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Abstract Spatial semiparametric varying coefficient models are a useful extension of
spatial linear model. Nevertheless, how to conduct variable selection for it has not been
well investigated. In this paper, by basis spline approximation together with a general
M-type loss function to treat mean, median, quantile and robust mean regressions in
one setting, we propose a novel partially adaptive group L,(r > 1) penalized M-
type estimator, which can select variables and estimate coefficients simultaneously.
Under mild conditions, the selection consistency and oracle property in estimation are
established. The new method has several distinctive features: (1) it achieves robustness
against outliers and heavy-tail distributions; (2) it is more flexible to accommodate
heterogeneity and allows the set of relevant variables to vary across quantiles; (3) it
can keep balance between efficiency and robustness. Simulation studies and real data
analysis are included to illustrate our approach.
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1 Introduction

Regression models are widely used in analysis of geostatistical data that arise often in
environmental and ecological studies (Hallin et al. 2004, 2009; Tang and Cheng 2009;
Tang 2014). In this paper, we focus on variable selection in spatial semiparametric
varying coefficient regression models. This problem has not been well developed in
both theory and methodology.

Shrinkage methods have emerged as a popular approach for variable selection in
traditional regression settings. The examples include but not limited to the LASSO
(Tibshirani 1996), the bridge regression (Fu 1998), the SCAD (Fan and Li 2001).
Recently, many works have been done to extend such methods to nonparametric and
semiparametric settings. Fan and Li (2001) for partially linear models; Wang et al.
(2008), Wang and Xia (2009) for varying coefficient regression models; Xue (2009),
Huang et al. (2010) and Wang et al. (2014) for additive models; Kai et al. (2011),
Hohsuk et al. (2012) and Tang et al. (2013) discussed variable selection issue for
quantile varying coefficient models. Wang and Lin (2014) and Zhao et al. (2014) further
discussed robust variable selection methods for partially linear varying coefficient
models. An excellent discussion of group selection can be found in Huang et al.
(2012).

For geostatistical data, variable selection method is mainly limited to linear regres-
sions. Hoeting et al. (2006) used Akaikes information criterion (AIC) for variable
selection. Wang and Zhu (2009) proposed a penalized least squares (L.S) which can
construct simultaneous variable selection and parameter estimation for spatial linear
regressions. Zhu et al. (2010) and Chu et al. (2011) proposed two penalized maxi-
mum likelihood estimation (PMLE) methods for spatial linear regression models with
certain error distribution assumption.

However, variable selection for the spatial nonparametric or semiparametric models
has not yet been well investigated to the best of our knowledge. In a linear regres-
sion setup, it has been very well understood that ignoring any important predictor can
lead to seriously biased results, whereas including spurious covariates can degrade
the estimation efficiency substantially. Thus, variable selection is important for any
regression problems. Furthermore, due to the complex spatial correlation, outliers and
heterogeneity in the spatial data may be possible, we need to develop a genuine variable
selection method to automatically adapt to these environments. In this paper, this issue
is studied in a unified framework. Using a general M-type loss function as a unified
method to treat mean regression, median regression, quantile regression and robust
mean regression in one setting and B-spline approximation, we propose a partially
adaptive group L, (r > 1) penalized M-type estimation, which can construct variable
selection and coefficients estimation simultaneously. Theoretical analysis shows that
the new method with r = 1 or r = 2 enjoys the favorable asymptotic properties: the
variable selection procedure is consistent, and estimators enjoy the oracle property.
Here, the oracle property means that the estimators of the nonparametric components
achieve the optimal convergence rate, and the estimators of the parametric compo-
nents have the same asymptotic distribution as that obtained under the true model.
Theoretical investigation also indicates that the asymptotic properties can be extended
to more general L, penalty with r > 1.
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Our new method offers the following progresses. (I) The existing methods are
limited to spatial parameter regression. Our work develops the method to spatial semi-
parametric regression. (II) Compared with the variable selection methods in spatial
parametric regression (Wang and Zhu 2009; Zhu et al. 2010; Chu et al. 2011), the new
method has the following distinct features: firstly, it can achieve the robustness against
outliers and heavy-tail distributions; secondly, it can accommodate heterogeneity and
allows the sets of relevant covariates that may differ when we consider different quan-
tiles, and thus the new method enables us to explore the entire conditional distribution
of the spatial response; thirdly, our method contains some other methods such as Wang
and Zhu (2009) as special cases in some sense.

Itis remarkable that investigating the statistical theory of penalty method for spatial
semiparametric models is not trivial. Firstly, for spatial linear model, it involves only
one type of penalized parameters (i.e., the tuning parameters); nevertheless, for spatial
semiparametric models, three types of regularization parameters: the smoothing para-
meters, tuning parameters for parametric part and tuning parameters for nonparametric
part, are involved. Due to their interaction, what are the right convergence rates for
the tuning parameters and smoothing parameters is much less well understood. Fur-
thermore, the main technical challenge of our work is to establish the oracle property
in the complex spatial dependence semiparametric setting for the penalized general
M-type loss function, which includes both smooth case (e.g., the mean regression)
and nonsmooth case (e.g., the quantile regression).

The rest of this paper is organized as follows. Section 2 introduces our new method,
investigates its theoretical properties and discusses the implementation issues. Numer-
ical studies and real data analysis are reported in Sect. 3. All the technical proofs are
provided in the Appendix.

2 Partially adaptive group penalized M-type estimator
2.1 Spatial semiparametric varying coefficient models

For a wide application, we consider the spatial data in a general context. Let ZV,
Z =1{0,+£1,%2,...}, N > 1, denote the integer lattice points in the N-dimensional
Euclidean space. A point i = (iy,...,iy) € Z" is referred to as a site. Spatial data
are modeled as finite realizations of vector stochastic processes indexed by i € ZV:
random fields. In this paper, we will consider strictly stationary (p-+¢q+2) dimensional
real random fields, of the form

{0 x5z, v, e 2V, (1)

where ¥; € R, X; € RP, Z; € R4, and U; € [Uy, U;] are defined over some
probability space (2, <7, P). Let S, S’ C ZN be two sets of sites, and the generated
Borel o-fields are defined as B(S) := B((Y;, X;, Z;,U;) :1 € 8) and B(S) =
B ((Yﬁ, Xi,Z,Up)) 1€ S’), respectively. For each couple S and &', d(S,S’) =
min {||1'1 —1i:1€8,1 € S/} denotes the distance between S and S’, where || -
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ll2 stands for the Euclidean norm. We will assume that {(Y3, X3, Z3, U3), 1 € ZN}
satisfies the following mixing condition: there exist two functions, ¢ : RT — RT
such that ¢(r) | 0 asr — 0o, and ¥ : N> — Rt is a symmetric positive function
nondecreasing in each variable, such that whenever S, S’ C 7N,

a (B(S), B(S")) :=sup{|P(AB) — P(A)P(B)| : A € B(S), B € B(S)}
< ¢ (Card(S), Card(S)) ¢ (d(S, S), ()

where Card(-) denotes cardinality. ¥ = 1 corresponds to strongly mixing.

Throughout, we assume that the random field (1) is observed over a rectangular
region of the form 7, := {1'1: 1y in) €ZN D1 <ip <ng k= 1,...,N},for
n = (ny, ..., ny) with strictly positive coordinates n, . .., ny. The total sample size
s = H11<v=1 nk. As in Tran (1990), we write n — oo if minj<x<y{nr} — oo and,
moreover, n;/nj < C,1 <1i,j < N forsome 0 < C < o0.

