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Abstract We consider the problem of parameter estimation by continuous time obser-
vations of a deterministic signal in white Gaussian noise. It is supposed that the signal
has a cusp-type singularity. The properties of the maximum-likelihood and Bayesian
estimators are described in the asymptotics of small noise. Special attention is paid to
the problem of parameter estimation in the situation of misspecification in regularity,
i.e., when the statistician supposes that the observed signal has this singularity, but
the real signal is smooth. The rate and the asymptotic distribution of the maximum-
likelihood estimator in this situation are described.

Keywords Parameter estimation - Cusp-type singularity - Small noise -
Misspecification

1 Introduction

Consider the problem of parameter estimation by continuous time observations X7 =
(X:, 0 <t <T)of asignal in a white Gaussian noise (WGN)

dX; =S, t)dt +edW;, Xo=0, 0<t<T. (D
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40 O. V. Chernoyarov et al.

Here, S(¥, t) is a known function (signal), W;, 0 < ¢ < T, is a Wiener process, and
¥ € ©® = (a, B) is an unknown parameter.

We want to estimate the parameter ¥ by continuous time observations X’ and
to describe the properties of the estimators in the asymptotics of small noise, i.e.,
¢ € (0, 1] is known and the asymptotics corresponds to & — 0.

It is known that if the signal S(?, -) is a smooth function of ¢, then the maximum-
likelihood estimator (MLE) z§g and the Bayesian estimators (BEs) D, are consistent
and asymptotically normal (with rate of convergence ¢):

e (B — ) = N(0,1(»)7") and &' (9, —9) = N(0,I(NH7),

where 1(1%) is the Fisher information

T
I(¥) = / S, )2 dt )
0

(here and in the sequel, “dot” means derivation w.r.t. ¢). We also have the conver-
gence of all polynomial moments and both estimators are asymptotically efficient
(see Ibragimov and Has’minskii 1974, 1981).

If the signal S(9, 1) = S(t — ¥), where S(¢) is a discontinuous function of ¢t having
a jump at the point ¢t = 0, then I(¥) = oo. In this case, the MLE 9, and the BEs O
have the rate of convergence &> with different limit distributions:

A

g2 (9 —9) =i and g2 (9 — 9) = i,

and the BEs are asymptotically efficient. Here, E(ﬁz) > E(ﬁz), i.e., the MLE is not
asymptotically efficient. For the proofs, see Ibragimov and Has’minskii (1975).

We are interested in the properties of the MLE D¢ in the case of observations (1),
where the signal S(, t) has a cusp-type singularity, i.e., at the vicinity of the point
t = ¥, it has the representation S(, t) ~ a |t — 9|“, where k € (0, %) Note that for
these values of «, we have [(¥) = oo.

The problem of parameter estimation for cusp-type singular density functions by
i.i.d. observations was considered in Prakasa (1968). It was shown that the rate of

N 1
convergence of the MLE 9, is n™ 2+1:
1 ~ R
n 2%+l (19,, — 19) == 1.

An exhaustive study of singular estimation problems for i.i.d. observations, including
cusp-type singularity, can be found in Ibragimov and Has’minskii (1981). For sto-
chastic processes observed in continuous time, similar problems were considered in
Dachian (2003) for inhomogeneous Poisson processes and in Dachian and Kutoyants
(2003) and Fujii (2010) for ergodic diffusion processes. Note as well the works Doring
(2015), Déring and Jensen (2015), and Prakasa (1985, 2004), where the problem of
estimation of the cusp location was considered for regression models. Nonparametric
regression model with cusp-type singularities was studied in Raimondo (1998).
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This work is devoted to two problems. The first (auxiliary) one is to describe the
asymptotics of the MLE ¥, and of the BEs ¥, in the case of a signal with cusp-type
singularity. This problem is studied in Sect. 2. The observed process is supposed to
be

dX; = [alt — Do + h(Po, 1)]dr +edW;, Xo=0, 0<t<T.

Here, the parameters ¢ > 0 and k € (O, %) as well as the (smooth) function A(-)
are known, while the location ¥y € («, ) of the cusp is unknown. We consider the
problem of estimation of the true value ¥y by continuous time observations X7 =
(X¢, 0 <t < T). The properties of the estimators are described in the asymptotics
& — 0. It is shown that

2 . . 2 N
e % (9, —0) =& and & X1 (0 —9) = &,

where & and £ are two differentr.v.’s, and the BEs are asymptotically efficient. Note that
it is shown in Novikov (2014) that E(S;A‘ 2y > E(§ 2), i.e., the MLE is not asymptotically
efficient.

