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A Proof of Proposition 1

Let us first introduce some additional notation. For integers 1 < k < [ < n, let Hy,
denote the empirical c.d.f. of the unobservable sample Uy, ... ,U; and let Hy1, ..., Hiyq

1



denote its margins. The corresponding empirical quantile functions are
Hyyi(u) = inf{v € [0,1] : Hy(v) > u}, u€0,1],j € D.
Finally, for any u € [0,1]%, let
hi(u) = (Hk:l,l(ul), o ,Hk:z,d(ud)) (A.1)

and
hi(u) = (Hp) (w), ... Hy y(ug)). (A.2)

By convention, all the quantities defined above are taken equal to zero if k > [.

Proof of Proposition 1. Fix A C D, |A| > 1, and (s,t) € A such that [ns] < [nt].
On one hand, from (11) and by linearity of ¢4 defined in (7), we have

[nt)

S T — Hintnt g (Uig)} — Viha(s, )0a(C),

i=|ns|+1j€A

SnA(S t

\/_

where we have used the fact that U s 4Lint] _ pp lns)+1:(nt),;(Us;) for all j € D and all
ie{|ns]+1,...,[nt]}. On the other hand,

[nt]

Vo,a{By(s,t, - Z [T = Uy) = Vada(s, t)a(C)

z [ns|+1j€A

—/ I (1= w)Bu(s,t, 0 )dC(v).
O jea e}

Next, let 7(u) = [[;c4(1 —u;), w € R% Then, fix w € [0,1]%, and, for any = € [0,1],
let wy(z) = u + 2{h|ns|11:|ne)(v) — u} and let g(x) = m{wy(x)}, where RAjpsj11:|n 18
defined in (A.1). The function g is clearly continuously differentiable on [0, 1]. By the
mean value theorem, there exists xy,,, ., € (0,1) such that g(1) — g(0) = ¢'(2},,, ), that
is, such that

TR s 1oy (@)} =7 (w) = Y [ty g AP s 1o (@) = WH{H g 1oy 5 () — 05}
jeA
It follows that
Sn,A(S’ t) - ¢C,A{Bn<87 L, )}

[nt]
1 ) .
=/ E E T\ Ui + 2y, s AP ns)+1:(nt) (Us) — Ui H{H |ns) 4 1: e, (Uis) — Uiz}

i=|ns]+1 jEA
—/ Zﬂ'j (s,t, vV dC (v).
[0,1)¢

jEA



Notice that, by the triangle inequality and the fact that sup,c( 1y |7;(u)| <1, j € D,

sup [Sp.a(s,t) — Yoa{Bn(s, t, )} < 24| sup 1B, (s,t,u)|.
(s,t)eA (s,t,u)eAx[0,1]¢
Next, fix e,7 > 0. Using the previous inequality and the fact that B, vanishes when
s =t and is asymptotically uniformly equicontinuous in probability as a consequence of
Lemma 2 in Biicher (2014), there exists 6 € (0,1) such that, for all sufficiently large n,

P sup [Spa(s,t) —Yoca{Bn(s,t,-)}| >¢
(s,t)eA
t—s<§

<P |24 sup IB.(s,t,u)| > | <n/2.

(s,t,u)eAx[0,1]d
t—s<é

To show (16), it remains therefore to prove that, for all sufficiently large n,

P sup [S,a(s,t) — Yo a{B.(s,t, )} > | <n/2

(s,t)eA
t—s>6

To show the above, we shall now prove that sup g yeas [Sn,a(s,t) —¥o.a{Bn(s,t,-)}| con-
verges in probability to zero, where A% = {(s,t) € A :t — s > ¢}. The latter supremum
is smaller than » (1,7 + 11, ;), where

1 Lnt]

j (s.0)EAS \/ﬁi:%ﬂ( il Usnsi VP s 4 1:nt ) (U3) H—7;( ))
X {H )41t (Usg) — Uy}
and
IIn’j = sup / 7'T]A(,U)]Bn(satav{j})d‘[{\_nsj+1:\_ntJ (’U)—/ ﬁj(U)Bn(S,t,’lJ{j})dC(v)"
(s;)eAs ' J[0,1)d 0.1]4

Next, notice that
sup |H|_nsj+1:|_ntj (’U,) - C(’U,)’
(s,t,u)€A8x[0,1]d

< sup B, (s, t,u)| x n™ Y2 x sup {Aa(s, 1)} 5o, (A.3)

(s,t,u)eAIx[0,1]4 (s,t)eA?
Fix j € A. Since the function 7; is continuous on [0, 1]¢, by the continuous mapping

