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Abstract We describe a simple approach for estimating the ratio p = 02 /07 of the
scale parameters of two populations from a decision theoretic point of view. We show
that if the loss function satisfies a certain condition, then the estimation of p reduces
to separately estimating o, and 1 /0. This implies that the standard estimator of p can
be improved by just employing an improved estimator of o, or 1/01. Moreover, in the
case where the loss function is convex in some function of its argument, we prove that
such improved estimators of p are further dominated by corresponding ones that use
all the available data. Using this result, we construct new classes of double-adjustment
improved estimators for several well-known convex as well as non-convex loss func-
tions. In particular, Strawderman-type estimators of p in general models are given
whereas Shinozaki-type estimators of the ratio of two normal variances are briefly
treated.
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1 Introduction

The problem of estimating a scale parameter in the presence of another nuisance
parameter from a decision theoretic point of view has been extensively studied in the
literature. The methods of Stein (1964), Brown (1968), Brewster and Zidek (1974),
Strawderman (1974) and Kubokawa (1994a) for deriving better estimators than the
standard one are now classical in this context which encompasses the estimation of
the variance of a normal distribution with unknown mean as a typical case. These
improved estimators are scale equivariant. Note that in the case of a normal variance,
modifications of the above methods that yield improved non-scale equivariant esti-
mators have been developed by Shinozaki (1995). The review papers by Maatta and
Casella (1990), Pal et al. (1998), Kubokawa (1999) are very good sources for tracing
the origin and development of this problem.

The study of the analogous problem of estimating the ratio p = 03 /0 of the scale
parameters o and o, of two populations, with dominant case that of estimating the ratio
of the variances of two normal populations with unknown means, followed naturally
from the respective one-sample problem, with considerable delay though. Gelfand
and Dey (1988) extended arguments of Stein (1964) and Brown (1968) and obtained
improved estimators of a normal variance ratio. For the same parameter, Madi (1995)
gave smooth improved estimators by adapting Brewster and Zidek (1974) method,
while Ghosh and Kundu (1996) constructed generalized Bayes estimators and proved
their dominance by establishing a two-sample extension of Kubokawa (1994a). Also,
Kubokawa (1994b) and Kubokawa and Srivastava (1996) presented improved estima-
tors for p in general models extending the one-sample method of Kubokawa (1994a).

The purpose of this work is to propose a simple alternative approach for deriving
improved estimators of p. Let 8p1, 692 and o be the standard (i.e., the best equivariant)
estimators of 1/071, 0o and p respectively under a loss function L. Also, suppose that
81 and 8, are typical improved estimators of 1/01 and o, at our disposal. Then we set
as a goal in this paper to answer the question: how can §; and &, be used to produce
an improved estimator of p? We first show that if the loss satisfies

L'(zy) = M(@)L'(y) + 2oL (x), Yo,y >0 (D
for some functions A; and A, then
81802 and 8p162 (2)

are better than §y. Condition (1) holds for several commonly used convex as well as
non-convex loss functions such as squared error, entropy and Brown (1968) losses (see
Table 1). In this paper, 81502 and §p152 are referred to as single-adjustment improved
estimators as they use an improved estimator of only one of the parameters involved
in the ratio p, adjustment meaning shrinkage or expansion, accordingly. If, in addition
to (1), L(¢) is convex in In ¢ then a stronger result is established, namely, that

3§ =14816 (3)
is better than both 81502 and 8¢;82, and hence §g. Estimators such as § which use

improved estimators of both 1/01 and o7 will be referred to as double-adjustment
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improved estimators. Even more generally, it is shown that if L(¢) is convex in some
monotone function u(¢) with inverse v(¢) then

8u = v(u(81802) + u(S0182) — u(801802)) “4)
is better than 618¢2, 80182 and §p. As a function may be convex in more than one
(monotone) functions, it is conceivable that for the same loss we may end up with
more than one double-adjustment improved estimators of the form (4), for instance
this is the case with both squared error and entropy losses (see Table 2). The conditions
we require on 81, §> for (2), (3) and (4) to hold are minimal.

This work is closely related to Kubokawa (1994b) and Kubokawa and Srivastava
(1996), where the loss is assumed to be (strictly) convex and the improved estimators
381, 87 are (essentially) required to obey Kubokawa (1994a) sufficient conditions (also
stated in Sect. 3). Here, not only we relax the assumption of convexity of L to convex-
ity in u(¢), but also succeed in obtaining a new and quite rich class of estimators, that
in (4), allowing §1 and §> even to violate Kubokawa (1994a) conditions as long as they
dominate §p; and &gz, respectively. Also, in our work, §; and &, are not necessarily
scale equivariant. Furthermore, if L(¢) is convex then u(f) = ¢ and (4) gives, as a
special case, Kubokawa (1994b) class of estimators, 51802 + 80182 — 801802. On the
other hand, if L(z) is convex in u(¢) = Int then (4) simplifies to 615> in (3). Note
that Kubokawa and Srivastava (1996) have proven the superiority of this estimator
over 80162 and hence over §p1802 by imposing some further conditions in the case of
convex L(t). The results of the present paper also extend Iliopoulos and Kourouklis
(1999) work on the estimation of the ratio of two normal generalized variances.