The second (main) problem is to study the properties of the MLE, when the theo-
retical signal supposed by the statistician has cusp-type singularity, but the real signal
is a smooth function. Let us consider the following example to illustrate this statement
of the problem. Suppose that the model of observations chosen by the statistician
(theoretical model) is

dX; =M@, t)dt +edW;, Xo=0, 0<r<T, 3)
where ¥ € ® = (¢, B),0 < o < B < T, and the signal is
M@, 1) = sgn(t = 9) [|t = 91 Lye—spi<1) + Levp>ny]
with some known a > O and « € (0, %) The observed process (real model) is
dX; = SWo,t)dt +edW,, Xo=0, 0<t<T, 4)

where

[t — v

|
S, 1) =sgn(t — 1) |: T —p1<sy + Tjjr—v|>0)

with some § > 0. A plot of these two signals (with § = %) is given in Fig. 1.
We show that

2 A
g -k (7}5 - 190) = ¢,
where E is some random variable described in Sect. 3.
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Fig. 1 Theoretical (dashed line) and real (continuous line) signals

This statement of the problem arose from our contacts with specialists in statistical
radiophysics. The motivation is the following. The algorithms of detection of the
change-point are based on the assumption that the signal has rectangular or cusp-type
shape (see, e.g., (3)). However, the real electronic devices cannot produce signals
with exactly perpendicular or cusp-type front, even if the smooth (real) signals can be
close, in some sense, to the supposed shape. The properties of the estimators strongly
depend on the analytic properties of the observed signal and the form of the supposed
theoretical signal. Therefore, it is interesting to study the properties of the estimators
of the location of a cusp or of a change-point in the situations of misspecification in
regularity. We consider two different approximations. The first one is an approximation
of arectangular signal by a smooth or cusp-type real signal (considered in Chernoyarov
et al. 2015). It is shown there that if the theoretical signal is of change-point type and
the observed signal is smooth, then

e73 (B — 0) = .

The second approximation is presented in this work. Here, the real signal is
smooth (finite derivative), while the approximating cusp-type signal has infinite
derivative. This problem is studied in Sect. 3, where we consider a slightly more
general situation, where the MLE converges to the value # which minimizes the
Kullback-Leibler distance between the measures corresponding to real and theoreti-
cal models.

The proofs in Sect. 2 are carried out following two general results: Theorems 1.10.1
and 1.10.2 from Ibragimov and Has minskii (1981), i.e., we verify the conditions of
these theorems for our model of observations. In Sect. 3, the direct application of the
same method is not possible, since in the case of misspecification, the expectation of the
pseudo-likelihood-ratio process Z. (1) is no more equal to 1 and tends to zero. Recall
that the property Ey, Z; (1) = 1 is widely used in the proofs of the above-mentioned
theorems from Ibragimov and Has’minskii (1981). The idea is to introduce another
normalized process Z.(u) and to describe the properties of the MLE with the help of
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On parameter estimation for cusp-type signals 43

this new process. We discuss as well the problem of the simultaneous estimation of
the parameters 9, a, and k.

2 Cusp location estimation

We consider the problem of parameter estimation by continuous time observations
XT = (X;, 0 <t < T) of a deterministic signal in the presence of a white Gaussian
noise of small intensity:

dX, = SWo, t)dt + edW,, Xo=0, 0<t<T. 5)

Here, the unknown parameter is ¥y € ® = («, ) and we are interested in the behavior
of the estimators of this parameter in the asymptotics of small noise, i.e., as e — 0.
Suppose that the signal S(9, ¢) has a cusp-type singularity:

SW, 1) =alt — O +h®,1),

where 0 < @ < ¥ < B < T.Here,a > O and k € (0, %) are some known the
constants, and A (4, ¢) is continuously differentiable known function having bounded
derivatives. Note that the Fisher information is not finite in this case, and so this
parameter estimation problem is non-regular (singular).

The likelihood-ratio function is (see Liptser and Shiryayev 2001) is

1 [T 1 /T
V(ﬁ,XT)zepr—z/ S(z?,t)dXt——z/ S(z?,t)zdt], e,
&~ Jo 2¢ 0

and the maximume-likelihood estimator (MLE) D¢ is defined by the equation

V(P XT) = sup V(o XT). (6)
<@

Suppose that ¢ is a random variable with continuous positive density function
p@),a < 6 < B. The Bayesian estimator (BE) ¥, with prior density p(-) and
quadratic loss function is

5 [Popo)v(e, xT)de
T Ppeyv(e,xT)de

(N

We are interested in the properties of the estimators 9, and 9, in the asymptotics
e — 0.

