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Abstract Based on a random sample of size n from an unknown d-dimensional den-
sity f, the nonparametric estimations of a single integrated density partial derivative
functional as well as a vector of such functionals are considered. These single and
vector functionals are important in a number of contexts. The purpose of this paper
is to derive the information bounds for such estimations and propose estimates that
are asymptotically optimal. The proposed estimates are constructed in the frequency
domain using the sample characteristic function. For every d and sufficiently smooth
f, it is shown that the proposed estimates are asymptotically normal, attain the opti-
mal O p(n’l/ 2) convergence rate and achieve the (conjectured) information bounds.
In simulation studies the superior performances of the proposed estimates are clearly
demonstrated.

Keywords Bandwidth selection - Characteristic function - Convergence rate -
Cross-validation - Multivariate kernel estimate - Nonparametric information bound

1 Introduction
Foreveryd > 1,let X be an n x d data matrix of random vectors x = (x1, ..., x4) (we

use the row-vector convention throughout the paper) where x1, . . ., X,, are independent
observations drawn from an unknown d-dimensional density f(x). Let us write

Yr = /w fr®) fx)dx =Efe(x)), [r|=2m, m=0,1,2,... (1)
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866 T.-J. Wu et al.

where r = (rq,...,7q4), ri > 0 and fr(x) denotes a partial derivative of f of order
[r| with |p| = Z?:l pj for any vector p = (p1, ..., pg) satisfying p; > 0 for all j.
If all the components of r are even, say, r = 2m for some m = (m1, ..., mg), then
using integration by parts, we can express ¥y = ¥y as

Yom = (—DI™6y  with 0y = / {fm®}dx, [m[=0,1,2,.... (2
R
Indeed, (2) holds under Condition (Camm) where Condition (Cx) = {fi € L'(%¢) and
fo € L'M9) is absolutely continuous for all s = (sq, ..., sg) with0 < |s| < |k| —1}.
Let ® denote the Kronecker product. Form = 0, 1, .. ., define the vector

Vo =/dD®2mf(x)f(x) dx (say) = (Ye)|<jeqen, vl =2mforalli (3)
N T

where r; = (ri1,...,7i.4) and D®?" f = Df ® --- ® Df is the 2m-th Kronecker
power of the vector Df = (3f/dxy, ..., df/dxg). Thus, D®¥" f ¢ R" is a vector

containing all the partial derivatives of order 2m and ¥, € R4 is one containing
all the v’s with |r| = 2m (including possible multiplicities arising from the fact that
for smooth enough f the mixed partial derivatives may be equal).

Nonlinear functionals (1)—(2) and vector functionals (3) are of distinct interest from
the viewpoint of actual applications. For example, the functionals O, 1 < |m| < 2,
and the vector ¥, appear in the asymptotically (plug-in) optimal bandwidth for d-
dimensional histograms, frequency polygons and density estimates (cf. Scott 1992;
Wand and Jones 1994; Duong and Hazelton 2003) and in the rescaling factor for testing
of multimodality based on kernel density estimates (cf. Fisher et al. 1994). Also, 6y
(here and below, ¢ = (c, ¢, ..., ¢, ¢) for any constant c¢) can be applied to projection
pursuit because 6y appears in the d-dimensional Friedman—-Tukey projection index (cf.
Silverman 1986), and log 6 is an upper bound for the d-dimensional negative Shannon
entropy (we have E{log f(x1)} < log{Ef(x1)} = log 6y by Jensen’s inequality).
Furthermore, let f; denote the jth marginal density, the functionals fm f J.2(x) dx, 1 <
Jj < d appear in the asymptotic variance of the d-dimensional Wilcoxon-type rank
test, in the asymptotic relative efficiency of such rank test relative to the Hotelling’s 7'
test (cf. Puri and Sen 1971) and in the weed emergence index for measuring the spread
of the probability distribution of the cumulative hydrothermal time at emergence (cf.
Cao et al. 2011).

In the past, most work for estimating (2) has focused on the univariate case, while
the multivariate case has been largely neglected. This may be due to the fact that it
is technically more difficult to calibrate multivariate density partial derivatives (see
the beginning of Sect.2 for further descriptions of the challenge and difficulty). For
d = 1, some work on estimating (2) includes Hall and Marron (1987, 1991a), Bickel
and Ritov (1988), Aldershof (1991), Jones and Sheather (1991), Wu (1995), Cheng
(1997), Laurent (1997), Martinez and Olivares (1999), Giné and Mason (2008) and
Chacén and Tenreiro (2012), among others. Also, results on estimating (2) with f
being supported in [0, 1] are given by Fan (1991), who dealt with a white noise model
(see also Donoho and Nussbaum 1990), Goldstein and Messer (1992) and Efromovich
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and Low (1996a,b). Additional result on estimating (2) with contaminated sample is
given by Delaigle and Gijbels (2002).

For d > 2, Wand (1992) (see also Wand and Jones 1994) proposed an estimate,
denoted by él‘:lv T herein, of (2) which is the multivariate version of the estimate of Jones
and Sheather (1991). The élYl" T utilizes the form (1) and is a kernel-based estimate of
(1) with the kernel being a spherically symmetric pdf. Wand and Jones (1994) proved
that the MSE (mean squared error) E{éX,V I —6m}? converges to zero quickly as n — oo
if the same non-adaptive (non-data-driven) bandwidth of the form An~!/ Q+d+2jm) jq
used in every coordinate direction where A depends on the kernel and the unknown
Z?:] Om+e; With €;’s denoting the standard unit vectors in R Although their result
provides very significant insight into the theoretical issue of choosing bandwidth and
kernel, their 6! in general can not achieve the optimal MSE convergence rate O (n~").
In addition, the GAHVY 7 is not immediately applicable in practice because the asymptot-
ically optimal bandwidth depends on the unknown Z?:] Om-e; - Recently, Duong
and Hazelton (2003) and Chacén and Duong (2010) (see also Duong and Hazelton
2005a,b, Chacén and Duong 2011 and Chacén et al. 2011) have shown that it can be
beneficial to estimate the functionals (1) satisfying |r| = 2m for a fixed m all at once,
instead of estimating each of them separately; and proposed to estimate the vector
functionals (3) by multistage methods which are modifications and generalizations of
the aforementioned methods of Wand (1992) and Wand and Jones (1994).

The purpose of this paper is fourfold. First, the nonparametric information bound
for estimating a single functional ¥ with even [r| (while 6y, is a special case) is
given (see Theorem 3). Secondly, we propose a nonparametric estimate of 1, which
is asymptotically efficient if the non-adaptive bandwidth in each coordinate direction
varies freely in a specific range (see Lemma 1). Thirdly, we propose an adaptive band-
width selector which falls into the just-mentioned range in probability (see Lemma 2)
and thus makes our estimate of ¥, adaptive and immediately applicable in practice.
Moreover, for all d, r and sufficiently smooth f, our adaptive estimate of v is shown
to be asymptotically normal, attains the optimal O, (n™ 1/2y error convergence rate and
achieves the best possible constant coefficient in this convergence (see Theorem 1).
Fourthly, we propose an adaptive estimate of the vector functionals ¥,,,, as a modifi-
cation and generalization of our estimate of 1, and prove it is asymptotically normal,
attains the optimal O, (n~Y2%) error convergence rate and achieves the (conjectured)
best possible constant covariance matrix in this convergence (see Theorem 2). Sections
2.1 and 2.3 give the details of the proposed estimates. Section 2.2 contains the main
theoretical results. In Sect. 3, for d = 2 and 3, simulation studies are carried out and
the superior performance of the proposed adaptive estimates is clearly demonstrated.
Section 4 is devoted to proofs.

2 The proposed method

The proposed estimates are constructed in the Fourier domain and the estimate of V-
is mainly an extension to higher d of the univariate estimate of (1.2) of Wu (1995).
We have chosen such extension because that univariate estimate achieves the opti-
mal O, (n~1/2) error convergence rate, attains the information bound and performs
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superiorly in simulation studies. However, the extension is challenging and requires
non-trivial work due to complications and difficulties caused by (i) the correlation
between the bandwidths in different coordinate directions and (ii) the curse of dimen-
sionality (as termed by Bellman 1961, which describes the rapid growth in the diffi-
culty of problems as d increases, and the cost of an algorithm was observed to grow
exponentially in d).

