized by linear projection in the Euclid space. Accordingly the pair of
linear subspace and the projection onto it in E¢ forms the optimal pair of statistical model
and inference.

This relation can be extended more general situations beyond Gaussianity. We pay atten-
tion to a close relation of KLi divergence and exponential family. It is shown from discussion of
information geometry that an exponential model is dually flat with respect to e-connection and
m-~connection, and that KL divergence is expressed by the potential function and conjugate
function over the exponential model, cf. [2]. In fact, we consider an exponential model defined
by

€ = {ps(x) = exp{07b(z) — 0(0)} : 6 € O}
where ¢(0) is the normalizing factor
£(6) = log [ / exp{HTb(x)}dx} , (3)

which is called cumulant function of b(z). The cumulant function ¢(#) is a convex function on

a convex set {0 : [exp{07b(z)}dx < co}. The conjugate function is defined by
" () = sup{07n — p(0)}.
JS(C]
The parameter transform from 6 to 7 is given by

n=220 = [, (1)



which is called Legendre transform. In accordance 8 and 7 are affine parameters with respect
to e-connection and m-connection, and that KL-divergence is expressed on the exponential

model by these two coordinates as

KL(p917p92) = 30*(771) + 90(‘92) - 77?‘927

where 7; denotes the point coordinate mapped from 6y by the transformation (4). This con-
jugate convexity is a useful notion, which is commonly shared with a variety of fields in
mathematical science. The fundamental notion of statistical sufficiency and efficiency can be
understood by the use of this conjugate relation, [3].

In this paper we pursue the role of the functions of exp and log defining the cumulant
function (3). Our main result will offer a variety of conjugate convexity beyond the cumulant
function. We employ a real-valued function U in place of the function exp in (3) in which U is
assumed to be convex with non-negative derivative u. For this objective we consider a set of
non-negative functions without probability requirement. We will give a formulation that the
function U naturally generates U-divergence, which associates with a dual linear connections.
In the framework we consider a dually flat model, which will be extended the optimality result
of the maximum likelihood under the exponential model. We apply this geometric framework
to a problem in statistical pattern recognition. [20], [26].

Pattern recognition aims to decide the most plausible class-label of an object based on the
feature vector. Statistical pattern recognition is a procedure to get a good pattern recognition
by fully learning a training dataset, cf. [4], [18] for extensive discussion. It is reported that a
biological brain system works a highly organized function for statistical pattern recognition.
For example one can often recognize a person who he or she has not been met for a long time.
This type of pattern recognition suggests that a highly integrated function is organized in a
human brain system. A professional player of chess can neglect a vast of possible moves in the
early stage, and simultaneously envisages the final stage. A professional potter can imagine the
delicate color and texture after kilning even in the front of a woodturn table. An experienced
wife recognizes all the psychological status of her husband from a bit of hid words or gestures.
These remarkable performance is far beyond even the state-of-the-art performance of patter
recognition machine.

Let us give a mathematical framework for problems of statistical pattern recognition [20].
Recently boosting algorithms are actively proposed and discussed in the field of artificial in-
telligence, [23], [10], [24], [13], [11]. In boosting algorithms AdaBoost has advantageous points
over conventional methods and becomes popular as a universal procedure of statistical recog-
nition. The learning algorithm is impressive in the respect in which the weight error rates are
organized by drastic changes in a process of learning. The weighted error is updated into such

that the best selected classification machine in the present step becomes the worst. In other



words, only the examples that the best machine fails to predict the class-label are featured
up and the next best machine with respect the updated error rate is totally different from the
present best machine.

In this paper we show that U-boost algorithm proposed by minimization of U-divergence
inherits the geometry associated with U-divergence. We will see that this boost learning is
interestingly understood from information geometric pint of view. The structure of algorithm
can be reduced to by Pythagorean theorem, which was proved in the era of ancient Greece,
[20].

The rest of the paper is organized as follows. Section 2 introduces U-divergence and
the associated flat model called U-model. Based on this framework the information-geometric
discussion is developed in the comparison with the KL divergence and the maximum likelihood
estimation. Section 3 gives a through application to statistical pattern recognition. Two version
of U-boost algorithms are proposed and the statistical properties are investigated. In particular
Eta-Boost algorithm is focused on the light of robustness. Section 4 summaries the concluding

remarks and future problems.

2 U-divergence and U-model

2.1 U-divergence
Let A be a o-finite measure on a data space Z. We denote a space of all the non-negative
functions with finite mass on the space Z by

MZ{Hiﬂ(z)ZO (a.e. z € Z), /

Z,u(z)dA(z) < oo},

and the subset with mass v by

My ={peM: /Z,u(z)dA(z) =},

Throughout this paper our discussion can be applied for a case that Z is metrizable, but in
practice, it is sufficient for Z to be a Euclid space or a discrete set. In a subsequent discussion
we will suppose for the discussion on pattern recognition that Z is essentially a set of finite
numbers.

