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Abstract The local powers of some tests under the presence of a parameter vector, ®
say, that is orthogonal to the remaining parameters are studied in this paper. We show
that some of the coefficients that define the local powers of the tests remain unchanged
regardless of whether @ is known or needs to be estimated, whereas the others can
be written as the sum of two terms, the first of which being the corresponding term
obtained as if @ were known, and the second, an additional term yielded by the fact
that @ is unknown. We apply our general result in the class of nonlinear mixed-effects
models and compare the local powers of the tests in this class of models.

Keywords Asymptotic expansions - Gradient test - Likelihood ratio test -
Nonlinear mixed-effects models - Score test - Wald test

1 Introduction

The most common tests in parametric models are the likelihood ratio (LR), Wald, and
Rao score tests (Wilks 1938; Wald 1943; Rao 1948). These tests are widely used in
areas such as economics, biology, and engineering, among others, since exact tests
are not always available. A new criterion for testing hypotheses, referred to as the
gradient statistic, was proposed in Terrell (2002), which shares the same first order
asymptotic properties with the LR, Wald and score statistics. An advantage of the
gradient statistic over the Wald and score statistics is that it does not involve knowledge
of the information matrix, neither expected nor observed.
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Let £(0), Ug = 0£(9)/00 and K9 = E(Uy U‘;'—) be the log-likelihood function

for the parameter vector 6 = (04, ..., 0) T of dimension k, the score vector and
the Fisher information matrix, respectively. Consider the partition § = (ﬂT, wT)T,
where 8 = (B1, ..., ﬂp)T and w = (wp41, ..., wp) | are vectors of dimensions p

and k — p, respectively. Let 8 = (ﬁ;r, ﬂ;—)T, where the dimensions of 8 and S,
are g and p — g, respectively. Suppose the interest lies in testing the composite null
hypothesis Ho : B, = B, against the two-sided alternative hypothesis H, : B, #
Bog, where B, is a specified vector of dimension p — ¢, and ; and @ act as vectors
of nuisance parameters. From the partition of #, we have the corresponding partitions:
Ugp= WU . Up U,

Ks K K K K" K"
Ky = 8 Bo . K= 11 12 ’ K?: .

K, K, K>y Ky K? K22
In this paper, we shall assume that f is globally orthogonal to @ in the sense of
Cox and Reid (1987). In other words, the Fisher information matrix for # and its
inverse are block-diagonal: K¢ = diag{K g, K} and K;l = diag{K;l, K;l}. There
are numerous statistical models like the nonlinear mixed-effects model (NLMM) for
which global orthogonality holds. We will show an interesting decomposition of the
n~ Y2 term of the expansions of the nonnull distribution functions of the LR, Wald,

score and gradient statistics.
The LR, Wald, Rao score and gradient statistics for testing Ho versus H,, are defined

by Stk = 2[£(B), B2 @) — £(By. Bao. @], Sw = (B2 — Bag) (K™™' By — Bao),
SR = 5;21?2217,92 and St = ﬁ;z (32 —B1g), respectively. Here,a = (BT, EZT, Z?)T)—r
and § = (BT, ;3 20, @ ® )T denote the unrestricted and restricted (under Ho) maximum
likelihood estimators of @ = (/31 , ﬂ2 Lo )T, respectrvely, = K?* (5) K
K%2(@) and U g, = Upg, (9). The null hypothesis is rejected for a given nommal
level, y say, if the test statistic exceeds the upper 100(1 — )% quantile of the x> —q
distribution, denoted by XI%— ()

One of the aims of this paper is to study the local powers of the LR, Wald, score
and gradient tests for testing the null hypothesis Ho : B, = B, (under a sequence of
local alternatives) in general continuous parametric models, when global orthogonality

between B and w holds. The nonnull distribution function of the statistic S; under local
alternatives for testing Ho : B, = B, takes the form

