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Abstract  This paper is concerned with nonparametric statistics for the stress release
process. We propose the local time estimator (LTE) for the stationary density and show
that it is unbiased and uniformly consistent. The LTE is used in constructing an esti-
mator for the intensity function. A goodness of fit test for the intensity function is
also presented. In these studies, the local time of the stress release process plays an
important role.
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1 Introduction

Consider the stationary ergodic stress release process
X;=Xo+1t— N, (D

Here X is an initial random variable distributed according to the stationary probability
density f and MV; is a point process with the conditional intensity defined by:
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. P(Npya— N =1 F-)
A =1 =o¢(X;o),
‘ Ali% A é(Xi-)
where F; is the o-field generated by {X; 0 < s < t}. For the intensity function ¢, we
suppose that

(i) 0<¢((x) <ooforany x € R,
(i) there exists a constant ¢y > 0 such that ¢ (x) > ¢q for all x > 0,
(iii) liminfy oo @(x) > land limsup,_, _ ¢ (x) < 1,
(iv) forany K > 0, there is a positive constant M such that ¢ (x) < M, for every
x <K.

Then the stress release process (1) is ergodic, so it holds that

1 T
7/ g(Xy)de —p>/gdu for every g € Ll(u),
0

where p is the probability measure on R given by p(dx) = f(x)dx (see Hayashi
1986; Vere-Jones 1988). Fujii (2010) showed that the density function f satisfies

x+1
Fx) = / 6 F () dy ?)
with
/ 6N f () dy = 1. 3)

In this paper, we first consider the nonparametric estimation problem for the stationary
(invariant) density function f of the stress release process (1) in the situation where the
intensity function ¢ is unknown. We give a formula for the local time estimator (LTE)
which is first introduced in Kutoyants (1996) for the study of the invariant density
estimation of ergodic diffusion processes, see details in Kutoyants (1998, 2004). For
more general stationary processes, Bosq (1998) and Bosq and Davydov (1999) also
provide some important properties of the LTE. In the case of the stress release process
(1), we show that the LTE is unbiased and uniformly consistent. Based on this result,
we propose a uniformly consistent estimator for the unknown intensity function in
terms of the kernel methods and the LTE. The uniform convergence result of the LTE
for the diffusion can be seen in van Zanten (2000).

As another nonparametric statistical problem, we consider a goodness of fit test for
the intensity function ¢ of the stress release process (1). We propose a test statistic
in terms of the score marked empirical process (see Koul and Stute 1999). Negri and
Nishiyama (2009) also used this statistic in the similar problem for a diffusion pro-
cess. As a related work, Dachian and Kutoyants (2009) studied the problem of testing
Poisson versus stress release.

To close this section, we recall the definition of the bracketing number (see e.g.,
van der Vaart and Wellner 1996). Let W be a class of real functions defined on a space
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Nonparametric inference for the stress release process 993

I on which a seminorm || - || is defined. For every ¢ > 0, the bracketing number
Np(e, W, || - |]) is the smallest integer N such that there exist N pairs [lx, ux], k =
1, ..., N, of functions on /, where each /; and u; may not belong to W, such that for
every Y € W the inequality [y < ¥ < uy holds for some & and that ||u; — || < &. We
refer to van der Vaart and Wellner (1996) for the weak convergence theory in £°° (W)

space, the space of bounded functions on W. We denote by £ and < the convergence
in probability and the convergence in distribution, respectively. The limit notations
always mean to take a limit as 7 — oo. In Appendix, we prepare some limit theorems
for more general point processes via the bracketing method.

2 Local time

We define the local time A7 (x) of the stress release process (1) in a similar manner
of Shorack and Wellner (1986, Section 9.8), who studied the empirical process.

Definition 1 The local time A7 (x) of the stress release process (1) is defined by
Ar(x) =#{t: X, =x, 0<t =T}, “)

where #A denotes the number of elements in the set A.