Remark 1 Infact, the o-mixing condition (2.2) is quite general, it generalizes the clas-
sical time series (N = 1) mixing concepts and means that process is asymptotically
independent. Recently, much work has been done for the spatial process with such
mixing condition, e.g., Hallin et al. (2004) gave a local linear spatial regression, Hallin
et al. (2009) studied the spatial nonparametric estimation, Tang (2014) and Lu et al.
(2014) investigated the estimation for spatial varying coefficient models, Lu and Tjgs-
theim (2014) considered nonparametric estimation of probability density functions
for irregularly observed spatial data. It was shown in Hallin et al. (2004) that spatial
process of the form X, = Zﬁezw a; Z,—; can satisfy the mixing condition (2.2), if
Z;’s are independent random variables, a; — 0 exponentially fast and the probability
density function of Z; exists (such as normal, cauchy, exponential, and uniform dis-
tributions). For more detailed introduction about this mixing condition (2.2), one can
see Tran (1990, 1993) and Fan and Yao (2003).

As discussed in (Gao et al. 2006; Lu et al. 2007, 2014), the issue of avoiding
the curse of dimensionality is particularly important in spatial nonparametric regres-
sion analysis. Thus, for {(Yi, Xi, Z;, U;), 1 € Z,}, we consider the following spatial
semiparametric varying coefficient regression models

Yi= X[ a(U) + Z{ B + e, 3)
where ¢; € R! is a random error, & (-) = (o1 (), ..., ozp('))T € R” is an unknown
smooth function vector, 8 = (81, ..., ﬂq)T is the constant coefficient vector, and

their true values are ao(-) and B, respectively. However, the true error distribu-
tion and spatial dependence structure among the spatial response are not assumed
accurately.

Model (3) is a useful extension of the spatial linear regression model (Wang and
Zhu 2009; Zhu et al. 2010; Chu et al. 2011), but much less has been done about its
variable selection issue.
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2.2 The main results

To estimate o (u), k = 1, ..., p, we consider B-spline approximations. Denote by
IB%?('I (u) the set of spline functions of order 7 + 1 with knots K={Uy=1 <1 <

S < 1k, < K41 = Up}. Bu) € B’}(n (u) if and only if B(u) € C"~'[U,, U],
and its restriction to each [k, Tx4+1) is a polynomial of degree at most /i. A piecewise
constant function, linear spline, quadratic spline and cubic spline corresponds to /i =
0, 1, 2, 3, respectively. Let

Bi(u) = (7 — th—n—Dth—n-1, ..., wl(z — u)ﬁ, k=1,...,qn,

where g, = K, +h+1, [tk—p—1, ..., k](z— u)i denotes the (% + 1)th-order divided
difference of the function (z — u)ﬁ, 17, = Uy, whenk = —h, ..., —1,and 17, = Uy,
whenk = Ky +2,..., Ky + i + 1. Then, w(u) = (B1(u), ..., By, ()" forms a
basis for IB%;}(" (u). For more details about spline function, see Schumaker (1981). Thus,
a (+) can be approximated as:

4qn
ar(u) ~ D By)bks = m(w)" 0y, )
s=1
where {0, = (6k.1, - .., Qk,qn)T € Rq"}}f:l are spline coefficient vectors, and model

(3) can be approximated as:

P 4n
Vi~ D > XuBy(Ubks + ZI B+ e =T 0+ Z B+, Q)
k=1 s=1
where Il; = (Xyx!,.... X;pn)T € RP, © = (07.....0])" € RV, m; =

x(Uy).

The main interest is selecting the relevant variables in the parametric and nonpara-
metric parts simultaneously for model (3). For the nonparametric part, we say, e.g., X
is irrelevant for some k € {1, ..., p}, if and only if o (-) = 0, or equivalently 6; = 0.
Thus, wetreat@y, k = 1, ..., p as groups, and by selecting groups with nonzero 6, we
can identify the relevant variables. Similarly, for the parametric part, Zj is regarded as
irrelevant, if and only if B = 0. Without loss of generality, assume that {Box # 0};_,
and {Box = O}]_., . Let B* = (B1..... )" with true value . Similarly, assume
{oor ()}, are nonzero components of o (u) and {ag; (1) = O}f:U_H.

Thus, for a general loss function p(-), the partially adaptive group L, (r > 1) norm
penalized M-type estimator (@, B) is obtained by minimizing

P q
0©.8) = p(Yi—= 1@ Z[B)+ > Aslbul + > 2iilfil. (6
k=1

i€z, k=1
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where 0l = {2 101" }1/7, (A%}, and {A*F}7_, are tuning parameters that
control model complexity of nonparametric and parametric components, respectively.
In this paper, we mainly focus on the cases of r = 1 and r = 2 for simplicity. Then,
o (1) can be estimated as: @y (u) = w(u) 0, k=1,..., p.

Typical choices for p (-) are convex. One well known case is the LS loss p (1) = %u2.
But it is well known that the LS method can be adversely influenced by outliers or
heavy-tail distributions. To achieve the robustness, we can consider the robust loss
functions such as least absolute deviation (LAD) loss p (1) = |u| , or more generally,
Huber’s loss with bounded derivative p'(1) = max{—k, min{u, k}}, where k > 0.
The LS and LAD can be regarded as two extremes of the Huber loss for k = 0 and
k = oo, respectively. For more details, see Huber (1981). Furthermore, if the data
are heterogeneous, then the set of active variables may be different when modeling
different conditional quantiles. Thus, the quantile regression with p(u) = u(r —
Iw<0)), T € (0, 1), provides a more complete picture of the conditional distribution
of the spatial response and is more natural and effective for analyzing spatial data
with heteroscedasticity. Thus, by choosing appropriate M-type loss function p (u), the
new method not only keeps balance between efficiency and robustness but also can be
more flexible to accommodate heterogeneity.

Remark 2 The penalized M-type estimator considered here does not take into account
the spatial dependence structure in spatial data, because the exact correlation structure
is usually unknown in advance. For spatial parametric regression, a method for dealing
with dependence structure is to assume that the errors follow a Gaussian process with
a parametric covariance (Zhu et al. 2010; Chu et al. 2011), then penalized maximum
likelihood can be implemented. But these assumptions do not exactly hold, as is
usually the case in practice; furthermore, ignoring spatial dependence will not affect
the consistency of variable selection (see Theorems 1 and 2 below).

Next, we will discuss the asymptotic properties of the proposed new method. Let
W (u) be the derivative of p(u). To establish the asymptotic properties, we first intro-
duce a definition and some regularity conditions.

Definition 1 Define 7, as the collection of all functions on [Uy, U] whose dth

order derivative satisfies the Holder condition of order v with y = d + v. That is,

for any h € j‘fj,, there exists a constant ¢ € (0, co) such that for each h € 57,

D (s) — hD(1)| < c|s —t]", forany Uy < 5,1 < Uj.

Cl. {ax(u) € 5,}]_, forsome y > N +1/2.

C2. The random field {(Y;, Xi, Z;i, U;), 1 € N } is strictly stationary. For all distinct
i and j in ZN, U; and U; admit a joint density f; ; satisfying | f; j(u1, u2) —
fur) f(up)| < cp forall uy, ur € [Uy, Uy], where c¢; > 0 is some constant, and
f denotes the marginal density of Us;.

C3. Foralli € Z", the random design vectors X; and Z; are bounded in probability,
and the eigenvalues of E(XﬁXﬁT | Uy = u), u € [Uy, U] are bounded away from
0 and infinity uniformly.

C4. p(u)is convex and E (V(e;) | X3, Z;, U;) = 0, for all 1 € ZV . Furthermore, for
some 8 > 0, sup;czn E (|W(€:)1*™ | X, Z;, Us) < oo, and there exist positive
numbers by with 0 < inf b; < supb; < oo such that sup;cyv |[E(W(e; + 5) |
Xi, Zi, U;) — bys| = Op(s?) as s — 0.
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C5. Thereexistconstants 0 < ¢, ¢3 < oo such that sup; 7~ E{[\l—l(eﬁ—{—s)—\Il(eﬁ)]2 |
Xi, Zi, Ui} < c3ls|,ass — 0,and |[W(v+s) — ¥V (v)| < c3 forany |s| < ¢ and
veRL

C6. The eigenvalues of %AZ and %E: are bounded away from infinity and zero for

sufficiently large 7. Where A} and E7 are given in the following.