The space M can be viewed as the space of Radon-Nicodim derivatives of finite measure
dominated by A. In particular, M,—; is the space of probability measures dominated by A.
We say that a non-negative functional D defined over M x M is a contrast or divergence

measure if D satisfies the first axiom of distance

D(p,v)=0<= p=v (ae. A) (5)



cf. [7]. Define a divergence over the function space M using a real-valued function U(t) as
follows. We first assume that U(t) is a convex function with non-negative derivative function

u(t) = U'(t) and let £(u) be the inverse function of w(t). Then we define as

Dy (p,v) = /Z [U(f(V(Z))) = U(&(u(2))) = m(2){E(v(2)) = €(u(2))} | dA(2) (6)

which we call U-divergence. We note that the convexity assumption of U leads Dy to satisfying
the non-negativity and the requirement (5). In practice, it would be possible that any one-to-

one transformation ¢ yields another divergence by

[ 0606 = Uteu) - ) o) - o) dre). 7)

In this way U-divergence is a special choice by ¢ = £ in the form (7), which will be seen the

specially useful properties.

Example 1. We first look at the most typical example which is defined by U(t) = exp(t).
This implies that u(t) = exp(t), {(u) = log(u), which leads that U-divergence is nothing but
KL divergence:

KL(1.0) = [ [012) = uz) = i) 1og(u(2) ~ og(u(:)} (o) (8)

In the ordinary definition of KL divergence the fierst two terms in the right side of (8) cancel
out because of the restriction to M.
Example 2. We secondly consider

b
6+1

n (1+5t)%
(P —1)/B and U(&(u)) = uPT1/(B+ 1). Thus the

U(t)

and hence u(t) = (1 + B)Y8, £(u) =
corresponding divergence is
{7 = {p) ! p(x){v(2)} — {n(2)}’]
Dg(p,v) = — dA(z), 9
B ~ Jaa(z) )
which is called beta-divergence. We note that limg| o Dg = KL, which implies that if 3 = 0,

beta-divergence reduces to KL-divergence. In the case of 8 = 1 it reduces to 3 [{u(z) —
v(2)}2dA(2), or half of squared Ly norm, cf. [25]. In a statistical framework this divergence is
proposed to apply to principal component analysis, independent component analysis, cluster

analysis from a robustness point of view. [14], [15], [19], [12].

Example 3. Thirdly we suggest a generic function

U(t) = (1 —n)exp(t) + nt,

from which the Eta-divergence generated will be used for statistical pattern recognition, see

Subsection 3.6.



2.2 Parametric model and geometry

We consider a model specified by a finite number of parameters in the function space M as
M ={u(z,0):0 €0} (10)

Henceforth we assume that M is well-defined as a d-dimensional differentiable manifold with the
coordinate sytem 6 = (', - - -, %) and the coordinate space ©. For this smoothness assumption,
the model function j(z,6) is implicitly made under the integral sign [ - dA(z).

Let us consider a restriction of the definition domain of D to M x M. Then the restriction

D(@l, 92) = D(M('v‘gl)?:u('a 92))

(D)

associates with a Riemannian metric ¢\*/, a pair of linear connections V() and *VP) on the

differentiable manifold M as follows. We define
g PUX,Y) () = —D(X[Y)(1)

for any vector fields X,Y on M, where the symbol D(X|Y") denotes the following convention

as, in general

D(Xl,---,Xn\Yl,---,Ym)(u):Xl(m)~-~Xn(u1)Y1(M2)--'Ym(m)D(m,uz)M o
1=/, 12=

By definition D has a minimum 0 on the diagonal {(u, ) : € M}, and the metric g!”) gives

the primary approximation around the diagonal. Next we introduce VE?)Y and *VE?)Y as

dP(vPY, 2) = —D(xY|Z),

gD v Py, z) = —D(2|XY)

for any vector field Z. We note that two connections V(?) and *V(P) are both uniquely defined
because of non-degeneracy of the metric g(?). The definition of V(P) and *V(?) is independent

of ¢'P). However we find a close relation
- 1

(D) — Z(ygD) 4 *g(D)

\Y 2(V + V&)

where V(P) is the metric connection with respect to g(P), cf. [6], [7]. In fact by definition we

get that
(D) _ 1 _ D) oD) D)y o (D)
Xg“WW(Y, Z) = §X{—D(Y|Z) —D(Z|Y)} =g (VY'Y Z)+ g (Y, V' Z)
which implies that V(P is metric with respect to ¢©). Next

gD &Py VP X, 72) = —D(xY ~ Y X|2) = ¢PN(X,Y], 2),

7



which implies torsion-freeness of V(P). Similarly we find the property for *V(?). Hence V()
is torsion-free and metric, which cocludes that V() is the Riemannian connection because of
the unique existence. In this sense V(?) and *V(?) are said to be conjugate.