Let t,, n > 1 be the time of the nth jump of the stress release process (1) and
79 = 0. Then for any bounded measurable function g(x),

n=1

T 00
g(Xy)dt = / g(Xy)dt
/0 Z [ty 1 AT, Ty AT)
00

_ z/ g(Xe  +(t — tu_)) dt

n=1 [tn—1 AT, Ty AT)

o0
= Z/ g(x)dx
n=1 [in,IATernAT)

= / g(x) - Ar(x)dx.
R

Therefore the local time A7 (x) is thought as the occupation density.

Remark The local time defined by (4) corresponds to the so-called Banach indicatrix,
introduced in Banach (1925). In addition, the last equation above is a consequence of
the Banach theorem.

We note that for all T > 0, the local time A7 (x) is right continuous and has left

limit in x. Let us denote the local time A7 (x) for the left limit process X;_ as in (4),
then we have:
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T e’}
/Ogomdr:/ g(Ar () dx

—0o0

= [ ewarmat [ et (Rrw - are) ar

:/ 2(0)Ar(x) dx, 5)

—00

since A7(x) = Ar(x) for almost all x. Thus the local time A7 (x) for the stress
release process (1) can be used as the occupation density of its left limit process.

We represent the local time A7 (x) by the stochastic integral in the following theo-
rem, since the representation (4) is not suitable for studying some statistical properties
concerning the local time Ar(x). Note that this result corresponds to the Tanaka—
Meyer formula for semimartingales.

Theorem 1 The local time (4) is represented as:

T
Ar(x) = 1{X1->)c} - 1{Xo>)c} +/ 1{x<X,,§x+l} dNg, (6)
0

where 14 is the indicator function of a set A.

Proof Let g(u) be anon-negative differentiable function with support [0, 1] satisfying

that
1
/ gu)du = 1.
0

Introduce the function
y
Yu(y, x) :n/ g(n(z—x))dz,
—00

which approximates the indicator function, i.e., ¥, (¥, x) — l{y>x) asn — oo. By
Ito’s formula and (5), we have:

T T
1ﬁn(XT,JC)—l/fn(Xo,)C)=/0 I/I,;(Xz—,X)dt—Ir/O Vn(Xi——1, x) =¥ (X;—, x) dN;

00 T
=/ w,’,(y,x)~AT(y)dy+/0 Y (X~ — 1, x)
— Y (X;—, x) dN;.
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Xy

Fig. 1 Relation between the visiting at x and the jump

For the first term on the right hand side, it follows that
1

o0 X+Z
/ Y (y, x) - Ar(y)dy = n/ g(n(y —x)) - Ar(y)dy

1
= / gw) - Ar(x + 7)) du
0

— A7(x) asn — oo,

since for all fixed 7' > 0, A7 (x) is right continuous with left limit in x. Therefore, as
n — 00 we obtain

T
Lix;>x) — Lixgsx) = A7 (X) +/O Lix,_—1>x} — l{x,_>x) dN;.

This yields the assertion (6) immediately. O

Remark The interpretation of the representation (6) for the local time (4) is as follows:
each jump which occurs in (x, x + 1] corresponds to one visit to x before the occur-
rence time, see Fig. 1. Further note that the first jump in (x, x 4+ 1] does not related to
any crossing if Xy > x, and the last crossing does not too, if X7 > x.

3 Stationary density estimation

We consider the nonparametric estimation of the stationary density of the stress release
process (1), in the situation where the intensity function ¢ is unknown. Here we define
the LTE f7(x) for the stationary density of the stress release process (1) by:

At (x)

Fie) = == ©)

The unbiasedness is a well-known property of the LTE (see e.g., Bosq and Davydov
1999). Equations (2) and (6) help us to understand this fact in our particular model.
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996 T. Fujii, Y. Nishiyama

Theorem 2 The LTE f} is unbiased.

Proof By the stationarity, it follows that

1 T
E[f7(x)] = 7E [/ 1{x<X,§x+l}¢(Xt—)dt]
0
x+1
= ¢(y) f(y)dy
= f(x),
where we use Egs. (2) and (6). m]

In order to show the uniform continuity of the LTE, we provide a lemma.
Lemma 1

sup

1 T
b7 /0 Lo, =xand(Xo) df — F(0)| =5 0.
xe

Proof Let us consider the class ® = {1y <y<y+1}, x € R}, then it follows from
Theorem 2.7.5 in van der Vaart and Wellner (1996) that for any ¢ > 0, the class ®
satisfies N (e, P, L (¢ (x)u(dx))) < oo. Hence by using the relation (2), the claim
of this lemma can be proved quite similarly to Theorem 6 in Appendix. O

We state our main result in this section.

