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A Proofs of Section 2

Lemma A.1 shows the consistency of GMM estimators using similar arguments as in Theorem 5.7 and
Example 19.8 of van der Vaart (1998).

Lemma A.1 Suppose that conditions A~E hold. Then (i) supg.o|0(6,W) — Q(8,Wo)| > 0; (ii) 7 & no;
and (i) Pr(P (/) = 0) — L.

Proof (Theorem 1) Taylor expansion of ¥(f}) about 1 € R?” yields:
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A(G1,W) = (9;C(&1,W) : 1 < j < p) e RP*P, and

B(G1,6) = (—G(&)" V(&) (9V(6))V (&) "8(&) 1< j < p) eRPFP.
By (A1),
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Simple algebra shows that both A| and A, are symmetric matrices. Since vec(AXB) = (BT @ A) vec(X),
where vec(-) vectorizes the columns of matrix, by (5),

A _ GTW()( ( 1) ((W()}L] ®1,)VCC(G(91)T—GT)
)= (G o ) + ' )

( (62) — (Vl w)’ ®1,,)vec(@(92)T—G2T)
(uf ®GT)vec(W Wo) on(n-1/2 (A3)
+< (v ) & ( 1) vee(V (61 v1)>Jr p(n %)

= 1(¥(10) — ¥(1o)) +op(n 2.
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Hence n'/2%¥(19) & N(0, Z), and by (A.2), then (8a) holds, as stated. By the delta method, n'/2(h(8r) —
h(62)) % N(0, Hy[3HY ), and thus, (7a) holds.

The constrained estimator Gy minimizes O(6,V (6p) ') subject to h(8) = 0. Let (1/2)0(0,V(6p) ") +
ATh(8) be the Lagrangian function. Taking the partial derivatives of the Lagrangian and solving for 6 and
A yields:

h(fr) =0.

Since Hy : 6y € Oy is true, then 6y = 6, + Op(nfl/z), and by (A.4), we have 1= Op(n’l/z)‘ Taylor
expansions of (A.4) about (6,,0) € R” x R" yields

0 <é<92,vééo)*‘)>+<zz Hozf> (ériez>+op(nfl)‘

n2(Br — 6;) = —n'2(A1 = 42)C(62,V (B0) 1) +op(1). (A5)

{C(ér,V(éo)’l)+H(ér)Ti:0, (Ad)

Hence

Similarly to (A.2),
n'/2€(6,,V(80) ") = —n'/2Ay(br — 62) +0p(1), (A.6)
and by (A.5), we obtain

n'2(Br — br) =n'2 2,665,V (66) ") +0p(1). (A7)

By (A.6), (A.7), and (8a), nl/z(ér - ér) 4 N(0,£2;). One-term Taylor expansion of Q(§T7\7(éo)’l) about
By yields
L(V(80)~") =2nC(6r,V (80) ") (61 — br)
+n(Br—6r)"A(6r,V (60) ") (Or — br) +0p(1) = n(Br — 6r)" A (81— br) +0p(1),
and thus, (7b) holds. Taylor expansion of C(6r,V (8o)~") about &y yields

n'28(8r,V (60)~") = n'2C(6r,V (60) ™)
+n'2A(81,V (60) ") (81— br) +0p(1) = n'/*A2 (81 — br) +0p (1),

and thus, (7¢) holds. Similarly, n='/2L(V (6r)~") = 2n'/2C(6r,V (6r)")7 (6r — br) + 0p(1). Hence (8b)
holds, where 67 = 4u] VZ’IGZ ©GY Vz’1 U Note further that

18V (6r) ") = wis (8(6r), vee(V (Br)), vee(G(6r)), vec(G(6r))) , (A.8)
where Ws(g,v,81,82) : R? x R? x RPY x RP? v R is given by:
vs(gve1,82) =8¢ V'GI(GIVT'Gy) TGV g, (A9)

where V = uvec, 4(v) € R7*9, G| = uvec, ,(g1) € R?*P, G, = uvecy p(g2) € R7*P, and uvec, 4 : RP —
RP*4 is the inverse of the vec operator. Since