: . : P
theorem, Sup(; ; wyeasx(o,1) |78 + T3 0 s AP ns) 4 1:ne) (0) — w}] — 75(w)| — 0. Hence,

In,j < sSup |Bn(87t7u)|
(s,t,u)eAx[0,1]¢

) . ) P
X sup 5[+ 23, o AP s 41 ne) (0) — w}] — 75(u)| = 0.
(s,t,u)eAS€[0,1]d



It thus remains to show that I1,, ; 2 0. The latter is mostly a consequence of Lemma 1
below. First, notice that (A.3) implies that Hnsj11:|n¢ 2 Cin (>2(A? x [0,1]% R).
Hence, (By,, H{ps|+1:nt]) ~ (Be, C) in £2°(A° x [0,1]% R). Next, combining the previous
weak convergence with Lemma 3 in Holmes et al. (2013) and the continuous mapping
theorem, we obtain that the finite-dimensional distributions of (A, ;,B,) converge weakly
to those of (A¢;,B¢), where A, ; and Ac; are defined in Lemma 1. The fact that
(A,;,B,) ~ (Ac;,Be) in {(A° x [0,1]%4R)}? then follows from Lemma 1 below and
the fact that marginal asymptotic tightness implies joint asymptotic tightness. The latter
weak convergence combined with the continuous mapping theorem finally implies that

I, ; R 0, which completes the proof. |

Lemma 1. For any j € D and § € (0,1), A, ; ~ Ac; in (*(A%R), where
A, (s,t) = / dfrj(v)]ﬁ%n(s,t,v{j})dHMHM (v), (A.4)
[0,1]
Ac (s, t) :/ 7;(v)Be(s, t, v dC(v).
[0,1)¢

Proof. Fix j € D and § € (0,1). To prove the desired result, we shall show that condi-
tions (i) and (ii) of Theorem 2.1 in Kosorok (2008) hold. First, recall that from (A.3),
Hipaj41:(mt) = C in £°(A% x [0,1]% R). Then, from the fact that B, ~ Be in £2(A x
[0,1]%;R), we obtain that, for any (si,t),..., (s, tx) € A%,

(Bn<817 i1, ')7 HLns1J+1:Lnt1J7 s 7Bn(sk7 178 ')7 HL'rLskJ—i-l:Lntkj)
~ (BC’(Slatla ')7 C? s 7BC(Sk7tk7 ')7 C)

in {£>([0,1]%,R)}?*. From Lemma 3 in Holmes et al. (2013) and the continuous mapping
theorem, this implies that (Aw(sl, t), .-, Ay (s, tk)) ~ (Ac,j(sl, t1), ..., Ac (s, tk))
in R*. Hence, we have convergence of the finite-dimensional distributions, that is, condi-
tion (i) of Theorem 2.1 in Kosorok (2008) holds.

It remains to prove condition (ii) of Theorem 2.1 in Kosorok (2008). Specifically, we
shall now show that A, ; is || - ||;-asymptotically uniformly equicontinuous in probability,
which will complete the proof since A? is totally bounded by || - ||;. By Problem 2.1.5
in van der Vaart and Wellner (2000), we need to show that, for any positive sequence

an 4 0,
sup  [An(s, 1) — A (s, )] 5 0. (A.5)
(s,t),(s,t)end
[s—s/|+]t—t'|<an

We bound the supremum on the left of the previous display by I,, + I1,,, where

I, = sup
(5,1),(s ) eAS
ls—s/|+|t—t/|<an

/[ 14 7.TJ'("’)IBgn(S,75,’U{j})dHLnSJﬂ:meJ (v)
0,1

- /[ i 5 (0)Ba(s', ', 0 ) AH ) 1.ty (0)
0,1



and

11, = sup
(s,),(s/ #)€AS
|s—s/ [-+|t—t/[<an

/[ Jo 5 (0)Ba (', ', 0 ) AH ) 1. ey (0)
0,1

a / 7:rj('U)Bn(Slv tlv ’U{j})dHLns/J+1:\_nt’j (’U) ’
[0,1]¢
Now,

I, < sup |m;(w)| x sup 1B, (s, t,u) — B, (s, ¢, u)| 5o,
u€(0,1]4 (s,t‘),(s’}tl’)leA‘S;‘i;G[O,l]d
s—s'|+|t—t"|<an

since B,, is asymptotically uniformly equicontinuous in probability as a consequence of
Lemma 2 in Biicher (2014). Furthermore, I1,, is smaller than

sup
(s,t),(s",t/)eAS
[s—s'|+[t—t/|<an

[nt] [nt'|
1 ' |
M{ S HUIBLEL LU - Y #j(Ui)IB%n(S/,t/’Ui{J})}

i=|ns|+1 i=|ns’|+1

+ sup

(s,t),(s",t')eAd

9

1 1 [nt’| .
(Lnﬂ — |ns] - [nt'] — Lns/j> Z ﬁj(Ui)En(s”t/,Ui{J})

ls—s'[+[t—t/|<an i=[ns'| 41
which is smaller than
t _ t/ _ /
ox  sup Wl Intll+llns] — [ns]
(5,0),(s/,t")€Ad [nt] — [ns]
[s—s'|+|t—t!|<an
x sup |7j(u)| x sup 1B, (s,t,u)| 5o.
u€l0,1]4 (s,t,u)eAX[0,1]¢

