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1 The proofs omitted in the paper

1.1 §2.2 The forward equation (19)

The induction step to confirm (19). Write Sn,kl = Sn,kl(−1,−α, 0) for short, and assume n∗ +

s0 = n.

fn+1(`, s0) =
1

θ +m+ n

(
n

s0

)
(m− kα| − 1)s0
(θ +m| − 1)n

((n∗ − `α)(θ + kα| − α)`Sn∗,`

+(θ + (k + `− 1)α)(θ + kα| − α)`−1Sn∗,`−1)

+
m− kα+ s0 − 1

θ +m+ n

(m− kα| − 1)s0−1

(θ +m| − 1)n

(
n

s0 − 1

)
(θ + kα| − 1)`Sn∗+1,`

=

(
n

s0

)
(m− kα| − 1)s0
(θ +m| − 1)n+1

(θ + kα| − 1)`((n
∗ − `α)Sn∗,` + Sn∗,`−1)

+

(
n

s0 − 1

)
(m− kα| − 1)s0
(θ +m| − 1)n+1

(θ + kα| − 1)`Sn∗+1,`

=

((
n

s0

)
+

(
n

s0 − 1

))
(m− kα| − 1)s0
(θ +m| − 1)n+1

(θ + kα| − 1)`Sn∗+1,` .

1.2 §2.2 The last paragraph A restriction on s0

If m1 +m2 = m, k1 + k2 = k and s01 + s02 = s0, the joint p.m.f. of (s01, s02) is

n∑
s0=0

(
n

s01, s02, n∗

)
(m1 − k1α| − 1)s01(m2 − k2α| − 1)s02(θ + kα| − 1)n∗

(θ +m| − 1)n

Hence, going back the derivation in (17)

P{(s02,Kn(m, k)) = (0, `) | m1 +m2 = m & k1 + k2 = k}

=

n∑
s0=0

(
n

s0

)
(m1 − k1α| − 1)s0(θ + kα| − 1)n∗

(θ +m| − 1)n
× (θ + kα| − α)`

(θ + kα| − 1)n∗
Sn∗,`(−1,−α, 0),

=
(θ + kα| − α)`
(θ +m| − 1)n

n∑
s0=0

(
n

s0

)
(m1 − k1α| − 1)s0Sn∗,`(−1,−α, 0),

=
(θ + kα| − α)`
(θ +m| − 1)n

Sn,`(−1,−α,m1 − k1α), n∗ = n− s0, 0 ≤ s0 ≤ n,
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Further,

P{s02 = 0 | m1 +m2 = m & k1 + k2 = k}

=
1

(θ +m| − 1)n

n∑
`=0

(θ + kα| − α)`Sn,`(−1,−α,m1 − k1α)

=
(θ + kα+m1 − k1α| − 1)n

(θ +m| − 1)n
=

(θ + k2α+m1| − 1)n
(θ +m| − 1)n

.

1.3 An alternative proof of Proposition 7, §4.1.

Here, E(Skj), 0 ≤ j ≤ k in general, are obtained. The conditional expectation of Uk given

Yk = m are known (23), and Yk have the marginal Hg (n; ktk, ν−ktk) of SymMvHg (n; t). Hence

E(Skj) =

[
n∑

m=0

E(Uk)

(
n

m

)(
ν − n
rc−m

)]/(
ν

rc

)
, r = k, c = tk.

Now using (
n

m

)
=

(n)j
(m)j

(
n− j
m− j

)
,

(
ν − n
rc−m

)
=

(ν − n)r−j
(rc−m)r−j

(
ν − n− r − j
rc−m− r − j

)
,

E(Skj) =
c

(rc)r

(
r

j

)
(n)j(ν − n)r−j

 n∑
m=j

(
n− j
m− j

)(
ν − n− r − j
rc−m− r − j

)/( ν
rc

)

=
c

(rc)r

(
r

j

)(
ν − r
rc− r

)/(
ν

rc

)
= c

(
r

j

)
(n)j(ν − n)r−j

(ν)r
, 0 ≤ j ≤ k.

Check that
∑k

j=0E(Skj) = tk.

1.4 Calculation of V ar(Kn(τ)) in Proposition 7, §4.1.

Kn(τ) = κ−
κ∑
k=1

Sk0, E(Kn(τ)) = κ− µ(τ), µ(τ) :=
κ∑
k=1

E(Sk0).

(Kn(τ))2 = κ2 − 2κ(

κ∑
k=1

Sk0) + (

κ∑
k=1

Sk0)
2

= κ2 − 2κ(

κ∑
k=1

Sk0) +

κ∑
k=1

(Sk0)2 +

κ∑
k=1

Sk0 + 2
∑

1≤j<k≤ν
Sj0Sk0.

V ar(Kn(τ)) = κ2 − 2κµ(τ) +
κ∑
k=1

E((Sk0)2) + µ(τ) + 2
∑

1≤j<k≤ν
E(Sj0Sk0)− (κ− µ(τ))2

From (23),

E((U0)`) =
(c)`(ν −m)r`

(ν)r`
, E((Sk0)2) =

(τk)2(ν − n)2k
(ν)2k

.
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Since (Yj , Yk), as a marginal of MvHg (n; τ), follows MvHg (n; τj , τk, ν − τj − τk),

E(Sj0Sk0) =
∑

(yj ,yk)

E[Sj0Sk0|(Sj0, Sk0) = (yj , yk)]P{(Sj0, Sk0) = (yj , yk)}

=
∑

(yj ,yk)

τj(jτj − yj)j
(jτj)j

τk(kτk − yk)k
(kτk)k

(
jτj
yj

)(
kτk
yk

)(
ν − jτj − kτk
n− yj − yk

)/(
ν

n

)

= τjτk
∑

(yj ,yk)

(
jτj − j
yj

)(
kτk − k
yk

)(
ν − jτj − kτk
n− yj − yk

)/(
ν

n

)

= τjτk

(
ν − j − k

n

)/(
ν

n

)
= τjτk

(ν − j − k)j+k
(ν)j+k

.

