Supplementary Material: Asymptotic Theory for Varying
Coefficient Regression Models with Dependent Datal

Soutir Bandyopadhyay? and Arnab Maity?
The supplementary material contains:

(a) A complete discussion on the regularity conditions used to establish the
main results in Sections 3 and 5.
(b) The detailed list of supporting lemma along with the proofs.

A Assumptions

Assumptions about the kernel function:

(K) K(-) is a symmetric and non-negative density function on [—1,1].

Assumptions about the regression function:
(R1) For every j=1,---,L, 6;(-) has p derivatives.

(R2) For every j = 1,--- L, 0§p)(~) satisfies a Lipschitz condition of degree
g € (0,1] in a neighborhood of z.

Assumptions about the bandwidth:
(H1) h+ (nh)~™!' — 0 as n — oco.
Assumptions about distributions of (X, Z):

(D1) The densities f;, fij, fijr and fijre, (1 <@ < j <k <€ < n) as defined ear-
lier are bounded uniformly in large n in neighborhoods of all combinations
of arguments. We also assume for some € > 0,

max sup |f11 (uh + Z)| < 00, max sup |fi1i2(ui1 + 2y Uiy + Z)‘ < 0.
iy, |<e isis=12 |y, |<e

(D2) For € > 0, define

clzr€) = mavx sup. i gl -+ 2) — mi (2]
i,5,k lw|<e

Assume that for some € > 0,

lim sup ¢(z,€) < 0. (1)

n—oo
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(D3)

(D5)

Let g, x(2) = BE(X2X2|Z; = 2) if L # k or BE(X}|Z; = 2) if £ = k. Assume
that n=t>"" | g;.0%(2) fi(2) converges as n — oo and for some € > 0,

n n
lim sup ‘Sl|lp ™! Zgi,ek(u +2)filutz) —n7t Z 9i,on(2) fi(2)] <00
noo ul<e i=1 i=1
(2)

This assumption is needed to facilitate computation for the asymptotic
covariance of the estimates. Specifically, our strategy of proofs includes
applying WLLN to show that the term n™' 3" | E(X;,X;1|Z; = z) con-
verges in probability to a fixed quantity (See Lemma 1). The complication
arises because (X;, Z;), i = 1,--- ,n are not assumed to be iid, not even
independent. This is a much complicated situation than the standard VCM
where those are assumed to be iid in which case the standard and simpler
assumption is F(X,X|Z = z) exists and is finite. Since we are considering
a more general situation, we need the assumption (D3) to facilitate the
technical argument.

It is also worth mentioning that in the simpler setting of iid VCM a typical
assumption on X is EX?S < oo for s > 2,5 =1,---,1 (Zhang and Lee
(2000)).

Define

pijer(21,22) = | E( X Xin X0 Xji|Zi = 21, Zj = 22) fij (21, 22)

—E(XiXik|Z; = Zl)E(leXjk‘Zj = Z2)fi(21)fj(22) .

Assume for some € > 0,

n

lim n~2 Z sup |pijen (21 + w1, 22 + uz)| = 0. (3)

n—00 ik =1 |uﬂ§e,|u2|§€

This particular assumption is needed in different steps of our proof in
lieu of relaxing the independence condition of (X;, Z;),i = 1,--- ,n which
is assumed to be true in the standard iid VCM literature. Note that
pijik(z1,22) = 0 under the standard assumption in a typical VCM setup
where X; and Z; are independent and hence the assumption in (D4) is
trivially satisfied.

There exist finite valued functions Ag,s,(2) and g, s,(2) such that with

Bi; = cov(e;, e;),

n
n_l Zmzﬁsz (Z) ~ )‘5152 (Z) as n — oo,
=1

n72 Z;;éjzl 6ijm;’kj,slsg (Z)
n=? Z?#j:l Bij

~ 1,5, (2) aS M — 00.



