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Abstract We establish strong large deviation results for an arbitrary sequence of
random variables under some assumptions on the normalized cumulant generating
function. In other words, we give asymptotic expansions for the tail probabilities of
the same kind as those obtained by Bahadur and Rao (Ann. Math. Stat. 31:1015-1027,
1960) for the sample mean. We consider both the case where the random variables
are absolutely continuous and the case where they are lattice-valued. Our proofs make
use of arguments of Chaganty and Sethuraman (Ann. Probab. 21:1671-1690,1993)
who also obtained strong large deviation results and local limit theorems. We illus-
trate our results with the kernel density estimator, the sample variance, the Wilcoxon
signed-rank statistic and the Kendall tau statistic.

Keywords Large deviations - Bahadur—Rao theorem - Sample variance -
Wilcoxon signed-rank statistic - Kendall tau statistic

1 Introduction

Let X1, X2, ..., Xu, ... be asequence of independent and identically distributed real

random variables with zero mean and finite variance. Denote by X, the sample mean
given by

_ 1<
X, =— Xk.
n n;k
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50 C. Joutard

For a > 0, the probability P(X, > a) converges to 0. More precisely, we have

lim 1 logP(X, > a) = —I(a), (1)

n—-oon
where [ is the Fenchel-Legendre dual of the cumulant generating function (c.g.f.) of
X1 (I is usually called the rate function). This result is a consequence of the large devi-
ation principle (LDP) satisfied by X, and gives only the limit for n~! log P(X,, > a)
[for the general definition of a large deviation principle, we refer to Dembo and
Zeitouni (1998) or Deuschel and Stroock (1989)]. In some cases, one may want to
get an asymptotic expansion for P(X,, > a). Bahadur and Rao (1960) were among
the first to establish such expansions for the sample mean. In particular, under some
regularity assumptions on the Taylor expansion of the normalized c.g.f., they proved
that for any p > 0 and n large enough

— _exp(—nl(c)) 2. a; 1
IP(Mzo)-m 1+,Z_%W+0 —) | >0 )

and

— _exp(—nl(c)) 2 a; 1
P =0 = e |z O ) | e @

j=1

where a; € R, and 7. > 0, o, > 0 are parameters depending on c. Such results are
referred to as strong large deviation results (Chaganty and Sethuraman 1993) or sharp
large deviation principles (see, for instance, Bercu et al. 2000).

In addition to the theorems of Bahadur and Rao (1960) and Chaganty and Sethu-
raman (1993) (who generalized the Bahadur—Rao Theorem on the sample mean to
an arbitrary sequence of random variables), several results pertaining to strong large
deviations in asymptotic statistics can be found in the literature. Blackwell and Hodges
(1959) treated the lattice case of the Bahadur—Rao result on the sample mean. General-
izing the Bahadur—Rao result, Book (1972) obtained a strong large deviation theorem
for weighted sums of i.i.d. random variables. Chaganty and Sethuraman (1996) proved
a multidimensional version of their earlier result. Cho and Jeon (1994) established a
strong large deviation theorem for the ratio of independent random variables. Bercu
et al. (2000) gave a sharp large deviation principle for Gaussian quadratic forms.
Florens-Landais et al. (1998) derived strong large deviation results (i.e., (2) and (3)
with p = 0) for the maximum likelihood estimator in an Ornstein—Uhlenbeck model.
Later, Bercu and Rouault (2002) extended the strong result to an arbitrary order.
Joutard (2006, 2008) obtained strong large deviation results for nonparametric kernel
estimators. Daouia and Joutard (2009) studied strong large deviation properties of the
quantile-based frontier estimators.

This paper provides strong large deviation results (i.e., (2) with p = 0) for an
arbitrary sequence of random variables Z,. Some assumptions on the normalized
c.g.f. are assumed. We consider both the case where Z,, is absolutely continuous or
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its distribution has an absolutely continuous component, and the case where Z,, is
lattice-valued. Our results require, in particular, an asymptotic expansion of the nor-
malized c.g.f. The proofs use techniques from Bahadur and Rao (1960) who derived
(2) and (3), and Chaganty and Sethuraman (1993) who also obtained strong large
deviation theorems for an arbitrary sequence of random variables 7,,. Note, however,
that their large deviation expressions cannot generally be computed explicitly in a
general frame. That is, one cannot generally derive an explicit asymptotic expression
for the tail probability P(7;, > c) that is a function of n. Here, we establish first-order
expansions similar to (2) with p = 0, where the constant ¢ and the parameter t., used
to make an exponential change of measure, do not necessarily depend on n. We illus-
trate our theorems with several statistical applications. We provide new strong large
deviation results for the sample variance, the Wilcoxon signed-rank statistic and the
Kendall tau statistic. We also give a new proof of a result obtained in Joutard (2006)
for the kernel density estimator. The paper is organized as follows. In Sect. 2, we intro-
duce the framework and assumptions, before giving the main results and discussing
the statistical applications. Section 3 deals with the lemmas needed for the proofs of
the main results which are deferred to Sect. 4.