In Section 1 we saw that the KL-divergence on the Gaussian model G; is expressed as
(2), which implies that the associated geometry reduces to Euclidian on account of the above
discussion.

Apply the general formula to U-divergence Dy defined in (6). The three geometric objects
g, vW) *yU) associated with Dy are derived as follows. Let (9/98",---,0/96%) be the

standard frame with respect to the coordinates (6%, - - Hd). Then

0 (2 O €(u(=.0))dA(2). (11)

20"’ 803 80’ 803

2
O (g0 9 NG _ [ O 5O

U) (+=U) A
g (V 2 aea aek / g% aezaaa’f(“(z’e))d (2):

We remark that all the three geometric objects depend only on &, where £ is the inverse function
of the derivative of U. KL-divergence is generated by U = exp with &(u) = log(u), which leads
that

(g(exp)’ v(exp)’ *v(exp)) = (g, v(m)’ v(E))

with the information metric g, m-connection V("™ and e-connection V(©).

If a model M is embedded as a flat model in M, then M is also V(Y)-flat for any U-
divergence. If M is embedded in {{(p) : p € M} by &-transform and the embedded form is
flat, then M is *V()-flat. Noting this fact we will build U-model in the following subsection.

The most noteworthy about ever U-divergence is commonly that
v — y(m) (12)

On the other hand, *V() equals the e-connection V(€ if and only if U = exp.
This structure associated with U-divergence is contrast with that with f-divergence
_ V(Z) ! dA
Dy(p,v)= | |f w(z) = F(O{wv(2) — p(z)}| dA(z),
z ()

where f is a convex function with f(1) = 0. The class of f-divergences and that of U-

divergences intersects only at KL-divergence. That is to say, fo(t) = —log(t) and Uy(t) =
exp(t) generate the common divergence Dkr,, while Dy # Dy for any f # fo and any U # U.

The characteristic associated with f-divergence is

(f)

g7 =9

while that with U-divergence is the common property (12).

8



2.3 U-model

We introduce a specific linear model in the total space M with reference to U-divergence. It
is known that KL-divergence naturally associates with an exponential model, and that the
sufficient statistic is available under the assumption. We explore how is the elegant property
extended to U-divergence and the related model.

Let a generic function U be arbitrarily fixed. Then we define a kind of linear model using

the derivative u of U:
My = {u(z,0) = u(0Tb(2)) : 0 € O}, (13)

where b(z) is assumed to be d-dimensional vector-valued function which is square-integrable
with respect to the carrier measure A with no constant component in z. We will discuss this

requirement later. Here the parameter space © is defined by

@:{HERd:/UﬂﬂM@MA@y<w}
zZ

Hence the convexity assumption of U yields that © is a convex set and that

o (0) = /Z U(670(2))dA(2) (14)

is a convex function in #, which is called the potential function. The potential function ¢y

associates with the conjugate function
w7 () = sup{n 0 — o (6)}
0co

by the Fenchel duality. We can view n = (n',---,n%) as another coordinate system of My with
the coordinate transformation from 6 = (8',---,6%) to n = (n',---,n%) defined by

0 o .
n= %‘PU(H)’ 0= 8—n<PU(77)- (15)

In particular we get the explicit form of the transformation as
n_/ﬁgmw%ummuy
z

Thus U-model My has the canonical coordinate 6 = (%, ---,0%) and the conjugate coordinate
n = (n',---,n%), which are connected with the Legendre transform (15). By the use of dual

coordinates U-divergence can be expressed as

Dy (m1,02) = i (m) + u(02) — ni 0

on U-model M;. We note that

2

9106,

Dy (m,02) =1d (identity matrix),



which implies that U-model My is dually flat in the sense of V() and *V(U) with affine

parameters 6 and 7. From this it follows that My is a Hessian manifold as we get that

o 0 02
o) (2L 2 - _v

from the formula (11) in €. Similarly,

o 0 0?
) _ =  F 1
g <8ni " Oni ) (n) ontonJ o () (17)

with respect to 7, of which the matrix of size d x d is the inverse matrix of that of (16).
We next consider for U-model to be in the space of probability densities, that is to say,

My—1 with mass 1. Define a probability U-model by
My = {p(z,0) = u(0"b(z) — x(0)) : 0 € 6},
where k(6) is the normalizing factor defined by
/Zu(ﬂTb(z) — k(0))dA(z) = 1.
The potential function on the coordinate space © is defined by
ou(6) = /Z U0Tb(2) — k(0))dA(2) + £(6).