The advantage of our approach is transparent. Condition (1) guarantees that the
search for an estimator of p reduces to the estimation of 1/01 and o3, the latter being
one-sample problems which are simpler to deal with, not to mention the fact that the
literature is rich in estimators 81 and §, ready to be plugged into (2), (3) and (4). This
way, it is unnecessary to resort to two-sample extensions of one-sample arguments
in order to estimate p. Besides and unlike previous research, the approach allows for
non-convex loss functions and works for many types of improved estimators &1 and 8>,
that is, Stein-type, Brown-type, Brewster and Zidek-type, Kubokawa-type and Straw-
derman-type, thus producing estimators of p in an integrated manner. In particular,
Strawderman-type estimators of p in general models having monotone likelihood ratio
properties are exhibited for the first time in the literature. In addition, in the case of two
normal populations, Shinozaki-type estimators of the ratio of the variances are given
under the squared error loss by modifying respective Strawderman-type estimators.

Section 2 contains the model, conditions and main results. In Sect. 3, several results
available in the literature are reobtained in a much simpler way as special cases of
our findings and new results that cannot be handled by previous work are given, as
applications of our approach. Finally, an Appendix contains some technical results.

2 Main results

Let S1, Sz, T1, T» be independent statistics such that for i = 1,2, S;/0; and T; /o;
have probability density functions

9i ($)10,00)(s) and  h;(t; i, 0i) I (ui,00),00) (), (5)
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respectively, where o; > 0, u; is a nuisance parameter and «;(u;, o;) is some real
function of u; and o; such that «; (uo;, 09;) = 0, for some ug; and og; > 0. It is
well-known that scale equivariant estimators of o and p = 0 /07 have the form ¢S¥
and ¢S, /S, respectively. Moreover, under the condition

(A) forany O < a < b the ratio g; (as)/g; (bs) is strictly increasing in s > 0,

the best scale equivariant estimator of o with respect to any absolutely continuous
and strictly bowl-shaped loss function of the form L(§/ al.“) is 6iq = ci,aSlf", where
Ci.o 18 the unique solution to the equation

Eoi=t{L'(cS])S]'} =0 (6)

with respect to ¢, provided the expectation exists and is finite. The existence and
uniqueness of ¢; o follows from the fact that under condition (A) the functions ¢ +—
Eoi=1{L(cS})} are strictly bowl-shaped as well (see Brewster and Zidek 1974, or
Kubokawa 1994a). The same holds true for the estimation problem of p since it is
the scale parameter of the distribution of S»/S;. For any absolutely continuous and
strictly bowl-shaped loss function of the form L(5/p), condition (A) implies that the
function ¢ — Eg —5,=1{L(cS2/S1)} is also strictly bowl-shaped and so the best scale
equivariant estimator of S»/S1 is 89 = c0S2/S1, where ¢ is the unique solution to the
equation

Eoi=oy=1{L(cS$2/51)$2/S1} = 0. (7

For notational convenience in what follows we will drop the subscripts from all
expectations and whenever allowable (e.g., by invariance) we will take without loss
of generality 01 = 0, = 1. Moreover, since we are interested in the estimation of p
we set co; = C1,—1,€02 = €21 and 301 = C()]Sl_l, 8()2 = 60252.

Theorem 1 Assume that the loss function satisfies (1) and E{Al(c01Sl_l)Sl_ 1},
E{X2(c0252)S,} are finite. Then it holds co = coicoz, or, equivalently, 8y = §91302.

Proof Equation (1), the independence of S7 and S, and Egs. (6), (7) give

/ $2\ $2 cor) 1 ,
EiL —|=1=Eixn{— )—{E{L $H)S
’ (C01Coz S1)51 ] [ 1( 3 )S1 ] {L'(c0252) 52}

1
+ E{Az(cogSz)Sz}E[L/(%) S_l} =0

and the result follows from the uniqueness of cg. O

Remark 1 Condition (1) is satisfied by several popular loss functions such as the losses
(a)—(f) given in Table 1. Specifically, (a) is the squared error loss, (b) is the entropy
(or Stein’s) loss introduced in James and Stein (1961), (¢) is Brown (1968) loss, (d)
and (e) are modifications of the squared error and entropy losses, respectively, used
by Pal (1988) and (f) is a symmetric loss which results as the sum of (b) and (e) and
has been treated by Pal (1988) and Kubokawa and Konno (1990).