#(0r) 1o #(8r) —2(8,) 2(6) — ta

a2 | veetV(Or) =Va) | upo [ vee(Vi(Or) =V(62)) | | 1y | vee(V(B2) =Va) | (1)

vec(q(qr)—Gg) vec(GA(A )—q(@z)) vec( A(Gz)—Dz) P
vec(G(6r) — Ga) vec(G(0r) — G(62)) vec(G(62) —Ds)
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by (A.2), (A.3), (A.5), and condition E, there exist a matrix Dg such that

g;(f;(T);“Z )

vec(V(07) —V; d

al/2 Vec(:@)_é) S N(0,DsZDE).
vec(G(6r) — Ga)

By the delta method, then (8c) holds, where y, = /.tzTV{1 Gz(GgV{l Gz)’ngV{l/.Lz, 652 = VWSDSEnglyST,
and Vys = Vs (Ua, vec(V2), vec(Gz), vec(Gr)). Since

n'2(2(6r) — ) = n'2(3(6r) — §(62)) +n'/(8(62) — p2) + 0 (1),
by (A.2) and condition E, there exists a matrix D, such that
n'/2(3(6r) — ) % N(0,D,£DT). (A.10)

Hence (8d) holds, where 4{,..., ] are the eigenvalues of (DJEDf)l/ZVZ’1 (D,£DT)'/2.

Finally, write n’lf(V(éo)’l) = wj(g(ér), vec(V(éo)), where y; : RY x R? > Ris given by vy (g,v) =
g'vlgandV = uvecy 4(v) € R79. Since

g(br)— _ g(6r) —3(62) 2(68,) —p
n'l? <vec(\7(éo fv1)> =n'l? <vec(\7(o) 47(91))> ' (vec(vfe])—zvl)) +or(1),

n'2vec(V(8o) —V(61)) = n'/2vec(VV(61)((Bo — 61) @1,)) +op(1),

by (A.2) and condition E, there exists a matrix E; such that
n'/2 ( 8l0r) ~tz ) % N(0,E/ZET).
ve

Thus, (8¢) holds, where 6]2 = VWJEJEEJTVI[/JT and Vyy = Vyy (ua,vec(Vh)).

Remark A.1 If the model (1) is correctly specified, then 8, = 6, = 6y, 1; = tr =0, A} = D(60,Wp),
B=0,A; = Dy, and Gy = Gy = Gy. By (6), ITjj = GYWy, iy = O, I3 = 0, Thy = O, Thhs = GLV, !,
and H26 = 0. Hence 511 = GZJ-WOV()W()G(), Elz = 521 = D(Go,Wo), and Ezz = D(). Furthermore, I—il =

D(GO,WQ)’IGgWoVOWOGoD(GO,WQ)’I, Ly=I3 =1 = Dal, and thus, (2a) holds. Note further that

Q =Dy'H (HODalHOT)leODal. Since flzl/zDo_Qzl/2 is idempotent of rank r, by (7a), (7b), and (7c¢),

then (2b) holds. By (A.10), then V; /2D, ZDTV, /> = Ay, where Ay = I, — Vg 2GoDy ' GT vy is
idempotent of rank g — p. Hence (4c) holds.

Proof (Lemma 1) Assume that Hy : 6y € @ is true. Note first that
Pr(7(V(6r) ") < x) = Pr(27 7 < x) fn’l/ziE(ZATTl C@1)21(2T 02 < x))
—n! %E(ZTB(Z@)Ikz)(2®1k)ZI(ZTYbZ <x))
7n%/%E(Zrn(z®1k3)(z®1k2)(z®1k)21(zmz <x)
/2 L B e 27122 < )
+n732 5722 E(ZTH(ZeL)2)2ZTH(Ze L) (20 L)2)(2ThHZ < x))

—(1/6)n=3/? ;L; E(ZT(Zo1)2) 1(ZTHhZ <x) +0(n?),
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where I(E) is the indicator function of an event E. Here and in other places, we use

12— —p3/2y

Pr(R+n V2S00 TR0 <) =R <)+ [ [ dF (r,s,t,u)

X—
X

:Pr(RSx)+/(7n_'/2sfn_lt7n_3/2u)d¢91F(x,s,t,u)
+(1/2)/(n_l/zs+n_'t+n_3/2u)2d812F(x,s,t,u)

