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S.1 Consistency of the Minimum Bridge Divergence Estimator

In this section, we give a proof of Theorem 1 of the main paper. To begin with, let us define two quantities:
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We have the estimator and the target as
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g , we apply Theorem 5.7 of van der Vaart (1998). To this end, we
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The last inequality follows from the fact that if λ ≤ a < b < ∞, then there exists ξ ∈ (a, b) such that
log b− log a = 1

ξ (b− a) ≤ 1
λ(b− a). By (C2), we know that

∫
gfαθ ≤

∫
g(x)K(x)dx <∞ for all θ. Applying

Theorem 16(a) of Ferguson (1996) with U(x, θ) = fαθ (x), we conclude that the quantity on the right hand
side above converges almost surely to zero. Note that the conditions (1), (2) and (3) of Theorem 16(a) of
Ferguson (1996) are exactly the same as our conditions (C1),(C3) and (C2), respectively, and we are done.

Remark 1. For the above proof to hold, the assumption λ > 0 is crucial to bound the terms λ +
λ̄ 1
n

∑n
i=1 f

α
θ (Xi) and λ + λ̄

∫
gfαθ away from 0, so that the mean value theorem can be applied on the

log function over its domain (0,∞). Hence the proof, as it is, cannot be applied on the LDPD, but it works
for every other fixed member of the bridge family.

S.2 Proof of Theorem 3.3

First consider the case 0 ≤ λ < 1. By definition of dλ,α, we have, using `(h) = 1
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Now by a simple Taylor series expansion, we get that

dλ,α(g, h) = `(h)− 1

αλ̄
log

(
(1− ε)

[
λ+ λ̄

∫
fhα

])
+O(Tε,δ),

from which the result follows. For the case λ = 1, observe that
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S.3 Unboundedness of the LDPD Objective based on Simulated Data

In Section 5 of the main article, we plotted the LDPD objective with α = 0.5 based on an artificial sample
of size 4, the underlying model being the family {N(µ, σ2) : µ ∈ R, σ > 0}. Here, we demonstrate the
unboundedness of the LDPD objective with α = 0.5 based on 100 observations simulated from N(0, 1). The
interactive MATLAB figure can be found in the file hundnormfinal.fig (a part of the online supplement),
and the simulated data can be found in norhundfin.xls (a part of the online supplement).
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Figure 1: LDPD Objective Based on 100 Observations Simulated From N(0, 1)

The figure shows sharp dips of the LDPD objective when the mean parameter is one of the 100 data
points and the standard deviation approaches 0. From the proof of Theorem 5 of the main article, we see
that the Bridge divergence objective function goes to +∞ as σ goes to 0 for all those µ which do not equal
any data point, at a fast rate. That is why, the plot looks steep when µ equals a data point. However,
putting λ = 0 in the same proof, we see that the LDPD objective function goes to −∞ for all those µ which
equal one of the data points, at rate log σ, which is a slow rate. That is why, we need a very small starting
value in the σ-axis, to observe the drop in the LDPD objective function.

S.4 Bias and Mean-Squared Error of the Bridge Estimators

In Secion 7 of the main paper, only the plots of the mean-squared errors of the bridge estimators for the
exponential scale model case with 5% and 20% contaminations are included. We now present the exact
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numerical values of the (scaled up) bias and the (scaled up) mean-squared error of the bridge estimators (in
Tables 1 to 6) for all the three levels of contamination: 0%, 5% and 20%, for both the exponential and the
normal scale family cases. To gain more numerically significant digits, we scaled up the bias and MSE by 10
(=
√
n) and 100 (= n), respectively. In each table, along each row, the bias/MSE of the bridge estimators

is noted, as the chain algorithm proceeds from λ = 1 to λ = 0 in steps of 0.1.
In the normal scale family case with contamination level 0.2, it is seen that for each λ, the maximum

likelihood estimator (the estimator with α = 0) has the smallest mean squared error. The reason behind
this is that in this case, we have an inner contamination around the mode of the majority distribution.