Theorem 3 The LTE f; is uniformly consistent, i.e.,

sup |f2(x) — f0)| 2 0.

Proof Tt holds that

. Lixp=x) — lix 1T
1£200) — f(x)] < |- T”}T Ko=) +‘;/O lpex, <ern@(X,)dt — f(x)
1 T
+‘?/ 1{x<X,_§x+l}th s
0

where M; = N; — fol ¢ (Xs—)ds. By taking the supremum over all x € R, the first
term obviously converges to 0 and the second term is estimated by Lemma 1. Finally,
Theorem 6 yields that

0.

1 T
_/ 1{x<X,,§x+l}th
T Jo

sup
xeR

Hence our claim has been proved. O
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Fig. 2 The invariant density (left) and its LTE (right)

Remark Bosq and Davydov (1999, Proposition 4.3) give an almost sure convergence
result for the LTE on bounded intervals in rather general settings. However, their setup
implies that there exists a continuous version of the local time [see their assumption
(3.12)]. In contrast, our local time (4) is not continuous, and moreover our result is
concerned with the uniformity on the whole interval. Hence our result is not a spe-
cial case of Bosq and Davydov (1999). On the other hand, a natural question may be
whether it is possible to extend our result to the almost sure convergence one. The
answer is affirmative (use the Borel-Cantelli theorem with help from Burkholder’s
inequality), however, we omit the details here for brevity.

We illustrate a numerical example for the LTE, briefly. Let us consider the case
where the point process N; is the simple self-correcting point (SSCP) process whose
conditional intensity is given by:

0.1, X;,_ <0,
A =¢(Xio) =
(= (X:0) ’3.07 X o

that is introduced in Inagaki and Hayashi (1990). For a simulation of X; on t €
[0, 1,000], we construct the LTE (7) at points x = ﬁ, i = —400...400. The result
is shown in Fig. 2.

4 Intensity estimation
We consider the nonparametric estimation problem of the intensity function ¢ of the

stress release process (1). We suppose in this section that the intensity function ¢ is
continuous on any compact interval on R. Then by Eq. (2), the stationary density f is
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so too. In order to estimate the intensity function, we use the following statistic:

. A7 (x)
= —-——Q, 8
o1 (x) o) ()

where f7(x) is the LTE for the stationary density and

- 1 (T Xi— —x
Ar(x) = —/ —K{———) dN,,
T Jo br br

where K is the uniform kernel on [—%, %] and b7 is the bandwidth satisfying that
br — 0 and Thy — oo asT — oo.

We need the following auxiliary result for the asymptotic behavior of A7.

Lemma 2 For any compact interval [«, B],

sup |Ar(x) — ¢ (x)f(x)| - 0.

x€la,p]

Proof We write

A()_I/T lK X;— —x HX )dt+1/T 1K X —x aM
=71 br br - T Jo br br "

For the first term, we have:

X, —x ] o+ ;
—/ ( ) ¢(X;—)dt = F/_LT E¢(Y)AT(}’) y

x+
/ by POV dy
x—F

x+ A
o —¢< >( L f(y))d
X7

£ ¢(x) f(x) uniformly in x € [«, B],

where we use Theorem 3 and the fact that both of ¢ and f are uniformly continuous
on any compact interval.