Introduce the Hurst parameter H = k + % and the two-sided fractional Brownian
motion (fBm) W (1), u € R. Recall, that E W (1) = 0 and

1
EW! ) W ) = 3 [|u|2H R v|2H], wveR. (8
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44 O. V. Chernoyarov et al.

In addition, introduce two random variables é and & by the relations

A ) Jand
Z(§) =sup Z(u) and & = Jru Z(w)du ’
uekt Jr Z(u) du
where the process
FZ
2= exP[F“WH(“) - 7a|u|2H], ueR. )

Here

r2— aZ/OO [lv— 11 = [o[]* dv.

a
—00
Introduce as well the process

1
Z°() = exp[wH(v) — 5|u|2H], v eR,

where w (v) is a fBm, and the corresponding random variables éo and &, are defined
by the relations

. - vZ°(v)dv
7°(é,) = sup Z°(v) and &, = JrvZ° @) dy )
veR fR Zo(v)dv
Note that A . ~ y
E=r;""¢, and E=T.ME, (10)
The proof of (10) follows immediately by changing the variable u = T, VH Yy inz (u)

and putting w (v) =T, WH(Fa_l/Hv).
Asymptotically efficient estimators are defined with the help of the following lower
bound. For all ¥y € ©® and all estimators ., we have the relation

lim lim  sup & 2" Ey|d, — 0> > E(E?) = r;Z/HE(é,,z). (11)
620509 —00|<s

Therefore, we call an estimator ¥ asymptotically efficient if for all ¥y € ®, we have

the equality
. . — 2 2
lim lim sup e /HEy|9" —v| = E(E?). (12)
8—)08—>0|§,§0‘<3 | € | ( )

The proof of the bound (11) follows from the general results presented in Section
1.9 (see (1.9.4)) of Ibragimov and Has’minskii (1981). We can recall here the sketch
of the proof, supposing that the properties of the BEs for this model are already

@ Springer



On parameter estimation for cusp-type signals 45

established (see Theorem 1 below). Introduce a continuous positive density function
q(¥), 99 — 8 < V¥ < Y9+ 4. Then, we can write

= 2 dokb o 2
sup Ey|0s — 0 z/ Ey[9: — 0| q(®)dv
[0 =] <6 Vo—8

DARRY B 2
z/ E[3,.. — 9|7 q(9) do,
Po—38

where we denoted f}q, ¢ the BE for the prior density ¢g(-). As we have the convergence
of moments of the BEs, we obtain the limit

Do+6 -
lim sup & /7 Ey|9F — o[ > lim 5*2/”/ Es |0, — 0| q@)do
e—0 9 —o| <8 =0 Bo—38

Po+35 ~1 B
:/ E[E|"q()d¥ = E(§?)

Po—38

for all § > 0. Remind that E(§2) does not depend on ¢. This proves the lower
bound (11).

Theorem 1 The MLE and the BEs are consistent, and have different limit distribu-
tions:

e VH (D, —9) = & and ¢”VH (5, — 0) = E,
the polynomial moments converge:

4 . ) . — P B
=Ey|¢|" and slg%Eﬂ;T = Ey|¢|”

for any p > 0, and the BEs are asymptotically efficient.

Proof To prove this theorem, we put ¢, = ¢!/# introduce the normalized likelihood
ratio

V(00 + peu, XT)

Zé‘(u) = V(ﬁ()a XT)

. uelUo= (e (=00, e (B - vy)),

and check the conditions of general Theorems 1.10.1 and 1.10.2 from Ibragimov and
Has minskii (1981). The verification of these conditions is done with the help of
several lemmas presented below.

Lemma 1 We have the convergence of finite-dimensional distributions of Z.(-): for
anyanyk =1,2,...and any uy, ..., ur € R, we have

@ Springer



46 O. V. Chernoyarov et al.

(Ze(u), ..., Zeup)) = (Z(u1), ..., Z(up)). (13)
Moreover, this convergence is uniform in ¥ on compacts K C ©.
Proof We can write (u > 0)

1 T
InZ.(u) = 8—2/0 [S@o + @eu, 1) — S0, )] dX,

T
—3 [5(190 ¥ g, 1)? — S(D, r)z] dr
0

1 T

g/ [S@Wo + @eu, 1) — S0, )] AW,
0
1 T

2
~307 |, [S@o+geu.n) = 50, 0] .