Define the L x L matrix A\*(z) such that its (j, k)-th element is \;x(z) for
j,k=1,..., L and define the matrix

Voii(z) Vlii(z) l/p>\;\£z)
| :(Z) va :(Z) -.:~Vp+1: (2) | @

Up A (2) Vpp1 A (2) ... vop A (2)

where vy, 10,,¢1,02 = 0,--- ,p is as defined in (5). Similarly, let us define
the L x L matrix ¥ with 15 (2) and K({1,l2) = ke, ki, (61Wa!) ™! with &,
as defined in (4) replacing \;x(2) and vy, 4o, .
It is interesting to note that in standard VCM setup where X; and Z;
are independent (See, e.g., Fan and Zhang (1999)) a typical assumption is
E(X¢Xy|Z = z) exists and finite for all z (in addition to the assumption
that f;(z) exists). This is essentially similar to the assumption we have
made through defining A, 4,(2). In our case since we are also allowing for
heteroscedastic models where o2 is a function of both (X;, Z;), we need to
account for it in the definitions of m; . (2) and hence A, s, (2).
Regarding the expression for 1, we need this definition to cope up with
the dependence structure within the errors. Note that, if the errors are
independent as in standard VCMs this definition of v is not needed.

(D6) Let us define the following quantities for any m,n, k,q € {1,2,---},

pir (i) = E(oyy (Xiys Zi ) Xive, | Ziy = 2i,),
pimin (2iy, 2iy) = B0 (Xiy, Ziy )or (Xiy, Zi )Xi141Xi2€2|Zi1 = Ziys Ziy = Ziy)s
szugz’;(%laziwzis) = E(0](Xiy, Ziy)oiy (Xiy, Ziy ) (XZ3’Z )
Xivoy Xigey Xies| Ziy = 2iy, Ziy = Zigs Ziy = 2iy)s
pipigikis (Zins Zias Zi» 7i,) = BT (Xiys Ziy) 01 (Xigs Zin )0ty (Xig, Zig)0f, (X Ziy)
Xir oy Xinery Xiges Xiges| Ziy = 2iys Ziy = Ziy, Ziy = 2igy Liy = Ziy)-

383
Note that the p’s as defined above also depend on the indices of variable
X. However to make the notations simple we suppress those indices while
defining p.

We assume for some € > 0,

max sup |[pgz(u;; +2)| < oo, max sup |[pp(ui, + 2)| < oo,
i [uiqy [<e i1 Juiy |<e

max _ sup |,0“ (wiy + 2, Ui, +2)] < oo, max sup |pzgz(ui, + 2,ui, +2)] < o0
ig:8= 12\u1 ig: 5_12\u, [<e

max  sup |[p(ui, +2,ui, +2)] <oo, max sup |pzga(ui +z,u, +2,u4 4 2)] < 0o
PISEES 12\u |<e is :s—1,2,3|u |<e

(D7) Let us define t,, = [n=2 Y izjm1 Bigly $n = (nh)~!, and the scaling sequence
nh if ¢,/sn — c € ]0,00),
if t,/s, — 00,

n2/‘ Dinje1 Big




For any € > 0 let us define the following quantities:

féiﬂ'z (Za 2, 6)

= sup ‘pzfzg (uil + 2, U, + Z)filiz (uil + 2, Uy + Z)
|uig |<e;8=1,2

—piz(wiy + 2)piz(wiy + 2) fir (wiy + 2) fi, (wi, + 2|,

Pivigis (2,2, 2, €)

= osup paziga (uey, + 25w, + 2, Uiy + 2) firigis (Wi, + 2,0, + 2,Ui + 2)
Jui, |<es=1,2.3

—Pi2 (ui1 + Z)pzézé (uiz + 2, Uiy + Z)fh (ui1 + Z)fizis (uiQ + 2, Uy + Z)|’
Pivinizia (%52, 2, 2, €)

= sup |pivivitiy (Wiy + 2, Uiy + 2, Uiy + 2, Uiy + 2) firigigia (Wey + 25wy + 2,045 + 2,
|uig |<e;5=1,2,3,4

Uiy + Z) — Pili} (uil + 2z, U, + Z)pzézi (uls + 2, U, + Z)filiQ (uil + 2, Uiy + Z)
fi3i4 (uiS +z, U, + Z)l

We assume for some € > 0,

Z ﬁi1i2(27276) :Op(n2)ﬂ (5)

is=1
s=1,2
n
Z |Bigis|Pivigis (2,2, 2,€) = O;D(n2tn)7 (6)
3;51:,21,3
n
D BivisBigial Birinisis (2, 2,2, 2,€) = 0p(n3), (7)
ig=1
s=1,---,4

with the understanding that the indices i, in the above sums are not equal.
Note that under the standard VCM assumptions (i.e., X; and Z; are inde-
pendent and the errors are homoscedastic) the assumptions in (D6) essen-
tially implies that E(X;¢|Z; = z) is bounded in a local neighborhood of z.
This is a reasonable assumption in standard VCM literature.