3
Pr(S; <x) =Gpg1(¥)+ D bijGpgi2js(x)+0(™"), i=LR,W,R,T,
j=0

ey

where G, ;(x) is the cumulative distribution function of a non-central chi-square
variate with v degrees of freedom and an appropriate non-centrality parameter A.
Clearly, the local powers (up to order O (n~'/?)) of the four corresponding tests are
given by I, = 1 — Pr(S; < x), where x is replaced by Xf,_q (y). The coefficients
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bijj i =LR,W,R, Tand j =0,1,2,3)and A are given in Hayakawa (1975), Harris
and Peers (1980) and Lemonte and Ferrari (2012a). See also Mukerjee (1993) and
Kakizawa (2012).

Firstly, we will show that the coefficients b;» and b;3 (for i = LR, W,R, T) in
(1) remain unchanged regardless of whether @ is known or needs to be estimated,
whereas the coefficients b;1 (for i = LR, W, R, T) can be written as the sum of two
terms, the first of which being the corresponding term obtained as if @ were known,
and the second, an additional term yielded by the fact that @ is unknown. A sufficient
condition under which this additional term is zero will be given. Second, we will
apply the general result in the class of NLMMs. In particular, we derive closed-form
expressions in matrix notation for the coefficients that define the nonnull asymptotic
expansions of these statistics in this class of models.

2 Main result

In order to describe our main result, we shall assume that the local alternative hypoth-
esis is Hap @ By = Boo + €, Where € = (€41, ...,ep)—r is of order O(n~1/%). We
define the quantities

Ap 0pk—p
0c—p.p K:' |
L 0k—p,p—q

[k 0, M 0,/

Aﬁ = i ra s M = (mrs)r,szl ..... k= p pEep N
0 0

L P—4.9 pP—4q.p—9q p

where Mg = K El — Ag, and I, and 05, ;, denote an identity matrix of order z and
a h x u matrix of zeros, respectively. In the following, we use the standard notation
for the log-likelihood derivatives: U, = 3£(0)/36,, U,s = 3°£(0)/36,305, U5y =
8%(0)/36,8&;89,« etc. for r,s,t = 1, ..., k. Then, we write «,; = E(U,y), krst =
E(Urst), kst = E(U,Ug), kr5.0 = E(UUUy), ete. All moments «’s refer to a total
over the sample and are, in general, of order O (n).

In what follows, assume that the indices r, s and ¢ vary from 1 to p (i.e. on the
elements of the parameter vector ) and the indices R and S vary from p + 1 to k
(i.e. on the elements of the parameter vector ). We arrive, after long and tedious
algebraic manipulations, at the following general result.

Theorem 1 Let 0 = (ﬂ;r, ﬂ;—, )" be the parameter vector of dimension k, where
the dimensions of B, and B, are q and p — q, respectively, and ® is a (k — p)-
dimensional vector of parameters. Assume that f = (ﬂlT, ﬁzT )T and w are globally
orthogonal. The nonnull asymptotic expansions of the distribution functions of the LR,
Wald, score and gradient statistics for testing the null hypothesis Ho : B, = B, under
a sequence of local alternatives are given by (1) with A = GT(KZQ — K7 Kl_ll K)e,
biri = g, + & bwi = bY, + & bri = bS, + &, bri =Y, + &, birs =0,
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14
1 1
bira = br3 = —¢ > krsa€lerel. bwy = —2br3 = c > krueleler