For the last integral, we have

T
/ [S(P0 + gert. 1) — S(D0. )] dt
0
T 2
= / [a [t — 09 — @eu| —a |t — 90| +h(Po + @eu, t) — (Do, t)] dr
0

T—v9 L 2
:/ [a|t—(p8u|’(—a|t|’<+g0£uh(z?,t—ﬂo)] de,
—Bo

where we changed the variable and used Taylor expansion for the function h(?, 7).
The function 4 (9, t) is bounded, and hence, we have

2

, [T .2 22, T, ,
e~ / [(pguh(z?,t)] dt =2 u / h(l?,t) dt <Cu“e*f2 — 0.
0 0
Putting t = ¢.s, we obtain

T
/ [S(Wo + peu, 1) — S@o, ] dr
0
-0

de .~ 2
= gzt / " [a Is —ul® —als|< +@!=* uh(9, sp. — 15‘0)] dr
Rz
)
e 2
=a’ <p§K+l/ s s =l =Is/]dr (14 0(D).

123
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Hence

47

1 /T 2
—= [ [S@o+ @eu, 1) — S0, )] dt
82 0

2 w1 1%

=l [l =l = T as (14 01)

Pe

1 = P dv (14 0(1)) —> T2 Ju>+,
e
where we puts = v u.

For the stochastic integral, we have

T o 2 -2 T
s—zEﬂo(/ [%uh(ﬁ,t)]dw,) — g+l uz/ (
0 0

Hence

T
5/0 [SWo + @eu, 1) — S0, 1] dW,

=)

= a/ : [Is — ul* — Is|] dW(s) (1+ (1))

Pe

o
— a/ [Is —ul* — Is[*]dW(s) ~ N(0, [u*"T}).
—00
Here, W(s), s € [_—’io T;:%], and W (v), u € R, are two-sided Wiener processes. For
example, the process W (-) is defined as follows:

— [W+(v), ifv > 0,

“w_(—v), ifv<o,

where W, (-) and W_(-) are two independent Wiener processes.
Let us denote

wHw) =" /OO [Is — ul* — Is|“]dW (s)

and verify (8). Using the elementary equality a b = % [a2 +b*—(a— b)z], we obtain
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EW ) wt (v)
— % [E(W”(u))2 +E(WH ) —E(WH ) - WH(U))Z]

1
=2 [|u|2H n |v|2H —lu— v|2H]

since
2 o 2
E(WHw) — wH )" = r;z/ [Is — ul* —|s — v|*]"ds
o 2
= 1"1_2/ [|r —(u— v)|K - |r|"] dr = u — v>*1,
—0oQ

Hence, WH (1), u € R, is a two-sided fBm.

Therefore, we proved the convergence of one-dimensional distributions. The mul-
tidimensional case can be treated in a similar way: for arbitrary vectors (Aq, ..., Ag)
and (uq, ..., ug), we can show the convergence

k k
ZAJ» InZe(u;) = Z,\j InZ(u;),
j=1 j=1
and so the lemma is proved. O

Let us now denote

T
O, vo) = / [S@, 1) — S@0, )] dr.
0
We have the following elementary estimate on @ ().
Lemma 2 There exists a constant i > 0, such that
O (@, Do) = p | — do*". (15)
Proof First, let us note that for any v > 0, we have

= inf &@9 0.
m) = il @, 90) >

Indeed, if for some v > 0, we had m(v) = 0, then there would exist ¥ # ¥, such
that for all ¥ € [0, T'], we would have

alt =01 +h(@1,t) = alt — Dol + h(Vo, 1),
and the function

h(01,1) =alt — Vol —alt — %" + h(@Do, 1)
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would have no continuous bounded derivative on ¢. Hence, for [¢ — 99| > v, we get

|9 — Dol

O (D, ¥o) = m(v) = m(v) Bt

Further, for |9 — ¥¢| < v with sufficiently small v, we have
D, 90) = [0 — 9?7 T2 (1 + o(1)).
Therefore, for sufficiently small v, we can write
1
@@, 90) = 5 Tg 19 = Vol

Taking

. m(v) r2
=min| —%, = |,
g B—aPf 2

we obtain (15).

O

This estimate allows us to verify the boundedness of all moments of the likelihood-

ratio process.

Lemma 3 There exists a constant ¢ > 0, such that
By, Z)/2u) < e
Proof We have
12 _ 1 Ko oH
Epy Ze(u)'* = exp By D (Do + @eu, Vo) 1 < exp —§|M| ,
where we used (15).
Lemma 4 Forany N > 0, |u1| < N, and |uz| < N, we have the estimate

2
Ego|Z12 (u2) — ZV2 )| < € (1 + N) lup — ug |2

with some constant C > Q.

Proof We can write

1
5 Ze(u2) \?
E190|ZE]/2(”2) — Zsl/2(141)| = 2(1 - E190+¢75M1 (Zi(“])) )

1
= 2(1 —exp[ — @ (D(l?() +(pgu27 7-90 +(p8u1)])

(16)

a7
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50 O. V. Chernoyarov et al.