2.1 The proposed estimates

Throughout the paper, f is shorthand for fm‘d' For any vectors t = (1, ...,17) and
p = (p1,..., pa), we denote tP = H‘;zl tfj and use t < p to mean t; < p; for
all j (similarly, t < p). Also, for ease of writing, we shall say a vector is large
[small, resp.] if its Euclidean norm || - || is large [small, resp.]. Furthermore, we use
Qg (t) = f exp(ixt’)g(x) dx to denote the Fourier transform of any g € Ll(md) U
Lz(md), R(T) the d-dimensional rectangular region [—T7, T1] X - - - X [=Ty, T4], and
R'(T) = %4 \ R(T) where T = (T}, ..., T;) > 0. For the rest, we set |r| = 2m for
some fixed m > 0. For sufficiently smooth f, we can express ¥ as

Y = Qm) (=" / tlgr (0> dt, |r| =2m. 4)

Indeed, if f satisfies Condition (C;) [as defined immediately below (2)], then
o) = (=DMt r(t) (cf. Hewitt and Stromberg 1969, pages 414-415) and
¢f,*f(t) = ¢fr(t)¢f(t) = (—1)’”t"|<}5(,r(t)|2 where * denotes convolution and
¢ f~(t) = ¢r(—t) with f being defined by f (x) = f(—x) for all x. Further, if
toy (t)|2 € Ll(ﬂid) (as ensured by requiring po > m + (d/2) in Condition (A)
below), then by Fourier inversion formula (see, e.g., Rektorys 1969, page 1136), we
get Yr = [ fe(—X) f(—X)dx = (fi % )©O) = @m)™ [ ¢, (t)dt, and hence (4).
By utilizing the form (4), a kernel-based estimate of v is obtained if ¢ 7 is replaced
by ¢. 7 in (4) where f is the following multivariate product kernel estimate of f:

n d
f&) = @hi- k)™ D ] Ky —xip/hj) ¢ - )

i=1 | j=1

Here, the same symmetric univariate kernel K is used in each coordinate direction, but
with a different bandwidth 4 ; for each direction. We remark that any d-dimensional
spherically symmetric kernel can be used in (5). The product kernel is used here to
avoid the technical difficulties involved in the analysis of unconstrained estimators.
For cases where there is much to be gained by selecting a full bandwidth matrix
(which contains d(d + 1)/2 smoothing parameters), the readers are referred to Wand
and Jones (1993), Wand and Jones (1994), Duong and Hazelton (2005a,b), Chacén
(2009), Chacén and Duong (2010, 2011) and Chacén et al. (2011), among others.
Since the present problem is estimating ., we need have no qualms over using
higher-order kernels. We shall choose the “sync kernel” Ko (x) = (rx)"Lsinx,
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—00 < x < 00, a symmetric and infinite-order kernel. For advantages of using
Koo see Davis (1975, 1977), Ibragimov and Khas’minskii (1982), Devroye (1988,
1992), Hall and Marron (1988) and Wu (1995). Note that K, € Lz(iﬁ) \ L'(R) and
@k, () = Ij—1,1)(-) with I (-) denoting the indicator function. Let

$t) =n"" D exp(itx)) ©)

j=1

denote the sample characteristic function and fT the product sync-kernel estimate
resulting from replacing K by K and & by Tj_l, 1 < j <din(5). Then ¢f’r 1) =

qS(t) H‘;:l Ii—71;,1;1(7j). Replacing ¢ ¢ in (4) by ¢ I results in the family of estimates
Ue(T) = 2m) (=)™ / o tlp®)>dt, |r| =2m (7)
R

of ¥ where the cutoff value T must satisfy minj<;j<¢ 7; — oo and polTmH 5 0 as
n — oo (see Remark 1 below). When r = 2m, the estimate (7) can be viewed as the
sync-kernel, Fourier domain, multivariate version of the “diagonals-in” estimate of (2)
proposed by Jones and Sheather (1991) (see Wu 1995 for details). The performance
of (7) depends heavily on how well the cutoff value T can be selected. It was pointed
out by Wu and Tsai (2004) (see also Chiu 1991) that &(t) at large ||t|| is dominated
by sample variation and does not contain much information about f. Therefore, (7)
would have large variation if T is too large and large negative bias if T is too small.

For estimating the single functional ¥ the proposed adaptive cutoff value T, =
(YA}J, R fr,d) is the minimizer of

d

—1
CV(T) = 24+ rHt [(n + D[]+ 1)} —/ It]lp(®)|>dt, T >0
R(T)

i=1

(®)
(see Remark 1 below for an explanation) and the proposed adaptive estimate of ¥ is
e T ©)

R(Ty)

Note that ’i‘r and CV°(T) reduce to those proposed in Wu and Tsai (2004) when
r = 0, and to those in Wu (1995) when d = 1.

Remark 1 By arguments similar to those in deriving (2.3)—(2.5) of Wu (1995) (see
Lemma 3 herein), (5)—(8) of Wu (1997) and (10)—(13) of Wu and Tsai (2004), we can
quickly see that (8) is an unbiased estimate of a sharp upper bound, up to a constant
factor and a constant shift, of the risk E[{/;(T)}'/?> — {¢}+}1/2]> where v and
1/~fr+ (T) are quantities resulting from replacing t* by [t"| in (4) and (7), respectively;
and, moreover, when r = 2m, (8) is the product sync-kernel (recalling the above fT),
Fourier domain version of the cross-validation (CV) score, up to a constant factor, for
estimating f, with badwidth h = (Tl_l, R Td_l) (cf. Chacén and Duong 2013; Wu
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1997). Next, suppose n > 2 is fixed and the data matrix X is given. Rewrite (8) as
CV(T) = fR(T) It"[{2/(n + 1) — |¢(t)|?} dt. By the fact that ¢(t) is continuous and
#(0) = 1, we get CVX(T) — Oas |T|| - 0and CVY(T) < O for all T in a small
neighborhood about 0. Also, after some computations we see that CV°(T) — oo
as |T|| — oo. This, together with the continuity of CV°(T), implies that a global
minimizer of CVZ°(T) exists over T > 0. See also Stone (1984) for an argument
showing the existence of a minimizer of the usual CV score.

Next, we consider the problem of estimating the 9t4*" -vector functionals Yo, In
view of (3) and (7)—(9), we propose to estimate ¥,,, by

Vo (Tam) = W, (Tam)) <i<gom (10)
where the cutoff sz is the minimizer of

SCV (T)= > CVX(T), T>0. (11)

r:|r|=2m

For reasons and advantages of using a common cutoff value for the estimation of
all components of ¥,,,, the readers are referred to Duong and Hazelton (2003) and
Chacén and Duong (2010), among others. Note that the arguments in Remark 1 also
show, when n > 2 is fixed and X is given, a global minimizer of SCngn (T) exists
over T > 0.

2.2 Main theoretical results

The notion of smoothness of f can be expressed in terms of the decay rate of |¢ 7 (t)].
Throughout we assume that Condition (A) holds for some r with |r| = 2m, where

Condition (A) Relation (4) holds and for some finite po > m + (d/2), it holds that
H?:l [P r ()] = O(1) as H;j:l |t;|PF — oo for every non-negative vector p
satisfying |p| = po.

Remark 2 1f Condition (A) holds with pg > |m| + d for some m, then by the Fourier
inversion formula, fm exists and is bounded over 3¢. The following are examples
of densities fulfilling or not fulfilling Condition (A): (i) a d-variate normal mix-
ture density satisfies Condition (A) for any r, (ii) a d-variate Pareto or exponen-
tial density does not satisfy Condition (A) because it has a jump discontinuity and
does not satisfy (4) for any r, and (iii) the Mckay’s bivariate gamma with density
fx1,x) = {F(a)F(b)}_l)»“+bx?_l(xz —x)b e ™2 xy > x; >0, a, b, A >0
and characteristic function ¢ ¢ (t) = (1 — ity /)P —i(r) +12)/A) ¢ (see, e.g., Kotz
et al. 2000, page 432) fulfills Condition (A) for every r if min{a, b} > |r| 4+ 1 and
po = min{a, b}.

The next lemma shows that 1}5 (T) (see (7)) is asymptotically efficient for estimating
Y (see Theorem 3 herein) and ¥,,, (T) (see (10)) is conjectured to be asymptotically
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efficient for estimating ¥,,, (see Remark 3) if the non-adaptive T is selected from a
specific range.