r,s,t=1 s, t_l
1 14
bwr = 5 E Ky, Xte G, + - E Krrtmrvet , br2 = E Kr,s tmrvez >
r,s,t=1 rs t=1 rs t=1
1< 1<
% ® k%
bty = ~7 E KrstMys€; + 2 E (Krst + 2Kr51)€ €5 €L
r,s,t=1 r,s,1=1
p p
LRI = ~¢ E (frst — 2Kr.5.1 )€€ ~5 E (krst + 26r,50)ars €
r,s,t=1 r,s,1=1
p P
* %
5 E E (Krst & Krst)€rége,
r=q+ =1
bo 1 o * % % *
w1 = "5 E (Krst 4 2Ky )€ €C€f + z : Kr.stMrs€;
rs,t=1 r.s,r=1
1 14
- (Krst + 250K € *— (K + Kr )€€l €S
) rst r,st rst r,.st)<r t>
s t=1 r q+1 s,t=1
1 p
0 * % % *
br; = 3 E (Krsi — 2Kr5,0)€ €€, + E 2: Kros.iMMrs €
r,s,t=1 r,s,t=1
|2 1| L2
) % * %
) E (Krst + 2Kr5t)ars€; — 2 z ‘, Z (Krst + Krst)er€ger,
r,s,t=1 r=q+1s,t=1
P
0 rs * Kk ok
by, = E Krstk Gl 2 E (Krst + 2Ky 5e)€, €5 €,
r,s =1 r,s,t=1
p P
" 1 * %
E (4Kr,st + 3Krst)arset - 5 z . : :(Krst + K,«’st)Ger €rs
rs,t=1 r=q+1s,t=1

where K;l = (k" )5=1,...p, and
|2 k
_ R,S *
=3 D sl @)
t=1 R,S=p+1

with Kl = (c®S) g s—pi1, ko krse = E(@3€(0)/d0rdwsdp;), and big = —(bi1 +
bia + b;3), fori = LR, W,R, T.

Proof The proof is provided in Appendix. O

Remark 1 As pointed out by an anonymous referee, the finding for the Sy r, Sw and
SR statistics in Theorem 1 has been discussed by Eguchi (1991), who adopts the
differential geometric framework. Additionally, the local power function (1) for the
SLR, Sw, SR, and St statistics can be described in terms of C* function as given in
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Kakizawa (2012, § 3); see also Mukerjee (1993). It should be noticed that £ in Theorem
1 can be found for a broad class of asymptotic chi-squared tests, which includes the LR,
Wald, score and gradient tests, in Kakizawa (2012). Finally, Theorem 1 generalizes
the results of Lemonte and Ferrari (2012b), which holds only for the scalar nuisance
parameter case.

From Theorem 1, notice that bio1 (i =LR,W,R,T)and b;; i =LR, W,R, T and
Jj = 2, 3) represent the contribution of the parameter vector f to the local powers of
the LR, Wald, score and gradient tests for testing the null hypothesis Ho : B2 = B9,
since these expressions are only obtained over the components of 8, i.e. as if ® were
known. On the other hand, the quantity &, which depends on the moments involving
B and w, can be regarded as the contribution of the parameter vector @ to the local
powers of the LR, Wald, score and gradient tests when it is unknown, that is, when it
needs to be estimated. It is interesting to note that the contribution yielded by the fact
that @ is unknown is the same for the four tests. Additionally, the contribution of the
parameter vector @ to the local powers of the tests only appears in the coefficient b;;
(i =LR, W, R, T)and, of course, in b;g (i = LR, W,R, T).

Theorem 1 has a practical application when the goal is to obtain explicit formulas
to the nonnull distribution functions of any of the four test statistics for special models
in which orthogonality holds. It suggests that the coefficients b;;’s should be obtained
as if the orthogonal parameter vector @ were known, and the extra contribution due
to the estimation of @ should be obtained from (2). We will use this general result to
derive explicit formulas for the nonnull distribution functions of the LR, Wald, score
and gradient statistics in the class of NLMMs.