C7. Tuning parameters satisfy: max{a;,a;*}K;/zﬁ*]/z — 0, bin~1/? — oo and
bi*(mKy)~1/? — co. Where a = sup{Af, k = 1,...,v}, b} = inf{A%, . k =
v+ 1,...,p}and a;* = sup{Ay k = 1,....c}, by* = inf{A7 . k = ¢+
1,...,q}

Condition C1 is a smoothness condition on function coefficients determining the rate

of convergence of the spline estimator. C2 is a standard condition in this context; it

has been used, for example, by Tran (1990), Hallin et al. (2004) and Tang (2014)

in the spatial setting. C3 imposed in Huang et al. (2002) is a technical condition to

derive the optimal convergence rate of the estimators in functional coefficient setting.

Conditions C4 and C5 are only on score function W (z) and the random error €;; same

conditions were also used in Tang (2014) and Lu et al. (2014). C6 is used to represent

the asymptotic covariance matrix of the nonzero parametric part. C7 is the convergence

rate of tuning parameters and their data-adaptive version will be given in Sect. 2.4.

Obviously, these conditions do not contradict the condition (2), this is because (2) only

characterizes the dependence structure of the spatial process, while these regularity

conditions do not involve the dependence structure.

Theorem 1 (Estimation Sparsity) Suppose the regularity conditions C1-C7 hold,
K, = 0"ty and (1) = O(exp(—«1)) in (2) for some & > 0. Then, for
r=1andr =2, B and a(u) satisfy
(1) &l(u) =0,l=v+1,..., p holds with probability tending to I;
(1) B =0,1l =c+1,...,q holds with probability tending to 1.

By Theorem 1 we know that, as long as (6) is used to obtain  and o« (u), sparse

solutions can be consistently produced. To establish the oracle property in estimation,
we first present the following definition and some notations.

Definition 2 The function g(x*, u) is said to belong to the varying coefficient class
of functions F if (1) g(x*, u) = x*Th(u) = 3V_; xehew); ) S4_, Elxghi()]? <
oo, where x; and hi(u) € S, are the kth coordinates of x* and h(u), respectively,
k=1,...,v.

Let X = (Xit, ..., Xiw)! and Z¥ = (Zi1, ..., Zic)". To obtain the asymptotic
distribution of ﬁ*, we first need to adjust for the dependence of Z} and (X7, U;), which
is common in semiparametric models. Denote g (X}, U;) = Zl”: 1 Xugri (Uy),

g (X3, U) = arginfy x: ez EWbil Zu — g (XT, U,
and ¢y (X¥, U;) = E(Zi| X7}, Us). Note that,
E{bi[Z — gr (X}, U

= E{bi[Zu — ci(XT, UDP) + E{bslci(XE, Us) — gr(XT, Un)I?),
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therefore, g; (X}, U;) are the projections of ¢x (X7, U;) onto the varying coefficient
functional space § (under the L, norm). In other words, g,f (X}, Uy) is an element that
belongs to § and it is the closest function to ¢ (X7, U;) among all the functions in
S, forany k = 1,...,c. We define g*(X}, U;) = (g7 (X}, Uy), ..., gi(X}, U7,
(X1, Up) = (s{ (X1, Up. ... sF(X}, Up)" and

By = > (2} — g (X7, UDI" bs[ 2 — g* (X, Up)],
i

Ay = D1ZE — ¢ (XE, UDIT ENV (eI Z] — ¢*(XE, U,

i
Then, the following theorem gives the oracle property of the estimator.

Theorem 2 (Oracle Property) Under the same conditions used in Theorem 1, we have
(D) & Dser, (@WUs) — aq(UpY* = 0, (@2 D) 1=1,.. v,
() Ay~E; (B~ BY) —a N O 1),

Theorem 2 means that the penalized M-estimators have the oracle property, which
implies that the estimators of the nonparametric components achieve the optimal
convergence rate, and the estimators of the parametric components have the same
asymptotic distribution as that obtained under the correct submodel.

As commented by the reviewer, our method only focuses on the estimation and
variable selection, while the inference results based on the estimation are not involved.
Actually, it is an interesting topic, and we will investigate it in the future.

Remark 3 Let g;(-) be the density of €; conditional on (X, Z;, U;). In this remark, we
will show that, if g; (-) satisfies some conditions, then the general M-type loss function
including mean regression, median regression, quantiles regression and robust mean
regression can satisfy C4 and C5. Thus, the conclusions in Theorems 1 and 2 hold for
them uniformly.

(I) Forp(u) = u(r—I,<0)),if gi(-) is bounded away from zero and infinite, satisfies
f i) oo &1(s)ds = 7, and has a bounded first derivative in the neighborhood of zero,
then EW(¢;) = 0 and C5 is satisfied, and C4 holds with b; = g;(0).

(Il) For V¥ (u) = max{—k, min{u, k}}, k > 0,if g;(-) is bounded and symmetric about
0, then C5 and EWV (¢;) = 0 hold automatically, C4 holds with b; = ffk gi(s)ds.

(IIT) Loss functions p(#) = |u| and p (1) = %uz satisfy the two conditions automati-
cally.

2.3 Issues in practical implementation

In this section, we discuss the algorithm for the new method. If p(-) is two-order
differentiable everywhere, by local quadratic approximation (LQA, Fan and Li (2001);
Hunter and Li 2005), a general algorithm for (6) can be realized by a modified Newton—
Raphson algorithm. More specifically, when r = 2, let (©©, BO)) be the initial value
chosen as the nonpenalized estimator, i.e.,
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(©, 80 = argming 4 { > pv;-nle - z{ﬁ)}.
1€z,

Then, the (7 + 1)-step estimate (@*D B¢+ can be obtained by minimizing

) 4 2
Zp(y —n’e- ZTﬂ)JrZ . 10x115 +Z)‘;ﬁf1§ By . A

= 1001, & "8

For r = 1, a similar procedure can be implemented by replacing the second term in (7)
with 30 A 30 02 /16,”)]. Then, (©, B) is the limit value of (@ +D, gI+D).

While, an alternatlve algorlthm that does not make use of the derivative of W(-)
is the following re-weighted least squares algorithm. Let M; = (l'IﬂT , Z].IT )T, rp =
Y: — l'[ﬁT@(’) — Z{ﬁ(’) and W; = W(r;)/r;. Then, the next iteration gives

T T
@UFDT gUEDTHT — 1" WiMiMT + A" > wiMiy;),  (®)
1€z, 1€z,
where
A® = diag At *a1 )L:"” )L;;p Pl E
165112 165”112 B 16912 18] 189
4qn 4qn

for the L, penalty, while for the L penalty

O _ gioof 2 P M Pap A *ng
A = diag| e |-
16} i 101 4. 10, | 10p.ga| 18] 1Bg "

The re-weighted least squares algorithm usually converges quickly. But when some
of the residuals are close to 0, these points receive too large weight. We adopt the
modification (Fan and Li 2001) to replace the weight W; by W (r;)/(r; + an), where
ap is the 2~ 1/2 quantile of the absolute residuals {|r;|, 1 € Z,}.