Hence we get an exact expression of U-divergence over the probability U-model My using the

potential function @y (6 and the conjugate function @ (1) as follows:

Dy (m1,02) = @ (m) + @u(62) — ni bs.

By an argument similar to that on U-model, a probability U-model is also seen to be dually

flat.

2.4 m-projection onto U-model

We now discuss projection onto U-model My from a viewpoint of dually flatness of M. Let

u be fixed to satisfy u € M — My. Then we explore the minimization problem
min{ Dy (u,v) : v € My}. (18)
In fact, the substitution of pu(z,6) defined in (13) into v of (18) leads that
Dy (, p(-,6)) = v (8) — 67b
by neglecting constants in 6, which is convex in 6, where
b= /Z b(2)(2)dA(2). (19)

10



Hence the minimizer 6* uniquely exists such that

0 o
%V?U(Q )—b-

Therefore a Pythagorean Theorem holds in the function space M:
Dy (p,v) = Dy(p,v") + Dy (v*,v)
for any v € My, where v*(z) = u(z,0*). We define a linear subspace M by
Fi) = {xe M [ b2HAG) - pl2)}an(:) = o}.
Then we get that
Dy(\,v) = Dy(\v*) + Dy(v*,v)
for any A € F. Therefore,
v* = argmin{Dy(\,v) : A € F(u)} = argmin{Dy(\,v) : v € My},

where argmin denotes the argument attaining the minimization.
By a argument similar to the above discussion we can think projection of p of M,—; onto

the probability U-model My. Thus the minimizer 8* of Dy (p,p(-,6)) in 6 satisfies that
/Zb(Z){U(9*Tb(Z) — £(0)) — p(2)}dA(z) = 0.
In accordance with this, we get the Pythagorean theorm over the space M,_1:
Dy(q,p) = Du(q,p") + Du(p",p)

for any ¢ € F(p)and any p € My, where p*(2) = p(z,6*) and
o) = {a e Mo+ [ ) a(:) — ()} = 0},

2.5 U-loss function on U-model

Let us consider the usual framework of statistical estimation. Let zi,---,2, be a random

sample from a distribution with density function p(z). Then we define a shifted U-model by
My = {ji(2,0) = u(67 (b() b)) : 6 € O}, (20)

where b = [ b(2)p(z)dA(z). Here we note that if any components of b(z) in U-model My as
defined in subsection 2.3, then the sifted model M degenerates from My by one dimension.

We now discuss U-divergence projection

0* = argmin Dy (p, i+, 0))
0O

11



as discussed m-projection in section 2.4. We define U-loss function on the shifted U-model by

Lu(6) = /Z U7 (b(2) — B))dA(2). (21)
Thus, neglecting constant terms in 6 we get that

Ly(0) = Dy (p, iz, 0)). (22)
Then U-loss function satisfies that
Ly(0) > Ly (0%).
Proof follows from
Ly(0) — Ly (6%) = Dy (a(-,0%), (-, 0))

which is nothing but the Pythagorean theorem as in (22).

The empirical loss function is defined by substituting

_ 1 <&
bemp = — > b(z)
=1

into bemp of (21) as follows:

£50) = [ V"0~ b ))dA). (23)
The solution is
O = argsolve{Eq(b(2)) = bemp } (24)
0cO

where argsolve denotes the argument satisfying the given equation and Ey is the expectation

with respect to the probability density

w(07 (b(2) — bemp)) (25)

P 0) = TG00 — ) JOA)

Hence we summarize these results in the following theorem.

Theorem 1. Assume that a true density function p(z) satisfies that
p(z) = p(z,0).

Then the estimator Oy is asymptotically consistent for 6.

We find an interesting interpretation for this theorem. According to the original definition

of 6 it means the projection of p(z) onto My by minimization of the empirical counterpart

12



of U-divergence. However, Theorem 1 claims that the projection can be viewed as projection

onto

(5(2.0) : 0 € ©}

embedded in M,—; rather than My in M. This view is striking beyond the usual idea
between the model and inference, enables us to making decision in the whole space M without
probability restriction.