Lemma 1 For any d and r with |r| = 2m assume Condition (A) with pg > 2m + d.
Then as n — o0,

E{n(Y(T) — ¥)?} — 4Var{ fr(x1)) (12)

provided that the non-adaptive cutoff value T satisfies

min Tj — 0o, max Tj = O(n!/2P0), (13)
I<j<d I<j=d
g;-i_(T) — 0(n—1+{(2m+d)/(2170)}) (14)

with g (T) = fucjgzl{tzltwj} ]| r(O]>dt (= Jrm |t"]|¢ £ (t)|? dt). Further, for
all the r;’s (see (3)) assume Condition (A) with pg > 2m + d. Put o;; =
Cov(fe; (1), fe; (x1)). Then

E{n(@ 2, (T) = ¥2) B2 (T) = ¥,)} = 4(0ij) 1 <i j<goms n— 00 (15)

provided that T satisfies (13) and g} (T) = O (n~"HEmFTD/CPON) for all 1 < i <
.

We remark that (15) implies the mean squared Euclidean-norm error E{n|| 1}2,,, (T)—

¢2m||2} converges to 42?3 al.z. as n — oo. Also, we note that the condition
con!/@ro) < T; < cnt/@po) forall 1 < J < d and all sufficiently large n, where c¢; >
co > 0are absolute constants, is sufficient for (13)—(14) to hold. The next lemma shows

that both ’i‘r and ’i‘z,n (see (8)and (11)) arein the desired range, as specified in Lemma 1.

Lemma 2 For any d and r with |r| = 2m assume Condition (A). Then as n — 00,

max, Tr.j = 0,(n"/P0)) oF(Ty) = 0,1 HE+/ o)} (16)

(g;" is defined in Lemma 1 above). Further, for all the x;’s (see (3)) assume Condition
(A). Then

1 1/Q2
max Ton,j = Op(n /@ro)) (17)
and
g (Tom) = 0 (n~ " TEmHD/CPOly - forall 1 < i < d™". (18)

_ The main results concerning the asymptotic property of our adaptive estimate
Ye(Tr) and ¥,,,(T2,) (see (9) and (10)) are contained in the next two theorems,
and Lemma 2 is the key to prove them.
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Theorem 1 Foranyd andr with |r| = 2m assume Condition (A). Then, the following
two assertions hold:

W 7 (E — e = OP(n_1+{(2m+d)/(2”°)}), if po <2m +d,
nor r 0,(n~"2 logn), if po=2m +d.
(i) If po > 2m +d, then

n'2 (e (Tr) = Y} = N(0, 4Varl fr(x1)}) in law.

Theorem 2 Foranyd and all the x;’s (see (3)) assume Condition (A). Let 1,on denote
avector of dimension d*™ with all entries equaling 1. Then the following two assertions
hold:

OI,(n_1+{(2’"+d)/(2”°)})1d2m, if po <2m +d,

@ Vo (T2n) = V3 =
0,12 logn)1 om, if po=2m +d.
(ii) If po > 2m + d, then (see (15) for the definition of o)

nl/z{wl;zm(’i'zm) — Vol = N(O, 4(O’l‘j)1§i’j§d2m) inlaw.

The next theorem gives the information bound, in the sense of Koshevnik and Levit
(1976), for any nonparametric estimate ¥ of ¥ = ¥(f). This extends the result of
Bickel and Ritov (1988) to the multivariate case.

Theorem 3 For any d and r with |r| = 2m, let Fq = { f: Condition (A) holds with
po > 2m + d}. Then

lim liminfinf sup E {n(l/fr wr(g))z} > 4Var{ fr(x1)}
C=00 120y geH,(£.0)

where H,(f, C) = {g:g € Fu, llg"* — f'/?|l» < Cn~'/?} is a Hellinger ball in the
neighborhood of f with || - ||% = f{-(x)}2 dx.

Remark 3 We note that f; is bounded if f € F; (see Remark 2). Moreover, Theo-
rems 1-3 indicate that the order po, which dominates the decay rate of ¢y, is cru-
cial. For pg > 2m + d, both I}r('i‘r) and 1/~f2m (sz) are /n-consistent and &r('i‘r)
achieves the information bound, i.e., achieves the best possible constant coefficient
in this convergence. We conjecture that 1/12m (sz) also does so, i.e., 4(o; <. j<dm
is the best possible constant covariance matrix in the convergence in the sense that if
nl/ 2(1}2,” —-v¥,,) & N (0, Z) in law where %m is any vector estimate, then the con-
stant covariance matrix X exceeds 4(0, Di<.i, j<dm by a non-negative definite matrix

(arelated conjecture is that 4 Zl 1 0 is the smallest possible limiting mean squared
Euclidean-norm error for /n- convergent vector estimates. See the remark made imme-
diately below Lemma 1). For smaller pg, g}r ('i“r) and ¥, (’i“zm) are still consistent but
with slower convergence rate. Borrowing the terminology from Efromovich and Low
(1996a,b), we may call pg > 2m +d aregular case and m + (d/2) < po < 2m-+d an
irregular case. We conjecture that in the irregular case the rates described in Theorem
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3(i) and Theorem 2(i) are the best possible rates (in a minimax sense, see Efromovich
and Low 1996a,b for details) for adaptive estimates and hence 1/~/r ('i‘r) and K}zm ('i‘zm)
are rate-optimal. In the present paper, we do not attempt to prove this conjecture
because its proof seems complicated and involved. We will report the complete proof
in the future. We believe that Efromovich and Low’s methods (who only dealt with
the case d = 1 and f is compactly supported) can be extended to general d and f,
with sufficient additional effort.

Remark 4 If r = 2m (then |m| = m), then the estimation of v reduces to that of 6,
(see (2)). Now, if Condition (Cp) holds, then |¢ , (t)|*> = t?™|¢ 7 (t)|. If, in addition,
fm € L2(N9), then 6 = 27)~? [ ¢, (t)|* dt by Parseval’s formula. Thus

Om = 2m) ¢ / "¢ (B)] dt. (19)

Evidently, the sufficient conditions for (19) are essentially weaker than those for (4).
It can be easily seen that if we replace (4) by (19) in Condition (A), then (16) and
assertion (i) of Theorem 1 (with v being replaced by (—1)" 6y, there) remain true.

2.3 The modification of the proposed estimates

It is well known that the bandwidth selected by CV has a tendency toward under-
smoothing. Thus, CVZ°(T) (recalling Remark 1) and SCngn (T) will occasionally
select unduly large cutoff values (i.e., small bandwidths) ’i‘r and 'i‘Zm, respectively.
In order to reduce such chance, we propose a modification which extends the ones
in Chiu (1992) and Wu (1995, 1997) (from d = 1 to general d) and Wu and Tsai
(2004) (from r = 0 to general r). Let Ly and I:z,n denote the open rays (half-lines)
starting from the origin and passing through T, and T2, respectively. We focus on
finding cutoff values smaller than T, and T2m along the one-dimensional rays Ly and
Lom, respectively. The simulation study in Sect. 3 shows that our scheme (see below)
along Ly and Loy, is computationally efficient and performs quite well. Therefore, our
scheme is sufficient from a practical point of view (here we have also overcome the
curse of dimensionality, see the beginning of Sect. 2). In what follows, all derivations
and solutions are confined to points on Lr or Lzm, as the case may be.

‘We first consider the modification of Tr along Lr The basic idea is to use Tr mod as
the cutoff value unless ¢ (t) at larger t contains significant information about f, while
’i’r,mod = min{'i‘r,loc, 'i‘r,u}. Here T joc is the smallest local minimizer (which plays
a pivotal role, see Hall and Marron 1991b) of CV°(T) and ’i’r,u is a minimizer of
|l§’r(T, u)|, where 1§r(T, u) is an estimate of the bias B.(T) = E&r(T) — Yy using a
reference density u. Thus 'i‘r,u is an estimate of the minimizer of | B, (T)| (which plays
an important role, see e.g., Sheather and Jones 1991). The details are given below.