1
< v D (Do + euz, Do + @eur)

1 T
:E/ [alt — Y0 — geun| —alt — 9o — @eur|*
0

+ h(@B0 + @eun, 1) — h(9o + peuty, )] di
T

2
K K
=y A [alt — Y0 — @eun| —alt — B0 — @eur|“]" dt

1 T
+—2/ [h(l90+§081421t)_h(190+€0£ulvt)]2dt
2¢e 0
2641 2 T
Pe 2 2k+1 Pe WEAY 2
= 262 Ly luy —uy|™ +E/0 h(ﬂ’t) df (uz —uy)
<C (14 Juz —ur]"™) Juz — ) [* ' < C (1 + N) Jug — uy 7

(note that 2k < 1 and 2H > 1). O

The properties (13), (16), and (17) of the likelihood ratio correspond to the con-
ditions of Theorems 1.10.1 and 1.10.2 from Ibragimov and Has minskii (1981), and
hence, the MLE ¥, and the BEs ©, have all the properties stated in Theorem 1.

Remark 1 More detailed analysis shows that if the signal has several points of cusp,
say

L
S@, 1) =D alt — 9,

=1
where «; € (O, %) the result of Theorem 1 holds with

K = min ky.
1<t<L

The proof is similar to that of Theorem 1.

Remark 2 Tt is possible to study the properties of the estimators D and 9, in the case
of multiple different singularities. For example, suppose that

L
S@, 1) =D arlt =0,
(=1

where 0 = (91,...,91) € ®. Here, ® = (a1, f1) X -+ X (ar, Br), 0 <y < Br <
Tfort=1,...,L,and By < g4 for£ =1,...,L — 1.

Then, the limit of the normalized likelihood ratio

V(or+e/Muy, oo + eV Hiug, XT)
V(d,...,00, XT)

ZE(ulv-"suL) =
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is the process

L
Zu.....up) =[] Zewo.  ueeR,
=1

with
H, J/2
Zo(ug) = explw W, () — fw |2”f], ug € R,
where
o0 2
WZ = ag/ [|v — 1] — |v|’(‘] dv
—00

and WIH’ ()., WZIL(-) are independent fBm processes. The MLE
D, = (51,8, e 13‘L78) and the BEs ¥, = (1771,8, ...,5‘L78) are defined as before
by the relations (6) and (7). They have different limit distributions. In particular, for
the MLE, we have the convergence

D1e — 0 O — 01 2 A
( Sl/HT T gl/H, (Er o)
where the random variables él s é 1 are defined by the equations

Ze(&) =sup Zew), C=1,...,L,
ueR

and are independent. Of course, the BEs have the same rate of convergence and their
asymptotic distribution is given by

1’91,8 - 191 1§L,g - ﬂL ~ ~
( gl/Hi "7 gl/HL ):>(51’~-~’5L)’

where the random variables é‘l s § 1, are defined by

: fR up Zy(ug) dug

= t=1,...,L,
Jr Ze(ue) dug

and are also independent.
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3 Misspecification

We are interested in the following problem of misspecification. Suppose that the model
of observations chosen by the statistician (theoretical model) is

dX; =M@, t)dt +edW;, Xo=0, 0<tr<T. (18)
The signal M (¥, t) is supposed to be
M@, t)=alt — 9|, 0<t<T,

Wherefce(O,%)andﬂe@:(u,ﬂ),0<a<ﬂ<T.

The observed process (real model) is
dX, = S, 1)dt +edW;, Xo=0, 0<t<T, 19)
where ¥y € O is the true value and the function S(¥9,-) € L2(0, T) is sufficiently
smooth.

The (misspecified) likelihood-ratio function constructed on the base of the theoret-
ical model (18) is

T
V(o xT) =exp[8i2/ [M®, 1) — M®,0)]dX,
0
1 T
- g/ [M(ﬁft)z_M(ﬁlat)z]dl], 9 €0,
0

where we have to substitute the obseArvations from Eq. (19). Here, 9 is some fixed
value. Therefore, the (pseudo) MLE 9 is defined by the equation

V(D XT) = sup V(o xT). (20)
c@

To see the limit of the MLE, we write the likelihood ratio as follows (below we put
M(@®y,1) = O):

&2ln V(ﬁ, XT)

T 1 T

= g/ M@, t)dW, — 5/ [M@,1)* —2M©®,1) S(Wo, ] dt
0 0
T 1 1
2 2
- e/o M@, 0dW, — 2 |[M.) = 560, + 3 | 500,
where ||-|| denotes the L, (0, T') norm. It is easy to verify the convergence

1 1
sup (e In V (9, XT) + 2 | M(@.) = S0, - 5 I5@o, 9[F| — o.