On the other hand, we can define U-loss function on the probability U-model M by
Lu®) = [ [U075(:) = 5(0)) + {x(0) = 67b(:)}p(2)| aA(2). (26)

Similarly we get for * projected from p onto the model M that

The empirical loss based on the random sample is
L) = [ U78(:) — K(O)AG) + 5(6) — 07Ty, (27)
and thus the solution minimizing the loss is given by

0y = argsolve{Eg(b(2)) = bemp }- (28)
0cO

where Egy denotes the expectation with respect to p(z,6).

Consequently we observe that both the estimators defined by (24) and (28) has one-to-one
correspondance with the statistic Eemp. Hence the two have the same information as that of
Bemp. On the other hand the maximum likelihood estimator éU under the probability U-model
My is defined to be maximized the log likelihood, and satisfies that

n 1(nT
- u'(070(z;) — k(0)) 0k(0)
0y = argsolve{ b(z) — —=) = 0}, 29
5Ol {2 Tz —wi) ) a9 ) (28)
which implies that 0y is not a function of only l_)emp. In statistical asymptotics the estimators
0y and éU are both consistent for theta under the assumption where the true density function
equals p(z,0). However we note that the supposed density function p(z,#) in Theorem 1 is in

general different from the p(z,0). What happens if these density functions coincide?

Theorem 2. Let three estimators Oy, Oy and Oy be defined by (24), (28) and (29). Then if
and only if U = exp,

=Y
c

Il
)

Il
D>
c

13



Proof. We observe that if U = exp

B(2,0) = p(2,0) = exp(67b(z) — £(6)),

which implies that the estimating equations defined in (24) and (28) are equal. Hence 0y = 0.
Similarly the likelihood equation in (29) becomes the same, which concludes the proof of ‘if
part’. The reverse statement is direct from the characterization of exponential function.

We will utilize this discussion to elucidate the statistical property of U-boost method for

statistical pattern recognition.

3 statistical pattern recognition and U-Boost

3.1 statistical pattern recognition

Let us introduce a general framework of statistical pattern recognition. Let x be a feature
vector in the feature space X of a p-dimensional Euclidean space and y the class-label of x in
the label set ). The pattern recognition aims to find a good solution of specifying y given .
Thus the solution is equivalent to giving a map h from X to ). In this context h(x) is called

a classifier, which is often defined by way of a discriminant function F' on X x ) as follows:
hp(x) = argmax{F(z,y) : y € V}. (30)

We note that the correspondence F' +— hp is not in general one-to-one. For example the most

simplified function

f(z,y) = I(hp(z) = y)

fatisfies that hy = hp, where I(A) denotes the indicator function of A. Thus we naturally

conceive an equivalence relation on the space of discriminant functions as

FeoGE b =he onX. (31)
On any coset C[F] = {G : G ~ F} of F the classifier is invariant.
Next we consider statistical framework of the pattern recognition. The goal is incarnate in

the form of the classifier by the use of a given n tuple examples (tranning data)

Thus the classifier y = h(x) depends on E,, we call a statistical classifier. The final goal is
to construct the optimal statistical classifier. For this we have to set out the probabilistic
assumption for the example set E,, and the class of discriminant functions F'(x,y). To incor-
porate the discussion in section 3 into this situation we change notation Z and z into X x Y

and (z,y) with the feature vector x and class-label y.

14



3.2 Boosting method

Let us discuss a problem of statistical pattern recognition with a feuture space X and a class-
label set ) for a given example set F, defined by (32) in the product set. Suppose that a
family H of statistical classifiers is applicable for the problem. Then how can one organize the
family to make a strong single classifier? Basically for any classifier h : X — ) of H one can
evaluate the empirical error rate

n

S Hh(an) # ) (3)

Err(h) = -
i=1

Hence as the best candidate in the family H,
hnaive = argmin{Err(h) : h € H} (34)

would be selected. However there is room to be more carefully discussed the validity for this
candidate hpaive. We cannot deny any possibilities in which there is anothet classifier h, that
extremely performs well only for the examples such that hp.ive badly performs, namely only

for
{(i, i) : hnaive(xi) # yi}- (35)

Thus we envisage a possible improvement of hyaive on performance using the complementary
classifier h,. In this sense it would be insufficient for us to adot the classifier hpaive only.

In cognitive sciences it is researched that a biological brain organizes more rational rule
for patter recognition through the learning process. Recently boosting algorithms have been
exploited to combine several individual classifiers with a slogan to analogy of brain in the
community of machine learning.