Furthermore, if p(u) = p;(u) = u(r — Iy<p)), T € (0, 1), a convenient linear
programming algorithm can be directly applied to solve problem (6). More specifically,
for r = 1, (6) can be reformulated as the following:

argmm{Z:[m]1 +(1_7)’71]+2)‘ kZ(Qk"LY-f-@k g)+z)» LBE+ B }

1€z, k=1 s=1
sty —ny + M/ (@ -0 )+ ZI (BT — B ) =Vii €Ty,
N = 0.n7 >0,68 >0,6,, >0 =08 >0. &)

@ Springer



332 K. Wang

where 87 = (B, .... BT € Ry, B~ =B .....B,)" eRLand @ = (§))) €
RY" @~ = (6, ,) € R” n_Thus, interior-point method can be used to solve it. For
ro= 2 by local hnear approximation (LLA) Zou and Li (2008), the solution can be
obtained by an iterative linear programming algorithm. More specifically, choose an
initial value @@, ||@%|l> can be approximated as:

0 0)— 0 0
1612 % 10,112 + 10,115 16,717 (18] — 10D, (10)
where [0;| = (10k,1l, ..., 6k.q, NT. Then, update the estimate repeatedly until con-

vergence, in which the (¢ 4+ 1)-step solution is given by minimizing

qn (t)l

zp,(y_nT@ ZT,B)+Z ,,kz TRE |9k¢|+2x Bel. (1D

1€z,

Here, (11) can be computed by (9) directly.
To implement the above procedures, tuning parameters {A* 1} =1 {A*’,’;} ©—1 and Ky

need to be determined. In practice, we take k* = Ah/ ||0(0)|| ~»1 < j < pand

ﬁfl/zK,i/z max{r}, A;*} — 0 and Kn_3/2 min{A}, A:*} — oo, C7 can be satisfied.
Thus, we only need to select tuning parameters (A, 1+*) and K.

For (G)(O), ,B(O)), we also need to choose the K,,. Similar to Wang et al. (2009), we
choose K, as the minimizer of the following Schwarz-type information criterion,

Api = At/ |,B](.0)|, 1 < j < q. By this selectlon, we can verify that as long as

logn
SIC (K,,) =logd > pq (Yﬁ -n’e® - Z{ﬁ‘(’)) + % {(p(Kn+1+1)+q).
1€Zy

(12)

Moreover, in this work we restrict our attention to the spline with 71 = 3. For the
proposed estimator (9 ﬁ) we also need to choose K, again, and for the simplic-
ity of implementation, we use the same K,, as used in the procedure of constructing
O, B ©)) Then, the optimal (A}, 1**) can be chosen as the minimizer of the fol-
lowing BIC type criterion

BIC(A, A%%) = log Zpr( -n/6 - z!B)

neI

log(n/Ky) logn
DF,———— + DF , 13
+ DF, @/Ky) + DF, = (13)

where 0 < DF,, < p and 0 < DF, < g are simply the numbers of nonzero nonpara-
metric and parametric components, respectively.
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3 Simulation studies and real data analysis
3.1 Simulation studies

In this section, we use two simulation experiments to investigate the finite sample
performance of the new method. Experiment 1 is homoscedastic, and Experiment
2 is heterogeneous data. We consider the spatial semiparametric varying coefficient
regression models in a two-dimensional space (N = 2). For the sake of simplicity, we
write (i, j) instead of (i1, i2), X, j)x and Z; ), instead of Xy and Z, respectively,
for the sites i € Z2.

Experiment 1: (homoscedastic model) Denote by {e((ff}) 2, j) € Z*}Y aiid
aN(@©O, 1) 4+ (1 —a)N(0, 15) white-noise processes, where o € [0, 1]. Let

12 10
Yij=PB1Wq,j) + Z X prox Ui, j) + Z Zi pkBk t€i . (14)
k=2 k=1

The relevant variables {X;, j)k}zzz and {Z;, j)k}?(: | are generated by

Uity +Uirry) _ Uij-n + Ui+
’ (l,] - ’
2 2
Xijpa=Ui-1,jy +Ui+1,j) + Uq,j—1) + Ui, j+1),
Ui-1,) —Ui+1.j) | 0 Ui j—1y —Ud,j+1 | (0
5 +eq iy Zaj2 = > +e

0
Zijy3 =Uji-1,j) + Uit1,j) + Ui j-1) + Ui, j+1) + egi,)j)’

X, j2 =

Zi =

and the redundant variables {X(i,j)k};?:5 and {Z(,-,j)k},liét, index variable {Uj; ;) :
(i, j) € Z*} and random error {e,jy - (G, )) € 772} are generated by the following
spatial autoregression:

) k

X,k = sinh(X -1, j)k + X+1, )k + X, j—1k + X, j+nr) + eg,;)j), k=5,...,12,
0

Zi ke = CoS(Zi—1,jyk + Zi+1, )k + Zi,j—vk + Zi, j+)k) + eEi,)j)’ k=4,...,10,

. 0
Ui, jy = sin(Ug-1,jy + Ui+1,j) + U, j-1» + U j+1y) + EE,;)J-)’

€i—1,j) T €G+1.j) T €6, j—1) T € j+1) (@)
€)= 5 * €

where {eg)’)j) : (i, j) € Z*} and {eéf)j) (i, j) € 7%,k = 5,..., 12, are mutually
independent i.i.d N (0, 1) white-noise processes, sinh(u) = (e — e ") /(e" + e™%).
The coefficients o (#), k = 1,...,12 and B¢,k = 1, ..., 10 are given by o1 (u) =
0.8exp(u/2) + 0.5exp(—u/2), aa(u) = 0.6u(1 + 0.3u2), a3(u) = 6 — 6u, as(u) =
5+ 10sin(wu/3), axy(w) =0,k =5,...,12, 81 = 1,6 =—1,83 =2and B4 =
.-+ = B1o = 0. This is an extension of the model used in Hallin et al. (2004). In
terms of data sets, we consider three cases: (1) @« = 1, (2) « = 0.9 and (3) an outlier
case, in which 5% of the values of response is shifted with shift value ¢ = 3. In each
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case, by the iterative steps of Hallin et al. (2004), spatial data are generated from (14)
over a rectangular domain of m x n sites, more specially, over a grid of the form
{(@,j):81 <i<8l+m,81 < j <81+ n}, for various values of m and n. Through
500 repetitions, 500 data sets are obtained.

For comparison, three types of loss functions are chosen as: pj(u) = %uz (LS);
p2(u) = |u| (LAD); Huber's loss: p3(u) = %uz if u| < 1.345 and p3(u) =
1.345|u| — 0.5(1.345)2 otherwise. For the three loss functions with the L, norm
penalty, the corresponding estimators are abbreviated as LS (), LAD(r) and Huber(r),
respectively.

To measure the estimation accuracy of @(u), we use the average squared error
(ASE) and the average absolute error (ADE) from the true curves, which are defined,
respectively, as:

I

1 P 1 T p
ASE = ZZ [@ (1)) — aor(u)]” , ADE = = DD @) — eor(uy)

j=1k=1 j=1k=1

where uj = u2.5%mn) + Jj@97.5%mn)) — U(2.5%mn))/ T j = 1,..., T, are grid
points (7" = 200 in our simulation) and (1) < u(1) < -+ < U(np) 1S a permutation of
{Ui,j) : 80 <i <80+ m,80 < j <80+ n}. The means of the ASE and ADE are
denoted by i (ASE) and u(ADE), respectively. While the estimation accuracy of ,E is
measured by the mean squared error (MSE). To indicate the variable selection results,
the percentage of correctly fitting CF% is used, which represents the percentage of
selecting true relevant variables. Furthermore, we also compare the average numbers
of coefficients that are correctly shrunk to zero, which is denoted by C.

Tables 1 and 2 report the simulation results for this experiment. We can see that
the results for L1 and L, norm penalties are similar. Furthermore, for « = 1, we find
that LS(r), Huber(r) and LAD(r) perform similarly in terms of C and CF% values,
implying that they perform similarly for variable selection; all they can select the true
relevant variables in the nonparametric and parametric components simultaneously
with high probability. While by the values of (1 (ASE), ;«(ADE) and MSE, we find that
LS(r) performs better than LAD(r) and Huber(r). This is not a surprise, since in this
case the LAD(r) and Huber(r) will lose efficiency in some degree. Furthermore, when
o = 0.9 or outliers exist in the dataset, LAD(r) and Huber(r) have better performance
than LS(r) does, that they can increase the estimation accuracy noticeably and increase
CF% and have better performance in terms of C. All of these results affirm that this
new method works well in the spatial semiparametric setting.