+ (1/6)/(7n_]/237n_]t7n_3/2u)3d813F(x,s,t,u)+O(n_z)

i d

d
= <x)—n'2Z < —
Pr(R<x)—n o E(SI(R<x))—n o

(TI(R <))
il E(UI(R <x))+(1/2)n" L E(S*I(R <x))
dx - dx? -
-3/2 & -3/2 & 3 -2
+n o E(STI(R<x)) —(1/6)n i E(S’I(R<x))+0(n?),
where (R,S,7,V) is arandom vector with distribution function F(r,s,7,v). By a change of variable y = —z,
/I(zTAz <x)p(2)9(z)dz=0,

for every odd polynomial p(z) and A € R¥*¥, Hence

Pr(T(V(6r) ) <x) = [ 1Tz <) (1407 pa(2) 0(2)
- [ 1) N < 2)p1 (9 dz
—n! % /ZTE(ZQ@Ikz)(z@Ik)zI(ZTToz <x)¢(z)dz

+(1/2)n7! j—; ./(zTn (@ 1)2) 1" Tz < x)9(2)dz+O(n2) = F(x;r) +n" 'R(x) + O(n2),

where F(x;r) denotes the distribution function of x2. Hence,

Pr(T(V(6r)™") > 27a) = 1= F(trair) =1 'R(xze) +0(n7?)
=a+n la(@)+0(m?),

where a(a) = —R(x?,,). Similar results hold for the LRT, ST, and J-test statistics.

B Proofs of Section 4

Let ¥* () be the bootstrap version of ¥({) given by ¥*(¢) = (C*(§1,W*)T,C* (&, V* (& )’I)T)T. In the
proofs of this section, we use the following notation. Let 7* € R¥ denote a bootstrap quantity. We say that
T* converges to O conditionally in probability, and write 7% = 0} (1), if limy,_. Pr(||7*|| > €|X1:0) 0
for all € > 0. By definition, 7* converges (unconditionally) in probability to 0 if Pr(||7*|| > &) — O for all
€ > 0. By the bounded convergence theorem (Billingsley 1995, Theorem 16.5), conditional convergence in
probability implies convergence in probability. Since convergence in L! implies convergence in probability,
the converse holds as well. Similarly, we say that 7* is conditionally bounded in probability, and write
7% = 03(1), if for all £ > 0 there exists M = M(€) such that Pr(||7*|| > M|X.,) < € +op(1) < 1. By
definition, 7* is bounded in probability if for all £ > 0 there exists M = M (€) such that Pr(||7*|| > M) < e.
It readily follows that if a random variable is conditionally bounded in probability then it is bounded in
probability. The proof of Lemma B.1 is similar to the proof of Lemma A.1.
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Lemma B.1 Suppose that conditions A thr()ugh E hold. Then (i) supeEQ\Q*(G,W*) —0(6,Wy)| LN 0,
(ii) N* L No, and (iii) Pr(‘I’*(A*) 0|X1.) L)

Proof (Theorem 8) Similarly to (A.2),
1/2 A) = _pl/2 A O\ g/
W) = a2 (1 2 @) orl). ®.1)
Similarly to (A.3),
oy — (G Wo(&" (o) — &l Ao))) <((W0N1 )vec(
PH(R) = (g0 )TN )
) (val 'z (0n) - 2(6r)) " (v )" @) vee
n ( GT) vec(W* —W ; )
()T @ (GEV ) vee(7
= (Y (7) = () +op(n'7?).
By (31b) and (B.1), then (22a) holds. By the delta method for the bootstrap and (22a),

G*(60)" ~ A9)T)>
(G*(6r)" - G(8p)T)
+()p 1/2

Ls(n' 21 (87)|X10) 5> N(O,Ha T3 H] ),

and thus, (22b) holds, as stated. The SB estimator 8; minimizes 0*(8,V*(3)~") subject to 7*(8) = 0.
Let (1/2)0"(68,V*(85)~") + ATh*(8) be the SB version of the Lagrangian and let 2* be the SB version

of A. Taking the partial derivatives of the SB Lagrangian and solving for 6 and A yields