Now, let I'Ii0 and [7;, fori = LR, W, R, T, be the local powers (ignoring terms of
order smaller than n~!/ 2) of the test that uses the statistic S; when ® is known and
when @ is unknown, respectively. It is well known that

G () = Gy, (%) = 28m42,1(x), 3)

where g, ;. (x) is the probability density function of a non-central chi-square variate
with v degrees of freedom and non-centrality parameter 1. We can then write I1; —
) = z& fori = LR, W,R, T, where z = 2g,_442(x) > 0 and x is replaced
by XI%— dW)- Therefore, the difference between the local powers can be zero, or it
can increase or decrease when @ needs to be estimated, depending on the sign of the
components of €. If ks = 0fort =1,...,pand R, S = p+ 1,...,k, we have
£ = 0 and hence the nonnull asymptotic expansions up to order O (n~'/?) for the
nonnull distribution functions of the LR, Wald, score and gradient statistics do not
change when the parameter vector @, which is globally orthogonal to the remaining
parameters, is included in the model specification.

3 Nonlinear mixed-effects model
The NLMM can be expressed as

yvi=fiXi,B)+Z;b+¢e;, i=1,...,N, 4)

@ Springer



890 A.J. Lemonte

where y; = (yi1, ..., ymi)—r isan; x 1 vector of responses on the i th experimental unit,
B=@,..., ,Bp)—r is a p-vector of fixed effects parameters, b; = (b;1, ..., biy) ' isa
m-vector of random effects, X; = (x;1, ..., xmi)T with x;; = (x;j1, ..., x,-j,,)T and
Zi = (Zi1, ..., zini)T withz;; = (zij1, ..., z,'jm)T are n; X p and n; x m known matri-
ces of full rank, respectively, &; = (&i1, .. ., e,-n,.)T isan; x 1 random (within-subject)
vector of measurement errors, and f; (X;, B) = (fi1(Xi, B), ..., fin, (Xi, BT isa
n; x 1 vector of nonlinear functions of B. Itis often assumed that b; ~ N, (0,,, G) and
e ~ Ny (0, R;) fori =1,..., N, with b; and &; independent (fori =1, ..., N),

where G = G(t) and R; = R;(¢) are m x m and n; X n; positive definite matri-
ces whose elements are expressed as functions of vectors of covariance parameters
T=(11,..., ‘L'CI)T and ¢ = (¢4, ..., (;SCZ)—r of dimensions ¢; x 1 and ¢ x 2, respec-

tively, not functionally related to 8. Here, 0, denotes a u-dimensional vector of zeros.
A hierarchical formulation is behind the model (4) when it is assumed that y;|b; ~

N (fi(Xi, B)+ Zibi, R), bj ~ Ny (0, G) and &; ~ N, (0,,,, R;), with b; and &;

independent (fori = 1, ..., N). So, the joint distribution of ( le, biT)T becomes

~ Nyiim , .
b, 0, Gz G

Hence, classical inference may be based on the likelihood function of the marginal
model y; ~ Ny, (f;(Xi, B), X)), where X; = ZiGZ[T + R;. Letn = ZlNzl n;.
Model (4) can be written in matrix form as ¥ = f(X, B) + Zb + e, where Y =
(yi,....yp)Tisanx 1vector, X = (X[ ,..., X}) " isan x p matrix, f(X, B) =
(f1(X1, AT, ..., Sn(Xn, B) ") T isan x 1 vector of nonlinear functions of 8, Z isa
n x Nm block-diagonal matrix given by Z = diag{Zy, ..., Zn},b = (bT, e, b;)—r
is a Nm-vector and & = (e;r, ...,45';)T isn x 1. Thus, b ~ NynOnm, In ®
G) and € ~ N, (0,, R), where R is a n x n block-diagonal matrix given by R =
diag{R, ..., Ry}, and “®” denotes the Kronecker product. It is also possible to
express the model (4) as ¥ = f(X,B) + e, where e = Zb + ¢ ~ N,(0,, ),
Y=Yw=ZUNR®G)Z" +Randw = (1", (157—)—r isa (c1 + ¢) x 1 vector of
unknown parameters.