To elaborate, consider a weighted estimating equation of the form:

n∑
i=1

wαi uθ(Xi) = 0. (1)

Suppose that wi = fη(Xi), where fθ is the density function of N(5, θ2), and η is an initial value of θ. Suppose
that the true value of θ is 1. For α > 0, wαi is large if Xi is close to 5. So, observations coming from the
contaminating distribution get more weight relative to observations from the true majority distribution.
Consequently, the solution

θ̂(α) =

√∑n
i=1w

α
i (Xi − 5)2∑n
i=1w

α
i

to (1) shrinks more towards 0 when α > 0, than when α = 0.Thus, the mean squared error around 1, i.e.
E(θ̂(α) − 1)2 is inversely related to shrinkage towards 0. That is why, we should expect

MSE
(
θ̂(α)

)
�MSE

(
θ̂(0)
)

for α > 0. The estimating equation (1) is similar to that of the DPD. Similar heuristic argument also applies
to the other bridge divergences, as they downweight using powers of densities.

S.5 Asymptotic Variance Plot of the Bridge Estimators

The plot of the estimated asymptotic variance of the bridge estimators across λ for α = 0.8, using the
normal data of size 20 presented in Section 4 of the main article, is given in Figure 2. The quantity plotted
is the estimated asymptotic variance using the formula given in Theorem 2, evaluated at θ = θ̂(α,λ) obtained
through the chain algorithm for these data. It is seen that the estimated asymptotic variance decreases
monotonically with λ.

We also plot the estimated asymptotic variance of the bridge estimators across both λ and α, based on
the normal data of size 20 presented in Section 4 of the main article (in Figure 3), and based on a sample
of size 1000 simulated from N(0, 1) (in Figure 4). The interactive MATLAB figures can be found in the
files twodplotfinal.fig and thousandnewpdf.fig, and the simulated sample of size 1000 can be found in
x.xls (which are parts of the online supplement). The plot in Figure 2 represents the cross section of the
plot in Figure 3 along α = 0.8.
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Figure 2: Plot of Estimated Asymptotic Variance of Bridge Estimators across λ for α = 0.8, based on the
normal data of size 20
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Figure 3: Plot of Estimated Asymptotic Variance of Bridge Estimators across λ and α, based on the normal
data of size 20
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Figure 4: Plot of Estimated Asymptotic Variance of Bridge Estimators across λ and α, based on the
simulated normal data of size 1000

S.6 The Determinant is a closeness measure

Theorem 1. The determinant of a matrix is a closeness measure.

Proof. Before getting into the proof, note that for any two positive definite matrices A and B of order p× p
with a positive semi-definite difference A−B, we have

|A| = |A−B +B| = |B|
∣∣∣I +B−1/2(A−B)B−1/2

∣∣∣ = |B|
p∏
i=1

(1 + λi) ,

where λi ≥ 0 for all 1 ≤ i ≤ p represents the eigenvalues of B−1/2(A−B)B−1/2.
(Consistency). The equality above implies that |A| ≥ |B| for A ≥ B. To show that equality |A| = |B|

for A ≥ B holds if and only if A = B, first note that A = B will trivially imply that |A| = |B|. If |A| = |B|,
then by the equality above, we get

∏p
i=1(1 + λi) = 1 which implies that λi = 0 for all 1 ≤ i ≤ p.

(Continuity). To show that ‖An −B‖∞ → 0 if and only if |An| → |B| as n→∞ under the assumption
that An ≥ B for all n, first note that ‖An−B‖∞ converging to zero as n→∞ implies that |An| − |B| → 0.
This is because, the determinant is a continuous function of the elements of the matrix. So, it is now
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enough to prove the opposite direction. For proving this, define λin, 1 ≤ i ≤ p as the eigenvalues of
B−1/2(An −B)B−1/2. Then by the equality above, we get that as n→∞,

p∏
i=1

(1 + λin)→ 1.

This ensures that λin → 0 as n→∞ for all 1 ≤ i ≤ p. Therefore ‖An−B‖∞ converges to zero as n→∞.
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