@ Springer



Estimating the ratio of two scale parameters: a simple approach 347

Table 1 Popular bowl-shaped loss functions that can be written in the form (1)

L(t) L'(t) r1(0) A (1) Convex in ¢ Convex in Int
(a) (=12 200 —1) ‘ 1 v -
(b) t—Inr—1 1-1 1 1 v v
© (In1)? Zlns 1 1 - v
1 2 2(t—1 1 1
@ (-1 = 2 5 - -
@ Timr—1 o 5 1 - v
) t+1-2 -4 5 1 v v

Theorem 1 tells us that, under (1), the best scale equivariant estimator of p equals
the product of the best scale equivariant estimators of 1/07 and o3.
In order to prove our next result we will need the following.

Lemma 1 Under the conditions of Theorem 1, both E{A](C()]Sfl)Sf]} and
E{12(c0282)S2} are positive.

Proof Let ¢} > co so that coi¢) > corco2 = co. As ¢ — E{L(cS2/S1)} and ¢ +—
E{L(cS,)} are strictly bowl-shaped in ¢ we have

0 = E{L(c01¢0252/51)82/S1} < E{L(c01¢552/51)S2/51}
= E{ri(co1S; ST 'L (¢582) 82 + 22 (ch$2)SaL (cor ;) ST
= E{Ai(cor Sy ST E{L (c552)S2} + E{a(ch $2) S2}E{L (cor S, ) ST
= E{A1(cor ;) ST E(L (¢582) 82},

since E{L/(cmSl_l)Sl_l} = 0. But ¢, > cqp implies that E{L’(c}5>)S>} > 0 and thus
E{A\ (colSl_l)Sl_l} > 0 too. The proof for E{A;(cp252)S>} is similar. O

Remark 2 Although one may think that the functions A| and A; are positive (as those
displayed in Table 1), this is not always the case. In fact these functions are not
unique. It is easy to see that if (1) holds with some A and X, then it also holds for
A =i +BL A5 =k — BL and any B € R.

We now seek to improve upon §g by first using estimators of o, or 1/07 of the

following form. For i = 1, 2, let ¢; (w;) be absolutely continuous functions on (0, c0)
and define

s eVDSTH W= 0. [¢a(Wa)S, if Wa >0, ®)
o= So1 otherwise, N 802 otherwise,
where W; = T;/S;. In location-scale models, 84, is a typical scale equivariant

estimator.

Theorem 2 Assume that (1) holds and limy, .o ¢; (W;) = coi,i = 1,2. Then we
have the following.
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(i) 84,0802 improves on 8o = 801802 if and only if 84, improves on 8¢;.
(ii) 80184, improves on 8y = 801002 if and only if 84, improves on 8p;.

Proof (1) Without loss of generality we can again take o7 = o2 = 1. Then using
Kubokawa (1994b), Condition (1) and Theorem 1 we have

E(L(50)) — E(L(35,502)) = E [ /1 5L(coz¢>1(tW1)S—?)dt 1w > 0)]
=E [/ L’(COZ¢1(¢W1)—2)602W1¢i(tW1)_2dt 1(W) > 0)]
- N
=E {/1 (@1 (EWDSTHL (conS2)con Wi (IWI)S_?d[I(Wl > o)]
- N
+E [/1 A2 (conS)L (1 tW1) ST Heoa Wi g (tWI)S_?dt I(W, > 0)}
= B {L'(025)52} E[/1 MG EWDST Wil W) ST de T(W) >0)]

+602E{)»2(60252)52}E[/1 L/(qsl(tW1>S;1)W1¢1<rW1>S;1dt1(W1>0)]

> d
= coE {A2(c0252) 2} E {/1 EL(¢1(IW1)51_1)dt1(Wl > 0)]

co2E {A2(c0252) Sz} {E{L(CmSl_l)} - E{L(¢1(W1)51_1)}}
co2E {A2(c0252) $2} {E{L (So1y} — E{L(8¢,)}}

where the fifth equality holds by the definition of cgp;. The result now follows
from Lemma 1.
(i1) It is similar to the proof of (i). m]

In Theorem 2, we have proven that under the above conditions in order to improve
on 8y = §p1002 it suffices to improve separately on either §p; or §p using a correspond-
ing estimator 84, or 8y,, say, and then take the product 84,802 or 8g1d¢,. Naturally,
one could ask whether the product 84,84, of these improved estimators dominates
the previous ones. This question was considered by Kubokawa and Srivastava (1996)
assuming (strictly) convex loss. Under a set of conditions SG1.a, SG1.b, SG2.a, SG2.b,
the authors showed that 84,84, dominates 89184, (only) and thus §o. It is noted that
under (1) these conditions simplify to Kubokawa (1994a) one-sample conditions (also
given in Sect. 3). Below, using a very simple argument we establish the dominance
of 84,84, over o184, and 84,02 for a loss that is convex in In¢ without imposing
SG1.b and SG2.b. The same argument was used by Iliopoulos and Kourouklis (1999)
in the special case of estimating the ratio of generalized variances of two multivariate
normal populations.