Experiment 2: (heterogeneous model) In this experiment, {Z( j} ,i‘;l and
{(Ug,j: G, ]) € Zz} are generated in the same as in Experiment~1, while {(Xg’j)z, e,
Xip2) « G, J) € Zz} are generated as follows. First, {(X¢ j)2, ..., X jH12) :
(i, j) € Z*} are generated through the following spatial autoregression:

S S S S S 2
X, jy2 =cos(Xi—1,j2 + X1, 2 + X, j—12 + X j+1)2) + eEi,)j)’
_ - _ _ _ 3
X, j3 = sin(X(i—1,/)3 + Xi+1,)»3 + X, j-13 + X, j+1)3) + eEi,)jr
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Table 1 Simulation results for the nonparametric components in Experiment 1

mxn=15x15 m xn =20 x 20

C CF%  w(ASE) w(ADE) C CF%  w(ASE) w(ADE)

a=1
LAD(l) 7.852 8720 2.247x 1073 0.1001 8.000 100.00 4.217 x 10~% 0.0457
LAD(2) 7.848 86.80 2.301 x 1073 0.1012 7.995 99.60  4.169 x 10~ 0.0460
LS(1) 7.860 88.00 1.902 x 1073 0.0823 8.000 100.00 3.811 x 107% 0.0336
LS(2) 7.842  86.00 1.673 x 1073 0.0787 8.000 100.00 3.512x 10~* 0.0309
Huber(1) 7.840 8540 2.013x 1073 0.2264 8.000 100.00 3.718 x 10~* 0.0511
Huber(2) 7.844 86.00 2.190 x 1073 0.2371 8.000 100.00 4.069 x 10~%  0.0439

a=09
LAD(1) 7.802 80.60 4.076 x 1073  0.1409 7.980 98.60 8.083 x 107%  0.0560
LAD(2) 7.810 81.00 3.759 x 1073 0.1657 7.994 9940  8.131x 107* 0.0574
LS(1) 4550 5020 2.936 x 1072 0.2542 7.632 7020  5.682x 1073 0.0793
LS(2) 4546 48.80 2.789 x 1072 0.2613 7.630 6940 5591 x 1073 0.0801
Huber(1) 7.788 80.00 2.089 x 1072 0.2178 7.980 98.80 3.713x 1073 0.0701
Huber(2) 7.786 79.80 1.897 x 1072 0.2069 7.985 99.00 4.016x 1073 0.0813

Outlier case
LAD(l) 7.678 71.80 3.412x 1072 0.2963 7.968 9550  3.039x 1073 0.0756
LAD(2) 7.664 70.00 3.357x 1072 0.2872 7.964 9480 2018 x 1073 0.0760
LS(1) 4486 4480 8.963 x 1072 0.3847 5.668 57.60  4.108 x 1072 0.0931
LS(2) 4502 46.00 9.030 x 1072 0.3727 5672 6040  3.013x 1072 0.0907
Huber(1) 7.665 70.60 2.777 x 1072 0.2354 7970 96.00 7.215x 1073 0.0713
Huber(2) 7.602 69.80 2.679 x 1072 0.2401 7.962 9460 8.135x 1073 0.0697

~ - ~ ~ ~ 4
X, jpa = sinh(X -1 jya + X+1,5)a + X, j-na + X, j+14) + egi,)j),

5 1% 5 i 5 *)

X je = Z(X(i—l,j)k + Xv1pk + Xaj-vk + X jrop) + ey k=5,....12,
where {eg.{)j) 2 (i, )) € Zz}, k=2,...,12, are i.i.d N(0, 1) white-noise processes.
Then, set X(; j)2 = q)()?(i,jﬂ) and X j = i(i,j)k for k = 3, ..., 12. The spatial

response {Y(; j) : (i, j) € 7%} is generated according to the following heteroscedastic
model:

Yijph =a1(Uqg, jy) + X j3as(Uq, jy) + X jpaca(Ua ) + Z )
— 27, jy2 + €6 j) (15)

where €3G, j) = az(U(,',j))X(,',j)zg(,"j), {g(,‘,j) . (i, j) € Zz} is an N(O, 1) white-noise
process, and (1) = 0.6u(1 4 0.3u?), az(u) = 0.5sin*(u +0.4), a3(u) = 6 —0.2u,
ag(u) = 2.5sin(0.95u + 0.5). In this experiment, X(; j)> plays an essential role
in the conditional distribution of Y; ;) given the covariates, but it does not directly

@ Springer



336 K. Wang

Table 2 Simulation results for the parametric components in Experiment 1

mxn=15x15 mxn=20x20
C CF% MSE C CF% MSE
a=1
LAD(1) 6.858 89.40 1.298 x 1072 7.000 100.00 6.361 x 1073
LAD(2) 6.863 90.00 1.276 x 1072 7.000 100.00 6.093 x 1073
LS(1) 6.870 91.00 1.108 x 1072 7.000 100.00 5.339 x 1073
LS(2) 6.868 91.60 1.112 x 1072 7.000 100.00 4.988 x 1073
Huber(1) 6.849 88.40 1.264 x 1072 7.000 100.00 6.175 x 1073
Huber(2) 6.850 89.60 1.301 x 1072 7.000 100.00 6.118 x 1073
a=0.9
LAD(1) 6.797 89.00 1.509 x 10~2 6.987 98.80 6.911 x 1073
LAD(2) 6.789 88.60 1.612 x 1072 6.992 99.60 6.836 x 1073
LS(1) 5.539 50.40 2.739 x 1071 6.109 68.20 2.093 x 107!
LS(2) 5.528 49.80 2.819 x 1071 6.116 69.00 1.998 x 107!
Huber(1) 6.807 87.80 1.316 x 1072 6.979 98.80 6.570 x 1073
Huber(2) 6.819 89.80 1.357 x 1072 6.981 99.00 6.768 x 103
Outlier case
LAD(1) 6.776 83.60 4387 x 1072 6.976 96.60 8.873 x 1073
LAD(2) 6.761 82.00 4366 x 1072 6.969 95.80 9.017 x 1073
LS(1) 4.132 45.20 4916 x 10! 5.008 57.60 6.678 x 107!
LS(2) 4.096 46.40 5.009 x 107! 4972 60.40 7.019 x 107!
Huber(1) 6.795 80.80 1.712 x 1072 6.979 96.80 1.035 x 1072
Huber(2) 6.801 81.60 1.809 x 102 6.988 97.20 9.867 x 1073

influence the center (mean or median) of the conditional distribution, because the
conditional mean and median of €; j are zero. Similar to Experiment 1, 500 simulation
spatial data sets are independently generated from (15) over a rectangular domain
{G,j):81 <i <81+m,81 <j <81+ n}, for various values of m and n.

For comparison, we further consider p(u) = u(t — I, <)) as loss function, for
different 7 and r, the corresponding estimators are abbreviated as Q(z, r), here we
choose 7 = 0.25, 7 = 0.5 and T = 0.75. In this experiment, to assess the variable
selection results, we further use P% to denote the proportion of selecting X, as a
relevant variable in the nonparametric component.