C* (8,07 (05) ) +H(B;)TA" =0,
{ s B2
Since éT* =6+ Op(n"/z), then A* = 0p(n’1/2). Taylor expansion of (B.2) about (ér,O) € R?” x R"
yields

(B, V(65 Ay HT 6 — by 1

°*< 0" >+(Hz o)\ ae ot

Hence - . . .

n'2(65 - br) = —n'2(A; " = 42)C* (87,07 (85) ") +op(1). (B.3)
Similarly to (B.1),

W26 (61,0 (83)™) = —n'/24(6F — 61) +op (1), B.4)

and by (B.3),

n'2(65 — 67) = n'24,C" (61,77 (
By (B.4), (B.5), and (22a), s (n'/2(65 — 65)|X1.n) ﬂ> N(0,2
about éT* yields:

5) ") +op(1). (B.5)
»). Taylor expansion of O (6%, V*(6%)~")
L*(V°(85)™") = n(B5 — 87)7 42(05 — 67) +0p(1). ®.6)
and thus, (22¢) holds. Similarly,
WV (0 (87)71) = 201267 (8,0 (85) )T (85 — 67) + on(1),
and thus, (22d) holds. Taylor expansion of C‘*(éT*,V*(éO) 1) about 6 yields
n 28+ (85, V(85) ") = n'2A5(8F — 68) + 0p(1), (B.7)

and thus, (22e) holds. By the delta method for the bootstrap, (22f) holds. Taylor expansion of g* (éT*) about
B, similarly to (A.10),
(A _A P
Zs(n'(3" (67) — 8(61))|X1) = N(0,D,ED] ),

and thus, (22g) holds. Finally, write n~'/*(V*(85)~") = w;(g*(85), vec(V*(6))). By the delta theorem
for the bootstrap, then (22h) holds, as stated.
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Proof (Theorem 9) By Lemma B.1, 63 = 65 +o0p(1) and 6 = 6, + op(1). Hence A*(6r,W*) & 43,

B*(Br, 67) = op(1), and A* (67, V*(6r)~") & Aq. Similarly to (B.1),

PR AT 0N e s

n'2(f) 77’0):77’1/2(8 A,l)'P (fle) +op(1). (B.8)
4

Since

N T
N R (Y I P
3 4

then (24a) holds. By the delta method for the bootstrap, then
Lo 1t (63)X1) B N(0,HaAL ' HY ),

and since (HZAZIHZT )1/ 2HZAZIHZT (H2A4’1H2T )1/ 2 is idempotent of rank r, then (24b) holds. Similarly to
(B.5),

n!2(81 = B1) = n'2AuC" (61,77 (65) ") +op(1),
where Ay = A 'H] (oA, 'HY ) "' HrA ' Hence Zc(n 2(85 — 02)[X1.) 5 N(0,A4). Since the matrix
A;l/ 2A4A47]/ is idempotent of rank r, (24c) holds. Since g*(8;) = op(1), then

€819 (B1) ) = G (6 (7 (6) ' =07 (85) F B =or(n '), B9

Hence L*(V*(65)~") = L*(V*(8) ") +op(1), and thus, (24d) holds. Similarly to (B.7) and by (B.9),
then (24e) and (24f) hold. By (B.8), Taylor expansion of g* (éT*) about O¢ yields:

n2g (67) = n'/2(1, — Goy ' GLV; g (Br) +op(1). (B.10)

1/2

Since Z (3" (61)|X10) LN N(0,V,) and Ay =1, — GA, lGTV2 12 idempotent of rank g — p, then

(24¢) holds, as stated.
C Proofs of Section 3

Proof (Theorem 2) By Remark A.1 and Theorem 8, then (9a), (9b), (9¢), and (9d) hold. By a Taylor
expansion of g (GT) about O and (9a), then

n'2g" (87) =n'(1l,— GoDy ' G Vg )g" (6r) +0p(1). ((O%Y)
Hence ) . n e A

J 0 (65)7") =ng (60)"Vy 20y 2 (Br) +0p (1), (5)
where recall that Ay =1, =V}, -1/2 GoDy IGT “12 Since

Zs(n"2v, 2 (g (Br) — 8(6r)[X1.0) B N(O,1,)

and nl/zVofl/zg(ér) 94 7 where Z ~ N(0,Az), by Slutsky’s theorem in the product metric space 927 x RY
(van der Vaart 1998, Theorem 18.10(v)),

(Ls(n'2v, 2 (g (Br) — 2(6r) X100, 2V, P a(6r)) & (N (0,1,),2).