Theorem 3 Let 4, be as in (8), i = 1,2. Assume that ¢ is non-increasing on
(0, 00) with limy,, — 00 $1(w1) = co1, ¢2 is non-decreasing on (0, 00) with limy,,
¢2(w2) = co2 and the estimators 84,802, 80184, dominate 5o = 801802 with respect
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Estimating the ratio of two scale parameters: a simple approach 349

to the loss function L. If tL'(t) is non-decreasing int > 0 (i.e., L is convex in Int)
then 84,84, dominates both 84,802 and 8016, .

Proof The above assumptions imply that limwl_>oo{L(8¢l8¢2) — L(8y, 802)} =
L(80184,) — L(801802) and that

KB - AUD! , - ,
BWI{L(8¢18¢2) L(5¢.502)}—¢1(W1){5¢.5¢2L(5¢.5¢2) 81802 L (8, 802) }-

This partial derivative is non-negative since ¢| < 0 and the quantity in curly brack-
ets is non-positive as well. This follows from the facts that #L’(z) is non-decreasing
and ¢ < cop which means that 84,84, < 8¢,802. Thus, L(84,84,) — L(8p,802) <
L(80184,) — L(801802). By taking expectations and using the fact that 89184, domi-
nates § we get that 84,84, dominates 84, 8o2. The proof for 816y, is similar. O

In the case that L satisfies (1) and is also convex in In 7, by combining Theorems 2
and 3, we immediately obtain the following result.

Corollary 1 Let 8y, , 8¢, in (8) be improved estimators of 1/01, 02 satisfying
(1) ¢1(wy) is non-increasing in wi > 0 and 1imy,, o0 ¢1(w1) = co1,
(i1) ¢2(w2) is non-decreasing in wy > 0 and limy,,— oo ¢2(w2) = cpo.
Assume that (1) holds and L is convex in Int. Then 84,84, dominates both ¢, 802 and

80184,-

By taking a look at Table 1 we can see that the entropy loss as well as some other
popular loss functions are indeed convex in In ¢ and hence Corollary 1 applies. More
generally, we get the following result.

Theorem 4 Suppose that the assumptions of Theorem 3 hold for ¢, , 8¢,, 8o and L is
convex in some monotone absolutely continuous function u(t) with inverse v(t). Then
v (u (8¢ 602) + u(8018¢,) — u(So1 802)) dominates both 84,802 and 8010, .

Proof The condition that L is convex in u(r) means that u’ (1)~ L'(t) = v/(u(r))L'(¢)
and u(t) have the same kind of monotonicity. Similarly to the proof of Theorem 3,
observe that limw, — oo {L(v(u(8p,802) + u(8018p,) — u(801602))) — L(8¢,802)} =
L(8018¢4,) — L(801802) and that

ad
T L (20 01802) 4 uGorg,) — utBordun))) = LGy d00) |
@ (W1)
$1 (W)
XL (0189, 802) + u(B0184,) — uB01802)) ) — v/ (485, 802)) L (B, 802) |

= u'(84,802) 3¢1502{v/(u(5¢1302) + u(8018¢,) — u(801802))

The proof now proceeds as in Theorem 3. O
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The next result generalizes Corollary 1.

Corollary 2 Let 8y, , 8¢, in (8) be improved estimators of 1/01, o2 satisfying

(1) ¢1(wy) is non-increasing in wy > 0 and limy,, 0 ¢1(w1) = co1,
(i1) @2(w2) is non-decreasing in wy > 0 and limy,— oo $2(w2) = cpa.

Assume that (1) holds and L is convex in some monotone absolutely continuous func-
tion u(t) with inverse v(t). Then v(u (8¢, 602) + u(80184,) — u(801802)) dominates both
84,002 and 80184,.

