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Proof of theorem 1. Following Resnick (2007), we divide the proof in four
steps. The first two steps are stated without proof, because they correspond
to Resnick (2007), pp. 81-84. Steps three and four are stated in more detail.

Step 1. X,k is a consistent estimator of U(n/k) as n — oo, k — oo and
k/n — 0. Therefore we can replace U(n/k) in the tail empirical mea-
sure by X,,_j ».

Step 2. Replacing U(n/k) by X, _j», we define an estimator of v, ,
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Duk() =7 Y UXi/ Xogm € - ).
i=1

Then, defining a scaling operator of Radon measures in M (0, co] by

T : M (0,00] x (0,00) = M (0, 0]



Step 3.

where (p,z)(A) = T'(p,x)(A) := p(rA) for any A € &, and showing
its continuity in (v, 1), we can show consistency of 7, , i.e.

~ P
Unk =7 Vy,

(as m — 00, k — oo and k/n — 0) by the continuous mapping theorem
using

Tvy, D) = 15()-

We are now ready to prove consistency of the Harmonic Moment Tail
Index estimator. Therefore, we will use the functional
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defined on M (0, oc], where f > 1 — %Y For 8 =1 and TW (D) this

step can also be found in Resnick (2007). We modify this step in order
to obtain the desired consistency result. Unfortunately the continuous
mapping theorem is not directly applicable to T(ﬁ)(ﬁn,k). Therefore we
define
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Since the integration is over a finite region, the continuous mapping
theorem yields

M M M )
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due to oy, L v.,. Moreover,
X = [ ol oca e = /(8- 1)+ 1) = X,
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as M — oo provided that g > 1 — %y Now, with Y, = v =

I Dnp(z, 00]a™Pdx, we obtain
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Hence, according to Theorem 4.2 in Billingsley (1968) we have to show
that for all € > 0,

im limsup P(d(Xy,,Yn) > €)
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= lim limsup P (/ D (2, 00]a™Pda > 5) — 0,
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in order to obtain Y, 2 v/(v(8 — 1) + 1). To achieve this, we use an
analogous decomposition as in Resnick (2007):

P </ Un (2, oo]x_ﬁdx > (5) <
M

> Xn— n
P (/ D (2, 00]z™Pda > 6, Znchn o (1—n,1+ 77))

M U(n/k)
~ -8 n—k,n _ -
—l—P(/M Un i (2, 00| dw>5,U(n/k)€(1 77,1—1—77)) =P+ P

The second probability is negligible, since
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as n — 00, k — oo and n/k — oco. This is a consequence of the result
in the first step of the proof. Moreover, P; is bounded from above by

P (/oo Ui (1 — 1)z, ool ™Pda > 5) = Pj,

M
since, under the condition X,,_j,, > (1 —n)U(n/k) we have
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Step 4.

Using Markov’s inequality we have

P;=P ((1 — n)ﬂ_I/ Vni (2, 0]z Pdx > 5)
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d (-
(1—m

= —/ 2P(X1 > U(n/k)x)z Pda.
0 Jma-n K

Note, that regularly varying tails imply

%P(Xl > U(n/k)z) = %P(Xl/U(n/k:) € (x,00]) = v ((z,00]) = 277,

provided n — oo, k — oo but k/n — 0. Thus, by Karamata’s theorem,
we obtain

00 o 1— B—1 00 1
P (/ Vn (1, 00)z ™ Pda > 5) = %/ 27 Pdx
( (

1-nM 1-n)M
=o' ),
so that P, + P, — 0 as M — oo.
So far, we have shown
AL / vy(@, 00lz Pde = ~/(1+ (8 - 1)), (1)
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Rewriting Yn(ﬁ ) we obtain
Y8 = (Xn—k,n)ﬂ_l/ n (1— Fu(s)) s Pds.
ank,n k

Since 8 # 1, partial integration yields

/too(l _ F(s))g _ —ﬁu ~ ) + ﬁ /too S PdF(s),

so that



Combining (1) and (2) we obtain
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