Pe®
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Suppose that the equation

inf [M(@.) ~ S@o. )] = [M(B, ) - S@o, |

has a unique solution D e o. Then, we obtain as usual in such situations that the
MLE 9, converges to the value #, which minimizes the Kullback—Leibler distance. It
is interesting to note that, in general, misspecified case 5 # vy, but for some models,
we have = Yo, i.e., despite having a wrong model, the MLE is consistent. The most
interesting for us question is to determine the rate of convergence and the limiting
distribution of the MLE.

Introduce the function

O, D) = |[M®, ) = SWo, )|> = |M(B,-) = S@o, )|

and the following condition of regularity:
Condition M.

1. The parameter k € (0, %)

2. Forall vy € O, the function S(y, t) is two times continuously differentiable w.r.t.
tel0,T]

3. For all vg € O, the function O(-, #) has a unique minimum at the point B =
3 (%) € ©.

4. Its second derivative

@ 320 (9, )
Y = ——F >
2 PO

for all ¥y € O.

Let us denote
S Vs
Z(u) = exp[aWH(u) — %uzl ueR,
A ’U2
Zo(u)zexp[wH(v)—?], veR

Yvhere WH () and w# (-) are fBm processes, and define the random variables E and
¢, by the relations

Z(¢) =supZ(u) and Z°(¢,) = sup Z°(v).
uelR veR

n ( 2a )ZHHI A o1
&= = 8o-
v (9)
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PO
To verify (21), we change the variable u = rv withr = (Za)ﬁ y (19) 2= and write

3 3) .2
awt ) — _)/(419) u>=a wH (rv) — —y(i) : v?
H 3) -2—H 2
=arH(W ;(,rv) - J/(l?)r vz)zarH(wH(v)—v—),
r 4a 2

where the fBm w (v) = r=# WH (rv).

Theorem 2 Let the condition M be fulfilled, then the estimator D converges to the
value ¥, its limit distribution is given by

Ve — 0 A
— = ¢, (22)
£3-2k
and for any p > 0, we have
, D — 0 |P Aip 2a \TF . »
lim Ey| ——| =Ey|¢] =( - ) E|z|". (23)
=0 PRy )/(19)

Proof Introduce the normalized pseudo-likelihood-ratio process

146  xT B B_d
7.y = VO e XT) MGUEZ(“ P )

V(3 XT)

where ¢, — 0 will be defined later and denote ¥, = D+ @-u. Below, we use the
same argument as the one used in the preceding section in a similar situation (# > 0)

T
InZ.(u) =

;EO[M@+¢MJy—M@Jﬂd&
1 T
5 |

lT K LS
== [ [ale= ol —ale - 31 am,
€ Jo

1 r "
—os [ el =vul = ali =[]

(M0 + e 1)’ = M(D,1)* ] s

2¢2 J
[alt = o[ +a = 9] —2500.0]ar
—a<pg+;/ij[|s—u|"—|s|"]dW(s)—LCb(19 B)
e _d 2¢2 e

Pe
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Let us study the function & (¥, f’) for a fixed u > 0 as . — 0. We have

T

T
@ (9, &):/ [M(ﬁ,t)—S(z?o,t)]Zdt—/ [M(D,1) = S(o, )] dz
0 0

T-9 T
_ / [alsl* — S@o, s + )] dr — / [M(5. 1) — S®0. 0] dr
-9

0

and

@, @, 9) = [a 9] — SWo, 0] = [a|T — I — SWo, D]

T—9
_2/ [als]* — S@o,s + )] S' (W0, s + ) ds.

D4

Recall that as & € O is the point of minimum of the function & (¥, f?), Y € O, we

have the equalities
O3, 9) =0 and @} (,9)=0.

Let us write the Taylor expansion

A A A A oa @2 u?
(D, 0) = (9, 0) + gou @y (0, V) + 82
2.2
:*"82” o (9, 8) (14 o(1))

and study the difference

o) (5. 9) (1 + (1)

) (9 D) = @} (3. 9) = [a 19,1 = S0, 0)]2 —[a 8| = s, 0)]2

+ [a|T =] = s, T)]2 —[a1T =9 = 590, T)]2

T—9,
_2/ [a Is[¢ —S(z?o,s—i—z‘}u)] S' B0, 5 + 0u) ds
71}[{

-9
+ 2/ [a |5 — S (90, s + 19)] S' (90,5 + ) ds.