Theorem 3 is a special case of Theorem 4. Indeed, by taking u(¢#) = Intr we
have v(r) = e’ and so, v(u(84,802) + u(8018¢,) — u(801802)) = exp{In(8g,d02) +
In(80184,) — In(801802)} = 84,84,. The squared error loss L(t) = (t — 1)? is convex
inu(t) = t*,1 < k < 2. Then, v(t) = t'/¥ and thus, the estimator v(u(8p,802) +
u(B0184,) — u(801802)) = {(84,802)* + (80184,)* — (801802)"}'/* dominates both
84,802 and 80184, For k = 1, this is just Kubokawa (1994b) estimator. As an addi-
tional example consider the loss function L(t) = (% — 1)% which is clearly convex
inu@®) =+t7%1<k <2 By Corollary 2, under this loss function, the estimator
V(U (8p,802) + u(80184,) — u(S01802)) = {(89,802)™F + (B0184,) ™ — (801802) )~/
dominates both 84, 802 and 8018,

The above results can be extended to a broader class of estimators of o7 or 1/07.
For i = 1,2, let ¥;(w;, s;) be absolutely continuous functions with respect to wj,
defined on (0, oc0) x (0, 00), and set

©)

s WL SHST W =0, o [9n (W, )8, if W2 >0,
1 = So1 otherwise, 802 otherwise.

The next result provides single-adjustment improved estimators of p based on &y, .

Theorem 5 Assume that (1) holds and lim,, _, oo Vi (w;, s;) = coi, for every s; >
0,i =1, 2. Then we have the following.

(1) 8y, 002 improves on 8y = 80102 if and only if 8y, improves on .
(il) 8018y, improves on 8y = 801802 if and only if 8y, improves on 8.

Proof Write E{L(8/p)} — E{L(y,802/0)} = E{[{ &L (coapi(t Wi, §1)522L)
dtI(W; > 0)} and follow the proof of Theorem 2. O

Analogously to Theorem 4, in the following theorem we obtain double-adjustment
improved estimators based on 8y, , i = 1, 2. Its proof is similar to those of Theorems 3
and 4 and therefore is omitted.

Theorem 6 Let 5y, beasin(9),i =1, 2. Assume that 1 is non-increasing in wy > 0
with limy,, 00 Y1 (w1, S1) = co1 for every s1 > 0, ¥ is non-decreasing in wy > 0
with limy, o0 Y2(w2, $2) = co2 for every s > 0 and the estimators 8y, 802, 80106y,
dominate §o = 801802 with respect to the loss function L. Assume also that L is con-
vex in some monotone absolutely continuous function u(t) with inverse v(t). Then
v(u(é,/,l&og) + u((S()l(S,/,z) — u(801502)) dominates both 5]/,1502 and 5015,/,2.
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It is evident, that combining Theorems 5 and 6 we can get similar results to those in
Corollaries 1 and 2.

The above results demonstrate that, under the conditions stated, the problem of esti-
mating p reduces simply to the estimation of 1/01 and o>. That is, if one has available
or can derive improved estimators 8¢, , 84, Or 8y, , 8y, then he/she can immediately
construct double-adjustment improved estimators for p through our approach, rather
than trying to extend an existing specific one-sample method of estimating a single
scale parameter. Conditions (i) and (ii) of Corollaries 1 and 2 (also appearing in The-
orems 3, 4) are mild and hold for typical improved estimators 84, and J4,, such as
Stein-type, Brown-type, Brewster and Zidek-type, Kubokawa-type and Strawderman-
type procedures. Thus, respective estimators of p are then easily found. For estimating
a normal variance, improved non-scale equivariant estimators of the form &, in (9)
have been presented by Shinozaki (1995). Following his approach, improved Shino-
zaki-type estimators of the form dy, in (9) for a normal precision under the squared
error loss can also be constructed (see Subsection 3.3). Thus, by invoking Theorems 5
and 6, non-scale equivariant single as well as double-adjustment improved estimators
of the ratio of two normal variances are immediately obtained.

3 Applications

In this section we present several applications of our main results. We will need, in
addition to (A), the following conditions. From Sect. 2, we recall that «; (io;, 00i) = 0
and set h; (1) = h;(t; woi, 00i),t >0and V; = §;/oi,i =1, 2.

(B) Fori = 1,2, hi(t; i, 0i)/ h;i(t) is non-decreasing in t > 0.
(C) ForO0 <a < b,i =1,2,h;j(at)/hi(bt) is strictly increasing in ¢ > 0.