Note that these strong large deviation results may be of interest, in particular in
some nonparametric tests, to obtain estimates of p-values when the exact values are
not available or when their computation is time-consuming.

2 Main results
2.1 Notation and assumptions

Let (Z,,) be a sequence of random variables and let (b,,) be a sequence of real positive
numbers such that lim,_, o b, = oo. Let ¢, be the moment generating function
(m.g.f.) of b, Z,,,

on(t) = Elexp(th,Z,)}, teR,
and let ¢, be the normalized c.g.f. of b, Z,,
¢on(1) = by ' log B{exp(1b, Z,)}.

Assume that there exists a differentiable function ¢ defined on an interval (—«, «),
o > 0, such that lim,,—, o, ¢, (t) = @(¢) for all t € (—a, «). Let a be a real such that
la — ¢'(0)] > 0 and assume that there exists 7, € {t € R : 0 < || < a}, such
that ¢’ (t,) = a. The parameter t, is used to make an exponential change of measure
which allows to sharpen the large deviation result (see the proofs in Sect. 4).

This paper deals with strong large deviation results for the sequence (Z,), that
is, asymptotic expansions for the tail probability P(Z,, > a), where a > ¢’(0) (the
real a does not necessarily depend on n). We distinguish the cases where Z,, is abso-
lutely continuous or its distribution has an absolutely continuous component, and Z,,
is lattice-valued. Note that we only give the results for the right tail probabilities, the
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ones for the left tail probabilities can be obtained in a similar way. The proofs, given
in Sect. 4, make use of some techniques that can be found in Bahadur and Rao (1960),
who obtained strong large deviation results for the sample mean and in Chaganty and
Sethuraman (1993), who generalized the Bahadur and Rao theorem (for the first order).
To establish the strong large deviation results, we need to assume several assumptions,
in particular on the normalized c.g.f. ¢, and on the m.g.f. ¢, as follows.

(A.1) ¢, is an analytic function in D¢ := {z € C : |z| < «}, and there exists M > 0
such that |¢,(z)| < M for all z € D¢ and n large enough.

(A.2) There exist «g € (0, — 7,) and a function H such that for each t € (7, —
a0, Ta + o) and for n large enough,

0n0) = 90 + b, H@®) +0 (1), )

where the function ¢ is three times continuously differentiable in (7, — g, 7, +
ap), 9" (t,) > 0, and H is continuously differentiable in (7, — g, T, + p).
(A.3) There exists o > 0 such that
()
=0
by

for any given § and A such that 0 < § < §p < A.

Ou(ta +it)
&n(Ta)

sup
S<|t|=hltal

Assumption (A.1) is needed in the proof of Lemma 2, where we make use of Cauchy’s
inequality to bound the remaining term of a Taylor expansion. Assumption (A.2) guar-
antees the existence of an asymptotic expansion for the normalized c.g.f. This assump-
tion is necessary to establish the strong large deviation results with rate functions that
do not depend on n. It is also used to prove Lemmas 1 and 2. Assumption (A.3) is a
version of Condition 3.16 of Chaganty and Sethuraman (1993). It implies a necessary
condition which is required to apply Theorem 2.3 in Chaganty and Sethuraman (1993)
(see the proof of Theorem 1 in Sect. 4). It plays a similar role to that of the Cramer
condition (see, for instance, Hall 1992).

2.2 First-order expansions

In what follows, we give the main results. The first theorem deals with the case of
absolutely continuous variables.

Theorem 1 Assume that (Z,) is a sequence of absolutely continuous random vari-
ables or its distribution has an absolutely continuous component. Let a be a real such
that a > ¢'(0) and let assumptions (A.1)~(A.3) hold. Then, for n large enough,

exp(—by 1 (a) + H(7a))
0uTa/ 27 by,

P(Zy =z a) = [ +o(D]. )

where t, > 0 is such that ¢’ (t,) = a. Further; I (a) = t,a — ¢(t,) and 6> = ¢’ (1,).
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Now, let us consider the case where (Z,) is a sequence of lattice-valued random
variables. Recall that a random variable Y is said to be lattice if it takes values in a
subset of the lattice set {dy + ks, k € Z}. The real 0 < dy < s is called the displace-
ment and the positive real s is the span of Y. Denote by d,, and s, the displacement
and the span of the statistic b, Z,,, respectively. The following assumption is required
(see Chaganty and Sethuraman 1993).