D

We have the estimates

[a 1921 — S, 0)]2 - [a 3] = S0, 0)]2

=a[[® + gl = 3] [a|B +geul* +a|B| ~2520,0]

2ak ~
— I:a|z9|’( — Sy, 0):| Qell + 0(9052 ”2)

S«
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and
i 2 3 K 2
[a|T—z9| —S(ﬂo,T)] _[a|T_ﬂ_%u| _S(%’T)]
. 2ak - L
= m [a|T - l9| — S(l?(), T)] ¢€u+ 0(¢6 u )
since
el = I = 3" (14 =57) = 91"+ 02
_ K P 2 2
=S + O(¢; u”).

Furthermore, we can write
T—% R R
/ [als = S (0.5 +9)] S/ (B0, + D) ds
-9

T—9,
- 2/ [0 157 = 0.5+ 9] 8’0, 5 + D) ds
_ﬁu

T
:/ |t — | [S' (W0, 1 + @et) — §' (90, )] dt
0
T
+/ [SW0. 1 + @eut) S'(t + peu) — S(Wo. 1) S' (V0. 1)] dt
0

-9 T—9
+ (/ —/ )[a s = SWo, s + 9)]| S’ Do, s + D) ds.
-y T—vy,

For the above integrals, we obtain the relations
T ~
/ [t = 2| [S' o, t + @eu) — S’ (Do, )] dt
0
T ~
:/ |t — B|“S" (Do, 1) dt g + O (92 u?),
0
T
/ [SWo, 1 + @eu) S' (Do, 1 + @eu) — S0, 1) S' (Do, 1)] dr
0
_ L M w07 O(¢? u?
=3 [0, 1)7], dt geu + O(g7 u”),
b
/ [als]* = S@0, s + V)] S’ B0, s + V) ds
—
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_ [a B = s, 0)] S' (90, 0) gett + O (2 u?),
T—9

/ [a1s* = S®0. 5+ 0.)] S’ o, s + 0) ds
T—vy

_ [a T — B — S, T)] S' (90, T) geut + O(p2 u?).
All these together allow us to write

@, (9, 9 .
o (%) _ 2ax [a]?]* —S(ﬂo,O)]Jr—Z“f
peu §ix T — §1—*

+ [a 1B — S, 0)] S' (9, 0) + [a T — B[ — S, T)] S' (90, T)

[a]7 =3[ = 50,7

T T
+2/ |t — D[S" (9, 1) dt +/ [S@o. 0] dt + O(psu). (24)
0 0
Therefore, we obtain the following expression for the second derivative

’ 3 AV
g({é,{é): lim q)§(19ua ﬁ)_Qﬁ(ﬂ5 19)

$e—0 Pl
2ax Ak 2ak Ak
= a9 = S0, 0)] + T [a]7 =3[ = s0.7)]

n [a B = s, 0)] ' (9. 0) + [a T — B — S0, T)] S' (0. T)

T T
+2/ |r—z§|”s”(zao,z)dz+/ [S@o.1)?]! dr. (25)
0 0

Now, the log-likelihood ratio has the representation

Kty 2.2
a u A A
In Ze ) = 22— Wl @) (14 0(1) — L2 0 (3.9) (1+ 0()
B Pk i u?

aW @) (1+o(1)) - 4 . o4 (5, 9) T (1+o0()

Therefore, putting

3
37K 42

=1, g@g.=e%% and Ze(u) =Zw* ",
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we obtain the convergence of finite-dimensional distributions

(Ze@1), ..\ Ze(up)) = (Z@u), ..., Z(uy))

foranyk =1,2,...
Using the same argument as in the proofs of Lemmas 2—4, we obtain the relations

(9, 9) > u(» — )%,

Eoy 22) < ="

)

2
Eoo[2)*(w2) — ZV* )] < C A+ N) |ua — w1,

Hence, once more the asymptotic properties of the pseudo-MLE B, follow from the
general result (Theorem 21 in Appendix 1) from Ibragimov and Has minskii (1981).
This theorem provides the weak convergence of the measures induced by the random
process Zg(-) to the measure of the limit process 2(-), and therefore, we obtain the
convergence of the distribution of the MLE.