3.1 Improved estimators of p based on Kubokawa’s one-sample method

For a strictly bowl-shaped loss L, Kubokawa (1994a) showed that under (A) and
(B) the estimators 84, and 6y, of 1/01 and o7 given by (8) improve on ¢ and J¢2,
respectively, if

(i) ¢1(wy) is non-increasing and lim,,, 0 ¢1(w1) = co1,
i) E{L/@wnvhy i wn <} <0, v > 0,
(iii) ¢2(w2) is non-decreasing and limy,, o0 ¢2(W2) = co2,
(iv) E{L/(¢2(w2)V2)V2 | W2 < w2} <0, Vwy > 0,

where expectations are evaluated at u; = wo; and o; = oyp;. For instance, under (A),
(B) and (C), the Stein-type and the Brewster and Zidek-type estimators of 1/07 and
oy satisfy (i)—(iv) (see Kubokawa 1994a). Conditions (A), (B) and (C) are known
to hold, in particular, for normal, exponential (and hence lognormal and Pareto)
as well as inverse Gaussian distributions. Consequently, using 84, and 84, we can
immediately derive double-adjustment improved estimators for p by employing
Corollaries 1 and 2. A summary of these improved estimators for certain well-known
loss functions is given in Table 2. The loss functions marked with an asterisk are
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Table 2 Well-known convex and non-convex losses and respective classes of double-adjustment improved
estimators (x: non-convex loss)

L(t) u(t) Improved estimator
2 k k k AR
-1 1<k <2 {(5¢1502) + (8013¢,)" — (801802) }
1/k
f—Inr—1 *0<k<1 {(5¢1502)k + (0184 — (501502)’<}
Int 5¢15¢2
(Inn)? « Int 8, 80y
12 —k —k —k _k) Tk
-2 <k <2 {89102 7% + Go169y) ™ — Go1802) 7]
_ _ _ _ —1/k
Lpine—1x % 0<k<1 {(5¢1502) k4 (50184y) 7% — (501802) k}
Int 8¢15¢2
1 k k k Kk
412 K —1 <K<k A0 { @91 802 + G0185,)* = G010
Int 5¢] 5¢2

Analogous estimators are obtained using dy,

non-convex and hence the respective estimators cannot be derived from the existing
literature. In the case of squared error loss, our class of estimators extends Kubokawa
(1994b) class 8¢, 802 + 80184, — 801802. For the entropy loss, the improved estimators
84,802 + 80189, — 01802 and 84,54, were also obtained by Kubokawa (1994b) and
Kubokawa and Srivastava (1996), respectively, the latter, however, by exploiting the
convexity of t — Int — 1, whereas we employ its convexity in In 7. Especially, taking
34, and &4, to be the Stein-type or the Brewster and Zidek-type improved estimators
of 1/01 and o>, we get Stein-type and Brewster and Zidek-type estimators of p for
each of the above mentioned models and for each loss of Table 2. Also, Ghosh and
Kundu (1996) generalized Bayes estimators of the ratio of two normal variances are
single-adjustment improved estimators of the form &, o2 or 80184, With 85, and 84,
satisfying (i)—(iv) and hence their dominance follows from Theorem 2.

3.2 Improved estimators of p based on Strawderman’s method

Using a different method than Stein (1964), Brown (1968) and Brewster and Zidek
(1974), Strawderman (1974) and Maruyama and Strawderman (2006) obtained
improved estimators for the variance of normal distribution with unknown mean.
Lately, Strawderman (1974) method was extended to a general scale parameter by Bob-
otas and Kourouklis (2009). Below, we first derive Strawderman-type estimators for the
ratio p = o3 /07 of two normal variances. Let X, X, S1 and S, be independent statis-
tics where X, X have multivariate normal distributions N, (141, 011), Ny (112, 0214)
with unknown mean vectors w1, up and Sy/o1, S2/02 have chi-square distributions
X2, x5 We set Wi = [|X1]|2/S1 and Wy = [|X2]?/S,.
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Example 1 (Squared error loss) In this case, 51 = (n—4)S171 and 8pp = (m+2)"1$,.
For estimating o2, Maruyama and Strawderman (2006) derived the improved estimator
8p, = (1 4+ W2)S5/[(m +2)(rp + 1 + W3)], whereas Bobotas and Kourouklis (2010)
obtained the improved estimator 8y, = (n —4)(r; + 1+ Wl)Sl_l/(l + Wy of 1/o1,
for 0 < r; < ro; where rg; are specified constants, i = 1, 2. Since L(t) = (t — 1)2 is
convex in tX, 1 <k < 2, Corollary 2 provides the Strawderman-type estimator of p

n—4[(r1+l+W1)k ( 1+ W, )k_l]l/"Sz

= —. (10)
m—+2 1+ W mn+1+ W S1

Noticeably, neither 84, nor 84, satisfy Kubokawa (1994a) conditions (ii), (iv) given
above. The proof of this fact, for §4,, is given in Maruyama and Strawderman (2006,
p. 3829) and for &4, follows in a similar way. Thus, not even in the case k = 1, the
dominance of § in (10) can be established by Kubokawa (1994b, Theorems 2.2 and
2.4) despite the fact that it has then the form of Kubokawa (1994b) double-adjustment
improved estimators. For k = 1, § in (10) is also given in Bobotas and Kourouklis
(2010).