As mentioned earlier, in this work we are working under a more general
framework and it is easy to see that the quantities p defined in (D7) are zero
when we have the usual VCMs. Hence the assumptions as in (5)-(7) as de-
fined in (D7) are practically redundant. In fact, the last two assumptions
in (D7) are trivially satisfied when the errors are independent. However
because of the fact that we are considering a more general case with het-
eroscedastic error variance as well as dependence among X; and Z;, we are
compelled to make more complicated assumptions as in (D6) and (D7).

Assumptions about the weights {a;;}:



(W1) Define
bn_st;p(zn:|aij)2/ i (Zn:‘aij|>2'
i=1 j=—oo =1

Assume that limsup,,_, ., sup; >y a?j < oo and b, =+ 0asn—0.
(W2) the covariances §;; = cov(e;,ej), 1 <i,j <n, n> 1 satisfy

. ) )
i#]
o0 o0
supsqu |ai;| + sup ,max Z lai;| < o0. (9)
noJ i n =heon T

Under our assumption that €; has finite variance

o0
Bij = E ik O

k=—oc0
So, under (9),
n
limsup n~! Z |Bij] < oo.

W3) If s,/t, — 0, then 7. . Biifir = o(n3t,) as n — oo, where s,, and t,
i,7,k=1 1]
are as defined in (D7).

B Supporting Lemmas

Lemma 1 Under the assumptions (K), (H1), (D2) - (D4),
n
Brj — k(D) tn ! Zm”k(z) —P 0 forr,j,k > 0.
i=1
Proof We start by noting that for r,j,k > 0,

E[(nh)™" Y " K{(Zi — 2)/h}(Z; — 2)" Xi; Xip /0" 7]
i=1

=n ()t Z/mmk(wh + 2) K (w)w"dw

= kp(rD) "t Z mi ik (2) +n () Z / K (w)w"{m; jr(wh + z) — m; ji(2)}dw.
i=1 i=1



As a consequence of (1), given any d > 0, there exists large enough n, such
that the absolute value of the second term is bounded by

(r!)_lc(z,h)/K(w)\wr|dw < 6.
Hence we have for all large enough n,

’E[(nh)’l > XX K{(Zi = 2)/h}(Zi = 2)" /W77 = ke (h) Tt mag(2)| < 6.

=1 i=1

In addition,

var|(nh) ™! Z XX K{(Z; — 2)/h}(Z; — 2)" /0]

= (nh)~? Z var[Xie X K{(Z; — 2)/h}(Z; — )" /W' 7]

+(nh) "2 Y oo XX K{(Zi — 2) /W (Zi — 2)7, Xje X K{(Z; — 2) /W }(Z; — 2)") /D27 (r))>.
i#j=1
(10)
The first term is bounded by

n

<nh>*22 [B(XZX31Z)K{(Zi — 2)/h}(Zi — 2)7 /B (r))?]

(r~2(nh)~ /K2 Zg”k (wh + z) fi(wh + 2)|dw — 0,

=1

where g; ok (2) = E(XZXA|Z; = 2) if £ # k or E(X}|Zi = 2) if £ = k as
defined in (D3). The last limit holds according to our assumption in (2).
Also, for the covariance term in (10), we have

n

(r!)—z/K(wl)w;K(wg)w; [n_Q 3 pij’gk(wlh—l—z,wgh—i—z)]dwldwg -0,
i#j=1

by assumption (3). Hence, the proof is completed. O
Lemma 2 Under the assumptions (D1), (D6), (D7), and (W3),

EE(IT - B(T)|?) »7 0.
Proof To start with, let us first note that

E{T — E(D){T - E(T)} = Y _ [E(W,W;W,W;) — E(W,W}])E(W;W;)] Zsﬂ
jA=1 J,4=1



A typical element of Sj, is given by

n 4

()™ Y g i /b [E[H K{(Zi, — 2)/h}oi (X, Zi,)(Zi, — 2)" Xie.]

is=1,s=1,--- ,4 s=1

~B([[ K{(Zi, — 2)/h}oi,(Xi,, Zi.)(Zi, — 2)" Xi,0.]