Let us remind how the properties of D, are related with the convergence of the
stochastic processes 28(-) =7 (-). We have

B — O A
Py, p <x | =Py, (15‘8 <+ (pgx)
&

=P190{ sup V(2 X")> sup V(z?,XT)}
19<1§+<pgx 1?21§+<p£x

=Py, sup > sup

14 19 XT) v (9, x7) }
z9<19+g0€x v, X 1921§+<p5x 14 X

u<x, uelUg u>x, uelU;

=Py, sup Z(u)> sup Ze(u)

u<x, uel, u>x, ueU;

| <
=P190[ sup  Zg(u) > sup Zs(u)]

where 11, =

ﬂipfﬂ is defined by the relation

Ze(iie) = sup Ze(u).
uecl,

Now, from the convergence 25(-) - Z(~), we obtain

@ Springer



On parameter estimation for cusp-type signals 59

P%I sup Z;(u)> sup Zg(u)]

u<x, ucl, u>x, ucl,

— Py, [sup Z(u) > sup 2(u>} =Py, (¢ <x)

u<x u>x

(for details, see Theorem 1.10.1 from Ibragimov and Has’minskii 1981). O

4 Some other problems

Of course, it is possible to consider a slightly more general problem of misspecification
with the signal

SW1) =alt — O Ty<py + bt — O Lyspy + h(9, 1),

where a2 +b2 > 0and A (9, 1) is some smooth function of ¢ and 7. As usual in singular
estimation problems, the limit likelihood ratio Z(-) does not depend on the function
h(-,-) and the properties of the pseudo-MLE are quite close to those presented in
Theorem 2.

There are other interesting problems of misspecification cusp vs discontinuous and
discontinuous vs cusp, which can be illustrated by the following example. Suppose
that we have two signals

S@, 1) = sgn(t — M|t — 21 Ly—p)<1y + L= 1]
where k € (O, %) and
M9, t) = sgn(t — V).

A plot of these two signals is given in Fig. 2.

o |
- N -

B Ld

B rd

: 4
0 o
S ]

1

]
o | [}
° i

!
10 ¢
<7 I

7’
rd
rd
2 =2
I
T T T T T T T
0 1 2 3 4 5 6

Fig. 2 Signals S (dashed line) and M (continuous line)
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One problem is the estimation of the parameter ¥ in the situation, where S(¥y, t)
is the observed signal and M (¢, t) is the supposed (theoretical) signal. The second
problem corresponds to the situation where the observed signal is M (9, t) and the
theoretical signal is S(#, ). Both these problems are studied in a forthcoming paper
Chernoyarov et al. (2015).

Let us consider the problem of estimation of the parameter kg € (k, K),0 < k <
K < oo by observations

dX; =alt—p|/°dt +edW,, Xo=0, 0<t<T,

wherea > Oand p € (0, T') are some known parameters. The likelihood-ratio function
is

T K T 2 2K
alt—pl a”|t — pl
\% ,XT = —dX; — ———drt, c (k,K),
e X°) ‘”‘p[/o 2 f /0 262 cel k)

and the MLE &k, is the solution of the equation

V(ke, XT) = S Vi, XT).

This is a regular problem with finite Fisher information

T
I(x) = a2/ |t — p|* (In|z — ,0|)2dt > 0.
0

It is easy to see that the identifiability condition

T 2
inf /[|t—p|K—|t—p|K0] dr > 0.
0

|k —Kko|>v

is fulfilled for any «o and any v > 0.
Therefore, the asymptotic normality

A

Ke — KO

= N(0,I(ko) ")

follows from the general theorem devoted to the parameter estimation in regular fam-
ilies (see Theorem 3.5.1 from Ibragimov and Has minskii 1981). Just note that the
normalized likelihood ratio

V(ko+ev, XT) k—ko K — ko
* = =
Ze(v) = Vo XT) veve ( . )
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converges to the process

2
Z*(v) = explvA — %H(Ko)], veR, 27)

where A ~ N(0, I(ko)).
It is interesting to consider the problem of estimation of the two-dimensional para-
meter ¥ = (p, k). The likelihood ratio in this case is

T K T 2 2K
alt—pl / a |t —pl
Vip, i, XT) = ex —dX, — ———dt}t, 0 en,
(,0 ) p</0 &2 ' 0 2¢2

where ® = (o, B) X (k, K),0 <a<B<T,0<k <K < .
It can be shown that the normalized likelihood ratio
V(o +eHu ko +ev, XT)

Z =
5(14, U) V(po,Ko,XT)

converges to the random process
Z(u,v) = Z(u) Z*(v)

with the processes Z(-) and Z*(-) defined by the expressions (9) and (27), where the
fBm W# (-) and the random variable A are independent.

The MLE 9, = (e, Ke) is consistent and its components p, and k. are asymp-
totically independent and have different limit distributions and different convergence
rates:

= £ and fe KO A N(0, I(ko) ™). (28)
€ [(x0)

The proof follows the mains steps of the proof of the Theorem 1. However, it is
rather cumbersome and is not presented here. Similar problems were considered, for
example, in Section 5.1 of Kutoyants (1994), and the proof of the convergence (28)
can be carried out following the argument presented there.

The case of the three-dimensional parameter ¥ = (a, p, k) can be treated in a
similar way.

Pe — PO
cl/H
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