Hence, I1, 2> 0 and thus (A.5) holds, which completes the proof. [ |

B Proof of Corollary 2

Proof. Starting from (12), using Proposition 1, the linearity of 1) 4 and (13), we obtain
that, for any A C D, |A| > 1,

sup [T, 4(s) — ¥c,a{B,(0,s,-) — A(0,s)B,(0,1,-)}| = op(1).

s€[0,1]
Hence, T,, has the same weak limit as s — ¥c{B,(0,s,-) — A(0,s)B,(0,1,-)} and (18)
follows from the continuous mapping theorem:.

The second to last claim is a consequence of the continuous mapping theorem. To
prove the last claim, it suffices to show that the Gaussian process aalf f{Te(-)} has the
same covariance function as U. For any, s,t € [0, 1], we have

cov[aajlff{']rc(s)}, UE,lff{TC(t)}]
= 055 E[f 0 ve{Bo(0,5,-) — sBc(0,1,)} f o e {Be(0,,-) — tBe(0,1,-)}]. (B.1)



By linearity of f o ¢ and Fubini’s theorem, the expectation in the last display is equal
to

fovve{ur fore (v— E{Bc(0,s,u) — sBa(0,1,u) }{Bc(0,¢,v) — tBc(0,1,v)}])},
that is,
(sANt—st)fore|ur forve{v— ko(u,v)}] = (s At — st)var[f o pe{Bc(0,1,)},

where k¢ is defined in (14). Combining the previous display with (B.1), we obtain that
Cov[aalff{']rc(s)}, O'E’lff{’]rc(t)}] = (s At — st), which completes the proof. [ |

C Proofs of Propositions 4 and 5

Proof of Proposition 4. We only show the first claim as the subsequent claims then
mostly follow from the continuous mapping theorem. Also, we only provide the proof
under (ii) in the statement of Proposition 3, the proof being simpler under (i). Fix A C D,
|A| > 1. For any (s,t) € A, let Sflinz(s,t) = wcyA{]]nglm)(s,t, -)}. Using the linearity of the
map ¢ 4 defined in (17), Proposition 3 and the continuous mapping theorem, we obtain
that

(Sn,A, SO, .. ,SS@) - (SQA, sd, ... ,SQQ)

in {£>(A;R)}M*1 The first claim is thus proved if we show that, for any m € {1,..., M},
SUD (5 e A |Sgnfz(s,t) - Sgﬁg(s,t)\ is op(1). Fix m € {1,..., M} and notice that the latter
supremum is smaller than 2|A|sup(, ; uyeax(o,1) |B7(1m)(s, t,u)|. We can therefore proceed
analogously to the proof of Proposition 1. Fix ,7 > 0. Using the previous inequality as
well as the fact that B™ is zero when s = ¢ and is asymptotically uniformly equicontin-
uous in probability as a consequence of Lemma A.3 in Biicher and Kojadinovic (2014),
there exists § € (0, 1) such that, for all sufficiently large n,

P sup [SU")(s,8) — ST (s,1)| > | <n/2.
(s,t)EA
t—s<d

It remains therefore to prove that sup yeas \Sg:g(s,t) - S(m)(s,t)\ 5 0, where A% =

n,

{(s,t) € A:t —s > d}. The latter supremum is smaller than

/ J ﬁj(v)B;m)(& t ’U{j})dCLnsJJrl:Lntj (’U) - / ﬁj(v)E;m)(S, t, ’U{]})dC(’U) s
[0,1]

[0,1]¢

sup
]EA (s,t)GA‘s
where 7; is the jth first order partial derivative of the function m(u) = [];c (1 — uy),

u € RY, introduced in the proof of Proposition 1. Fix j € A. The jth summand in the
previous display is smaller than I,, + 1, where

I, = sup / jrj(v)Bgzm)(Sv L, v{j})dcl_nstrlsl_ntJ (’U) - Am)(sa t) )
(s,t)ens 1 Jjo,1]4 ’
II, = sup |A"(s,t)— / 70 (0)BU™ (s, ¢, vV AC (v)|,
(s,t)EAS ’ [0,1]4




and Af[j}) is defined analogously to the process A, ; in (A.4) with B,, replaced by B, In

addition, it can be verified that Lemma 1 remains true if B,, and B¢ are replaced by B™
and IB%(Cm ), respectively, in its statement. It follows that we can proceed as at the end of
proof of Proposition 1 to show that 11, above converges to zero in probability.