Letp = f(X, B) andu = Y — p. The log-likelihood function for = (BT, @ )T
can be expressed as £(0) = —(n/2)log2w) — (1/2)log|X| — (1/2)tr{2’]uuT},
where |X| denotes the determinant of the matrix ¥, and tr{-} is the trace opera-
tor. Some additional notation is in order. Let d, = op/0dB,, d,s = a2u/a/3,a,35,
fR = 0XY/0wg, with r,s = 1,...,p,and R = 1,...,c1 + ¢2. Also, define
D=1[d,...,dpJand V = [vec{X 1}, ...,vec{Z’Clﬂvz}], where vec{-} is the vec
operator, which transforms a matrix into a vector by stacking the columns of the
matrix one underneath the other. Let

-1
P D , o ) On,nz ’ ) u .
14 0,2, 2XQX) —vec{X —uu'})

So, after some straightforward matrix algebra, the score function and the Fisher infor-
mation matrix for # can be written, respectively, as Ug = F THvand K o =F THF.
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The maximum likelihood estimator § = (/ﬂ\T, @) ofd =B T "7 satisfies the
equation Ugly_g = O, with k = p + ¢y + c2. The Fisher scoring method can be used
to estimate @ by iteratively solving (F®) T H® F))gw+D) — p)T pyw)yxw)
where v*®) = FWQW) 4 (W) and o = 0, 1, ... is the iteration counter. Each loop,
through the above iterative scheme, consists of an iterative re-weighted least squares

algorithm to optimize the log-likelihood £(#). A recent discussion about estimation in
NLMDMs can be found in Meza et al. (2012).

4 Nonnull asymptotic expansions in NLMMs

In what follows, we shall consider the LR, Wald, Rao score and gradient statistics
for testing a composite null hypothesis on the fixed effects in the class of NLMMs,
i.e. tests on the parameter vector B. Tests on the variance components (i.e. on the
parameter vector @ = (', ¢ )T will not be the subject of this paper. The reader
is referred to Nobre et al. (2013) and references therein for tests on the variance
components. The null hypothesis of interest is Ho : B, = 5y, which will be
tested against the alternative hypothesis H, : B, # Boy, where g = B, ﬂzT )T
with B, = (B1,....By) " and By = (Byt1,...,Bp) . Here, By is a fixed col-
umn vector of dimension p — ¢, and B; and w act as nuisance parameter vec-
tors. Let = (’E;r’ﬂ\;—, ®)' and 0 = (BT, ﬂ;ro, ® )T be the unrestricted and
restricted (under Hp) maximum likelihood estimators of @ = (8 1'— B ;r )T, respec-
tively. The LR, Wald, score and gradient statistics for testing Ho are defined by

Stk = log(IZNZI ) +uw(E au" — 2 au" ), Sw= By~ ) Dy £ (D2 —
DIT)Bs— Bop). Sk = '3 ' Dy[Dy 5 (Dy — D\ 1)]"'D, £ 'ii and Sy =
ﬁT:‘?_li)z(]% — By), respectively, where T = (DTE_IDl)_lD]—E_ng and
D = [D1 Dz], D being n x g and D; being n x (p — ¢q). Also, tildes and hats
indicate evaluation at the restricted and unrestricted maximum likelihood estimates,

respectively.
We assume the local alternative hypothesis H,, : By = Bog + €, where € =
B> — By = (€441, -.-,€p) | is of order O(n~1/2). From Theorem 1 and after some

algebra, it can be shown that £ = 0 and therefore the nonnull distribution functions (up
to order O (n~/2)) of the four statistics do not change when the parameter vector @ =
(7, ¢ ") isincluded in the model specification. Let . = € ' D] £~ (D2 — D1 T)e.
The coefficients b;;’s that define the nonnull expansions are obtained from Theorem 1
and, after extensive algebra, they can be expressed in matrix notation as follows:
birs = birs = bro = br3 = 0, bwz = —(1/2)r{T '@ (e* ® I,)e*e* " DT},
br3 = —(1/2)bws,