The second equality is due to

(jτj − yj)j
(
jτj
yj

)
= (jτj)j

(
jτj − j
yj

)
.

1.5 Examples of Proposition 11, §4.2.

The generalized Stirling numbers Sn,k(−1,−α, 0) are as follows:

n\k 1 2 3 4 5

1 1

2 1− α 1

3 (1− α| − 1)2 3(1− α) 1

4 (1− α| − 1)3 (1− α)(11− 7α) 6(1− α) 1

5 (1− α| − 1)4 5(1− α| − 1)2(5− 3α) 5(1− α)(7− 5α) 10(1− α) 1

Sn,n−1 = (1− α| − 1)n−1, Sn,n−1 =
(
n
2

)
(1− α)

The case ν = 5, κ = 3.
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g4(2) =
S4,2
S5,3

=
(1− α)(11− 7α)

S5,3
; g4(3) = (4− 3α)

S4,3
S5,3

=
6(1− α)(4− 3α)

S5,3

g3(1) =
S3,1
S4,2

g4(2) =
(1− α| − 1)2

S5,3

g3(2) = (3− 2α)
S3,2
S4,2

g4(2) +
S3,2
S4,3

g4(3)

= (3− 2α)
S3,2
S5,2

+
S3,2
S5,3

(4− 3α)

=
3(1− α)

S5,2
(3− 2α+ 4− 3α)

g3(3) = (3− 3α)
S3,3
S4,3

g4(3) =
3(1− α)(4− 3α)

S5,2

g2(1) =
S2,1
S3,2

g4(2) =
(1− α| − 1)2 + (1− α)(7− 5α)

S5,3

g2(2) = (2− 2α)
S2,2
S3,2

g3(2) +
S2,2
S3,3

g3(3)

=
2(1− α)(3− 5α)

S5,3
+

3(1− α)(4− 3α)

S5,3
=

1− α
S5,3

(26− 19α)

The case ν = 5, κ = 2.

g4(1) =
S4,1
S5,2

=
(1− α| − 1)3

S5,2
; g4(2) = (4− 2α)

S4,2
S5,2

=
2(1− α| − 1)2(11− 7α)

S5,2

g3(1) = g4(1) +
S3,1
S4,2

g4(2) =
S4,1
S5,2

+
S3,1
S5,2

(4− 2α) =
(1− α| − 1)2

S5,2
(3− α+ 4− 2α)

g3(2) = (3− 2α)
S3,2
S4,2

g4(2) =
S3,2
S5,2

(3− 2α)(4− 2α)

g2(1) = g3(1) +
S2,1
S3,2

g3(2) =
S4,1 + (4− 2α)S3,1

S5,2
+
S2,1
S5,2

(3− 2α)(4− 2α)

=
(1− α| − 1)2

S5,2
(7− 3α+ 2(3− 2α))

g2(2) = (2− 2α)
S2,2
S3,2

g3(2) =
2(1− α)

S5,2
(3− 2α)(4− 2α)

1.6 The second paragraph after Examples of Proposition 11

The transition probabilities of the conditional upward random walks.
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The case (ν, κ) = (5, 4) [
g2(1)

g2(2)

]
=

[
6/10

4/10

]
g1(1)[

g3(2)

g3(3)

]
=

[
1 2/9

0 7/9

][
g2(1)

g2(2)

]
=

[
3/10

7/10

]
[
g4(3)

g4(4)

]
=

[
1 3/7

0 4/7

][
g3(2)

g3(3)

]
=

[
6/10

4/10

]

The case (ν, κ) = (5, 3)[
g2(1)

g2(2)

]
=

[
(9− 6α)/5(7− 5α)

(26− 19α)/5(7− 5α)

]
g1(1)

g3(1)

g3(2)

g3(3)

 =


2−α
9−6α 0
7−5α
9−6α

14−10α
26−19α

0 12−9α
26−19α

[g2(1)

g2(2)

]
=


2−α

5(7−5α)
21−15α
5(7−5α)
12−9α
5(7−5α)


[
g4(2)

g4(3)

]
=

[
1 9−6α

21−15α 0

0 12−9α
21−15α 1

]g3(1)

g3(2)

g3(3)

 =

[
11−7α
5(7−5α)
24−18α
5(7−5α)

]

The case (ν, κ) = (5, 2)[
g2(1)

g2(2)

]
=

[
(13− 7α)/5(5− 3α)

(12− 8α)/5(5− 3α)

]
g1(1)[

g3(2)

g3(3)

]
=

[
7−3α
13−7α 0
6−4α
13−7α 1

][
g2(1)

g2(2)

]
=

[
7−3α

5(5−3α)
18−12α
5(5−3α)

]
[
g4(3)

g4(4)

]
=

[
3−α
7−3α 0
4−2α
7−3α 1

][
g3(2)

g3(3)

]
=

[
3−α

5(5−3α)
22−14α
5(5−3α)

]

THE END

5