The key idea in the boosting method is to embed any members hy,---,hg of H into the

space F of discriminant functions as follows:

d

F={F(z,y,0) =Y o;I(hj(x) =y) :a= (a1, -, 0q) € A}. (36)
Jj=1

We note that in this expression the classifier hpaive is expressed by all the null coefficients
except for only one positive coefficient «; in (36). If we rule out more reasonable way to give
linear coefficients {aj}, we can construct a stronger classifier than hpaive. In fact a boosting

method aims to offer a sequential algorithm

F(ajvy)ah'” ,Oét+1) = F(J"ayvalf” ,C!t) +Oét+1.[(ht+1($) = y)

with an optimization design. The boosting method sequentially defines the optimal classifier

hiy1 and coefficient ayqq from the step ¢.
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3.3 U-loss function for discriminant functions

Let p(z,y) = P(y|z)q(x) be a probability distribution on the product space of a feature space
X and a class-label space ), where P(y|z) is the conditional distribution of y given x and ¢(z)
is the marginal distribution. Assume that an example set E,, = {(z;,y;) : 4 =1,---,n} is an
n-tuple realization from the distribution p(y, x).

We write a combined discriminant function

F(z,y) = o' f(z,y)
using the embedding expression (36), where f(z,y) = (I(h1(z) =vy), -+, I(hqi(x) =y)). Then
we employ the shifted U-model
fra(yla) = u(a” f(z,y) — b(e, @),

where b(z,0) = > oy ol f(z,y)p(y/|r). This is just an application of the general model
discussed in subsection 2.5 along the context of statistical pattern recognition. Hence U-loss

function is derived

Ly(o) = /X S U f(z,y) — b, a))g(x)dz

yey

from the general definition of (21). By an argument similar to that in 2.5 we get that

Ly(a) = Ly(a®) = Dy (fia*, fia),
where

o = argmin Dy (p, fiq).
acA

The empirical U-loss function

LP(0) = -3 S UG {fwy) — foe9))) (37)

i=1yey

for a set E,, = {(z;,y;) :i=1,---,n} of examples, where
b(xiv Oé) = an(mivyi)'

On the other hand, we give a case with probability constraint, namely, a probability U-

model

fa(ylz) = u(a” f(z,y) — K(z, ), (38)

where k(o) is a normalizing constant

Zu(an(m,y) — k(z,a)) = 1.

yey
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In accordance with this framework U-loss function is

/ S (U0 Fw.) — 5(a.0)) — Plylr) {0 f(a.y) — s(z,0)}] a(x)dz.

yey

Similarly the Pythagorean realtion
Ly(a) = Lu(a”) = Du(fa~, [ia)

holds. The empirical U-loss function

L™ (a) Z Z Ua” f(zi,y) — w(zi, ) + k(zi0) — o f (i, ys) (39)

i=1 | yey

is given.

Let us look at the most typical example of U = exp and then the two loss functions are

Lexp ™ (@) ZZGKP{QT{J” zi,y) = f(@i i)},

=1 yey
emp :_l - 1 exp{a? f(zi,y:)}
Lorie) = =5 3 log (5= 2 a1 (40

which are called the exponential loss and log loss functions, respectively. The two loss functions
derive AdaBoost and LogitBoost. In statistical discussion the log loss is exactly minus of log-
likelihood function for the logistic regression model, which is common in the community. On
the other hand the exponential loss function is not know in the community, until it is proposed
from the context of learning theory in the machine learning community [10].

Further it is recently elucidated in [16] that the typical loss functions are derived by KL-
divergence as twin loss functions. We remark that the two empirical loss functions would be
shown to generate consistent estimators when we apply Theorem 1 to the case of random
sample. However, two different learning algorithms are proposed in the context of statistical

pattern recognition.

3.4 U-Boost

We consider a sequential algorithm for minimization of the empirical loss functions introduced
in 3.3. The basic idea is to a sequential projection of m-projection explored in subsection 2.4.
Assume that we have got an appropriate discriminant function F(z,y) in the present step.

Then we consider the best choice of a new classifier h(z) to be combined with F(z,y) by

F(x,y) = F*(z,y) = F(z,y) + ol (h(z) = y)

17



in the following update:
(o, h*) = argmin L{"P(F(z,y) + al(h(z) = y)).
(a,h)ERXH

This minimization equivalently leads us the m-projection to construct a right triangle in the
space F satisfying the Pythagorean theorem.

The repetition of this operation generates the sequential minimization of U-loss function
associated with the set of right triangles.

In practice, for a given example set E,, and family of classifiers H; U-Boost algorithm for

the version without probability constraint is proposed as follows:

A. We set w(i,y) =
card()).

B. For a iteration number ¢t = 1,---,7T, the weighted error rate distribution is defined by

ﬁf (y # ;) as the initial weight distribution over E,,, where g =
n(g —

alh) = 3 3 S wnli )1l # u) L F(eiy) — Pl + 1) (41)

=1 yey
and then the following 3 sub-steps are excuted

(B-1) Selecth!!) = argmin e (h)
heHy

(B-2)  Finda] = argmin L™ (F_; + af"), where L™ is defined by (37).
(B-3)  Update Fy_1(z,9) by Fy(w,y) = Fi1(w,y) + of (W (2) = y),
w1 (i, y) o< u{Fy(x;,y) — Fi(zi, y;) } updates the weighted error rate (41).