To show that I, - 0, we use the fact that I, < Il + 1!, where

[t
> [ Binssrny (U} — 75(U3)]

i=|ns|+1

1
|nt] — |ns|
X Bszm){& l thsJ+1:LntJ (Uz){J}} ‘7
[nt]

Il = sup
(s,t)eAd

1 . . . .
= swp | 75 (U3) [ B {5, B ey (U Y} = B (5,1, U] .
mm6WkwMﬁ%ﬂj e
For I, we have that
< sup [BU(s, )| x osup (R sy (w)} — 7(w)] 20
(s,t,u)eAX[0,1]4 (s,t,u)€AIX[0,1]¢

as a consequence of the weak convergence of B&m), (A.3), and the continuous mapping
theorem. For I}/, using the fact that sup,eo 1) |7;(u)| < 1, we obtain that

Iy < sup

™(m J ) (m ; P
( ) 5 [0 1]d [87(1 ){$7t7 Lnstrl;LntJ (/“){]}} _B; )<$,t,u{j})‘ \ 0
s,t,u)eA° %[0,

The latter convergence is a consequence of the asymptotic equicontinuity in probability
of B and the fact that SUD (s 1. uyend x[0,1] | H [ns) +1:|nt) 5 (1) — Ul 5o (see e.g. the treatment
of the term (B.9) in Biicher et al., 2014, for a detailed proof of a similar convergence). W

Proof of Proposition 5. We only provide the proof under (ii) in the statement of
Proposition 3, the proof being simpler under (i). From Proposition 4, to prove the
desired result it suffices to show that, for any A C D, |A| > 1,

sup |S;721,A(s,t) — S (s,8)] & 0.
(s,t)eA

Fix AC D, |A] > 1. From (24) and (25) and the triangle inequality, the latter will hold
if, for any j € A,

sup  [BUY) (s,t,u) — BUV(s,t, )| 2 0.
(stu)eAx[0,1]

The previous supremum can actually be restricted to u € (0, 1) as both processes are zero
if u € {0,1}.

Let K > 0 be a constant and let us first suppose that, for any n > 1andi € {1,...,n},
¢ (m) > —K. Also, fix j € A. The supremum on the right of the previous display is then

©,n



smaller than I,, + I1,,, where

|nt|
I, = sup Z g(m +K) ‘Ebn(UibnsJ—i-l:Lntj,u) _ l(ﬁ}]@sﬁhmﬂ <),
(s,t,u)eA%(0,1) \/_z Lnsj—l—l
K+&r ] .
I_nsj-‘,-l [nt] nsj+1 ntj [ns|+1:[nt]
11, = sup Ly, u) — 1(U;; Su)‘
(s,tu)€AX(0,1) vn 2 !

i=|ns]+1
Next, some thought reveals that, for any (u,v) € [0,1] x (0, 1),

1Ly, (u,v) — L(u <v)| < L(u- <v) — L(uy <) (C.1)
=1(u—">b, <v)—1L(u+b, <wv)
=1lu<vy)—1(u<ov).

Then, we write I,, < I,,1 + I, 2, where

Lnt)

1 m =(m N ns|+1:| nt]
La= sup | (60 = €2 < OFH <)
(sstaeax(o] | V7 i_%ﬂ no ol
[ns]+1:nt] |ns]+1:|nt]
I,o=  sup 1(u_ < U < uy).
(s,t,u)eAx[0,1] \/ﬁ i:LnZsJ:—H !
For I, 1, we have
Lu<  sup  [B{(s,tiu) =B (s,t,0)] S0
(s,t‘,‘u,v)e“AX[O,IPd
u—v|l1<2bp

from the asymptotic uniform equicontinuity in probability of B . Before dealing with
I,, 5, let us first show that

Lnt]
I3 = \/_ Z (u_ < U%"SJH:L"” <uy) 50, (C.2)

(s,tu) GAX[Ol i=|ns|+1

From the proof of Proposition 3.3 of Biicher et al. (2014), we have that

[nt]

— Ar|ns| 41 nt | P
sup (LU < HLL g (00}~ O < ]| B
(s,t,u)EAX[0,1] \/ﬁ i:§+1 [ns]+1:|nt],j J

Consequently, to prove that I, 3 R 0, it suffices to show that

Lnt)
_ P
i N By > [{U < Hpgrp (@)} = WU < HLL (0 )}} — 0.