1
bLri = br1 = ztr{E_lfb(e* ®1,)e*¢* " DT}
+tr{Z 7 @0 (e* @ T, )ee* DT}

1
+ 5tr{z—‘A“)vec{(Dsz—‘Dl)—‘}e*TDT},
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bwi =

bwy =

bty =

bty =

1
Etr{z*‘q)(e* ®1,)ee ' DT}
+u(Z e ®I,)(D'2'D)"'DT)
—w(Z ' (e* @ 1,) (D] X7'D))"'D]}

+ %tr{E‘l¢vec{(DTE_1D)_l}e*TDT}

+tr{ 7 o) (e* @ T ,—y)ee* DT},
%tr{2_1¢(e* ®1,)ee ' D"}

— %tr{z*¢vec{(DTz*ID)*1}e*TDT}

— (X' ®I,)(D'E'D)"'DT)

+ %tr{z—lAU)vec{(Dsz—lDl)—l}e*TDT}
+tu{Z7 ' (e* @ 1,)(D] Z7'D))"' D]},

—Z—lltr{Z'_ldivec{(DTZ'_lD)_I}G*TDT}

- %tr{z*‘(b(e* ®I,)D'Z7'D)"'DT)
+ %tr{2_1¢(6* ®Ip)e*e* D'}

+ %tr{z_lA(l)vec{(DlTE_lDl)_l}G*TDT}

1 IR
—i—Etr{E "o (e*®1,) (D] Z7'D)"'D]}
+tu{Z Do) @I, e’ DT},

j—ttr{z*‘qbvec{(DTz*‘D)*‘}e*TDT}

+ %tr{2_1¢(e* ®@I1,) (D" 'D)y"'DT)

— %tr{E‘lA(l)vec{(D;—E_lDl)_l}e*TDT}
— %tr{z*‘qb(l)(e* ®1,)(D{Z7'D))"'D]}

1
- Ztr{Z‘_ld)(e* ®1,)e*e* ' DT},

where ¢* = [D]Z'Dy(D]="'D)"' — 1, ], &, = [, 0],

1 2
¢£) = [dy,... »dqr]» ¢£) = [d(li+1)r’ te

1
dy) AV = [0V, o) @ =

[P0y, )], 1) =[Py, ..., ¢q] and @) = [¢q+], e, ¢p], withr =1,..., p.
The coefficients b;g are obtained from b;o = —(b;1 + bi2 + b;j3) fori = LR, W, R, T.
The b;;’s are of order O(n~'/?) and all quantities except € are evaluated under the
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On local power properties of the LR, Wald, score and gradient 893

null hypothesis Hy. The detailed derivation of the above expressions is long and very
tedious, and hence will be omitted to save space.

A brief commentary on the coefficients that define the nonnull asymptotic expan-
sions of the distribution functions of the LR, Wald, score and gradient statistics in
NLMMs is in order. Note that they depend heavily on the derivative matrix D. They
also involve the second derivative of the (possibly nonlinear) function f;(X;; f).
Additionally, they depend on the variance-covariance matrix X through its inverse.
Unfortunately, they are not easy to interpret in generality and provide no indication
as to what structural aspects of the model contribute significantly to their magnitude.
The matrix @, (r = 1, ..., p) may be considered as the amount of nonlinearity in the
LR, Wald, score and gradient statistics induced by the (possibly nonlinear) function
Sfi(X;; B), since it vanishes for linear models. It is interesting to note that by g j = bR ;
(j =0, 1,2, 3) and hence the nonnull asymptotic expansions of the distribution func-
tions of the LR and score statistics (up to order O (n=12))are equal; see also Kakizawa
(2012) with k5, =O0forr,s,t =1,..., p.