(A’.3) There exists §; > 0 such that for 0 < § < §;

1
=o|l—]).
Vb
The next theorem assumes that the span s, goes to zero as n — oo. As noted in

Chaganty and Sethuraman (1993, Remark 3.4), in this case, Assumption (A’.3) implies
Assumption (A.3). Thus we obtain the same result as the one of Theorem 1.

Oty +it)
On(Ta)

sup
S<|t|<m/sn

Theorem 2 Let assumptions (A.1)—(A.2) and (A'.3) hold. Assume that (Z,) is a
sequence of lattice-valued random variables. Furthermore, the span s, of b, Z,, goes
to zero as n tends to infinity. Then, for a > ¢'(0) and n large enough, (5) remains
valid.

One can also establish a first-order expansion similar to expression (3.20) of Cha-
ganty and Sethuraman (1993) in the case where the span s, of b, Z, does not go to
zero as n tends to infinity.

2.3 Examples
We present four examples to illustrate the theorems of the preceding section.

Example 1. The kernel density estimator. A large deviations result for the kernel den-
sity estimator was obtained by Louani (1998). Later, Joutard (2006) proved a pointwise
strong large deviation theorem, in particular by using an Edgeworth expansion. We
will show that this result can also be obtained from the application of Theorem 1. Let
X1, ..., Xy, ...beii.d. real random variables with density function f. We recall that
the kernel density estimator of f is defined by

1 < y—X;
2 = K / 9 Ra
ho= % (25) ve

where the kernel K > 0 is such that fR K(y)dy = 1, and h,, > 0 is the bandwidth
such that lim,, .~ i, = 0 and lim,,_, o nh;, = o0. Assume that there exists ¢ > 0
such that lim,,_ oo nh% = c¢. We also assume the following conditions (see Joutard
2000).

1. f is bounded, continuously differentiable with bounded derivative on R.
2. ko(t) = f]R K (y) exp(t K (y))dy is defined on the open interval (—oo, ), o > 0.
3. k(1) = fR |y| K (y) exp(tK (y))dy is defined on the open interval (—oo, «).
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4. The kernel K has unbounded support.
5. Forallu € (—oo,@)andall p € N,

/ KYP(y) expuK (y)dy < oc.
R

6. For ng sufficiently large,

sup sup
nzng t>0

/Rsin(tK(y))f(x — hny)dy| < oo. (6)

Under these conditions, we have the following result (identical to the one in Joutard
2006; but the proof was different).

Corollary 1 Let x be a fixed value in R such that f(x) > 0. Let fn (x) and h,, be
defined as above and assume that conditions 1-6 hold and there exists ¢ > 0 such that
lim;,— oo nh% = c. Then for a real a > 0 and n large enough,

exp(—nhylgp(a) + Hg p(ta))
Tay/ 27 f () I (2)

P(fu(x) — f(x) = a) = [1+o(D)], N

where T, > 0 is such that a + f(x) = f(x)I}(za), Hxp(t) = —c(f>(x)I3(1)/2 +
') Jo@) and Igp(a) = ti(a + f(x) — f(x)o(ta). Further, Io(t) =
Jr(exp(K (y)) — Ddy and Jo(t) = [ y(exp(tK (y)) — D)dy.

Proof Let us check that the assumptions of Theorem 1 hold with Z,, = fn x)— f(x)
and b, = nh,. For Assumption (A.1), we observe that, for z = t; + it € C, the
normalized c.g.f. of b, Z, is :

1
on(2) = e log E {exp(znh, Z,)}

n

ilogE [exp (zK (x ;Xl))] — )
ilog [1 +E [exp (th (x ;nxl)) - 1]
+E [ (exp (itzK (x ;nxl)) - 1) exp (nK (x ;nXl )) H —zf (%)

Assumption (A.1) will then follow from conditions 1-2. As in Joutard (2006), using
conditions 1-3 and the fact that nh,zl = ¢ + o(1), we can show that for ¢t < «,