(s,t,u)eAX[0,1] n i=|ns|+1



The supremum on the left of the previous display is smaller than J,, 1 + J,, 2 + J,, 3, where

Jn1 = sup ns n 1 —B,{s,t, 1 H‘ns nt]
(s,t,u)EAX[0,1] L I+l tJJ( ) } { [ns|+1:|nt], ( )
Jno = sup \/_)\ (s,t) ‘Hns N H_ns . B +u_’,
(s,t,u)eAX[0,1] [ns]+1:|nt] .7< ) [ns|+1:|nt] ]( )
Inz = sup V(s t) luy —u_],

(s,t,u)EAX[0,1]

with some abuse of notation for J, ;. We immediately have J,, 5 < 2y/nb, — 0. The fact
In.2 20 follows from the asymptotic uniform equicontinuity in probability of the process
(s,t,u) = /nAu(s, t){HLnSJJrl nt) j(w) — u}, itself following from its weak convergence to
(s,t,u) = —Be(s,t,u;) in £°(A x [0,1];R). The latter is a consequence of the weak
convergence of B, to Bg in (A x [0,1]% R), Lemma B.2 of Biicher and Kojadinovic
(2014) and the extended continuous mapping theorem (van der Vaart and Wellner, 2000,
Theorem 1.11.1). The fact that J, o 2o implies that, for any ¢ € (0,1),

1 1 P
Sup HL"5J+1 [nt] J<u+) HLnsJ+1 [nt| ]( —) — 0.

(s,t u)GAX[O 1]
t—s>6

Combined with the asymptotic uniform equicontinuity in probability of B,,, the latter
can be used to prove that .J, 20 (see Biicher et al., 2014, page 24, term (B.9), for a
similar proof). Hence, I,, 3 2.

Now, 1,2 < K X I, 3+ I,, 4, where

[nt)

Elmortine] s 1ot
La=  sup nel+ el T(u_ < Ot <),
(s,tu)EAX[0,1] \/ﬁ Z.:%H J

Hence, to show that I, o R 0, it remains to prove that I, 4 0. The latter can be shown
by proceeding as for the term (B.8) in Biicher et al. (2014).

We therefore have that I, 2 0. The fact that I I, L 0, follows from the fact that

I, <1I,, 0. This completes the proof under the condition 51(7;) > — K. To show that
this condition is not necessary, we use the arguments employed at the end of the proof
of Proposition 4.3 of Biicher et al. (2014). [

D Proofs of Propositions 6 and 7

Lemma 2. Assume that Uy, ..., U, is drawn from a strictly stationary sequence (U;);ez,
whose strong mizing coefficients satisfy a,. = O(r=*), a > 6. Then, for any A C D,
Al > 1 and j € A, H,, 4; ~ Haj in €°(]0,1];R), where, for any t € [0,1], H, 4,(t) =

2 Vg (1) — EDVas (O], Yoas(t) = Ty (1 — Ua)1(t < Usy), and Hy is o
tight process.



Proof. Fix AC D, |A] > 1 and j € A. To simplify the notation, we write H,, instead of
H,, 4, and Y; instead of Y; 4 ; as we continue. To prove the desired result, we mostly adapt
the arguments used in the proof of Proposition 2.11 of Dehling and Philipp (2002). From
Theorem 2.1 in Kosorok (2008), two conditions are needed to obtain the desired weak
convergence. The first condition (which is the weak convergence of the finite-dimensional
distributions) is a consequence of Theorem 3.23 of Dehling and Philipp (2002) as a > 6
and Y;(t) € [0,1] for all ¢ € [0,1]. To prove the second condition, we shall show that H,
is asymptotically | - |-equicontinuous in probability. To do so, we shall first prove that, for
any €,0 > 0, there exists a grid 0 =ty < t; < --- <t = 1 such that, for all n sufficiently
large,

p { max sup |H,(¢) — H,(t;-1)| > 6} <. (D.1)

1SiSE teft;q ;]

We first note that there exists constants ¢ > 1 and € € (0,1) such that «a, < cr—6-¢,
Then, using the fact that, for ¢, € [0, 1],

E{i(t) - Vi(t)}*] < B[Yi(t) - Va(t)] S B{1(E A < Uy <tVi)} =t =1,

we apply Lemma 3.22 of Dehling and Philipp (2002) with & = Y;i(¢t) — Yi(t') to obtain
that