First, for any fixed n it can be shown that (see Lemma 5 herein)

d
Var(CVE(t) — CV(s)) ~ 202 | {(;f’f“ — s @+ 1)} @m*yo  (20)
i=1
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ass — oo and t — s — oo. Substituting &0(’1‘ o) for ¥ leads to an estimate Vr(s, t),
say, of (20). Next, (38) herein implies that B;(T) is not estimable, i.e., there does
not exist any unbiased estimate of B, (T) for each fixed n. Following a multivariate
version of the scale-model approach for f in Park and Marron (1990), we use

-1

d 1 - o
Be(T,w)=(~1y"n~ @)~ H/T’/d”' () — H CA A
1/,

QU

2

to estimate By (T), where u is a reference density with covariance matrix equaling the
identity matrix I and 6, the estimate of the s.d. of the marginal pdf f;, equals min{s.d.
of x1j, ..., xj, (interquartile range of x1 ;, . . ., x,;)/1.349} (cf. Silverman 1986, page
47) [as an alternative, the hybrid scale measure by Janssen et al. (1995) may also be
used here]. It is easy to see if all r;’s are even, 1§r(T, u) is strictly monotone and the
equation ér(T, u) = 0 has the unique solution 'i“r,u. On the other hand, if some of
the r;’s are odd, then on the right side of (21), the first term is zero and, moreover,
Yp(u) = 0 if u is the N (0, I) density. In this case, ’i‘r,u is taken to be the smallest
solution to 1§r (T, u) = 0. We define the following modification of CVZ°(T) beyond
Tr,mod (see Remark 5 below for an explanation):

CVE(T) = CVE(T) 4 2.99{Ve(Tr.mod> DT > Trmoal, TE€ Ly (22)

where I[-] denotes the indicator function, z g9 = 2.33 is the .99th quantile of N (0, 1).
Other quantiles like z.975 may be used (of course, quantiles of z-distribution may be
preferred for very small sample size).

The modified cutoff value ’i‘l’f is the minimizer of CV}(T). This results in the fol-
lowing modified adaptive estimate (which is recommended in practice) of v, namely,

Ue(T)) = Qm)~d(=1)" / Mgt dt. (23)

R(TY)

Remark 5 Note that CV}(T) modifies CVZ°(T) beyond ’i‘r,mod by adding the non-
negative increasing weight function z 99{\7r (’i‘r mod» T)}l/ 2 Evidently, T* ~ ’i‘r mod
if the weight function is large in magnitude and increases fast in T, i.e., if H(t) is
dominated by sample variation. Moreover, we note that both Tr loc and Tr u will
occasionally select unduly large values, and taking T,r mod as the minimum of these
two values can significantly improve the practical performance of the estimate (23).
Indeed, our simulation study shows that very frequently Tr mod €quals T.- loc OF Tr u
according as the underlying density is far away from normal or not.

Remark 6 Clearly, the inequalities Tr mod < T* < T, and 8 (Tr mod) > 8r (T*) >
8r (Tr) hold (see (14)). Now, the first-order relation in (16) holds for both Tr,mod and
T. Thus, if ¢ ¢ (t) decays in some regular way (e.g., exponential decay or algebraic
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Density partial derivative functionals 875

decay) so that the second order relation in (16) holds for ’i‘r,mod, then it also hold for
T}. Consequently, Theorem 1 holds for I/N/r(T:‘).

‘We next consider the modlﬁcatlon of sz along L2m The 1deas are similar to those
in deriving (20)—(23). Put sz mod = mln{sz locs T2m «}. Here T2m loc 18 the smallest
local minimizer of SCV3; (T) and sz u« 1s the minimizer of the squared Euclidean
distance Zr:m:zm Br (T, u), as an estimate of Zr:|r\=2m Br (T) (by arguments similar
to those near the end of Remark 1, we can show that a global minimizer exists). For
any fixed n it can be shown that as s — oo and t — s — oo (see Lemma 5 herein),

Var{SCV3;, (t) — SCV3, ()} = D 07°,

ry,rn
-2 d 2 2r, S+l 2r,,+1 1/2
@ 3 TG )/@rij+ D) (24)
r,rp fi=l1j=1
where the summation is over {(ri,rp) : |rj| = 2m, i = 1,2} and 6>°, =

ry,rn

Cov{CV(t) —CVX(s), CVP(t) —CVY (s)}(notmgthat > reduces to (20)). Sub-

stituting &O(A’i‘o) for vy leads to an estimate Vo, (s, t), say, of (24). The modified
cutoff value T3, is the minimizer of

SCV3, (T) = SCVE (T) + 2.99{Vam (T2m.mod> DT > Tommoal, T € Lo
(25)

and the modified adaptive estimate (which is recommended in practice) of ¥,,, is

Vo (T3, = W, (T5,)) 1 <i <g2m (26)

(recalling (11)). Finally, we mention that for the preceding (24)—(26), results similar
to those in Remarks 56 also hold with trivial modifications (e.g., replacing 'i“r,mod,
’i‘r,loc, ’i‘r,u and (23) in Remark 5 by T2m,mod’ T 2m.locs ’i‘zm’u and (26), respectively; and
replacing (16) and Theorem 1 in Remark 6 by (17)—(18) and Theorem 2, respectively).

3 Simulation results

We have carried out simulation studies to compare the performance of (i) our estimate
oy = (=DM (T5,,) (see (23)) with GHVYJ (see Sect. 1) in the case of estimating
Om = (— D)™y, (see (2)); and (ii) our estimate 5, (=¥, (T%,,), see (26)) with
~ DH

Vo (the k-stage estimate by Duong and Hazelton (2003) where a single bandwidth

~CD

is used in their pilot selector) and ¥,,, ; (the k-stage estimate by Chacon and Duong
(2010) where an unconstrained pilot bandwidth matrix is used) in the case of estimating

the vector ¥,,,, while N (0, I) is used as both the kernel and reference density (see (21))
for our estimates; and N (0, I) and N (0, S,) with S, denoting the sample covariance
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876 T.-J. Wu et al.

Table 1 Parameters for 11 example normal mixture densities

(a) Bivariate density Zl;:l @i N(Lj1, j2, 0‘,21, 0122, )
#1 Normal N(0,0,1,1,0) (e, N(0,1I))
#2 Normal IT N (0.0.4,1,0)
#3 Skewed IN©.0.1,1,00+ 1N 122220
ewe ( )+ j 2 j \3)
2 2
+5 N(7 % 3).(3) ’0)
2
. 2 2 l 1
#4 Kurtotic —N(O 0,1,4 ( ,0, (§ , j ’_j)
#5 Bimodal T lN( 2,0, 1,1, 0)+ N(2,0,1,1,0

0,1
#6 Bimodal IT (1,—1 (% (2 g) ( 1,1,(2)2,(%)2,2)
L)

2
: 1 2 7 2
#7 Bimodal TIT 2N( 2)", § 70)+ (3) ,0)
2 2 2 2
. 9 6 6 (3 3 3 9 6 6 (3 3 3
#8 Trimodal I %N( 7,5,(3) , 5) *0)"'% (5’ S’(S) ,(5) ’_S)
2 2
1 l 1 1
+10l (0,0, 1 (Z) 75)
#9 Trimodal II N 1032 IV ) 1 in (128 (3) ()0
rimoda 7—”3 »§+7 75) o) -
2
+1 N( _72«3/37(% )
(b) Trivariate density ZI;:] @i N(j1s 1j2s 43, 0_121, 0122, 053 P12, Pj13 pj23)
#10 Normal N(0,0,0,1,1,1,0,0,0) (ie., N(0,T))
#11 Skewed ING,0,0,1,1,1,0,0,00+ §N (4. 5. 5. B2 (92 (3% 0,0,0)

5 (%)
13 2 2 2
+N(12’12v12()()()000)

matrix are used as the kernel and reference density, respectively for the estimates é
~ DH
1/I2m ¢ and 1p2m - See their papers for details of their reference density approach

We also include in the comparison, as a special case of our 1/I2m, the estimate 1/I2m’ s
which uses the same cutoff value in every coordinate direction and is obtained by
mmlmlzmg the scores resulting from setting 71 = --- = Ty in (11), (21) and (25) and
TZtn,l = T* 4 In (26).

For d = 2 and d =3, we generate 100 replications of data sets of various sizes
n (n = 200, 500 for d = 2 and n = 500, 900 for d = 3) from each of the normal
mixture densities given in Table 1. Densities #1—#4, #10 and #11 are unimodal, #5—#7
bimodal and #8—#9 trimodal. From the (asymptotic) relative efficiency point of view,
it is adequate to use the same smoothing parameter in every coordinate direction for
all these densities except for densities #2, #4 and #9, while for the latter three densi-
ties different smoothing parameters should be used in different coordinate directions
(see Wand and Jones 1993 for details. The problem addressed by these two authors,
although related to the questions studied in the present paper, is not the same). We
remark that densities #1, #5 and #10 are considered by Sain et al. (1994), while den-
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sities #2, #3, #4, #6, #7, #8 and #9 are essentially the same as densities (A), (C), (D),
(G), (H), (I) and (K), respectively, in Wand and Jones (1993). Figure 1 presents the
contour plots of the bivariate densities #1—#9 and Fig. 2 the isosurface plots (see, e.g.,
Panaretos and Konis 2012) of the trivariate densities #10 and #11. For each sample,
we apply the fast Fourier transform (FFT) to evaluate ¢ (t). The actual implementation
is the same as that in Wu and Tsai (2004), and the detajls are omitted.