<E[[] K{(Zi, = 2)/W}oi,(Xi., Z0)(Zi, = =) K]
s=3

There could be the following cases: (1) i1 = ia = iz = iy, (2) 41 = ia = i3 # 4,
(3) i1 = dg # i3 #£ i4, (4) i1 = i3 # ig # 14, (B) 11 = i3 # iz = i4, (6)
il :7;27&2.312.4 and (7) ’il #127&237&24

To prove this lemma we will follow the same approach as in Robinson
(2011) and we will bound each of this seven terms separately. Let us first
consider the first case where all i, are different, i.e., i1 # iy # i3 # i4. In this
case it can be shown that for some constant C' the term is bounded by

n

Cn74 Z |Bi1i218i3i4‘p~i1i2i3i4 (Z,Z,Z,Z,G)

for some € > 0. According to the assumption in (7) this term is o, (¢2).
Next consider the case i; = is # i3 # i4. In this case for some constant C'
the term is bounded by

n

Cnishil Z |51215 ‘ﬁiﬂzis (Za 252, E)'

is=1

s=1,2,3

This is op(snts) using (6), which is 0,(s2) if t,, = Op(sy,) and 0,(t2) if s, =

op(tn).
For the case i1 = iy # i3 = i4, the term is bounded by the term

Cn=2h™2p;,:,(2, 2,€) = 0,(s2).

Next we consider the case when i; = i3 # is # i4. The first term of the
sum can be bounded by,

n

Cn_4h_1 Z |ﬂi1i2||ﬁi1i3| sSup |pz§z%z§ (uil + 2, Uiy, + 2, Uiy + Z)|
‘o= luggl<e
s=1.2,3 oios

X sup fi1i2i3(ui1 + Zy Ujy + Z, Uig + Z)
lug | <e

s=1,2,3



The second term is bounded by

CTL_4 Z |/8i1i2||6i1i3| Sup |pz%zé(u21 + 2, ui, + Z)| sup fi1i2(ui1 + 2, U, + Z)

ia=1 [uggl<e Jug g |<e

s=1,2,3 s=1,2 s=1,2

sup |pi}ié(ui1 + 2, Uiy + Z)| Sup fi1i3(ui1 + 2, Uiy + Z)

lujgl<e [ujgl<e

s:1,<3 s:1,<3
According to our assumptions in (D1), (D6) and (W3), each of these terms
are op(spty). Now consider the case when i1 = i3 # i2 = i4. In this case the
first term is bounded by

n
C’ﬂ74h72 Z |612112| sup |pz%z§ (ui1 + Zy Uiy + Z)| sup fi1i2 (uil + 2y Ujy + Z)
b lugyl<e Jujg|<e

s=1,2 s=1,2 s=1,2

The second term is bounded by

n
Cn™* Z 1874, ] sup |P?§i; (wiy + 2,uiy +2)| sup f1 g, (uiy + 2,ui, + 2).
o= luggl<e Juggl<e
5121,12 3512 3217<2
Again, according to our assumptions in (D1), (D6) and (W3), the first term

is O,(s2t,) and the second term is o,(s2t,).