To show that the second term converges to zero uniformly, we check the condi-
tions in Theorem 3.2 of Nishiyama (2000). For the condition [C2], by the assumption

@ Springer



Nonparametric inference for the stress release process 999

Tb% — oo we have:

1 1 X, —x 1 (T 1 X, —x
— | —K|———)dM,) == | —K|——) ¢(X,—)dr
T Jo br br r T*Jo b3 br

< sz : / pX ) dt S

The condition [L2]:

T
— 2
/ Wil 1,2 0y@ X2y de 5 0,
0

W I 1 1 K (Xt_ —x)] 1 1
= su - — —_— ) ==,
' xe[aI,)ﬁ] T br br T br

is derived from the assumption Tb% — 00 as follows:

where

1 7
W'Z/o (g ey (Xi ) bt = / o(X, )dr B
Finally, we check the condition [PE]. For any ¢ > 0, choose some finite points o =
X0 < X1 < --- < xy, = B such that x; —xp—1 < &2 with N, < const. - ¢~ 2. Then

the entropy condition fOT J/log N, de < o0 also holds. So our proof is finished by

showing that
(Xt_ — )
k(&2=—=
br

¢(X;—)dt = Op(1). &)

11 /T
sup max —— sup
>0 1=k=N; &2 (TbT)2 0 x,yelxr_1,xc]

X, — 2
—K( t )’)
br

If €2 < by, then

1 T
max — sup
1=k=Ne T Jo  x.yelxe 1.

o
max sup
I1<k<N. J_

00 X, y€[xk—1,%k]

L)dr

K(X’;—T)—K(X’z—;y)z
K(57)-x (5] e

K
sup [¢>() T()] / (e~ <o

b b
zela—T p+7F]

+1

T(Z)

IA

IA

dz

Ar(2) ] 252
T .

b b
{1+ F <z=<x+-F)

= sup [fi’( ) -

b b
zela—-F,p+F1
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Similarly, if €2 > by, then

1 (7 X, —x X,— — v\
max — sup K{— )| - K{—— ¢ (X,—)dt
1<k<N. T 0 x,yelxg—1,xk] bT bT
A7(2) o
< sup ¢(2) - - max 1 b by, dz
ze[a*bTTﬁerTT] T I=k=Ne J—oo i =% sesuct )
A1(z
< swp $(2) - TT() (e + br)
ze[a—hTT,ﬂ+b7T]
AT (z
< sup d)(z)-# 262,
zela—"L p+L)
Hence (9) is derived from the fact that sup, {22} is bounded in probability. O

This lemma and Theorem 3 yield the following theorem.

Theorem 4 For any ¢ > 0,

sup |dr (x) — (x)] = 0,

xel;
where I, = {x : f(x) > ¢&}.

Remark 1t is possible to use more general kernels. However, it demands more com-
plicated calculation when we control bracketing numbers, so we consider only the
uniform kernel here.

The simulation result is provided in the case that the intensity function is:
1
¢(x) = exp Ex —1t.

This type of the stress release process was studied in Ogata and Vere-Jones (1984).
Now we observe the stress release process X;, ¢ € [0, 50,000] with this intensity
and construct the estimator (8) with bandwidth by = 0.15 at points x = ﬁ, i =
—150...450. Figure 3 illustrates the result.

5 Goodness of fit test

In this section, we consider the one sample problem of the intensity function ¢ of the
stress release process (1), i.e., consider testing hypotheses:

Ho: ¢ = ¢o,
Hy: ¢ # o,
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Fig. 3 The true intensity function (left) and the estimator (right)
where the hypothesis H; means that

‘/XO (@ (x) — po(x)) ug(dx)| > 0, for some xp.

Here we rewrite the invariant measure p as 14 for emphasis on the intensity ¢. In
the following, the intensity function ¢ is supposed to be globally bounded, i.e., there
exists a constant C > 0 such that 0 < ¢ (x) < C for any x € R. For every x € R, let
us introduce the score marked empirical process

1 T
Vr(x) = ﬁ/o L(—o0,x1(X1=) (AN; — ¢o(X;-) dr)

and define the test statistic

Sr = sup |Vr|.

xeR

Then we have the following:
Theorem 5 For the test statistic St,

(i) under the hypothesis Hy, it holds that

d
St —> sup |Bs|
s€[0,1]

where By is a standard Brownian motion, i.e., the test is asymptotically distri-
bution-free,
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(i) under the hypothesis H\, it holds that
P(St < K)— 0 foranyK.