For comparison of the above estimates, say, 6, or ¥,,, we choose to compare the
sample mean squared relative error MSRE 6,) =k! Zle (bpi /Om — 1)? or the sam-
ple mean squared Euclidean-norm relative error MSNRE (1/7,,) = k! Zle ||'}m' -
Vo 2 /1%, |17, respectively where k = 100 and 6,,; and 1/}m~ are the estimates based
on the i-th replication.

Figures 3 and 4 plot MSRE (én) for én = 5;:1, é:;l,s and éX,VJ versusm, 0 < |m| < 3,
for all the above densities. They show that in general the level of difficulty of estimating

#1 Normal | # 2 Normal Il # 3 Skewed
™ ™ - [Sole!
N SV N
o - o - o
T T A
o | o o |
I I I
o | o | o |
! T T T T T T T ! T T T T T T T ! T T T T T T T
-3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3
# 4 Kurtotic # 5 Bimodal | # 6 Bimodal Il
™ ™
< 4
[aVE [aVE
-~ - N - -
o o - o
T o T
o | o
I < ]
o _| I o _|
! T T T T T T T ! T T T T T T T
-3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3
# 7 Bimodal Il # 9 Trimodal Il
™ ™
N o
o - o
T T
o | o
] I
o _| o
! T T T T T T T ! T T T T T T T T
-3 2 -1 0 1 2 3 -3 2 -1 0 1 2 3 3

Fig. 1 Contour plots of the bivariate densities #1—#9 defined in Table 1
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878 T.-J. Wu et al.

Fig. 2 Isosurface plots of the trivariate densities #10 (left) and #11 (right) defined in Table 1

Om increases with |m|. Moreover, they clearly show that 5;‘1 is conclusively better than
GAXIV J for all the cases except mainly when (i) n = 200 and the density is #3, #4 (at
m = (2,0),(3,0)) or #5 (at m = (0, 2), (1, 2), (0, 3)) and (ii) » = 500 and the
density is #3 (at j[m| = 3) or #10 (at jm| = 2 and m = (1, 0, 2), (0, 1, 2)). For these
cases, 67,?1" Y is (slightly) better than é,’;. Thus, overall speaking, é;;; is superior to é,\:;/ J
when the sample size is relatively large or the underlying density is far away from
normal (e.g., multimodal), and 5:;, is essentially comparable (superior for density #1,
but inferior for density #3) to énvf J when the sample size is relatively small and the
underlying density is not far away from normal (e.g., skewed unimodal). In addition,
Figs. 3 and 4 show that overall 5 * is comparable (superior for densities #1, #2, #4, #6,
#8, and #9, but inferior for densmes #3, #5, #7, #10 and #11) to 9* - Figures 5 and
6 show the relative biases and s.e.’s (standard errors) of the estlmates They indicate
that (i) 9* and 9* ¢ have smaller biases, but larger s.e.’s, than GWJ for almost all

cases except for dens1tles #1-#3, (ii) 9* has slightly larger s.e.’s than 9* s in general
and (iii) the biases of all estimates tend to increase with |m| and, in partlcular they
underestimate 6p,, |[m| = 3 quite severely for densities #4 or #8, both are far away
from normal. .

Tables 2 and 3 show MSNRE(¥,,) in estimating the vector functionals ¥4 (i.e.,

A o~ ~DH ~CD ~DH ~CD

2m = 4)fory, = 1#2, 'ﬁ:,s’ Vi1>Va1,¥4, and ¥, ;. They show (i) for the sample
sizes considered, 1/}:: 5 is overall the best among all estimates. In particular, 1/~IZ 5 18
the best for deNngities #1, #6 and #7, and either the second or third best for the other
densities, (ii) ¥4 is the best for densities #2 (at n = 200), #4, #8 (at n = 500) and #9,

and the second best for densities #6—#7, (iii) 1}212{ performs superiorly for densities
#3, #8 and #11 and very well for density #4, (iv) for normal densities #1 and #10, {02?
and l]IZ s perform the best, followed by fhi? and 1/7:, (v) 1}4?? performs superiorly for
density #2 (atn = 500), and 1}52 performs very well for densities #3 (at n = 500) and
#9 and (vi) for density #5, 1}311{ performs the best, followed by fh: g and 1[}4D’I;. Tables 2
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Fig. 3 Plot of the sample mean squared relative error MSRE (é,l) = (100)_1
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,‘29 (Bni /6m — 1)? versus

m, 0 < |m| < 3 for f, = 055 (solid line), 0} ¢ (dotted-and-dashed line) and Oy (dashed line) based on
100 Monte Carlo replication of samples of size n = 200 (open circle) and 500 (soliddot) from the bivariate

densities #1-#9
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100 (éni/Gm — 1)2 versus

m, 0 < |m| < 3 for é,, = é,";l (solid line), 5::1 s (dotted-and-dashed line) and é,‘;lv J (dashed line) based on
100 Monte Carlo replication of samples of size n = 500 (open circle) and 900 (solid dot) from the trivariate
densities #10—#11, where mmom3 stands for (m1, mp, m3)
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Fig. 5 (The setups are the same as in Fig.3) Plot of the sample mean relative bias Bén =

(100) ™! 190 @i /0m — 1) = 0, /6m — 1 for 6, = 65 (solid circle), 8% ¢ (open square) and 6"

(open circle) along with Bén =+ 6y, (vertical lines) where G, is the estimated s.e. of é,, /6m (which is used,

instead of the s.e. of 6, /6m, for ease of graphical presentation)
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Fig. 6 (The setups are the same as in Fig.4) For caption see Fig.4

and 3 also show that for most cases, our estimates have larger s.e.’s and smaller biases

than the other estimates. Thus, overall speaking, 1}1 and 1/;: ¢ perform superiorly or
comparably (especially when # is relatively large) according as the underlying density
is far away from normal or not.

a

Finally, we note that Tables 2 and 3 show that in the estimation of ¥4, 1/?1 performs

better than 117: s for densities #8 (trimodal) and #2, #4 and #9 (while different band-
widths should be used in different coordinate directions, see above). By simulation

Springer



Density partial derivative functionals 883

Table 2 Simulation results for estimating vector ¥4 with bivariate data

Density #1 #2 #3

n =200 n =500 n =200 n =500 n =200 n =500
sz 435 (.059) .239 (.028) .185 (.023) 113 (.012) .347 (.028) .169 (.022)
fk:s 176 (.025) .084 (.009) 267 (.014) .178 (.009) .163 (.012) 119 (.012)
fh?ﬁl 291 (.045) 121 (.017) .542 (.056) .258 (.019) .166 (.011) .163 (.008)
fhi? .345 (.058) 135 (.019) .289 (.054) .097 (.016) 194 (.011) .173 (.008)
e 749 (123)  277(047)  148(207)  .588(061)  .161(011) 083 (.007)
ghcg 1.11 (.232) .392 (.069) .899 (.181) .300 (.049) 243 (.022) .100 (.007)
Density #4 #5 #6

n =200 n =500 n =200 n =500 n =200 n =500
%I 785 (.019) .595 (.018) 479 (.079) 167 (.024) 315 (.025) 147 (.011)
Vis 882(.013)  .742(011)  .145(011)  .070(.005)  .251(.014)  .140 (.010)
1/)?? .899 (.003) .859 (.003) .097 (.007) .064 (.005) 720 (.005) .653 (.004)
ghc? 986 (.001) .980 (.001) 481 (.007) 404 (.004) .904 (.001) .859 (.001)
fh?g 791 (.008) 701 (.008) .255(.039) 134 (.024) .524 (.008) 426 (.007)
fhfg .962 (.003) .928 (.002) 477 (.031) 281 (.016) .668 (.005) .531 (.005)
Density #7 #8 #9

n =200 n =500 n =200 n =500 n =200 n =500
fhz 316 (.022) 196 (.015) 513 (.018) 462 (.012) 419 (.020) .260 (.016)
fhzys 288 (.017) 187 (.012) 513 (.016) 474 (.010) 433 (.018) 274 (.012)
fh?ﬁl 724 (.006) .655 (.005) .646 (.009) .623 (.006) .708 (.007) .649 (.005)
fhi? 927 (.001) .895 (.001) .748 (.006) .730 (.005) .663 (.009) .598 (.006)
1/}4D§ .556 (.010) 453 (.010) 492 (.013) 470 (.010) .528 (.012) 433 (.009)
ghcg 7174 (.005) .651 (.005) .679 (.007) .670 (.005) 430 (.014) .329 (.011)
Sample means of the squared Euclidean-norm relative error D = Hi/AIn - 104“2/”1//4“2 are given for

n = 200, 500 from each of the bivariate densities #1-#9 (100 replications in each case). The value inside
the parentheses is the estimated standard error of D

studies, we find that this pattern can also be observed in the estimation of the vectors ¥,
and ¥4 at the sample size n specified in Tables 2 and 3. Moreover, as n becomes large
(n =900, 1,600 in our simulation setup), fhzm will outperform 1/7;,” s 1 <m <3,
for most of the 11 densities considered. The details of the simulation results are not
presented here to save space. The complete results can be found at http://www.stat.
ncku.edu.tw/faculty_private/tjwu/.