E[{H,(t) — H,(t')}}] < 101< (Jt =" +n e =) = X ([t =)+ 07t —17?),
€

where n = 1 +¢/10 > 1 and X\ = 10%c/e. It follows that, for any ¢,¢ € [0,1] such that
it —t'| >n=%/m,

E[{H,(t) — H,(t)}*] < 2\t —t'|". (D.2)
Next, consider a grid 0 =ty < t; < --- < tx = 1 to be specified later. Furthermore, it
can be verified that the function G : t — E{Y(¢)} is continuous and strictly decreasing
on [0,1]. Then, fix i € {1,...,k}, let 7 =en~Y2/4 let m = m; = [{G(t;ie1) — G(t:)}/7]
and define a subgrid ¢,_1 = 59 < s1 < -+ < 5, = t; such that G(s;) = G(sg) — j7T
for j € {1,...,m — 1}. Notice that this ensures that, for any j € {1,...,m}, 7 <
G(sj—1) — G(sj) < 21. Now, fix j € {1,...,m}. Using the fact that the function
t—=n YT Y(t) is also decreasing, it can be verified that, for any ¢ € [s;_1, s;],

H, (t) — Hy(tio1) < [Hu(sj-1) — Ho(tio1)| +¢/2

and
—&/2 — [Hy(s;) — Hn(fi1)| < Hi(£) — Hn(ti-1).

The above inequalities imply that, for any t € [t;_1,t;] = U;.n:l[sj,l, s

—&/24 min {—|H,(s;)=H(ti1)[} < H(t)=Hn (1) < max [Hy(s;-1)=Hy ()] +¢/2,

1<j<m T 25i<m
and thus that
sup |H,(t) — H,(¢t;—1)] < max |H,(s;) — H,(t;i—1)| + /2.

tE€ti—1,ti] lsjsm

10



Hence,

p { sup |H,(¢) — H,(ti—1)| > &t} <P { max |H,(s;) — H,(t;i-1)| > 8/2} . (D.3)

tE[tifl,ti} 1<j<m

Now, let ¢ = H,(s;) — H,(s;_1), I € {1,...,m} with {; = 0, and let S; = S7_, G,
j€{0,...,m}. From (D.2), we then have that, for any 0 < j < j* < m and n sufficiently
large,

E{(S; —5;)'} =E ( > Cz) = E [{Ha(s;1) — Ha(s;)}']

I=j+1

< 2X(sj — 55)" =2\ { Z (s1 — 511)} :

J<i<j’

Indeed, by construction of the subgrid, for any 0 < j < j' < m, n™Y2¢/4 < G(s;) —
G(sy) < sy — s, and n~'/2¢ /4 can be made larger than n=2/7 by taking n sufficiently
large since 2/n > 1/2. The assumption of Theorem 2.12 of Billingsley (1968) being
satisfied (see also Lemma 2.10 in Dehling and Philipp, 2002), we obtain that there exists
a constant K > 0 such that, for any v > 0,

p ( max |S;| > V) < VUK (8 — 50)" = v K (t — )"

1<j<m

Applying the previous inequality to the right-hand side of (D.3), we obtain that

[ti—1,ts]

p { sup |[Hp(¢) — Hy(ti-1)] > 5} < e UK (t — 1)
te

It follows that

1<i<k telti_1,ti] —

k
P { max sup |H,(t) — Hy(ti-1)| > 5} <e 2'K Z(tz —ti-1)"

k
S 87424[( X max (tz - tl',l)nil X Z(tl - tifl).

1<i<k -
=1

By choosing the initial grid such that max;<i<p(t; — t;io1) < {6274 K1H/0=D we
obtain (D.1).

It remains to verify that H,, is asymptotically | - |-equicontinuous in probability. By
Problem 2.1.5 in van der Vaart and Wellner (2000), this amounts to showing that for any
positive sequence a,, | 0 and any &,6 > 0,

P sup |H,(s) —H,(t)] >3 p <9 (D.4)
s,t€[0,1]
[t—s|<an

11



for n sufficiently large. Fix £,0 > 0 and a,, | 0, and choose a grid 0 =ty < --- <t =1
such that (D.1) holds for all n sufficiently large. Furthermore, let p = ming ;< (t; — ;7).
Then, from Billingsley (1999, Theorem 7.4), we have that, for all n sufficiently large such
that a, < u,

sup |H,(s) — H,(t)| <3 max sup |H,(t) — H,(t;:_1)|
e I<i<k pelt; 1,1,

Finally, (D.4) follows for all n sufficiently large by combining the previous inequality
with (D.1). [ |

Proof of Proposition 6. We shall only prove the result under (ii), the proof being
simpler under (i). Recall 07 . ; defined in (33). From (35), we immediately have that

P : . P
on ;= Ot It remains to show that 67 o — o7 ;= 0.