Let the mapping ¢ : 29 x R — 27! be given by ¢ (P,x) = £ ((X +x)T Ay (X +x)), where X ~ P, P € 27,
and x € RY. By Corollary 13 of Fristedt and Gray (1997, p. 414) and (C.2),

507 (83) ™) X1) = @ (L (n' 2V (" (Br) — 8(60) [X1).n' 2V 2 (Br)) +0p(1).
Since ¢ is continuous, by the continuous mapping theorem,
9(Ls(n'2Vy (g (Br) —(Br))[Xa). Vg 0 P5(60) % 9(N(0.1y). 2).

Since @(N(0,1,),x) = xg_p (xT Agx) and ZT ApZ ~ xg_p, then (9e) holds, as stated.
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Proof (Corollary 1) By Theorem 2 and continuous mapping theorem, then

M A = 2y d
J(V(60)™") ~&a = U — 15 pa(U?),

2 2 2 2y : . s
where U~ ~ yo_,, and qup;a(” ) is the upper a-quantile of the non-central chi-squared distribution
ng » (u?) with non-centrality parameter «>. Hence,

Pr(/(V(0o)™") > &L ,) = Pr(U — 22 .4 (U) > 0). (C3)
By a median-mode inequality for non-central chi-squared distributions (see, e.g., Sen (1989, Theorem 2)

or Robert (1990, Proposition 4.1)), U2 — x,?,p;a (U?) < 0 with probability one for a < 1/2. This completes
the proof of the corollary.

Proof (Theorem 3) Note first that
Prs (T*(V*(67)™") < x[X1) = Prs (Z T ToZ* < x[Xy.n)
,,1—1/2%13s (Z*Tf-l (2* ®Ik)Z*I(Z*beZ* < x) |X|:n)
" % Bs (27T B2 ©1p)(2 @102 12T 12" < 2)|X1)
- M% Es (27152 9 1) (2" ©10)(2° @ )2 1(Z2 502 < 2) X1
/2 L B (@TRE 102 PIETRE < 9l)
+n32 % Es((27H(2° 0 h)2)(2Th(Z @1p) (2 @120 (27T T2 <2) K1)
- /6)n’3/2dd—; Bs(ZTH(Z* @102V 1(Z T2 <) Xum) + On(n°2).
We further obtain
Prs (T*(V*(67)7") < x[X1.) = /I(ZTﬁ)z <) (140721 (2) +n pa(2) + 172 p3(2)) 9 (2) dz
7n*1/2% /zTﬂ(z®Ik)z(l +n7 2P (2) +n pa(2) (2 Toz < x) 9 (2) dz
—n! % ./ZTYA'Z(Z@)Ikz)(Z@Ik)Z(l +n72p1 ()1 (T Toz < x)9(2) dz

d - .
—n73/2a /zTYé(z®1k3)(z®1k2)(z®1k)zl(zTToz <x)¢(2)dz

iy

+(1/2)n 2

/(zTﬁ (@@ 1)2)* (14021 ()1 (T Tz < x) 9 () dz
+n73/2;—; /(szl (z01)2) (" B (2@ 12) (2@ 1)2) I (2" Toz < x) 9 (2) dz

a2 .
—(1/6)n3/? ) /(ZT(Z®1k)z)3I(zTsz <x)(z)dz+O0p(n72).
Hence R
Prs(T*(V*(87)™") < x|X1:) = F(xsr) +n7'R(x) + Op(n™?),

where R(x) = R(x) + Op(n~'/?). Let éga =224 +n 141 () + Op(n~2) be an empirical Cornish-Fisher
expansion of the upper a-quantile of .Zs (7*(V*(8;)~")|X1.n) . Taylor expansion of Prs (7*(V*(87)~') <
<§ST 0‘\XI:,L) about x,z;a yields

1—a=Prs(F*(V*(67) ") < &8 4 [X1) = 1 —a+n"F'(x20:0)q1 () + 07" R(x20) + Op(n7?).