Next, we shall compare the local powers of the rival tests based on the general
nonnull asymptotic expansions derived above for testing the null hypothesis Hy :
B, = B in the class of NLMMs. Let I7; be the power function, up to order O (n~1/2),
of the test that uses the statistic S; for i = LR, W, R, T. We have

3

I — I = (b = bij)Gpgi2jr(x), i #1, )
j=0

where x is replaced by ng q (y). From (3) and (5), after some algebra, it follows that

g — Iw = IIg — ITw = —2[P18p—g+4.1(x) + D2gp—g+6,1(X)],
IIg — It = IR — Tt = %18p—g+4.2(X) + D28p—g+6..(X), (6)
Iy — It = 3[018p—g+4.,.(x) + D28p—g+6.1(X)],

where ¥, = —(1/2)tr{Z " '®(e* ® I ,)e*e* T DT} and
0 =-t{Z '@ ®I,(D"'E'D)"'DT)
+t{EZ7 '@ (e @ 1,)(D] Z7'D))"' D]}

1
— 5tr{z—l<1>vec{(DTz—‘D)—‘}e*TDT}

1
+ 5tr{z—lA“)vec{(l)sz—lDl)—1}e>*‘TDT}.

As earlier noted, we arrive at the following general conclusions from equations (6).
We have that IT; g = I1r and hence the LR and score tests have the same local power
(up to order O (n~'/?)) for testing hypotheses on the fixed effects in NLMMs. Also, if
91 > 0and ¥, > 0 with ¥ + 9, > 0, we have ITw > [1Iir = [IR > IIt.On the other
hand, if ¥y < 0 and ¥, < 0 with ¢ + ¥ < 0, we have IIt > IR = IR > Ilw.
For the linear mixed model, we have that [Tyr = IIw = IIr = IIt, as expected.
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894 A. J. Lemonte

The general conclusions above are very interesting and can be used to choose the most
powerful test to make inference on the fixed effects parameters in the class of NLMMs;
that is, if ¥y > 0 and ¥, > 0 with ¥y + ¥, > 0, then the Wald test will be the most
powerful test, on the other hand, the gradient test will be the most powerful test if
Y1 < 0and 9, < 0with 9+, < 0. It should be noticed that these conditions can be
easily verified numerically in practical applications after fitting the NLMM to the data.

Appendix: Proof of Theorem 1

We provide the sketch of the proof for the LR statistic, since for the other ones (Harris
and Peers 1980; Lemonte and Ferrari 2012a) the proof is obtained in a similar fashion.
With the abuse of notation, let r,s,¢t = 1, ..., k, where k is the total number of
parameters. From Hayakawa(1975) we have that by g3 = 0, by ro = —(bLR1 +biRr2+
brr3), brra = —(1/6) Z” =1 Krsi€r€rel and bri = —(1/6) Z” =1 (st —

2Kr,s, t)6>k ye * - (1/2) ert 1(Krst + 2Kr st)arsel —(1/2) Z =q+1 Zét 1(Krst +
Kr st )Er€reS. Flrst note that

1
* % %
bLR2=_6 z Krs, 1€, €€ s

r,s,t=1

sinceef =€ =¢=0forr,s,t =p+1,...,k. Also,
1 k
k %k %k *
_6 § (kerst — 2Kr,s,t)€r €€ = —— E (krst — 2Krs l)e 6; s
r,s,t=1 rst 1

A 1 ?
_E Z Z(Krst‘i"(r,st)ere;ke;k:_i Z Z(Krst'i‘Kr,st)ErG:E;k,

r=q+1s,1=1 r=fI+1 s,r=1

k
1 1
_5 E (rerse + 2Kr,st)arsft* =—-3 E E (rerse + 2 st)arset

r,s,t=1 t=1r,s=I

[\)