Example 2 (Entropy loss) In this case, o1 = (n — 2) Sl_1 and 8pp = (1/m)S,. From
Maruyama and Strawderman (2006) and Bobotas and Kourouklis (2010) we use the
improved estimators of 02 and 1/071, 8¢, = (1 + W2)S82/[m(r2 + 1+ W3)] and 8y, =
n—2)r1 +1+ Wl)Sl_l/(l + W), respectively, where 0 < r; < r(, and r(, are
specified constants, i = 1,2. Since L(t) = t —Int — 1 is convex in In¢ and t*,
0 < k < 1, by Corollaries 1, 2, we obtain the improved Strawderman-type estimators

n—2(+14+ W)+ W) S

8¢ 0, = — 11
#1002 AT W2+ 11 W) 5, (b
and
k k k) Vk
{(5451502) + (80184,) —(501502)}
2 14+ Wink 4w, & kg
SN () a2 )
m 1+ W rn+14+ W, S

In this case too, the dominance of these estimators cannot be ensured by Kubokawa
(1994b) or Kubokawa and Srivastava (1996). The estimator in (12) for k = 1 and
84,94, in (11) were also derived by Bobotas and Kourouklis (2010).

Strawderman-type estimators of p in general models have not as yet appeared in the
literature. In the following example we obtain such estimators under the loss t+1/1 —2.
Analogous results can be derived for other losses of Table 2 as well but are not given
here for the sake of brevity.

Example 3 Consider the symmetric loss L(¢) =t + 1/t — 2 and assume the model in
(5). We also suppose that (A) and (B) hold. In this case do; = co1 Sl_1 and 8gp = ¢2.52,

where cél = E(Sl)/E(Sl_l) and C%z = E(Sz_l)/E(Sz). The expectations are evaluated
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at o; = 02 = 1 and are assumed to be finite. In the Appendix it is shown that §p; and
802 are improved by the Strawderman-type estimators

i -1 .

c l+—+—1}S if W; > 0,

5 = 1" [ 1+ Wpe ] ! : (13)
So1 otherwise

and

Coz[l—r—2]SQ if Wo > 0,

8¢, = (I 4+ Wy« (14)
802 otherwise,

respectively, where ¢, > 0,0 < r; < Bj(€;), and B;(€;) is given in (16),7 = 1, 2.
Since L(t)is convex inIn ¢ and 1<k < 1,k # 0, Corollaries 1 and 2 provide the
improved Strawderman-type estimators of p, 4,84, and § = { (8¢, 802)]‘ + (801 8¢2)k —

1k .
(S01802)%} /e,

' | E— 1 2 2 Wy s 0. W > 0
coic —_ — =)= ifW; >0, W, >0,
o1e0 (1 + Wpe A+wpe) s, ! :
(1+ n )S2 if W, =0, Wy <0
€01€02 | = 1 1 >0, W, <0,
5015, = A+ wpa) s
S
cotcoz | 1 — )= it Wy <0, Wy >0,
14+ Wy ] S
| 501802 itW; <0, W, <0
and
1/k
co1€ 1+—r1 k+ 1——”2 k—l /%
o1e02 (1 + Wpe (1 + Wy)e 3

if Wi >0, W, >0,

§ = ri S .
co1C 1+ —) = if Wy >0, W <0,
01 02( (1+W])El) S, 1 2
r S .
1— <)== if Wy <0, W >0,
CO””( 1+ Wz)fz) Si ! ?
801602 it Wy <0, W, <0.
3.3 Improved estimators of the ratio of two normal variances
based on Shinozaki modifications
Let X1, X2, S1, 5 be as in the beginning of Sect. 3.2 and set 7; = ||Xl-||2 for

i = 1, 2. For estimating o2, Shinozaki (1995) proposed various methods for modifying
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classical improved scale equivariant estimators (e.g., Stein’s estimator). Shinozaki’s
estimators are not scale equivariant, improve on the best equivariant estimator of
02, and are expected to offer larger improvement in a certain region of the parame-
ter space. Here, we only discuss Shinozaki modifications of Strawderman-type esti-
mators of p = o»/01 under the squared error loss. For estimating o2, as a spe-
cial case of Shinozaki (1995, Theorem 2.3) we get the improved estimator 8y, =