Hence, &, = x2, —n~" (F’(x,z;a))fllé(xrz;a). Thus, Pr(T(V(6r)") > €F,) = .+ 0(n2), as stated.
Similar proofs hold for the LRT, ST, and J test statistics.
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Proof (Theorem 4) By Remark A.1 and (24a)—(24g), then (14a)—(14e) hold. This completes the proof of
the theorem.

Proof (Theorem 5) Proofs of (15a)—(15¢) are similar to the proofs of (11a)—(11c). The proof of (15d)
follows similarly using the following expansion of the CB version of the J-test statistic:

P05 =2 (b +n 12 (ZF @ )+ (2P 0 12)(2F 9 1)
D32 1) (2 @ 12) (2 @1;)) 2° + Op(n?).

Lemmas C.1-C.3 describe the asymptotic properties of the ELB weights using similar methods of
proof as Owen (1990).

Lemma C.1 Suppose the model (1) and conditions A—E hold. Then there exists € > 0 such that

inf  inf Pr(pTg(X,0)<0)>0.
lo—6oll<e lpll=1

Proof (Lemma C.1)LetS9~! ={p € R7: |p|| = 1} denote the unit sphere in R?. Suppose, to the contrary,
that the conclusion of the lemma is false. Then, there exist 6, € R? and p, € S9! such that 6, — 6y and
Pr(plg(X,6,) <0) <n~!. Since S?~! is compact, there exists py € SP~! and a subsequence nz, such that
Pm, — Po. Since g(x,0) is continuous at Oy, then ) ¢(x,0m,) — pd g(x,6) for Py-almost all x € 2.
Hence, if pJ g(x,80) < 0 then pT g(x,6,) < 0 for n sufficiently large. Thus, for Py-almost all x € 2,

1(pg g(x,60) < 0) < liH}LiﬂfI(Pan(x, 6, ) <0).
By Fatou’s lemma,

Pr(pg (X, 89) < 0) =E(I(pg 8(X.8) < 0)) <E(liminf I(p,,, g(X, O,) < 0))
< lim infE(I(p} g(X,0,) <0)) < lirr},infm;l =0.
Since E(p{ g(X,60)) =0, then pI g(X, 6) = O with probability one. Hence Var(p{ g(X,60)) = p{ Vopo =
0, contradicting the assumption that Vj is nonsingular.
Lemma C.2 Suppose the model (1) and conditions A—E hold. Then
Pr{0 € int(conv{g(X;, br):1<i< n})}—1,

where int(A) denotes the interior of a set A and conv{g(X;,0r) : 1 < i < n} denotes the convex hull of
{g(X,-,GT) 1<i< n}

Proof (Lemma C.2) Let € be given as in Lemma C.1. It suffices to show that Pr(4,) — 0, where
Ay = {0 ¢ Ngepa, ey conv{g(X;,0) : 1 <i<n}},

and B(6y, €) denotes the closed ball of radius € about 6. By the separating hyperplane theorem (see, €.g.,
Rockafellar 1970, Theorem 11.4),

n
Ay :{ sup sup n ' Y I(p"g(X;,0) >0) = 1}.
6eB(60.¢)llpll=1 =1

Since
sup  sup Pr(pTg(X,0)>0)=1— inf inf Pr(pTg(X,0)<0),
0€B(6p.¢) |p|=1 0€B(60.¢) llpll=1
by Lemma C.1, then
sup  sup Pr(pTg(X,0)>0) <.
0€B(69.¢) llplI=1
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Thus Pr(p”g(X,0) > 0) < 1 forall 8 € B(6p,¢€) and p € S?~!. For (p,0) € S7~! x B(8p, €), let

em(x:p,0) = max P g(x,6').
(0'.0)€B((p.0)m1)

Since g(x,0) is continuous in @ for almost all x € 27, g.,(X;p,0) — pTg(X,0) with probability one.
Thus, for all 6 € B(6y,€) and p € S?~!, there exists m, g = m(p, ) such that Pr(gmp.e (X;p,0)>0) < 1.
Since