1 1
H(t ,
nhy, & +o (nhn)

where ¢(1) = f(x)Io(t) — tf (x), H(t) = —c(f2()IF(0)/2 + £ (x) o)), Io(t) =
Jr(exp(tK (y)) — Ddy and Jo(t) = [p y(exp(rK(y)) — 1)dy. The function Iy is

en(t) = (1) +
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infinitely differentiable in (—o00, «) since, by condition 2, the function «y is infinitely
differentiable in (—oo, ) [see Joutard (2006, page 296)]. Likewise, the function Jy
is infinitely differentiable in (—o0, «) since, by condition 3, the function « is also
infinitely differentiable in (—o0, «). Given that " (1,) = f(x)I{/(7a) > 0, Assump-
tion (A.2) with b, = nh,, is therefore satisfied. Besides, for a > ¢'(0) = 0, there
exists 7, € (0, @) such that ¢'(t,) = a, thatis, f(x) +a = f(x)I)(z,). Finally, let
us check Assumption (A.3). Let 6 and A be such that 0 < § < 89 < A. Then, for all
tef{teR:§ < |t| < Aty}), there exists ¢ € N such that

On(ta +it) "
&n(Ta)

¢(ta +i0)

= hl’l
VI (1)

e o tit
S nhn Sup M

5<|t|<nd ¢ (tq)

v nhy,

n

where ¢ is the m.g.f. of K
Lemma 2.2 of Joutard (2006) that, for any ¢ € N and n large enough,

X ;X 1 ) Now using conditions 4-6, we can deduce from
n

it
m <1—C@©)hy,
s<it|<ne | @ (Ta)
where C(§) > 0. Consequently,
| t
i O £ID| (1 = C5) )"
5<|t|<n4 &n(Ta)

and the right-hand side goes to zero as n tends to infinity. This ends the verification of
Assumption (A.3) and so we can apply Theorem 1 to prove (7). O

Example 2. The sample variance. 'We consider the sample variance

1 « —
Zy=— Z(x,- —X)°.
i=1

Assuming that the X;’s have a normal distribution N (u; 0?), 0% > 0, we know that
o2 > X — X)? follows a chi-square distribution with n — 1 degrees of freedom.
A probability of large deviations for the sample variance was studied by Sievers (1969).
Here, we give a strong large deviation result by applying Theorem 1 with b, = n.

Corollary 2 Let Z, be defined as above. Then for a real a such that a > o> and n
large enough,

exp(—(n — Disy(a))
2 /mnaz,
2

where Igy (a) = % (;Lz — log (;Lz) - 1) >0andt, = %

P(Z, =z a) =

[1+o(D)], ®)
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Proof Since o2 Z:’zl (X; —X)% ~ xz(n — 1), we have the following expansion for

the normalized c.g.f. of nZ,. Fort < %,

1 no? < (X; — X)2
—loglE t
n OB ‘exp( n—lZ o2

i=1

" oe (1202 (14 !
2n & n—1

D log(1 — 2020) — L10g (1 20% + L log(1 — 20%)
= ——log(l —20°t) — = lo — — log(1 — 20
2 8 2 8 1—2020n—1)) " 2n %

@n(t)

N 1 0e (1 202t
J— 0 —
m 8 1 —=2020)(n—1)

1 o 11 5 ot 1
=—§log(1—26 1)+ — Elog(l—Za )+ —)+ol|l—)-
n

1 —202t n

The function z € C — ¢, (z) is analyticin D¢ = {z € C: |z| < a}, @ < Z"n_glz, and
one can find M > 0 such that for all z € D¢, |¢,(z)| < M (this implies Assumption

(A.1)). Next, the expansion (4) holds for every ¢t € (—oo, o) with b,, = n,

(1) = — L log(1 — 26%1) and H(1) (1) + o't
= —— — LO = — —_—
¢ 28 T T o0y

2

For a real a such that ¢'(0) = 0* < a < ¢'(«), there exists 7, € (0, «) such that

¢'(t,) = a. Actually, we have 7, = “2;:22 . Assumption (A.2) is fulfilled since the

functions ¢ and H are infinitely differentiable on (—o0, 1 /202), and we have

2 o

@ (1) = A=222 ¢"(tq) = 2a* > 0.

1) = —2
=T 002

Now, we check Assumption (A.3). We have

Ou(tq +it)
&n(ta)

_|E {eXp ((ra +ingty 2 (Xi - 7)2)}
B E {exp (Ta,,"Tl 2 (Xi = Y)2)}

(1 =202ty +i6) 1)~ 7"

_ (=1
(1 =202z, 20" "7

n—1

(=207 + Aot GEP) T
n (1 = 2027,-25)?