We have that ;s = O forr = 1,...,pands = p+1,...,k, and a,; = O for
r=p+1,....,kands =1,..., p. Also,a,s = k"’ forr,s = p+1,..., k. Hence,

k p
1< 1
—E Z Z (st + 2Kr,st)ars€l* = _5 Z (krst + 2Kr,st)ars€l*
t=1r,s=1 s, t=1
1 & <
5 Z Z (krst + 2Kr,st)Kr’s6;k-
t=1r,s=p+1

Now, according to the notation of Theorem 1, it follows that

p k
1
)8 R,S
(Km + 2k 5K € = ) E_ _E +1(KRSt + 2kR sk V€S,

||M»

NI'—‘
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where kg s; = E[(aﬁ(0)/8a)R)(82£(0)/8wsaﬂ,)]. By using the Bartlett identity

KR.St = Kéf) —kgsy fort = 1,...,pand R,S = p+1,...,k, where Kéf) =
dksi/dwg, we have kg s, = —kRs; since the orthogonality between 8 and @ implies

that ks, = 0. Therefore, we can express

1< <
E=52 2, krsie,

t=1 R,S=p+1

thus brr; = bI(ZRl +£.

Acknowledgments Iam very grateful to the Associate Editor and two anonymous referees for the valuable
comments and suggestions which have improved considerably the first version of the manuscript. The author
gratefully acknowledges the financial support of CNPq (Brazil) and FACEPE (Pernambuco, Brazil).

References

Cox, D. R., Reid, N. (1987). Parameter orthogonality and approximate conditional inference (with discus-
sion). Journal of the Royal Statistical Society B, 40, 1-39.

Eguchi, S. (1991). A geometric look at nuisance parameter effect of local powers in testing hypothesis.
Annals of the Institute of Statistical Mathematics, 43, 245-260.

Harris, P, Peers, H. W. (1980). The local power of the efficient score test statistic. Biometrika, 67, 525-529.

Hayakawa, T. (1975). The likelihood ratio criterion for a composite hypothesis under a local alternative.
Biometrika, 62, 451-460.

Kakizawa, Y. (2012). Second-order powers of a class of tests in the presence of a nuisance parameter.
Communications in Statistics Theory and Methods, 41, 3676-3691.

Lemonte, A. J., Ferrari, S. L. P. (2012a). The local power of the gradient test. Annals of the Institute of
Statistical Mathematics, 64, 373-381.

Lemonte, A. J., Ferrari, S. L. P. (2012b). A note on the local power of the LR, Wald, score and gradient
tests. Electronic Journal of Statistics, 6, 421-434.

Meza, C., Osorio, F., Dela Cruz, R. (2012). Estimation in nonlinear mixed-effects models using heavy-tailed
distributions. Statistics and Computing, 22, 121-139.

Mukerjee, R. (1993). An extension of the conditional likelihood ratio test to the general multiparameter
case. Annals of the Institute of Statistical Mathematics, 45, 759-771.

Nobre, J. S., Singer, J. M., Sen, P. K. (2013). U-tests for variance components in linear mixed models. Test,
22, 580-605.

Rao, C. R. (1948). Large sample tests of statistical hypotheses concerning several parameters with applica-
tions to problens of estimation. Proceedings of the Cambridge Philosophical Society, 44, 50-57.

Terrell, G. R. (2002). The gradient statistic. Computing Science and Statistics, 34, 206-215.

Wald, A. (1943). Tests of statistical hypothesis concerning several parameters when the number of obser-
vations is large. Transactions of the American Mathematical Society, 54, 426-482.

Wilks, S. S. (1938). The large-sample distribution of the likelihood ratio for testing composite hypothesis.
Annals of Mathematical Statistics, 9, 60—62.

@ Springer



	On local power properties of the LR, Wald, score and gradient tests in nonlinear mixed-effects models
	Abstract
	1 Introduction
	2 Main result
	3 Nonlinear mixed-effects model
	4 Nonnull asymptotic expansions in NLMMs
	Appendix: Proof of Theorem 1
	Acknowledgments
	References