For the case iy = i3 = i3 # i4 it can be shown that the first term is
bounded by

n
Cn—4h’_2 Z |ﬁi1i2| sup |p1‘fzé(u’z1 +Zaui2 +Z)| sup fi1i2 (uil +Z,’U,i2 +Z>a

Pa=1 lujgl<e luggl<e

s=1,2 s=1,2 s=1,2

and the second term is bounded by

n
Cn_4h_1 Z |6i1i2| sup ‘pif(uh +Z)‘ sSup fil(uil +Z)

a1 lui, |<e Juiy [<e

s=1,2

X sup |pl%l% (uil + 2y Uiy + Z)| sSup fi1i2 (uil + 2, Ugy + Z)
Jujgl<e Jujgl<e
s:1,<2 s:1,<2
Then according to (D1), (D6) and (W3), both of the above terms are O, (s2t,)
and o, (s2t,,) respectively.
Lastly, let us consider the case when all 5 are equal. In this case, it can be
shown that the first and the second term are bounded by

Cn_4h_3z sup |p;a(ui, +2)| sup fi, (usy +2), and

i1 iy [<e Juiy [<e

n
COn~—4h2 Z sup |p?§ (ui, +2)| sup f7 (us + 2),

ii=1 lui, |<e Jui, [<e



respectively. Again, according to our assumptions as in (D1) and (D6) these
terms are O,(s3) and o,(s2) respectively. 0

Lemma 3 Under assumptions (K), (H1), (D1) - (D6), and (W3),
e B(T) =P X.

Proof We start the proof by first observing that there can be four types of
terms in E(T). A typical element of E(T) is, up to a term of o,(c,?t), for
r1 # r9 and s; # Sa,

= (nh)2(r11r2) N D0 Y BuE[KA{(Zi — 2)/R}KA{(Zk = 2)/R}(Zi — )" (2 — 2)"

i=1 k=1

xm, o o (Zi, Zk)/hﬁ“z]

ik 5152(

=n"2(rlrp!)” Z @k/K wy) K (w2)wi* wy*myy o o, (wi1h + 2, wah + 2)dw; dws
i#k=1

—|—n*2h*1(r1!r2!)*12/K2( wrmi  (wh + z)dw

n

n
= Rpy Ky (7,1!7,2!)71”72 Z 5ikm;kk,sl P (Z’ Z) + Vpitry (nh)71 |:Tl71 Z mzslsg (Z):|

ik=1 i=1
- tn¢8182 (Z) + STLA5152 (Z)

Now we observe that

S'I’LA81$2 (Z) when tn/Sn — 0,
D ~ ¢ sp(chs,s,(2) + Asys5(2)) when t,/s, = ¢ € (0,00);
tnts, s, (2) when t,/s, = oo.

The result now follows by definition of A, ¥ and X' as defined in Section A. 0O

Lemma 4 Under assumptions (K), (H1), (D1), (D7), and (W1),

E[Z w;l] =

Proof Proceeding in the similar way as in Lemma 2, we can prove this result.
To maintain brevity we omit the details. a

Lemma 5 Let T = ZjN:l W;W i where W is as defined in Eqn. (11). Define
the matriz P such that PP' = T. Then under assumptions (K), (H1), (D1),
(D7), (W1) and conditional on Z,

N
Py Wie; - N(0,1). (11)
j=1



Proof To prove (11), we need to show that for any unit vector v, conditional
on Z,

N N
’UI.P_1 Z WjEj = Zw]fj —)d .N'(O7 ].),
j=1 j=1
where wj = ’U/P71Wj. Let fn,j = O'(‘Xrln7 e ,Xjn; Zln; e ,Z]‘n), ] = ]., tee ,N
be the filtration generated by the process (X, Z), for positive integer N =
Ny, increasing with n. Then wje; is a martingale with respect to JF, ; with

Z;\/:l wje€; being a martingale with respect to F, v.
Then for any 1 > 0,

N
> EwieS1(wiel > n)| X1, Xny 21,4 Zn)
j=1

N
BlEUE > n/0)| X1, Xn, Z1, . Zo) + Y wil(w? > o)

HMZ

N
< max E[e21(e2 > n/6)] -1 w;
< max E]1(¢] > n/0)] + (m0) ™ Y _wj
This implies

N
ZE wies1(Jwje;| > )] < mjaxE[e?l(e? >n/8)] + (nd) ! ZE(U);%).

(12)

In (12), the inequality is still valid since we have positive random variables at
both sides. Hence using Lemma 4 and the fact that the first term in (12) can
be made arbitrarily small, the asymptotic normality of Z _, wj€; is confirmed
(e.g., see Scott (1973)). Therefore, using Cramer-Wold dev1ce, the convergence
of P~1 Zf;l Wje; is obtained. O
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