_n—1
(i 4O.4t2(nnT1)2 g
(1 — 2077, )
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-1, . 40412 (1 + 15)?
= eX — (o] 3
b * (alo? — 5 (1—alo?))?

where we have used the fact that 7, = “2;;’2 , = n then
follows from the above expression. By applying Theorem 1, we eventually obtain the
asymptotic result (8), where we have used the following expressions for 7 (a) and

H(t,)

1(a) = taa — ¢(tq) = % (55 —t0e(55) - 1).

H(z) = —p(t0) + 75 55— = 1 (a).
— L0 “T,
[}

Example 3. The Wilcoxon signed-rank statistic. A large deviations result for the
Wilcoxon signed-rank statistic was obtained by Klotz (1965). Later, Chaganty and
Sethuraman (1993) provided a strong large deviation result by applying their theo-
rem, but as noted in the introduction, their result is intractable in a general frame (in
particular, one cannot derive an explicit asymptotic expression for the tail probability
that depends on n). The asymptotic expansion (9) will follow from Theorem 2 with
b, =n.

Let {Xy,..., X,} be a sequence of i.i.d. continuous random variables having dis-
tribution function F and let R; be the rank of |X;|,i = 1,..., n. In other words, if
one arranges | X[, | X2|, ..., |Xn| in increasing order of magnitude, R; denotes the
rank of | X;|. Assume that the random variables X; are symmetric about their median
m. The Wilcoxon signed-rank statistic W, is defined as the sum of the quantities R;
corresponding to the positive Xs, that s,

n
Wy = Z Iix; >0y Ri.
i=1

Wn
n?’

The statistic W, is used to test the null hypothesis Hy : m = 0. Letting Z, =
under the null hypothesis, we have the following result.

Corollary 3 Let Z,, be defined as above. Then for a real a > 1/4 and n large enough,

exp(—nlw(a) + Hw(14))

P(Z, >a) =
" O,TaN 27N

[1+o(D], ©)

where 1, > 0 is such that fol mdx =a, Hy(t) = %log (%) and

f X exp(rax)
0 (

Trexpren)® dx. Further, Iw (a) = t,a — @w (t,) where

1 1x 1
<pw(t)=/ log(e + )dx.
A 2
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Proof The random variable nZ,, (b, = n) is a lattice random variable with displace-
ment 0 and span s, = 1/n, which tends to zero as n — oco. The m.g.f. of nZ,, under
the null hypothesis Hy (that is, the median is equal to zero) is given by

¢n (1) = [ [Lexp(tk/n) + D/2], 1 €R.

k=1

Define

¢ (x) = log (%) -

The normalized c.g.f. of nZ, is then
1
en(t) = n log ¢, (1)

= %Zg,(k/n), teR. (10)
k=1

The function z € C +— ¢, (z) is analytic in D¢ = {z € C : |z| < 7/2} and for all
z € D¢, lon(2)] < M, M > 0 (Assumption (A.1) is fulfilled). On the other hand,
¢, (as a function of r € R) is a right Riemann sum and we know that its limit is
o) = fol log (CMT'H) dx for every t € R. Now, let us find the function H such that

(4) holds.

Consider a function g : D +— R defined on D C R such that (0, 1) C D. Denot-
ing the trapezoidal sum, the right Riemann sum and the left Riemann sum by S, S,
and S, respectively, we have S = (S, + §;)/2, where S, = %Zzzl g(k/n) and

=1 D Og(k/n) Furthermore,

1
'S—/ g(x)dx
0

where My = sup, (g 1) |¢”(x)| < oo. The right Riemann sum can be written as:

M (11
12

12)

S =S4 (M)_

2

Now, we apply this to the right Riemann sum ¢,,. Noticing that g;(0) = 0, by (11) and
(12), (10) becomes

gt()+0(l/ 2)

1
wn(l)=/o g (x)dx +

Then, (4), with b, = n, follows from the above expression with

@ Springer



Strong large deviations for arbitrary sequences of random variables 59

1 tx
¢(t)=/ log (e +1)dx and H(r):llog(—eXp(t)H). (13)
A 3 > >

Since ¢’(0) = 1/4,forareala € (1/4, ¢’(1r/2)), there exists 7, € (0, 7/2) such that
¢'(t,) = a. The functions ¢ and H are infinitely differentiable on R and we have