In summary, Figs. 3 and 4 and Tables 2 and 3 reveal that over a wide range of
smooth density shapes and at practical sample sizes, the overall performance of the
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Table 3 Simulation results for

Lo . Density ~ #10 #11

estimating vector ¥4 with

trivariate data n = 500 n =900 n =500 n =900
v 345(102)  .185(036) 221 (014)  .156(.006)
Vi 154(021)  .113(014)  .171(008)  .134(.005)
~DH
Vi 147 (014)  .085(.008) .211(.009)  .197 (.006)
5 169(015) 097 (.008) 300 (010)  .246 (.007)

The note for Table 2 holds N DH

exceptnow n = 500, 900 and  V4n 439(.039)  241(021) 093 (.007) 072 (.004)

d ities the tri iat ~

oy AR Vo 566 (048) 323 (.026) 279(.020)  .191(.011)

proposed estimates 9};, 5:1,S (0 <|m| <3), 1/7;,” and 1/};,15 (2m = 4) are quite good.
In addition, they reveal that for smooth densities the convergence rates, as n — 00,
of the proposed estimates to their target values are fast. This agrees with the earlier
theoretical results. Finally, it should be mentioned that our algorithm is fairly time
efficient. For example, using a PC with Pentium D processor running at 2.8 Ghz CPU
and 1 GB RAM, it takes only ~7.848 CPUss to finish the computation of all the ten
estimates é;:l, 0 < |m| < 3, based on a sample of size n = 500 from the bivariate
N(0,1) density.

4 Proofs

For any d-dimensional measurable set A, we set W (A) = [, A t¥ o (t)|? dt,
War(A) = [y 77 (=0o(t) dt and W3r(A) = [, °{|@(®)]* — ¢ (1)[*} dt where
¢o = ¢ — ¢y. Also, let W;‘r(A) be the quantity resulting from replacing t* by
[t] in W;+(A), j = 1,2,3. Note that W3 r(A) = Wi (A) + 2Re(W> ¢(A)) and
Re(W2 r(A)) = W2 r(A) if A = —A (similar equations also hold for the W;’r(A)’s).
The notations W9 .(A) = W; r(A) —EW; r(A) and W;;*(A) = W} .(A) —EW} .(A)
shall be used.

In the sequel, C > 0 denotes a finite generic constant that does not depend on n,
(+)i,j 1s shorthand for matrix (-);<; j<42n, and 1,4 denotes a (p x g)-matrix with

J

. . . . . ¢ .

all entries equaling 1. Also, according to our previous notation, r® = m=i 'm for

anyr = (r;,...,rj) and ¢ = (c,c,...,c,c). Thus, for example, rl = in:i T'ms
-1/2 _ 171/ —1/2

r =1l,=tm ' etc.

Lemma 3 It holds that E¢~>(t) = ¢ ¢ (t). Also, the following result concerning cumu-
lant holds:

cum(p(t1), (1)) = (Pt + 1) — ¢ (t)P(t2)}/n. 27)

Hence Var{pt)} (=Eldo®)|*) = n~'(1 — |¢ps®)*) and Elp®)* = (n —
Dn =t +nL
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Lemma 4 The following hold for any t| and t>:

cum(|go(t1)|*, go(t2))
=n"? {2|¢/’(t1)|2¢f‘(t2) —r(—t)s(t1 +t) — Pr(t)Ps(tr — tl)} . 28)
cum(o(t1), do(—t1), do(t2), Po(—t2))
= ”_3{2 D dr@erb)pr(—a—b) —6lp, ) 16, ()
ab

67t + ) — o5t — )] 29)
where the summation is over {(a,b) :a =1t; or — t|, b =ty or — ty}. Furthermore,
for any s > 2, it holds uniformly in ty, ..., ts that

cum(@(tr), ... ¢t)) = 0"t n— occ. (30)

The preceding two lemmas are Lemma 1 and Lemma A.1, respectively, of Wu and
Tsai (2004). They are stated here to make this article self-contained.

Lemma 5 Forany A = R(T), R(T) \ R(S), or %%, where S < T < oo,

Cov{Wsr, (A), W31, (A)} =207 2{Q1 1.0y (A) — Q3.2.1,(A) 0321, (A)}
+4(n™" =307 02ry 1y (A) — 0320, (A) Q32,05 (A))
173 Q4 iy (A) 31)

and

Cov (W3, (A), Wi, (W) = 20720, . (A) — 0%, (A)0F, . (A))

Lry,r

+4n ! =305, 1, (A)
—07,r, M)07,,, A} +1770F L (A) (32)

where Q v, (A) and Q3 ; v(A) are quantities resulting from replacing |tf1 | |t;2| and
It*] by t]'t5? and t* in Q;' (A) and Q;‘i L(A), respectively (j = 1,2 and 4), with

I,

Ol (A = 1t 11652 ]1¢ ¢ (1 +t)|? dt; dty,

DI vl

er r (A) = |t;‘1 ||t;2|¢f( tl)¢f(_t2)¢f(tl + tp) dty dty,
JT1,I2 A

03, (A) = /A Ilpr @) dt, i =1,2,
and QIrl,rz (A) satisﬁes |QII'1,I‘2 Al = 2Qtr1,rz (A) + 14Q;1,r1 (A)Q_;:—,l,rz (A).
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Proof of Lemma 5 Let c(t1, tp) and d(t;, to) denote the left-hand sides of (27) and
(29), respectively. By Lemmas 3 and 4,

Cov{Wir, (A), Wi r,(A)} = /A /A t1' 52 cum(|do(t1)|°, [go(t2)]*) dt; dty

://tflt;2{2c(t1,t2)c(—t1,—t2)+d(t1,t2)}dt] dt,
AJa

=207 Q1ryrs(A) — 2021, 1, (A)

+032.0,(A) 032,06, (A)} + 172 Qury 1y (A), (33)
nCoV{ W, (A), War, (A)) = /A /A 126 (1) (—t2)eum(@o(tr), o(t2)) dty ds
= 0or.n(A) — 0321 (A)032,r,(A) (34)

and
Cov{Wi r (A), Wor,(A)} = / / t}' 1576 (—to)cum(|o(t1) [, Po(t2)) dt; dt
AJA
=2n"2{Q32r,(A) Q325,(A) = Q2 i, (M)}, (39)
The proof of Eq. (31) follows by noting that

Cov{Ws,r; (A), W3, (A)} = Cov{Wi r (A) +2War (A), Wir, (A) +2W2 r, (A}

(36)

Now, (33)—(36) remain true if we replace W by W, Q by O and t;* by |t*| (k = 1, 2)
throughout. This establishes (32). m]
For the rest of the paper, |r| = 2m and |r;| = 2m for all occurrences of r and r;,

1<i<d®,

Q26,1 < Q31,03 1r,- The condition pg > 2m + d entails Q3 ,(N) < oo
and f, is bounded over i¢ (see Remark 3). Now,

Proof of Lemma 1 First, we derive (15). We note that [Q32r| < Q;_,l,r and

(=1)" Q) (e (T) = Yre) = Wie(R(T)) +2W2 1 (R(T) — gr(T)  (37)

where g, (T) denotes the quantity resulting from replacing |t|" by t" in g;" (T) (noting
that 032 (R'(T)) = gr(T)). By Lemma 3 and the fact EW; »(R(T)) = 0,