Remark The limit distribution under the null hypothesis is given by:

4 & 22k + 1)2
Py sup |Bg| <x)=— (—M)
s€0,1] i 8x

See e.g., 343 page of Feller (1971) for this formula. Before proving this theorem, we
prepare a technical lemma.

Lemma 3

sup[AT(x) e +x2)I — 0p(1).
xeR T

Proof It holds that for all x > 0,

14 X7 +1+Xg

Ar(x)
' T (14| < T T

1 T
- 7/0 (1+ X7 )dN,.

Markov’s inequality yields
Lt 2 ¢ 2
P T A+ X, )dN; >at < —E[1+X5] — 0, asa — oo,
0 a

since the stationary distribution has finite moments under our assumptions, see Hayashi
(1986) and Vere-Jones (1988). The other terms can be estimated similarly. Therefore

we have:
Ar(x
sup[ o, +x2)]=0p(1)-
x>0 T

For x < 0, our claim can be proved by noticing that

T
Ar(x) = Iixo<x) — lixr<x) +/ Tx<x,_<x+1) ANy,
0

in the same way. O

Proof of Theorem 5 For the proof of the claim (i), notice that by Lemma 3, the class
W = {I(—co,z]; 2 € R} satisfies all requirements in Theorem 7 (see Appendix), includ-
ing the bracketing entropy condition (see e.g., Theorem 2.7.5 of van der Vaart and

Wellner 1996) for the finite measure v(dz) = 5 e 2dz on R and the corresponding

local time A7 (z) = A7(z) - (1 + z2). Therefore, the score marked empirical process
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Nonparametric inference for the stress release process 1003

Vr(x) weakly converges to {Bg(); x € R} in £°(R), where s ~» By is a standard
Brownian motion and

X
S(x) = / $0(2) gy (dz). (10)
—00
The continuous mapping theorem leads to
d
St = sup | V7 (x)] —> sup |Bs)l.

xeR xeR

Hence the claim (i) follows from (3) and (10).
To show (ii), observe that

1 T
= /O L ooy (Xom) (AN — do(X,_) i)

sup
xeR
1 T
> sup VT - 7/ L—oox)(Xi=)(P(Xi—) — ¢o(X;-)) dr
xeR 0
1 T
— — 1—oox1(X;—) (AN, — p(X)dt)|,
jggﬁ/o( x1(Xi—) (AN — ¢(X;)dr)

Since by Theorem 7, the process

1 T
ﬁ/o l(—o0,x1(Xt—) (AN; — ¢ (X;-)dr)

converges weakly in £°°(R) to a tight law, the second term on the right hand side is
tight. The first term on the right hand side tends to oo in probability because there
exists some xp € R such that

/R L coog] ()(@(2) — do(2) 1o (dz) £ 0

and for such a xg it holds that

1 T X0
‘7 [ s (i@ X =0 X, ar | L ‘ | 0@ = 0@ ot 0.
Thus we have proved the claim (i7). O
Appendix A

Suppose that a point process t ~» N; defined on a filtered probability space
(2, F, (Fi)r=0, P) admits the predictable intensity

a(Zy),
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where t ~» Z; is a predictable process which take values in a measurable space (1, 7).
We consider the following two properties:

A1l Ergodicity There exists a probability measure p on (I, Z) such that for every
wu-integrable function v on (I, Z)

1 T
—/ ¥(Z)dt £ /llf(z) w(dz), asT — oo.
T Jo I

A2 Existence of a good local time There exists a non-negative predictable processes
t ~ A;(2), z € I and a measure v on (/,Z) such that for any measurable
function ¥ on (I, 7)

T
/ Y (Z,) dt =/¢(Z)AT(Z) v(dz), almost surely,
0 I

provided the integrals on the both sides exist, and that

sup A7r(z) = Op(T), asT — oo.
zel

Theorem 6 Assume Al Suppose that the class V C L(a(z)u(dz)) satisfies that for
everye > 0, N[1(e, ¥, Li(a(z)u(dz))) < oo. Then it holds that

1
sup —
Yew T

250,

T T
/O ¥ (Z)dN, - /0 W(Z)a(Zy) dr

Proof Choose any ¢ > 0. Then, there exists N. = N[ (e, ¥, L1(a(z)(dz))) brack-
ets [lx,url, k =1, ..., Ng, which cover ¥ such that

o = /1 0 (2) — 1 () (z) u(d2) < e.