C. Finaly, hfpa () = argmax Fr(z,y) is the classified to be completed, where
yey

Fr(z,y) = X1 i 10" (@) = ).

The U-Boost algorithm of version with probability constraint is given by replacing L7
into Lj;"? defined in (39)in the sub-step (B-2). Consequently U-Boost algorithm is a simple
iterative algorithm to combine classifiers with different performance into the final classifier.
The characteristic is focused on the dynamical changes of the weight distributions w(i,y) over
E,, for each t step. We will observe a remarkable property of the weight distribution which
is common to all the U-Boost algorithms as follows: By definition the selected classifier hit)
minimizes the error rate with weighted by w (7, y) while hgf) has the worst error arte % according

)

to the error rate wy41(4,y) updated in the sub-step (B-2) by joining hit with coefficient ;.

Theorem 3. Fvery U-Boost algorithm satisfies that
1

etr1(he) = D)

18



for any step t.

Proof follows from a fact that the coefficient o in (B.2) has the gradient 0 of Lf™P(F;_1 +
a fit)) with respect to .. See proof of Theorem 3 in [20] for detailed discussion.

Let us be back the case of U(t) = exp(t), and then we get the explicit solution in (B-2) as

(t)
1 1- N
af = —logﬁ,

2 e hit))
which is the counterpart of AdaBoost M2.

3.5 Equivalence with Bayes rule

In this section we discuss the statistical properties for U-Boost algorithm. Let a probability

distribution on a direct space of a feature space X and a class-label space ) denote by

p(z,y) = Pylz)q(z), (42)

where P(y|x) is the conditional distribution of y given x and ¢(z) is the marginal distribution.
Assume that an example set E, = {(z;,y;) : ¢ = 1,---,n} is n-tuple realization fro the
distribution p(y, x).

It is known that the Bayes rule

hp(x) = argmax{P(y|x) : y € Y} (43)

provide the lower bound of the error rate under the assumption (43) if P(y|z) is available.

In most statistical classifiers proposed are based on estimating the posterior distribution
P(y|z), [8], [9]. Which relation with the Bayes rule does U-Boost have? Noting that U-
Boost is defined to minimize the empirical U-loss function we return the equivalence relation
~ naturally associated with statistical pattern recognition as explored in subsection 3.1. It is

efficient to consider the coset
Fp ={F(z,y): F ~ P}.
We discuss the shifted U-model and probability U-modeling a nonparametric ways follows.

My = {pr(ylr) = u(F(z,y) = br(z)) : F € F},

My = {fir(ylz) = u(F(z,y) — £p(z)) : F € F}.

where kp(z) is the normalizing factor and

br(z) =Y Fla,y)py|2). (44)

y'ey

Then we get the following theorem.
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Theorem 4. Assume that there exists a discriminant function F* in a certain class F such

that
u(F* (@) = b= () = () P(yla). (45)
where c(z) is a positive function. Then,
F* = argmin{ Ly (F) : F € F}, (46)
where
Lo(F) = [ S U(F (@) = br(a))a(e)da.

yey

Proof. By definition,

Ly(F) — Lu(F*) — Dy (ur~, pr)
= — /X Z e+ (ylz2){F* (z,y) — bp«(x) — F(x,y) + bp(z) }q(x)dx.

yey

Further, from the assumption (45) it follows that

Ly(F) — Lu(F7) — Du(pr~, pir)
= [ @) X Pk} e.) ~ b (@) = Floy) + be(a)}] da =0, @47

yey

This is because the bracket term in the right side of (47) vanishes noting the definition of the
shift term bp(z) as given in (44). Hence we conclude (46) from the property (5) of U-divergence.

The assumption (45) of Theorem 4 implies that F* € Fp, or equivalently that F* is
equivalent to the Bayes rule. Accordingly the minimization of the abstract loss function Ly (F)
is consistent with the Bayes rule.

In practice the empirical loss function (37), namely the empirical expectation from the
example set F,, is only available. In this setting a parameter vector « of finite dimension is
sequentially optimized by U-Boost algorithm. Under the assumption (43) the statement of

Theorem 4 asymptotically holds for the size n of examples.