Tables 3 and 4 list the simulation results for the nonparametric and parametric
parts, respectively. Similar to Experiment 1, in terms of variable selection, we find
that Q(0.5,r), LS(r) and Huber(r) perform similarly, while due to heteroscedastic
error, Q(0.5,r) and Huber(r) perform better than LS(r) does in terms of parameter
estimation accuracy. Furthermore, from the values of P% in Table 3, we find that
the active variable X» is often missed by LS(r), Q(0.5,r) and Huber(r) methods.
However, with high probability, X» can be selected into the model when Q(0.75, r)
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Table 3 Simulation results for the nonparametric components in Experiment 2

mxn=15x15 m x n =20 x 20

P% CF%  (ASE) W(ADE) P% CF% 1(ASE) L(ADE)
Q(0.75,1) 100.00 80.60 6.362 x 1073 0.4062 100.00 99.00 7.218 x 1074 0.0502
Q(0.75,2) 100.00 82.00 5.962 x 1073 0.4007 100.00 100.00 8.034 x 104 0.0470
Q(0.5,1)  6.00 77.80 1384 x 1073 0.1972 0.00 100.00 5.181 x 10~*  0.0259
Q(0.5,2)  6.50 78.00 1.575x 1073 0.1859 1.00 98.00  5.167 x 10~%  0.0260
Q(0.25,1) 100.00 81.80 6.310 x 10~3  0.4072 100.00 100.00 7.203 x 1074 0.0498
Q(0.25,2) 100.00 81.60 6.171 x 1073 0.4101 100.00 100.00 7.368 x 104 0.0479
LS(1) 4.00 81.80 4.915x 1072  0.2808 0.00 100.00 4.902 x 1073 0.0652
LS(2) 5.80 83.00 4.730 x 1072 0.3012 0.00 99.40  4.512x 1073 0.0709
Huber(1)  7.00 82.80 2259 x 1072 0.2264 0.00 100.00 3.118 x 1073 0.0602
Huber(2)  6.50 83.00 2.298 x 1072 0.2371 0.00 100.00 4.012 x 1073 0.0579
Table 4 Simulation results for the parametric components in Experiment 2

mxn=15x15 m xn =20 x20
C CF% MSE C CF% MSE

Q(0.75, 1) 7.868 87.80 2.011 x 1072 8.000 100.00 6.673 x 1073
Q(0.75,2) 7.876 89.00 1.983 x 1072 8.000 100.00 6.597 x 103
Q(0.5, 1) 7.859 86.40 2.109 x 102 8.000 100.00 7.018 x 1073
Q(0.5,2) 7.868 87.00 2.133 x 1072 8.000 100.00 6.886 x 1073
Q(0.25, 1) 7.883 90.00 1.997 x 1072 8.000 100.00 6.639 x 103
Q(0.25,2) 7.871 88.60 2.116 x 1072 8.000 100.00 7.102 x 1073
LS(1) 7.839 85.20 2.919 x 102 8.000 100.00 8.018 x 103
LS(2) 7.833 84.90 2.863 x 1072 8.000 100.00 7.961 x 103
Huber(1) 7.898 90.40 1.971 x 1072 8.000 100.00 6.871 x 1073
Huber(2) 7.902 91.00 1.983 x 1072 8.000 100.00 6.907 x 103

and Q(0.25, r) are used. This is not surprising, since the conditional mean and median
of €, jy are zero, while its 25 and 75% quantiles are not zero. These demonstrate that
by considering several different quantile positions, it is likely to gain a more complete
picture of the underlying structure of the conditional distribution. Furthermore, by
values of CF%, with high probability, all the methods can correctly select the relevant
variables in the nonparametric and parametric parts simultaneously.

3.2 Real data analysis

To further illustrate the usefulness of the proposed method, we apply the new method
to a real data. It was known from the simulation study that the adaptive group L
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and L, penalties lead to similar results. Thus, we only consider the L penalty for
simplicity in the real data analysis.

The data set studied here comes from the Boston Standard Metropolitan Statistical
Area with 506 observations (1 observation per census tract). This data set has been
studied in several literatures. For example, Harrison and Rubinfeld (1978) investigated
various methodological issues related to the use of housing data to estimate the demand
for clean air, Pace and Gilley (1997) demonstrated the substantial benefits obtained by
modeling the spatial dependence of the errors, Tang (2014) discussed the estimation
issue for spatial functional coefficient model.

Following Harrison and Rubinfeld (1978) and Pace and Gilley (1997), we take
In (Price) as the response, NOX (levels of nitrogen oxides) as the index variable, and
the following indictors as the covariates: CRIM (crime rate), RM (average number of
rooms per dwelling), AGE (proportion of structures built before 1940), TAX (property
tax rate), PTRATIO (pupil-teacher ratio), B (black population proportion). For the
variables AGE, TAX, PTRATIO and LSTAT, we make the same modification as Tang
(2014). Then, we consider the following model:

In(Price) = Bo(NOX) + A1 (NOX)CRIM + B>(NOX)RM + B3(NOX)AGE
+ B4(NOX)TAX + B5(NOX)PTRATIO + B(NOX)B + error.  (16)

Figure 1 presents the boxplot of response variable In(Price), which indicates that
there are outliers. Thus, we choose the robust loss function p(x) = |u|. Then, the
resulting LAD(1) estimate suggests that RM, AGE, TAX, PTRATIO and B are relevant
variables, whereas CRIM is inactive. Figure 2 gives the estimated coefficient functions
for Bo(-), B2(+), B3(-), Ba(:), Bs(-) and Be(-), respectively. Obviously, Fig. 2 shows that
they are unlikely to be constant zero, because none of them is significantly close to
zero. To confirm whether the eliminated variable (i.e., CRIM) is truly irrelevant, we
consider non-penalized LAD estimates, which is shown in Fig. 3. We can see that it
is always close to zero over the entire range of the index variable NOX; thus, Fig.
3 further confirms that CRIM is unlikely to be relevant. Therefore, the new method
works well in variable selection.

For comparison, we carry out an AIC based all-subset selection procedure to select
among 27 = 128 candidate models. Specifically, we fit each candidate model, and
calculate its AIC value, and then select the model with the smallest AIC. To better
understand the performance of our penalization-based LAD(1) method and the all-
subset selection procedure, in the following, we compare the two methods by assessing
their selection stability and computation time.

To compare the selection stability, we apply them to 200 bootstrap samples, each
of which is obtained by resampling 300 observations without replacement. Table 5
summarizes the average computation time and the frequencies that the covariates are
selected in the observed data and in the bootstrap data among 200 bootstraps. We can
see that both the proposed LAD(1) method and the all-subset selection method are
stable in variable selection. However, the proposed LAD(1) method is much faster
in computation than the all-subset selection method. This is because that all-subset
approach requires searching over all possible combinations of covariates.
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Fig. 1 Boxplot of In(Price) 3
0 | |
% |
o |
L
0 | |
ai |
S S
5 8
N 8
[e]
o]
o
0 p
@
7 ° o |
. ©
Q o - >N =
O o ° 9 o
7. - Z g s
\5 N - 2_
[a\)
. _ | @ © °|' |
o - 21 <«
=] \ Cl’ .
‘T -
T T T T T T T T T T T T
05 06 07 08 05 06 07 08 05 06 07 08
NOX NOX NOX
_ © o | Va\
o
<
° 0
—~ — @ OI -
= < —~
O O o é
£ 2 Z -
<+ o Sale = |
o8 o ©
v °7 e
_ R/ \n
T
® | o e
| I (S|
T T T T T T T T I T T T T
05 06 07 08 05 06 07 08 05 06 07 08
NOX NOX NOX

Fig. 2 Estimates of coefficient functions of relevant variables, where the horizontal thin lines are y = 0
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Fig. 3 Non-penalized LAD < |
estimator for coefficient function ©
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black thin line is y = 0
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Table 5 Frequencies that the covariates are selected in the observed sample and in the bootstrap samples.
Av.Time: the average computation time of the methods

Bo() B1() B2() B3() Ba() Bs() Be () Av.Time(sd)

All-subset

Observed 1 0 1 1 1 0 1 /

Bootstrap 200 15 192 190 187 23 165 18.32(2.58)
LAD(1)

Observed 1 0 1 1 1 1 1 /

Bootstrap 200 2 198 200 177 190 200 3.11(1.06)

4 Appendix

Let C denote some positive constants not depending on n, but which may assume
different values at each appearance. We first list some notations used in the following,
define Z = (Z;,1 € Zy)', M = (I, 1 € T,)T, B = diag(b;, 1 € I,), A =
diag(E[V2(e1)],1 € Zp), P = OM7BM)~'N"B, Z = (I — P)Z and E, =
Z"BZ, A, = Z'AZ. Let Ry = aqe(Us) — m(Us)709 and Ry = X  ao(Uy) —
n’e’.