532 . .
m;ﬂ{l —1rby(S + TZ)W}SZ, where b>(-) is non-decreasing on (0, co) and

2ger T(q/24m/242e24+2)T(m/24€r+1)
m+q+2 T(q/2+m/2+e+2)T (m/24+26,+2) °

Following Shinozaki (1995) approach, we can modify a class of Strawderman-type
estimators of a normal precision given by Bobotas and Kourouklis (2010) and obtain

satisfies 0 < by(*) < l,ep > 0and 0 <rp <

€1
the improved estimator of 1/01, 8y, = (n — {1 + r1b1(S1 + Tl)(SHSFW}Sl_I’
where bj(-) is non-decreasing on (0, co) and satisfies 0 < bj(-) < 1,¢; > 0 and

2pe) I'(n/24€1=2)T'(n/24-p/242€1=2) . .
=4 T/ 2426 DT (n 24 p 2re =) The proof of this result is similar to

that of Theorem 2.1 in Bobotas and Kourouklis (2010). Therefore, using 8, and
dy,, Theorems 5 and 6 apply and give the improved Shinozaki-type estimators of

1/k
P, {8,802 + (B018y,)* — Gordo)k )/ 1 <k < 2.

0 <r <

Appendix

We consider the model in (5) and construct Strawderman-type estimators for 1/o
and o7 under the symmetric loss L(t) = ¢ + 1/t — 2. The respective best equivari-
ant estimators are given by §o; = co1 Sl_l, 802 = ¢Sy, with c(%] = E(Sl)/E(Sl_l)
and c(z)2 =E(S;, ) /E(S>). Following Strawderman (1974), for improving on 8y and
802 we consider estimators of the form §4,, 84, in (13) and (14), respectively, where
as before W; = T;/S; and ry, r» are positive constants to be determined below. For
convenience, we set a; = (—1)i, i =1, 2, sothat 84, and §¢, can be written as

Coi [1 —aiL Slf”' if W; >0,
gy = 1+ We (15)

Soi otherwise.

Recall that w;, og; are defined in the beginning of Sect. 2 and V; = §;/0;,i =1, 2.

Theorem 7 Assume that Conditions (A) and (B) hold. Then, foreverye; > 0,i = 1,2,
the risk of 8y, is strictly smaller than that of 8o; provided O < r; < B;(€;), where

(16)

1 E/‘i=lt()i.rri=(70,- {(1 + Wi)—éi Vi*a,'}
Cgi El‘i=#0,-,rr,-=(r0i {(1 + Wi)—ei de,'} s

Bi(€;) = aj [1——

and a; is as in (15).
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Proof Due to the form of dp; and &y, , their risks difference is given by
RD(80;, 8¢;)
= E {0/ + Goi/of) " =2} — E {8 /01" + 64 /017 =2

= B (9SO T s e (1 — 4T Sl Vi ws
_r,E<a,((1+W_)el_ [coi(Si /o) (1 (1+Wi)€[_)(l+Wl)] )I(W,>O)]

-1
i Y; @ a;ri .
= ] - — i
rzaz/ / {(1+wl)€' |:C()lyl ( (1+w,)€t)( +U)t) ] ]
xyi gi Wi hi (Wiyis iy o) (wiyi > ki (i, 07))dyidw;.

By a change of variables u; = 1/(1 + w;),v; = (1 + w;)y; and setting B; =
max{x; /(1 —u;),0},i = 1,2, we obtain

€;—a;
u.
R0 s) =rai [ [ e - |
: coiv (l_azrz“ )

xv; gi (uivi)hi (1 — ui)vis i, Ui)dvidui

1 00 N Lﬁi*“f
€ Ta; da; 1
Z riai/ / {C()iul-’ vt — ai—}vl‘gi(“ivi)
0 Jg coiv; (1 —ajr;)

x hi((l — UV i, Ui)dv,'du,-.

A straightforward calculation for each value i = 1,2 separately entails that
RD(80;, 6¢,) > 0 provided that

1 €i—a; 1—a;
1 Joui ™ f,;o v; i uivi)hi (1 — ui)vis pi, o) dv;du;
Fi < di 1= 2 €i+a; roo _l+4a; .
oi o u; fﬂ, v; i uivid)hi (1= ui)vis pi, o) dv;du;

= ai{l — cp Lies piv o)}

say. Using a similar argument as in the proof of the relations (2.11) and (2.14) in Bob-
otas and Kourouklis (2009), it can be shown that, under (A) and (B), 11 (¢1; u1, 01) >
I (e1; o1, 0o1) > cgl and I (ep; ,uz, 02) < L(ex; o2, 002) < c(z)2 Moreover, it is
easily seen that [; (¢;; ioi, 00i) = E,,— ;. 01=00; {(1 +W)EV, i }/E,L - {(1 —|—
W)€ Va’ } and this completes the proof.

Acknowledgments We wish to thank a referee whose suggestion led to treating non-scale equivariant
estimators and, in particular, Shinozaki-type estimators.
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