Recall hy., defined in (A.1) and that U} = hy.,(U;) for all i € {1,...,n}. Then,
starting from (30) and (34), it can be verified that

. 1< i—j
10 ot — Tng] < {ﬁ Z ® ( 7 )}

2,7=1

X [ sup |f{Zc(uw) —Yc(C)H + sup |f[Zey, {hin(w)} — ey, (Cra)ll

u€(0,1]4 u€(0,1]4

X sup |[f[Zoy, {hin(u)} — Zo(u) — Yo, (Crin) + Ye(O)]]. (D.5)

u€(0,1]4

Some algebra shows that the second term on the right of the previous inequality is smaller
than

sup |foZo(u)|+|fowe(C)+2 sup |foZg,, (u)l.
u€(0,1]4 u€(0,1]4
From (22) and (17), we have that, for any A C D, |A| > 1, sup,¢p 1y« [Zo.a(w)] < 1,
SUPye(0,1) [ Zorn.a(w)] < 1 and [¢ca(C)] < 1. Hence, by (20), (28) and linearity of f, we
have that the second term (between square brackets) on the right of inequality (D.5) is
bounded by 4sup, ./ ;20 |f(x)] < co. Concerning the first term on the right of (D.5),
we have

n Z (l _j) % i (n —[k])e (;) <20, 4+1=0(n'"").

1,7=1 k=—{n "

We will now show that the last supremum on the right of (D.5) is Op(n~'/2), which will
complete the proof. By the triangle inequality,

sup | f[Zoy., {hin(w)} — Zo(u) = Yoy, (Crin) + ¢ (O)]]

u€(0,1]4
< sup |f[Ze, {hin(u)} — To(u)]| + [f{Ye,., (Crn) — ¢a(C)}.

u€(0,1]4

12



By linearity of f, from (22) and (28), to show that the first term on the right on the
previous inequality is Op(n~'/?), it suffices to show that, for any A C D, |A| > 1,

sup |Zey,, a{hia(u)} — Zoa(u)| = Op(n™'72). (D.6)

u€(0,1]4

Similarly, for the second term on the right, it suffices to show that, for any A C D,
Al > 1, [Yey.,, a(Crn) — Ye,a(C)] = Op(n~2). Now, from Fubini’s theorem, ¢ 4(C) =
Yo A E{1(U; < )} = E{Z¢,a(U,)}. Hence, ¢, a(Cin) — e a(C)] is smaller than

% i {Iclm,A(ﬁz’m) - IC’A(Ui)}

i=1

+ % N [Zea(U;) - E{zc,Awl)}]‘

i=1

< sup |Zey, athin(w)} — Zoa(u)| +
u€l0,1]¢

% > [Zea(U;) - E{Ich(Ul)}]' :

i=1

The proof is therefore complete if we show (D.6) and that the second term on the right of
the previous inequality is Op(n~'/2). The latter is a consequence of the weak convergence
of n™Y23"" [T, 4(U;) — E{Z¢,4(Uy)}] which follows from Theorem 3.23 of Dehling and
Philipp (2002) as a consequence of the fact that sup,ep 1)« [Zc,a(u)| < 1 and the assump-
tion on the mixing rate.

It remains to prove (D.6). The latter will follow by the triangle inequality if we show
that, for any A C D, |A| > 1,

sup |Zoa{hin(u)} — Zoa(u)| = Op(n™/?), (D.7)
u€l0,1]¢

sup |Zp,,,.a(w) — Zoa(u)| = Op(n~'/?), (D.8)
u€el0,1]¢

sup |Zcy,,a(w) — Za,, a(u)| = Op(n~'?). (D.9)
u€el0,1]¢

Fix ACD, |Al > 1.
Proof of (D.7). We have

H{l — Hypg(w)} — H(l —w)

leA leA

sup |[Zea{hin(w)} —Zoa(u)| < sup
uel0,1]4 uel0,1]4

+3 sup / TT (1= o) [1{ s () < 05} — 1w < 07)]dC(w)|.
jeA u€l0,1] |J[0,1)4 1eA\{j}

By an application of the mean value theorem similar to that performed in the proof of
Proposition 1, it is easy to verify that the first supremum is Op(n~'/2) since, for any
J € D, supepq [Hinj(u) —ul = Op(n~Y/2) as a consequence of the weak convergence of
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B,, defined in (13). The second term is smaller than

S sup /[ ) <) =1 < )

jeA u€(0,1]

< Z sup / H{u A Hypj(u) <v<uV Hypj (u)}do
[0,1]

jeA u€(0,1]

=" sup [Hy(u) —u| = Op(n"'7?).
JeA u€(0,1]

Proof of (D.8): From (22) and the triangle inequality, it suffices to show that, for any
J €A,

n

swp [=3° T (1= Ua)i(u < Uy) - H (1= w)1(u < 0;)dC(v)| = Op(n~17?).