, 1 x p 1 xzexp(tx)
- —* e A 14
v 0 /O 1+exp(—tx)dx’ g0 /0 (1+exp(tx))2dx 14

Besides, ¢”(t,) > 0 and Assumption (A.2) is then satisfied. According to Chaganty
and Sethuraman (1993), Assumption (A’.3) holds with b, = n and s, = 1/n since
there exist ng € N, 6; > 0 and ¢y > 0 such that

Ou(tq +it)
n(ta)

sup < exp(—ncoéz)

S<|t|<mn

forn > ng and 0 < § < §&;. The asymptotic expansion (9) therefore follows from
Theorem 2 with ¢, ¢’, ¢” and H given by (13) and (14). O

Example 4. The Kendall tau statistic. ~ Sievers (1969) gave a large deviation result for
this nonparametric test of independence. An application of Theorem 2 with b, = n
will yield the strong large deviation result (15). Let {(X1, Y1), ..., (X,,Y,)} be a
sequence of i.i.d. continuous random couples having distribution function F(x, y)
and let Fy and Fy be the marginal distributions. The Kendall tau statistic Z,, can be
defined by

Z, =2 Z (]I{XiZXj} - ]I{XiSXj})(]I{YiZYj} - ]I{Yifyj})-
— n(n—1)

I<i<j<n

It was first used by Kendall (see Kendall and Stuart 1979) to test the null hypothesis

Hy : F(x,y) = Fx(x)Fy(y) for all x, y. Under the null hypothesis, we have the

following corollary.

Corollary 4 Let Z, be defined as above. Then for a real a € (0, 1) and n large
enough,

exp(—nlg(a) + Hk (t4))
O,TaN 2N

P(Z, =z a) = [1+o(D], 15)

where t, > 0 is such that 1 — % + 4f01 mdx =a,
Hx(t) =2t — 1+ Elog(l —e ") — Elog(4t) —/ log(1 — e~ "™)dx,
0

and
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2 i B 16/1 xzexp(4tax) .
0 (exp(dryx) — 1)?

Further, I (a) = t1,a — ¢k (t4), where

1
ox(t) =t+ 1 —log(4r) +/ log(1 — e*4’x)dx.
0

Proof The statistic nZ, (b, = n) is alattice random variable with displacement n and
span s, = 4/(n — 1), which tends to zero as n — oo. The m.g.f. of nZ, under the

null hypothesis is given by (see Kendall and Stuart 1979)

ent n e—4k[/(n—l) -1

(1) = YIS § Reeryrr

For t > 0, define
hi(x) = log(1 — exp(—4tx)) —log(x), x € R,.
Then, for ¢t > 0, the normalized c.g.f. of nZ,, is
1 1 n e—4kt/(n—l) -1
-7 — - ! - -z
enlt) =1 " log(n!) + . Zlog( d/n D ]

k=1
n

_ _l : _ _ . l _ —4kt/(n—1)
=t nZlog(k/(n 1)) — log(n 1)+nZ{log(l e )

k=1 k=1
—log(1 —e~#/(1=Dyy

1 — k
=t+-> I (—) —log(n — 1) — log(1 — e~#/(=1)y,
n = n—1

(16)

One can find @« > 0 and M > 0 such that the function z € C — ¢, (z) is analytic
in De ={z € C:|z] < a}and |p,(z)] < M for all z € D¢ (Assumption (A.1) is

verified). Now, for ¢ > 0, we have

2t
log(1 —e™/0"7D) = —log(n — 1) + log(41) — —— +o(1/n).
-

7)

For the Riemann sum, we use the same arguments as in the previous example. Define

1 n
Fu(0) =~ > hulk/n).
k=1

Notice that
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. 1 16124
hi(x) = x_2 - (1 —e4r)2°

and limy—_.oh/ (x) = 312 Thus, for t # 0, Ma(t) = sup,c( 1, |k} (x)| < oo. This

implies that
l J—
Gu (1) = / hy(x)dx + 1 (M) to (l) _
0 n 2 n

It is easy to see that k(1) = log(l — e ) and h;(0) = limy_ o h; (x) = log(4r).
Then,

! 1 1
G () = / By (x)dx + — [log(l —eHy 10g(4t)] to (—) , (18)
0 2n n
where fol hy(x)dx = fol log(1 — e~**)dx + 1. Finally, we can write (16) as
N =
o) =t+ 1 —-=)op1() + ——=
n n
—log(l —e /=Dy _1og(n — 1). (19)
The expansion (4), with b,, = n, therefore follows from (19), (17) and (18) with
1
o(t) =t+1—1log(4r) —|—/ log(1 — e_4’x)dx (20)
0
and
3 —4t 1 ! —4tx
H(t)=2t—1+ 5 log(l —e™™) — 5 log(4t) — log(1 —e ydx. (21
0