Lemma 1 Suppose that C1-C4 hold. There exists a vector e = (O?T, e, 0(1),T)T
which satisfies

(D) 16201 #0. ke {l,....v}: [01h =0.ke{v+1.....ph
(1) Sup,ciu.vy look @) — w@)T0Y| = O(K, ") k=1,....p.
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Lemma 1 follows directly from Corollary 6.21 of (Schumaker 1981, Chapter 6). So by
Lemma 1 and condition C3, we have

sup [Ruik| = O(K, ") and sup |Rui| = O(K,,").
1

1,k

Lemma 2 Suppose Equation (2) holds. Let L, (F) denote the class of F-measurable
random variable & satisfying €|, = (E|E|P)/P < oo. Let & € L,(B(S)) and
n € L,(B(S"). Then, forany 1 < p, h,q < oo such that % + % + % =1,

|E(&n) — EEEn| < ClElllInllgle (B(S), BSH)1VM.

The proof of Lemma 2 can be found in Lemma 5.1 of Hallin et al. (2004). The following
Lemma 3 can be founded in Lee et al. (2004).

Lemma3 Let (Z; : i € ZN) be a zero-mean real valued random fields such that
supiez, 1 Zill2 < bo < o0. Then, for each ¢ = (q1, - .., qN) with integer-valued
coordinates qi € [1, ni/2] and for each ¢ > 0 we have

2/\
| =7 N AT B WL (e
P2z ) =2 o (i)« 2 ()|

1€z,

where § = 1L, qu. pe = ni/2qi) and v3(q) = 2V*'o2(q)/P* + boe with p =
[Iis) P 0%(g) = mins j Eyep,, 210 and sy = [T (Gx+2) pr x4+ 2+
D) px]. The minimization in the defining equation for o*(q) is taken over all pairs of
N-tuple indices i and j with iy =0, landiy =0,1,...,qx — L.

Proof (I) of Theorem 2 For any given ® € R”% and B € RY, let

125
_(s1) _ An -’-‘-n(ﬂ - :BO)
s(8,0)= (52) - (K;1/2H,,<® - 0% +K,’H,;'N"BZ(B - ﬂo))’
(17)

AVE'Z T = K;/ZH;IHﬁ-

n “n

where H f, = K,IIT BI1, and we standardize Z-l =
So we have

S pvi—MO—2zIp)=> ples—glZ:— gI M+ Ry).  (18)

1€z, 1€z,

Let

Du(5) = > ples — 61 Zi — 63 i+ Rus) — D pl€s + Rus)

i€z, i€z,
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= Z{E[P(Gﬁ —¢TZi — ¢TT; + Ru) — p(ei + Rup)| X3, Zs, Us]
i€z,
— 61 Zi + o5 T;]W(er))
+ Z[,O(éﬁ —¢TZ: — ¢TI + Rup) — ples + Rus) + [T Z;
1€z,
+ I ;1 (es) — E{p(es — 6] Zs — 62 i + Rus) — p(&
+ Rui) | X, Z;, Ui}l
= ®u1(g) + D [T5(s) — Efples — 5 Zi — 65 Ti + Rys)
1€z,
— p(€i + Rpi)| Xy, Z;, Ui}
= ®,1(5) + Pu2(s), (19)

where () = p(e; — 61 Zi — 65 T + Rys) — p(€& + Rus) + (67 Zi + S T; W (&)
By the definition of Q(®, #), we have

p q

0(0.B) — 00", By) = Pu(s)+ D A (10klly — 1021) + D Ac (1Bl — | Bok])-
k=1 k=1

(20)

Then, a sufficient condition for proving this part is for any ¢ > 0 and r > 1; there
exists some C, such that

Pr( inf 0(®,8)> Q(@O,ﬁo)) >1—c¢, 1)

1/2
lsll2=CKn

as n — oo. Specially, using the fact that Q(@, B) is minimized at . By the con-

vexity of Q(-) and Corollary 2.5 of Eggleston (1958, Chapter 3), (21) can lead to
Pr (||§||2 < CK,i/z) > 1—¢ asn — oo, and thus [|E] = O,(K./?). Then, by

Lemma 1, we can obtain

D @) — e UDY? <207 (] @) - ) + 20K,

i€z, 1€ly
< 0,@ 1513 + 0,8 — Bol3) + 0K, )
= 0,(Ky™") = 0, (#~2/ D). (22)

Next, we will prove (21). Firstly, by the convex property of p(-), we have

\p(es — ¢TZy — ¢TIy + Rus) — ples + Ru) + [cT Zi + ¢TI ;W (e; + Ruy)|
<16TZi + IMi| - 1W(es — ¢TZi — T TLi + Rui) — W(es + Rus)l, (23)
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thus

s (5)|
<16TZi+ I M| - (W(e: — 6] Zi — 5
<I61Zi+ I |- (1W(es — 61 Zi — 67

i+ Rui) — V(€ + Rui)| + |W(€ + Rus) — W(en))

o
I + Rys) — W(es)| +2|W (e + Rus) — W(en)).
(24)

Thus, when ||c||» < cK»'?, by condition CS and note that E [¥ (€;) | X;, Z:, U] = 0,
we have that

C-c-K
max | 2;(5)| = max [[i(¢) — E (Ni(6) | X3, Zs, Up) | < ——5—.  (29)
1€z, i1€Z, n
Furthermore, by regularity conditions C1 and C5,
2
2 .
o*(g) = min £ > duls)
keAﬁj
2
=E| > oxlg)
kEA()O
= D EQR()+ D D EPy(g)®a(s). (26)
keAgo 1,jeAgo 17£]
where Ay = H11<V=1 (0, pi]. For the first part of formula (26), one can verify
> EDR(9) = D ET(s)
kelAgo keAgp
- ~ 12 e ~
< > CKuEl(s1Z: + ¢ M) (Ka* |61 Zi + 6J il + Rus)]
kEAQo
o lsl K 2 + Ky
< CK.pllsl3 — —. (27)
Note that

D D ER()Py(9) = D EDx()Dai(s) + D, EPi(5)Pai(s),
i,j€Ago 7] 1,jeS; i,j€Sy
(28)

where

Si={1#jeAo:ljk—ikl <cak.k=1,...,N},
So={i,j € Aoo : ljk —ixl > cuk, k=1,..., N},
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Cnk = [Kﬁ/(”‘””], fork =1,..., N,and constanta > (44 §)N /(24 &). According
to formula (27), we can obtain that

D IED;(9)Pai(s) = D [ED3 ()] ED3;(5)]'?
i,5€S1 1,j€S;

Sl K12 + Ky 7
2

o~

N
< CKup [ | entlisl
k=1

~ 248N /(2+8)a
DKy
-0 (T) 29)

By regularity conditions C2, C3 and C5,andlet p =h =2+4+368,q = (2+4)/8 in
Lemma 2, we can obtain that

> E®(5)®(s)

1,j€S7

< > CIE(Du() )Y Mgl — j)12)17 )
1,j€S2

< > CIE(Ty()P) I F P p(|li — jll2)1/
1,j€SH

< > ClElNs] Zi + ¢S L (167 Zs + 6] Ti| + | Rus DIV @ [0(|11 — j12)1% @
1,]€S2

o~ 242/(2+8 . .