Notice that for any ¢ € [Ix, ux]

1 T T
T {/ v (Z;)dN; —/ V(Z)a(Z;) df]
0 0

1

T T
=z [/0 ur(Zy) (AN — a(Z,)dt) —i—/o (ur(Zy) — lk(Zt))Ol(Z;)dt] )
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Considering also the lower bound, we finally get

1
sup —

T T
T / ¥ (Z;) dN; —/ Y (Z)a(Z,) dt
Yev 0 0

T
< max i{ / i (Z0) (dN,—a(zt)dn}
= 0

T
+ min 1 [/ I(Zy) (dN; _a(zt)dt)]
T LJo

1

T
+omax o /0 W(Z) — W(Z))a(Zy) dr.

The first two terms on the right converges to zero in probability (use Lenglart’s inequal-
ity). As for the third term on the right, since each % fOT (ur(Zy) — Lk (Zy))a(Zy) dt
converges in probability to &g, by Slutsky’s lemma (see e.g., Example 1.4.7 of van
der Vaart and Wellner 1996) they converge in probability, jointly. So the third term
converges in probability to maxj<x<y, & which is smaller than . So we have proved
that

1
sup —

<e+op(l).
vew T

T T
/Olﬁ(Zz)sz—/O v (Z)a(Z;) dt

Since the choice of ¢ is arbitrary, we may conclude that the left hand side converges
to zero in probability. The proof is finished. O

Theorem 7 Assum_e Al and A2. Suppose that the class ¥ C Lo (« (_z)v(dz)) has an
envelope function ¥ € Loys(a(z)v(dz)) for some § > 0, i.e., || < ¢ forally € WV,
and satisfies the metric entropy condition with Ly-bracketing:

1
/ \/log Npj(e, ¥, La(a(z)v(dz))) de < oo.
0

Then, it holds that the random fields Yr = {YT ({¥); ¥ € V} defined by

1 T T
Yr(y) = Wis [/0 VY (Z;)dN; —/0 I/I(Zz)Ol(Zt)dt]

converges weakly in £°(V) to a zero-mean Gaussian random field G = {G(y);
Y € W} with the covariance

EGW)G{Y") =/IW(Z)1V(Z)O!(Z) n(dz).

Furthermore, almost all paths of W ~ G () are uniformly p-continuous with respect
to the semimetric p(¥, ¥') = VE|G(¥) — G(y")|%
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Proof We apply Theorem 3.4 of Nishiyama (2000) to the terminal variables
{M;’w; Y € W} of the martingales t ~~ MtT’w given by:

T.v 1 !
M = ﬁ/o Y (Zs)(dNs — a(Zy) ds).

His condition [C2] is satisfied because

T TV / VI (2, )a(Z)ds—>/w(z)w (a(2) 1(d2).

To check the Lindberg condition [L2], take any ¢ > 0 and observe that

1 s
_/ W(Z) 1% U (Zs )>£}Ol(Z )ds < - Tw(zs) a(Zs)ds
= —5'—5~—/ Y (Z)*Pa(Zs) ds
& 2
£ 0.

To check [PE], for every ¢ > 0 choose some e-brackets [Ii, uxl, k =1, ..., No, where
N = Npj(e, ¥, L?(a(z)v(dz))). Construct the partition ¥ = U11<V=81 W (e; k), which
corresponds to Nishiyama’s notation, as

V(g k) ={y eV : <y <u}.

The square of the quadratic modulus is bounded by

11 7
sup max ?-—2 / Uk(Zy) — 1(Z,)Per(Z,) ds
e>0 1=k=Ne

=sup max — —/|uk(z) (@) Pa(z2) AT (2) v(dz)
e>01<k=N. T

1
= 7 sup Ar(z) = Op(D).

zel
The proof is finished. O
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