3.6 EtaBoost

We observe that U-Boost algorithm can be applied to a problem of statistical pattern recogni-
tion when the generic function U is fixed to satisfy the convexity with non-negative derivative
u. We consider which U efficiently works for a specific problem among the class. We focus on
robustness in statistical pattern recognition.

For this we precisely investigate the U-function given in Example 3 of subsection 2.1 as
Un(t) = (1 —n) exp(t) + nt,
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where 7 is a constant with 0 < n < 1. Hence

u—
wn(t) = (1= m) exp(t) +1,  &(w) = log 7— Z
which generate the divergence
l/($7y)_77
D ,1/—/ viz,y) — p(x,y) — x,y) —n}tlo q(z)dx,
i) = | 7 vlwy) = pley) = {aty) = nhlog o)

yey

which we call Eta-divergence. Hence, from the original definition (38) we see that the proba-

bility U-model for a discriminant function F(z,y) = ol f(z,y) is

fin(ylz,a) = (1 —n)exp{a’ f(z,y) — w(z,a)} +n,

where the normalizing function is given by

k(z,a) = log

o log [ Z exp{osz(JU,y/)}]

L—gn yey
with g = card(Y). This is rewritten as
Byylz, @) = {1 —n(g = D}Pr(ylz,a) +1 ) Prlyle,a), (48)
Y'#y
where

exp{al f(z,y)}
ey explaTf (e, )]

Pr(yle,a) = 5

The probability model (48) provides the following interpretation. We make an ideal assumption
such that the conditional distribution P(y|z) given x is modeled by a logistic model Py (y|z, «).
However, we consider a practical situation in which the ideal assumption breaks down by some
reason, and so that the class-label y is erroneously observed with probability n. Thus we
observe that the concluding probability reduces to p,(y|x, o). In this sense Eta-divergence D,
associates with the generative model with mislabels.

We call the boost generated by U,, Eta-Boost. In accordance with the above interpretation
Eta-Boost is a robust procedure. In practice, Eta-Boost of the probability version is equivalent
to the method proposed by [5] for a binary regression analysis with noisy data, see [26] for
detailed discussion.

When we release the probability constrains Eta-Boost associates with a model

(1 —n)exp{a” f(x,y) — bz, @)} + 7
(1 =) > eyexplal f(z,y) — b(z,a)} + gn

from (25), which can be rewritten by

ﬁn(y|xa O[) =

Po(ylz, ) = {1 —ij(z)(g — D}PL(ylz, @) +i(x) Y Pr(yle, a),
y'#y
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where

~ . n
M) = TS ey (ol f@ ) — bz, @)} T g7

In this way the probability of mislabel is given by 77(z) depending on z, which allocates higher
probability as z is clase to the decision boundary. It means that the Eta-Boost without
the probability constraint adaptively performs in the sense that the class-label y is predicted
with considerations of mislabel according to the distance of x to the decision boundary. This

excellent property of Eta-Boost is pursued in the light of several real data analyses, cf. [26].

4 Conclusions and future perspective

We have presented a geometry associated with U-divergence including ideas of U-models, U-
loss functions of two versions. This geometric consideration leads to a special application to
statistical pattern recognition. U-Boost algorithm associates with iteratively the U-divergence
projection onto U-model evolving by one dimension according to one iteration. U-Boost algo-
rithm of the version without the probability constraint, typically AdaBoost is shown to perform
the novel property of statistical property beyond the notion of Fisher consistency. We discuss
the property invariant over the coset of the Bayes rule with respect to the equivalence relation
a natural requirement of pattern recognition. In the research area of statistical learning theory
the method of support vector machine has been developed parallel to the boosting method,
cf. [27], [13]. Basically the two paradigms have different objectives, in which an approach is
recently proposed to connect the two methods based on the idea of soft margin, cf. [22]. As a
future project we mention an embedding of U-loss function to a kernel space, which is closely
related with a problem of characterization of U-divergence class. In particular, it need a study
of infinite-dimensional analysis on U-model as done by the use of the theory of Orlicz space in
[17].

Recently there appear a vast of data sets of higher dimension along rapidly growing research
activities in the genome sciences. For example the micro-array technology enables to the
simultaneous observations to gene expressions for a large group of genes. This information from
the gene expression data should be related with difficult diseases, sensitivity for medication,
and so that the problem is directly formulated as that of pattern recognition in which the
feature vector is vector of gene expression and, for example, class-label denotes the occurrence
of considerable drug sensitivity. However it is know that there is an unbalance relation between
the number p and the sample size n, which leads to spurious discover for the relation of the
particular gene expression and disease. The problem is addressed as n << p, which motivates
a variety of approaches. It is interesting that we find a solution of the problem in the class of

U-Boost algorithms
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