< > CKI | g EH o5 — 1)1/ D). (30)

ﬁ,jES2

Note that ¢ (f) = O (exp(—«t)), by the similar arguments used in Lemma 5.2 in Hallin
et al. (2004),

N lpl2
> ledli =17 < cp D D N e e
1,j€Sy k=1 t=cnk
§/(2+8)a
o~ _ClKn 8
<C ——). 31
< peXp( 219 (31)

where constant §1 € (0, ). S0 X; 55, EP2:(5)P2;(5) = O ('ﬁK,%+8N/(2+5)aﬁ_T3),
furthermore, by formulas (26)—(31), we can get that

248N /(2+8)a~
K p
o*(q)=0 (T) 32)
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Thus, combining (26), (32) and Lemma 3, for any ¢ > 0, we can obtain

1
Pr sup K—CD,,Z(g) > ¢
lgla<Cky/>17n
v (ACK Y2\ K K2e%G
<N == _— 2exp - — — -
€ NF22N+ 20702 (q) ) + bonKye)

87y Cmin o
Koo £ min, pe

< N+l [exp (pK logn |1 — Kne’q :|)
- TTETL 2N42plogR(RN R0 2(q)/p? + boit K ne)

e )45
+exp (PK" logn [ — K ming WD]

= o(1). (33)

What is more, for arbitrary ¢ > 0, we can prove that, when n — oo, there exists large
constant C, such that

1
Pr[ inf e K—(D,,l(g) > 0] >1—c. (34)
sl

Thus, by formulas (33) and (34), we have that, for some large enough positive constant
C bl

1
lim Pr inf —d,(c) >0 35)
noo (n;u cky/? Kn
Then note, for any m-dimension vector ¢ and r > 1,

Izl < Nl <m'2 )22, (36)

holds. So forr > 1,

1/2

1841l = 1621 | < 18 — 871 < 16 — 611 < au*1© — ©°l>.  (37)

When |[c[l> = CK,'?, by (37), we have
ZA 10kl — 1621 >>ZA 10kl — 1621-)

> aj Z(Hokur — 116211,)
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> —vCa’ qn Kot /2
= 0(Ky), (38)

and similarly,

q
7B — 1o = —c(ay CKy*n™11%) = 0,(1). (39)
k=1

Thus, for any ¢ > 0, there exists some constant C, such that

1/2
00\ slh=Cka/ =1

>1-—c¢. (40)

P q
lim Pr( inf <1>n(g>+zx::k(||0k||r—||02||r>+zxj;;z(|ﬂk|—|ﬂ0k|>>0)
k=1

O

Proof (I) of Theorem 1 Now, we prove ﬁk =0,k =v+1,..., p with probability
tending to one. A sufficient condition is that

30k s

9008 _ o g >0

[ 90(0.8) 0, ks <0,
90k s

holdsfork=v+1,...,pands =1, ..., g,. This suffices to prove that

> w(v-nl6-2/B) Xyri| <imk=v+l...p @D
1€z, 2

forr =1, 2.

Let $,(©,8) = Dz, V(Y — IO — ZI B, S) = ;.7 W(en)IT;, and
Ai = W2(e) T 5, Asj = W(es) W (ej) ] I, then

T
EJ| D W | | > Wl |t =D EAs+ > EAj+ > EAy.

1€Zy 1€z, 1€z, 1,j€S| 1,j€S,
(42)
Thus, by the regularity condition C4, we have
> EA =Y E(EWe)IX;, UpTIl L) < Ca. (43)

1€z, 1€z,
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Furthermore, let L, = K2/“™ m;, = I W (e)]jw (e <L, and Ijp = ;W (e;)
Ijw(e;)|>L, - Using arguments similar to those used in the proof of Theorem 1 of Tang
and Cheng (2009), one can verify

N
> EAij < CKn(La"? + LK) [ enk = o(@). (44)

1,j€S k=1

Using arguments similar to those used in the proof of Lemma 5.2 of Hallin et al.
(2004), and noting that ¢ (u) = O (exp(—ku)), we have

§/(2+6 . .
> EAy = CKYPT ST (ol — 1)
1,J€Sy 1,j€S;

N lpl2

<CpY, D u )

k=1 u=cnk

. —K(K,(E/Q—Hs)a)s
=Cpep| — 5

Thus, [|S2|l, = O, ®@!/?), and similarly,

| E(54(©°, By) — 3}

D MLE{W(e: — Rai) — W)

i€z, 2

2

01, Z I1;6; Ry
1€Zy 2

= 0,(K, 0", (46)

T
E{| D (W(es — Rup) = WD | | D (Wl — Rus) — W(e)TT;

1€z, 1€z,
~1/2
n

15:(8°. Bo) = Sll2 = O (IE(Sw(©°. By) = ShHI2+ENISu(©°. Bo) = SHIZ} 7).
(48)

Note,
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Thus, by (46) and (47), [|Sx(®°, By) — S0l = O, (K, "1'/?); furthermore, by
Lemma 3 and the similar arguments as used in the proofs of Lemmas 8.4 and 8.5
in Wei and He (2006), and note K, = o(@'/*), we can verify that ||S,(®, B) —
S (O, Boll2 = o,,(ﬁl/z) holds. So, by the above discussion, we have

154(®. B)ll2
< 15x(®, B) — $u(®°, By)ll2 + [152(®°, Bp) — S9ll2 + 112

= 0,@"?). (49)
Furthermore, according to C7,
ARV = ak, oo, (50)

as n — o0. Thus, the proof is completed. O

Proof (II) of Theorem I Similar to the proof of (I) in Theorem 1, we can prove that
S W -1l -z B)Zu| = 0,(/nKy). (51)
i€z, 2

fork = ¢+ 1,...,q. Furthermore, by C8, A}/ //nK, > b}*//nK, — oo, for
l=c+1,...,q.So, this imply

: TR ar
lim Pr (A > ny(yﬁ—nﬁe—zﬁﬂ)zﬁk =lk=c+1,...,q.
1€ly b
(52)
Thus, the proof is completed. O

Proof (II) of Theorem 2 Let
ES A*—l/zg*(ﬂ* _ﬁ*)
(B, 04) = S1) = M 0 ,
<" (6.0 (sé) (Kn”ZH:;(G*—®2>+K,1/2H:;‘IH*TBZ*</3*—ﬂ3>
(53)

T
where H:? = K,II*" BIT*, @, = (87,....67)7 and @0 = (00T,...,08T) ,
Z* = (Zfi € T,)", I* = (I},i € Z,)". By theorem 1, we know that, with
probability tending to one, g*(ﬂ*, @*) is the minimizer of

v C

T7 T

0(st.65) =D ples— gt Zi — 65 T} — Rus) + D All0ill- + D 25k Bel.
flEIn =1 k=1

(54)
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*

where T} = K,/°H:™'7, Z = A*V2E571Z1%, 23 is defined similarly to Z;.
Firstly, define ¢7* = A:‘fl/ 2 Diez, L1 "W (¢;). Then, using arguments similar
to those used in the proof of Lemma 6 of Tang and Cheng (2009), we have that g}*
converges to normal distribution with mean 0 and covariance matrix I.. So, in order
to prove this theorem, we only need to verify [|g7* — §7ll2 = 0, (1), or equivalently,
forany 8 > 0, Pr(|[g7" — Sl < 8) — 1.
By the definition of ¢7* and g7, there exists some constant C > 0, such that

lim, o0 Pr([S3*[l2 < C) = 1 and lim,_ oo Pr(|S%[l2 < CKy'?) = 1. Let

~ % T ~

o~ T s Y A o~
Vi(st, €7 = plei — 61T Zi — 5 TI — Rys) — ples — €% Zi — €3 M; — Rup),

(55)
thus by the convexity of loss function p(-), it is sufficient to prove that
Pr inf > Vi(s}.g =01 — L. (56)
lsT—57"l2=4 -

By arguments similar to those used in the proof of Theorem 3.1 of Tang (2014), for
any given § > 0,

sup [ D {Vi(st. 81 — (T — ST ZiW(e) — EVi(T. S| = 0, (D). (57)
Ist—81*112<8 |iez,
~ 1 1. 1 . 1. 1
sup | DT EVisT 1) — S(s1 A EL T AL ST — 8 AT RIS = 0p(D),
lsT—81" 12298 |;e7,
(58)

Combining (57) and (58) yields

ST DN Dt el
sup | > Va6 61 — (6T = S AL EL T AR (6T — 1Y) = 0, (1),

IsT—S* =8 | {7,
(59)

. —~ 12
What is more, for constarllt C > 0, when [|g] — 57"l < CK)?, > e I)»j‘lz{|ﬂk| —
BEN = —ap 15 AL (T = S1) Il = 0p(1), where B = EX 1AL + B},
So, based on the above discussion, as n tends to infinite, (56) holds. Thus, for any
8 > 0, lim,_, o0 Pr(|[57* — G7ll2 > 8) = 0. The proof is completed. O
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