(=" Q2m)! Be(T) =n~! / t"dt —n ' Q320 (R(T)) — ge(T)  (38)
R(T)

where By (T) = El}r(T) — VY denotes the bias. Consequently, n|By, (T)Br_,. M| —
0 as n — oo under the conditions of the present lemma. Next, by (37),
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Qm) Vs, (D} = (0F,. , (RD);; where of (&) = Cov(Wi,(A),
Wir; (A)}. This, together with (31), (34) and the fact that

Ofy,r,(R(D) < T / 6] / 67t + )P dty dtp < CTOHIH - (39)
IR ALY R(T)

(here and below C does not depend on T either), yields

Q7)*Var{,,, (T)} =4(03 ¢, (R(D); j + Cn 2(T5 ), 4 O Lyom g gom
(40)

Now, since Q;”Lr(fﬁd) < 00, we get, by arguments similar to those immediately
below (4), fr(x) = )~ [(=1)"e~™'t"¢ (t) dt for all x. It follows that

Qu)ME{ fr, X1 fr; (1)} = / / t?‘tZ’«pf(tl)«pf(tz){ / eTIHY £ (x) dx}dn dt,
= Q2.rir; D)
and, similarly, (27 )?E{ fr(x1)} = (=1)" Q3 2.r(%?). In view of (34),

3 e, D) = @)* 0™ Cov{ fr; (1), fr; (XD, (41)
103 ¢y, (A <207, (A)OF,  (A), A= R(T)or R, (42)

Equations (41) and (42) and an application of the Cauchy—Schwarz inequality yield
1105 1, 1, (R(T)) = 27)*Cov{ f, (x1), fr; KD}

< c[ [T 051 (R @)+ 07, (R(T)Q3, ., ()

ke, j}

X031, (R'(M)OT, , R} (43)

Now, the condition thatmin| < j<4 Tj — oo asn — ooimplies I [t € R(T)]|t"||¢ s ()| —
[t"]|¢ s (t)| ateveryt. Since O31r M) < oo, we get from the Dominated Convergence
Theorem that QF | (R(T)) = [y It € R(D]|t"]|s(t)|dt — QF .(%?) and,
consequently, Q;Lr(R’ (T)) = o(1). This, together with (38), (40) and (43), leads to
(15) immediately. Next, (14) can be derived with trivial modifications (setting r; = r
foralli = 1,...,d*™)to all the foregoing arguments. This completes the proof. O

Proof of Lemma 2 The proof extends that of Lemma 2 of Wu and Tsai (2004) from
r = 0 to general r. First, we prove (17). Throughout, > ,. is shorthand for 3. .. _o,-
Define ¢*(T) = >, (— 1)’”1};" (T) (see (7) and Remark 1). From (8), (11) and the fact
that SCV5, ('i‘2m) < SCV5> (T) forall T > 0, we get
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D+ DT =S e+ DT <27 0+ () (@ (Tom) — (1))
r r
(44)
for all T > 0. Pick any fix any & from interval (2~1/@7+2) 1) and set
U2 = 2neMo(2m + D{(2po — 2m — 1)(2e2@m+D _ 1)y-1 (45)

where supt{]_[fl:1 It [P ()]} < M(;/z for all non-negative p satisfying |p| = po. In
what follows, we suppress the subscript 2m in 'i‘z,n = (f‘zm,l, R f"zm,d) and denote
r= 02, ...,rq), 'iLl = (fz, f3, cee ’fd) (similarly, T_1, etc.), PLl [[]1= P[-|T,1 =
t_1]and Jy = R(upe~ D t_)\ R(un, t_1), k =0,1,.... By (44),

PLI[YA] > (1—¢&) uy]

Pf_l m {(r + 1)—17’\117'1"1‘161:‘{1 - (r + 1)—1(1 _ 8)—1(rl+1)u;1+1£1:“11’1}

r:r|=2m

<P |:Z(r + DT S -7 > o+ 1)—1u;1+1£f_+11}
r r
0 ~
<> P [2‘ (n+ D@ (D) = " @n. 1) > & D e+ DT
k=0 r

upe X < T < uns_(k+1)j|

M2

< P;

—1

|:2—(d+1)(n +1) Z W;:§0(Jk) - z(r + 1)l HD =k, i1
r r

~
Il
S

—q,’:(i_l)} (46)
where gf (t_1) =2"“HDm+ 1) Y, n It*|E|¢(t)|? dt. By Lemma 3 and (45),
giE-) =+ DD Y+ D7 e EDIED e
T
4,12 l)zr /Jk 1116, (O dt

—2p
n2+ 1 Z(r " 1)1u21+1ffj1{8(k+1)(r1+1>+ (n—DMo(r1 + Dun O}
n
r

2pg —r1 — 1

IA

2n 2g2(n+D)
r

2 1
Z(r + 1)_114”“fﬂlle(l_k)“l“)|—n 1 [8‘2(’1“) + 21 1”
Pt
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< Z(r + 1)—1u21+1Ef;ﬁi18(1—k)(r1+1){(682(r1+1) + 1)(882(r1+1))_1}

r

< Ce ) (r+ D7l 0P 0D (47)

r

forall n > 2 +42&>"1+) — 1)~1 where C, = max, (621D 4 1)(8g2+D)~1
1; and the second inequality follows from u, 0 < 2py — 1y — 1)(282Cm+D) _
D{2neMo(r; + 1)}, e2@m+D < g201+D gpd ¢*+DE1+D < ¢ Now, by ¥ < oo
and arguments similar to (39),

Q+ (Jp) < Cwouglrl+1E%l~'1+18—(k+1)(2r1+1) (48)

1,r,r

(here and below, C does not depend on k either). By Cauchy—Schwarz inequality,
Q;r,l,r(Jk) < Clup*! frjls_(kH)(”“)}1/2{Q§L‘2’r(Jk)}l/2 and, consequently,

1/2

07 (i) < /J |t§2||¢f<—tz)|{Q;2,r(Jk>}1/2i /J 1 lert + )P dtp d
k k

B - 112
< (05, U2 furem @ oniE VP ot

1/2 s
< C%/ {uﬁ”Htiﬂﬂs (k+1)(2r1+1)}1/2Q;_,Z,r(‘]k)' (49)

_2 = —Q2po—r1—13F
It follows from the fact 0%, ,(Jo) < Mo [, r]' >P|ItF | dt < Cuyy P07~V
(48), (49), Lemma 5 and an application of (generalized) c,-inequality that

Var [Z W;;O(Jk)] < Cam Y Var{W;:°(0)}
r r
< Cam Z C {n—2ur21r1+1E%fl+1£—(k+1)(2r1+1)
r

+n—1u%rl+(3/2)—2P0£2_f‘1+(3/2)8—(k+1)(2r1+1)/2} (50)

where Cy ,, is the cardinality of {r : |r| = 2m}. Applying Chebyshev’s inequality
(PIIX| > 2 _ ¢l < EX2/C§ forany 1 < j < s if all ¢;’s are positive) to (46) and
using (47) and (50),

PLl[ﬁ > (1 —e) tuy

(n+1D2Cam ~ +,0 —1 r 1R (1—k) (r +1) ]2
= (e 2 2 {Var{w G0} [+ Dt 000
k=0 r

o0
<Cm+1)? {n_zu;lf:} Z(r +1)2 Z gh—4n1=3
r k=0
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+n—1 —1/2— 2”°t 1/2 Z(r+1) ZE (k—3)(2r1+3)+4]/2
k=0
< Clu; "t 4w, 2 _1/2} (51)
Let a, = E{(1 — I[T!, > un]/z])Ptl[f] > (1 — &) 'u,]}. Rewrite (11) as
SCV3e (T) = 3, [ IEI{{2/(n + 1) = 16, ®P) + {67 B — 16(®)*}} dt. By
the facts ¢ ¢ (t) is continuous, ¢7(0) = 1 and for any fixed T > 0 it holds that
superem) [P — 1§ (0)[] 23 0asn — oo (see Theorem 2.1 of Csorgd 1981),

we get for some Ty > 0, T> Ty a.s. as n — 00. Therefore, I[Tl1 > U, l/2]‘Z—S> 1

as n — oo and, consequently, a, = o(1) by the Bounded Convergence Theorem. It
follows from (51) that

PITI > (1 — &) \uy] = ay +E{1 [Tl_l > u 1/2] Py [ﬂ > —s)_lun]}
=o(1) + O(n~ /BP0y = o(1). (52)