We have ¢’ (0) = 0. Then, forareala € (0, ¢'(@)), ¢'(a) < 1, there exists 7, € (0, o)
such that ¢’(t,) = a. The functions ¢ and H are infinitely differentiable on R, and
¢"(t;) > 0. Hence, Assumption (A.2) holds and we have

’(t)—1—1+4/1 T dx
= t o exp(dtx) —1

» 1 6 I xZexp(4rx) q -
=5 /0 (exp(dix) — 12 22)

Now, in order to check Assumption (A’.3), we use the same approach as in Chaganty
and Sethuraman (1985). We only give a sketch of the proof. We define
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One can then show that there exists & € (2/3, 1) such that
: 28 -1y
inf G,(t) > —n’" V1 + o(1)] (23)
s<|t|<s(n—1)1-n 9

and

lim inf G (t) = 00, 24)

=0 §(n—1)l-r<lt|<(n—D)m /4

where 0 < § < §; and 61 < 7 /4. Combining (23) and (24), for n large enough we get

252 31
Gn(t)zjn =+ o(1)]

forallr € {t : § < |t| < (n — 1)7/4}. This implies Assumption (A’.3) with b, = n
and s, = 4/(n — 1). Hence, we can apply Theorem 2 with ¢, ¢’, ¢” and H given by
(20), (21) and (22), and obtain (15). m|

3 Lemmas

In this section, we establish two preliminary lemmas needed for the proofs of Theo-
rems 1 and 2. To do so we first introduce some notation. Denote the distribution func-
tion of b, Z, by K,,. Let a be a real such that a > ¢(0) and there exists 7, € (0, )
satisfying ¢’(t,) = a. Using an exponential change of measure, let

Hy(u) = / exP(Ta — bun () dKn (3)
—oo<y<u

be the distribution function of b, Z. Define the random variable

V:M,

n

(25)

Oa

where we recall that 0> = ¢”(t,) > 0 (Assumption (A.2)). The following lemma
shows the asymptotic normality of V,,.

Lemma 1 Let Assumption (A.2) hold. Then, the statistic V,, converges in distribution
to a standard normal random variable.

Proof Let My, be the m.g.f. of V,,. Fort € (—ayg, ap), we have

My, (t) = E{exp(tV,)}
= e aV/%Rlexp(thy Z* | (/bnoa))}
= e_m\/bin/ga —¢n(fa * \/écfa).

Dn(Ta)
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By Assumption (A.2), we get, for n large enough,

ta/b, t
- o + by |:(pn (fa + «/Eda) - (pn(fa)]

ta/by, t
- + bn a + - a
Oa |:(p (T \/b—naa) #(w)

+b,! (H (ru + ﬁ) — H(ta)) + o(bn_l):| :

Using Taylor expansions for the functions ¢ and H, and the fact that ¢’(z,) = a and

O’az = ¢"(t,), the following result holds for any ¢ € (—ag, ap) and n large enough,

log My, (t)

ta/b, N 19 (ta)/bn N 129" (1)

log My, (1) = 5— +o(l)
Oy o 20/
12
= — 1).
> +o(1)
As a consequence, log My, () — t2/2 as n — oo and the lemma is proved. O

The proof of the next lemma is similar to that of Chaganty and Sethuraman
(1993, Lemma 3.1) (in particular, we make use of Chaganty and Sethuraman (1993,
Theorem 2.6)).

Lemma 2 Let f, be the characteristic function of V, and assume that assumptions
(A.1)—(A.2) are satisfied. Then, there exist § > 0, y > 0 and ng € N such that

sup | fu (O (7] < 8v/bnoa) < exp(—y1?). (26)
n=ng
Proof Denote
1
gn(t) = 10g | f(v/Droat)|.

b,,oa2

To prove the lemma, it is sufficient to check that Condition (2.29) of Chaganty and
Sethuraman (1993, Theorem 2.6) is satisfied for all n > ng where ny € N. It is
straightforward to see that

1
gn(t) = = [Real(gy, (T4 +it) — @u(Ta))].

a
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We know from Assumption (A.1) that g, is infinitely differentiable in (—o«, cp),
0 < ap < o — 7,. Then, using a Taylor expansion, we have for € (—ap, @),