SP=1 % B(6y,€) C U B((p,6),m, )
(p,0)€SP=1 xB(6y,€)

and SP~! x B(8y, &) is compact, there exists a finite collection of open balls such that

k
5171 x B(60,2) € U B((ps: 05)m, 5, -

s=1
Therefore, with probability one,
n n
sup  sup n 'Y I(p"g(X;,0) >0) < max n'Y I(gm, o (Xi3ps,65) >0).
0eB(6p.e) lpll=1  i=I lss<k A
Since

n 'Y 1(my, 6, (X305, 65) > 0) = Pr(gm, o (X;p5,6,) >0) < 1
i=1

i—
with probability one for all s =1,...,k, we conclude that Pr(A,) — 0, as stated.
It is known that when 0 € int(conv{g(X;7 ér) 1<i< n}), the ELB weights #w; have the following

expressions (Owen 1990):

Wi =

1 A 1 o
———————— where A satisfies y Ww;g(X;,6r) =0. (C4)
n(1+ATg(X;,6r)) ;

Lemma C.3 Suppose the model (1) and conditions A-E hold. Then (i) 1= OP(n’]/z); (ii) max <j<p, Wi =
Op(n™Y); and (iii) max|<j<n|Wi —n Y =op(nV).

Proof (Lemma C.3) By (C.4), we write
=W = wig(X, 60)'A, 1<i<n. (C.5)

Left multiplication of (C.5) by g(X;,6r) and summing over i yields V(61)A
Y wig(Xi,0)g(X:,0)T. Write A = ||A||p, with ||p]| = 1. Since w; > n~!(1
maxi <i<x||g(Xi, 6r) ||, we have

BTV (8r)p < (1+ [ AIMDIIAL Y, wip” g(Xi. br)g(Xi, 6r) b
i=1
= (1+|[A[41)p"V (6r)A = (1+ | A[|1M)p" 3(br),
where recall that Viy(8) = n~' YL g(X:,0)g(X;,8)". Thus, with probability one,
1211 (5" Vu(8r)p —1p" 3(6)) < p” &(6r).
Let 6, > 0 be the smallest eigenvalue of V. Since M = op(n'/2), Vy(6r) = Vo + op(1), and 3(6

)=
Op(n~'/?), then HiH(o‘q +o0p(1)) < Op(nY/2). Hence A = Op(n~1/2), as stated at (i). Since ||A||M =
0p(1), then Pr(||A||M < 1) — 1. Note that on the event {||A || < 1}, we have

(1+A7g(X;. 6r)) " < (1= A 01)".
Thus, max <;<, W; = Op(n~"), as stated at (ii). Finally,

max [W; —n "' < [|A]] max wi|lg(Xi, )] < Op(n"/?)0p(nYop(n'/?) = op(n”"),
1<i<n 1<i<n

as stated at (iii). This completes the proof of the lemma.
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Lemma C.4 Suppose that the model (1) and conditions A—E hold. Then,
h P
Le(n" g (Br)|X1a) = N(O, Vo).

Proof (Lemma C.4) Note that g* (ér) is the average of n conditionally i.i.d. random variables, with condi-
tional mean

n
Eg(g"(X*,0r)[X1:) = Y wig(X;,0r) =0
i=1
and conditional covariance matrix
~ A A " A
V(6r) = Varg(g" (X", 6r)|X1:0) Z g(Xi,6r)".

By Lemma C.3,

1V (6r) — V(6 Il < max |; —n 'IZHgX 61)II> = op(n™")Op(n) = op(1),

i=1

and since Vi (8r) = Vo +op(1), then V(1) = Vo + op(1). To complete the proof, we prove that a (condi-
tional) Lindeberg condition holds; i.e., for every € > 0,

Ek ([l¢* (X", 60)|P1(l¢" (X", 6r)[| > en'/)[X1.0) = 0p(1).
To this end, note that

n

Ex (|lg" (X", 6r)[*1(llg" (X", 6r) ]| = en'/)[X1.0) Z illg(Xi, 6r)1*1(g(Xi, br)|| = en'/?)

< { max i H(M > en' ) gng X;,00)[* = 0p(n")or(1)0p(n) = op(1).

This completes the proof of the lemma.