Similarly, we can show that P[7; > (1 — &) 'u,] = o(1) forall 2 < j < d,
and so (17) holds. Next, we prove, (18). Put gi"m (T) =2, & T(T) and let sz
(Tzom,p cee T20m7 4) denote the minimizer of the score function Sj, (T) resulting

from replacing |q§(t)|2 by |q1>f(t)|2 in (11) (the subscript 2m will be suppressed
in what follows). Evidently, (18) is proved if we show g*(T) = O(z,) where
zp = n~ 1HEm+dD/2po} By the equation 9S*(T?)/dTy = 0,

UM ) m+ DT E+ DT
=274 / tt 7O, t_)* + ~10 t_)*rdt_
Zmﬁ])' g (T2t + 1pp (=Tt dty

< Mo(T) 7270 D (12 )™ E+ D7) (53)

It follows that T]0 < b, where b, = {Mgn}'/?Po. Similarly, we get TJQ < by
for all 2 < j < d. This, together with the inequality 2¢*'(n + D™'> (r +
DB — (T} > g*(T°) — g*(by) where by = (by, bas -, bu, ba),
implies g*(TO) = O(zy). Pt 'y = Vus Vus -5 Vn» Yn) Where y, = yn1/2”°
and y > (much larger than) max{b,, (1 — 8)_1u,1}n_112p0. Then T° < T, and
PIT < I',] — 1 by (52). Therefore, eventually in n, T is also the minimizer of
SCVZ;(T) =24+ D)7 Y e+ DT 4+ §5(T) over 0 < T < Ty, where
g =, fR(Fn)\R(T) t||¢(t)|? dt. By Lemma 3 and the fact g*(T%) = 0(z,),
we get g*(T%) = O p(zn) and, consequently,

g =2+ 1)” lZ(r+1> HaO 1 — 1Y 4 24(T0) = 0, (z0). (54)
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Define g(T) = 3, [ip;1- 7 71107 (O] dt. Then g3(T) < g*(T) < >4 85T
and therefore g;f(TO) = O(zy) forall j. Since g% (D)I[7; > T].O] < gj(TO), (18) will
be proved if we prove that L1;Ly; = O,(z,) for all j, where Li; = I[T} < T]Q]
and Ly; = g}f('i‘) — g;‘f(TO). It can be seen that Li;Lo; = L1 >, Q;z’r(R(TO) \
R (T(]).)) + A; where T(j). denotes the vector resulting from replacing the j-th component
TJQ by f"j inT? and 0 < A;‘ <C Zi#j g;"(TO) = O(z,). By Lemma 3 and Markov
inequality, W', (R(T%) = O (zy). This, together with (7), (17) and Cauchy—-Schwarz
inequality, implies

LijLyj = Ly; [— 2 Wi (Ryo o) + @) (@ (T%) — ¢*<TF;)>] + A%
. .

<L [Z Wi (R(TD) +2 3 W3 (Ryo o) + g‘*(T)} + A’

IA

Ly [Z WL (R(TO) + g*(T)

1/2 N
+2 2 {035, (Rpo 40) W'y (Ro o)} ! ] + A%
: |

1/2,,1)/2
Op(an) + 0pn HLy Ly (55)

IA

where RTO’T(} = R(T%) \ R(T(;). Put L3j = LyjI[L2; > z,]. Multiplying (55) by

—-1/2 . 1/2 1/2
sz/ L3; yields L2§ L3j < 0,(z'%). Hence LyjL}; = LyjLijI[Lyj > zn] =
O (z,). The proof of (18) follows by noting that Ly;L1;I[L2; < z4] < z,. Finally,
(16) can be derived with trivial modifications (e.g., replacing SCV5> by CV° and
Tom by T,; and dropping >, and ﬂr:m:zm) to all the foregoing arguments. This

completes the proof. O

Proof of Theorem 1 The proof follows from that of Theorem 2 below with trivial
modifications (replacing T, by T, for a fixed r). O

Proof of Theorem 2 By (54) we get, forall po >m+d/2, {([)*:(F,,) —@* (’i‘Zm)}I[’i‘zm <
Lyl = Op (zn) and, COHSuneHﬂ)’, (Ve (M) — Y (T2 H [T < Tyl = Op(Zn) for
all r. This, together with the fact P[’i‘z,n < I',] — 1 (as established below (53)),
leads to &r(l‘,,) — 1/~fr(’i‘2m) = 0,(zy) forall pg > m +d /2. Hence the theorem will
be proved if we show that assertions (i) and (ii) remain true if sz is replaced by T,
throughout. Now, by (37),

(=D Q) (P (Ty) — Yr) = Wi e (R(Tn) + 2War(R(Ty)) — gr(Ty).  (56)

By Lemma 3 and routine computation, Wy r(R(I';)) = Op(zs), gr(T'n) = 0, (z0)
and E|W,(R(T',))| < O(~"%) QT (R(y)) for all pg > m + d/2. Further,
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07, L(R(Ty)) < Cn@mtd=ro)/@ro)if po < 2m 4 d and QF | (R(T',)) < Clog? n
if po = 2m + d. Therefore, assertion (i) remains true with sz being replaced
by I',. For the rest we assume py > 2m + d. Now, |Wi (R(I'y))| = op(n_l/z),
lgr (T = 0, (n™"/2) and [Wa,r(R'(T))| = 0,(n~"/?) (by (42)). Thus, by (56), the
vectors 2n'/2(Wa r, (RY), ..., War 5, (D) and n'/2(=1)" 270) (¥, (Tn) — ¥2,)
have the same asymptotic distribution. In view of (41) and by the Cramér-Wold
device, it suffices to show the k-th order cumulant of any linear combination
2n1/2 Z:jir; aiWo r, (E]id ), where a;’s are constants, converges to zero for all k > 3.
But this can be seen by noting that such k-th order cumulant is equal to

a2m a2m S;
nk/? Z Ck,vl,“.’vﬂm Ha?i/d /dl_[ H t;i
VlseensUyom i=1 ® N1 j=8i 141
k
x [ ¢s(=tpeum(@otr). ... o) dty - - dty = O~ */2+1)  (57)
j=1
where So = 0, §; = Zj‘:l Vj» Ckvpevpn > 0 1s a constant not depending
on n, the summation is taken over the region {(vi,...,v,2m):0 < v; < k, i =
1,...,d and Zﬁ”{ v; = k} and the last equality is from (30). This completes the
proof. O

Proof of Theorem 3 The proof straightforwardly extends that of Theorem 2(i) of
Bickel and Ritov (1988) from d = 1 to general d. Let {(fW,v>1}bea sequence
of densities from F,;. We denote s = (f®)1/2 and s = f£!/2. In order to prove
the theorem it suffices to show . is (Frechet) pathwise differentiable along paths
satisfying

Is® =52 — 0 and [(f{" = fi)sl2 = 0, v— oo (58)

with derivative 4{ f, — ¥} f'/? because then, as at the end of the proof of Theorem
2(i) of Bickel and Ritov (1988), the information bound for vy is [[2{ fr — ¥} f /2113 =
4Var{ f (x1)}, where the last equality can be seen from (1). Write, with some abuse of
notation, ¥ (s) = ¥ (f) (=) and ¥ (s)) = Y (f ™). Using integration by parts,
we get [ fr(x)fP(x)dx = ff(x)fr(v)(x) dx and, therefore, ¥y (s™) — Y (s) =

24 Vawith V) = [ £ ®)—Fx)}dxand Vo = [{fOx)—f @AY x)—
fr(x)} dx. By (1), (58) and Remark 3,

V) = / V) - s@PAY ) - fr(x))dx

+2 / s ®) — sEOHAY (x) — fr(x)}dx
< Is® -3 sup 1) + fr®]+ 205D = sl 1Y = foslla
xXeNn

=o(|s™ — 52 (59)
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and

V) = / fr®) fP(x) dx — Y (s) = / {fr(®) — ¥e(s)} fP(x) dx
_ / (o) = v P ) — £00)dx
_ / (00 = ¥r(9)) 2500 (s () — ()} dx

+ / o) = Y9} 57 () — 50 dx

= Q2Ufr — Vrls, s —5) + 0(Is® —51I3) (60)

where (-, -) denotes the usual inner product. It follows that as v — oo,

e (sW) = Y (s) — (4 fr — Yrels, s —5) = o(Is™) — s]]).

This leads to the desired (Frechet) derivative of ¥, and the proof is completed. O
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