—Real(¢/ (1, +it))
gn (1) = L

94

_Real(go;/{(ra) +rp(tq +it))

2
%4

where the remainder term 7, depends on the third derivative of ¢,. Now, let us show
that

0! (ta) = a2 + o(1). (27)

Noting that

") = b E{Z2exp(tubnZy)}  (E{Znexp(tabuZi)}
¥n{ta) = On Elexp(tabnZy)} _( Elexp(tabnZy)} ) ’

and in view of the fact that b, Z; is distributed according to H,, it can be easily seen
that ¢, (t,) = b, Var(Z}). From Lemma 1, we have Var(V,) = %Var(Z:) — 1 as
n — oo. Then, (27) holds and we have ‘

+ |7 (Ta ;‘ it)]

gn(t) < —1 +o(1).

a

Furthermore, by Assumption (A.l) (¢, is analytic) and Cauchy’s inequality, the
remainder term 7, can be bounded. That is, there exists § > 0 small enough (§ < «g)
such that for all |7| < §,

3IMt|
e
L0

[ru(ta +it)] <

Therefore, there exist y > 0 and ny € N large enough such that for all |[f| < § and all
n = no,

g () < —y.

Condition (2.29) of Chaganty and Sethuraman (1993, Theorem 2.6) is thus verified.
This completes the proof. O
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4 Proofs
We give the proofs of the theorems of Sect. 2.

Proof of Theorem 1. The beginning of the proof of (5) follows the same lines as in
Bahadur and Rao (1960) and more recently Bercu et al. (2000) or Joutard (2006). Let
a > ¢'(0). We can write the Fenchel-Legendre transform of ¢ as

I(a) := sup{ta — p(1)} = taa — ¢(74),
teR

where 7, € (0, «) is such that ¢'(z,) = a. Recall that b, Z is a random variable with
distribution function

Hy,(u) =/ exp(¥tq — bn@n(14))dK, (y).
—oco<y<iu

Using Assumption (A.2), the right tail probability may now be written as

]P(Zn > a) = E{GXP(—Taan: + bn(/)n(":a))H{Z,’l‘za}}
= exp(bppn(ta) — butaa)E{exp(—14by (Z:; - a))H{Z;za}}
= exp(bp@n(ta) — bpTa@)B{exp(—t404y/ba Vi) Iy, =0))
— ebn(w(fa)*faa)JrH(fa)Jrv(1)]E{exp(_.caaa\/l;‘/n)]l{vnzo}}
= e bl @OHHCD R exp(—1,04y/bn Vi) v, =01} (1 +0(1),  (28)

where

y, = Yo Zi—a) o~ S > 0. (29)

Oa

It remains to prove that

1im7400y/buElexp(—taouy/bn Vi) lyy, =0} = (30)

1
V2
To do this, we will apply Chaganty and Sethuraman (1993, Theorem 2.7) to the
sequence of random variables V,,. Lemma 1 and Lemma 2 show that V,, converges in

distribution to a standard normal variable and that (26) holds, respectively. Besides, it
is easy to see that

On(Tq +it)

sup [fu(O)] = sup ()

84/bpoy<|t|<AT000/bn d<|t|=Atq

’
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where f;, is the characteristic function of V,, and ¢, the m.g.f. of b, Z,. Hence, by
Assumption (A.3), we have for n large enough,
—-1/2
sup (0] = o(by
8\/}7»)1(7(1 <tS)LTaUa\/E

). 31)

The convergence in distribution of Z,, (26) and (31) allow us to verify the condi-
tions of Chaganty and Sethuraman (1993, Theorem 2.3). Denote the density of V,, (or
pseudo density if V,, does not possess a proper density function) by ¢,,. By Chaganty
and Sethuraman (1993, Theorem 2.3), there exists a constant My > 0 such that

sup g, (y) < Mo, (32)
y
and if z,, — z, then
Gn(zn) = (V2m) e, (33)

Chaganty and Sethuraman (1993, Theorem 2.7) follows directly from (32) and (33).
Consequently, we have

1
lim 7,04/ bnE{exp(— 1404y bn Vi), =01} = [('\/27‘[)—16—12/2] -,
n—00 7=0 /27.[
and (30) holds. Combining (30) and (28), we obtain (5). This ends the proof. O

Proof of Theorem 2. Theorem 2 follows from Theorem 1, since Assumption (A’.3)
implies Assumption (A.3) (in view of the fact that s, — 0 as n — 00). O
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