Proof (Theorem 6) Similarly to (B.1),

A
w2 =) = (M ) ) o). ©6)

Similarly to the proof of Lemma C.4,

@ <n|/2 <g*(é§*)(j g)(éo)> | le) N (07 (‘V’g ‘v’g» : ©7

where (0) = Y, wig(X;, 0). Since n'/2G* (6o )W*§(o) = op(1), by (C.6) and (C.7), then (20a) holds.
By the delta method for the bootstrap, then (20b) holds. Similarly to (B.5),

i (n' (85— 01)|X10) B N(0,4).
Similarly to (B.6) and (B.7), then (20c) and (20d) hold. Similarly to (C.1),
n2vy g (B7) = n' P Aavy g (Br) +op (1),

and by Lemma C.4, then (20e) holds, as stated.
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Proof (Theorem 7) Note first that by (19), lim, e n™ B qu .o, = 1. Next, by a large deviation theorem
(see, e.g., Dembo and Zeitouni 2009, Theorem 3.7.1), for every C > 0, there exists ¢ > 0 such that

limsupn P log (Pr([|2]| > CnP/?)) < —c.
n—oo

Hence, for n large enough, Pr(J(V C RS xg, pio) = 1— exp(—cnP). Thus, on an event of probability
exponentially close to 1, the ELB weights are not modified to the uniform weights. Note further that

Prg (T (V7 (8)7") < x[X1:0) = Pre (2T HoZ" < x|Xi0)
,l/Zd EE(Z*TY](Z*(@[}{)Z* (Z*TH)Z <)C)|X1 n)
d RPN N A A
—n! S-Ee (ZTH(2 @12 @ 1) 2 (2T THZ" < x)|X1m)
—n32 % Ex(ZTH(2" 01p) (2" 012) (2" 9 1) 2 (2 T 2" < x)|X1n)
— d2 4 Y (7 % ST 3 S*
+(1/2)n IEEE((Z*TH(Z*®I/()Z V(22" < x)|Xim)
d? T A A . P
S B ((ZTR(Z 0102 (2T B2 @12)(Z @ ZH(ZTHZ" < x)|Xi)
> T N T A
-1 /6)n’3/2ﬁ Ex((Z7T1(Z" ©1) 2" (2T o2 < x)|X1) +Op(n72),

where T are the ELB versions of 1;. We further obtain

Prg (7 (V*(67) ") < x[X1) = /I(ZTTOZSx)(1*”_l/zﬁl(Z)+n_1ﬁ2(z)+n‘3/2ﬁ3(z))¢(z)dz
*nil/Z%/ZTﬁ(Z(@Ik)Z(I +n7 2B (2) +n 7 pa(2) (T Toz < x) 9 (2) dz
'%/ Iheele) @) (14+n2p1(2)1( Tz < x)9(2)dz
_"73/2%./ZTE(Z@IH)(Z®1k2)(2®1k)ZI(ZT1~’ozSx)¢(z)dz
+(1/2)"71;T;/(ZTYH(Z®11<)Z)2(1 +n’l/2ﬁ1(z))1(zTY~bz Sx)(l)(z)dz
+n73/25722 /(zTﬁ(z@llk)z) (T H(z®52) (2@ L)) (T Tz < x)9(2) dz
7(1/6)”73/2;7;'/(ZT(Z®II<)Z)31(ZTTOZSx)¢(z)dz+0p(n’2),
where f;(z) is the ELB version of p;(z). Hence
Pr(T*(V*(67) ") < xlX1:) = F(x;r) +0 ' R(x) + Op(n~?),
where R(x) = R(x) + Op(n~"/?). Let & = 274 +n""'q1(0t) + Op(n™?) be an empirical Cornish-Fisher
expansion of the upper a-quantile of % (7*(V*(85)~")[X1.n ). Taylor expansion of Prg (7*(V*(85)~") <
é}{alxljn) about y2,, yields:

1= =Prg (T (07 (0) ") < &1 X1) = 1 — a7 F (201 (@) 1 Rt ) + Op(n7?).

Hence, é}{a =x2q—n"! (F/(x%a))*lﬁ(%%a)' Hence, Pr(T(V(6r)7!) > é];f,a) =a+0(n"?), as stated.
Similar results hold for the other test statistics.
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