The latter is an immediate consequence of the weak convergence result stated in Lemma 2
and the continuous mapping theorem.

Proof of (D.9): The supremum on the left of (D.9) is smaller than I,, + I'I,, + I11,,
where

In = Sup ",Z:ClnyA(u) - IleLyA{hI’}l(u)}’7

u€l0,1]4

11, = sup (T, a{hin()} = Zoa{hin (W)} = T, a(u) + Zoa(w),  (D.10)
u€(0,1]

II1, = sup |Zga{hi(w)} — Zoa(u)l, (D.11)
u€l0,1]¢

with k! is defined in (A.2). The term I,, is smaller

sup Hl—ul H{l Hi(w)}

uc (0,1 |3ca leA
+ sup ZZ H {1 = Hing(Ua) }1{w; < Hij(Uig) }
u€l[0,1)¢ i=1 jeA leA\{j}

_%ZZ [ @-Un1{H,(w) < Ug}|.

i=1 jEA leA\{j}

Since, for any j € D, sup,¢o 1 | ;. ni(u) —ul = supue[0 1) [Hi:nj(u) — uf (for instance, by
symmetry arguments on the graphs of Hy.,; and H,,, j) and by an application of the

mean value theorem as above, we obtain that the first supremum is Op(n~'/2). Using
the fact that, for all u € [0,1], u < Hyy;(Uy;) is equivalent to Hy,, .(u) < Uy, it can be

14



verified that the second supremum is smaller than

n

Z sup | — Z [T (0= Hea@a)} = I (0 =Ua)| Hu < His(Us)}

jea ueloa] | 1A\ {5} leA\{j}

<> swp | J] {1 - Huslw)} = J[ 1 =w)|=0p(n7?),

jeA w€01 1Ay leA\{j}

where the last equality follows again by an application of the mean value theorem as
above. Hence, I,, = Op(n~'/2). For I1,, defined in (D.10), we have

[, <027 sup [Hyag{Hip;(w)} = Hoag(w)] = op(n™"?),

jeA u€(0,1]

where H, 4 ; is defined in Lemma 2. The last equality is a consequence of the asymp-
totic equicontinuity in probability of Hi, 4; and the fact that sup,co . |Hy,p, ;(u) — ul =

SUDye(0,1) [ H1:nj (1) —ul 2% 0. The latter convergence follows from the almost sure invari-
ance principle established in Berkes and Philipp (1977) and Yoshihara (1979). It implies
a functional law of the iterated logarithm for u — Hi., j(u) — u as soon as a > 3, which
in turn implies the Glivenko-Cantelli lemma under strong mixing.

It remains to show that I71, defined in (D.11) is Op(n~/2). The proof of the latter
is similar to that of (D.7). |

Proof of Proposition 7. We only show the result under (ii), the proof being simpler

under (i). To prove the desired result, we shall show that &7, ~ —62c 5.
Proceeding as in the proof of Proposition 6 for (D.5), it can be verified that to prove the
above, it suffices to show that, for any A C D, |A| > 1,

Sup |Ibn701n,A(u) - -’Z"Cln7A(u>| = Op(n_1/2)

u€l0,1]¢

Fix A C D, |A] > 1. From (22) and (26), we have that the supremum on the right of the
previous display is smaller than jeA I, j, where

I, = sup]/ ) |Ls, (u,vj) — 1(u < v;)| dCh.p (v).
[0,1]

Fix j € A. From (C.1), we have that I,,; < n~Y/2J, ;, where

u€(0,1]

1 - rlin rlin
Jug= swp —= S {1(u < U5 = 1ur < UF))
=1

Ly -~
= sup —(— » {1(U" <uy)—1(U" <u )}
u€(0,1] \/ﬁ ; ! i !

1 & o o 1
< sup ﬁZ{l(Ué’" <uy) = 1UGF" <u )} + sup —= Zl (U =
=1 =1

u€[0,1] u€[0,1] n
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Proceeding as for (C.2), we obtain that the first supremum on the right of the previous
display converges in probability to zero. The second supremum is smaller than

sup Z{l U1”<u —1(U1”<u 1/n)}

u€l0, 1]

and can be dealt with along the same lines. Hence, J,, ; R 0, which implies that I, ; =
o(n~'/?) and completes the proof. [ |
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