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Abstract Consider non-recurrent Ornstein—Uhlenbeck processes with unknown
drift and diffusion parameters. Our purpose is to estimate the parameters jointly from
discrete observations with a certain asymptotics. We show that the likelihood ratio of
the discrete samples has the uniform LAMN property, and that some kind of approxi-
mated MLE is asymptotically optimal in a sense of asymptotic maximum concentration
probability. The estimator is also asymptotically efficient in ergodic cases.

Keywords Ornstein—Uhlenbeck processes - Non-recurrency - ULAMN property -
Discrete observations - Joint estimation - Asymptotic optimality

1 Introduction

On a filtered probability space (2, F, P, (F;);>0), we consider 1-dim Ornstein—
Uhlenbeck (OU) processes X given by the following SDEs:

dXt :MX[dt‘i‘\/gdW[, X() =X, (1)

where W is a Wiener process, ¥ = (u, o) is a parameter which values as u € int (2)
and o € int(IT), where E and IT are compact convex subsets of R and (0, c0), respec-
tively. We denote by ® = E x II. The properties of OU processes have been well
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194 Y. Shimizu

studied by many authors, and it is well known that X is positive recurrent (ergodic) if
€ (—o0, 0); null-recurrent if £ = 0; non-recurrent if & € (0, 00).

When we observe X at discrete time points {ti}l'.’=0 with t; = i A for some A > 0,
estimation of ¢ from observations {X; := X, }i_ is one of the most fundamental
problems in statistical inference for SDEs. Actually, there exist many works on infer-
ence for ergodic diffusion processes from discrete samples. However, for non-ergodic
diffusions, there are only a few works for discretely observed cases; see Kasonga
(1990), Jacod (2006) and Shimizu (2009a), except for continuously observed cases;
see e.g., a monograph by Prakasa Rao (1999a,b) and Kutoyants (2004). The aim of
this paper is to construct an optimal estimator of ¢ from {X;}?_, under the following
assumption (H): a high-frequent sampling in a long term.

Assumption (H) E C (0, 00); A - Oand nA — oo asn — o0.

In the OU-case, the transition probability from X;_; to X; is explicitly known:
under Py,

Xi = "X+ ot () (=1,2,...,n),

fi ) 1
where €/ (s) 1= et"“/ e M dW, ~ N (0, — (XA — l)) .
fi-1 2

When A > 0 is fixed, the sequence {X;}_ is regarded as an AR(1)-time series:
X; =aX;_1 +u;, wherea :=e®

and u;’s are L.1.D. normal innovations. A little different point in OU series from the
context of usual time series is that #; also depends on «. Unless u; depends on «: the
usual AR(1), the rigorous MLE of « is given by

2 XiXi

= 2
ST X2, @

n
A . 2
oy = arg min E |Xti —oin,1|
aeR 4 ]
1=

Parameter o determines the stability of {X;}. The non-recurrent OU cases correspond
to the cases where o > 1: non-stationary AR(1). In this case, Anderson (1959) studied
the rate of convergence of &,, which is «”-order. On the other hand, when A — 0 as
n — oo: o — 1, the situation is similar to an AR(1) model with a root near unity,
discussed by Phillips (1987). He considered the situation such as @ = e*/". Therefore
his argument corresponds to the case where A = 1/n: nA is fixed in our notation.

He showed that n(a, — «) g B() as n — oo for some B(w), and considered the
asymptotic behavior of S(u) as || — oo in order. However we are interested in the
case where A — 0 and nA — o0, which corresponds to the case where n — oo and,
at the same time,  — oo in terms of Phillips (1987) setting.

Suppose that the process X is observed time-continuously on [0, T'], where only 1
is the target of estimation since o is estimated consistently by computing the quadratic
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LAMN for sampled non-recurrent OU process 195

variation of X in a local time interval. The MLE of u is given by

T
~MLE ._ fo Xy dX _ X% —x*=T
T T - T

Jo XZds 2 [y X2ds

which is the maximizer of the log-likelihood function — 1 [ u2X2ds+ [ X dX,.
As is well known, if > 0, this estimator is asymptotically mixed normal with expo-
nential rate of convergence; see Feigin (1976), or Dietz and Kutoyants (2003): as
T — oo,

e/LT

(i — ) 2> 0722 with v, = —(x+ N 3)

no

where £, = fooo e " dWs and Z is a standard normal random variable independent
of &,,. On the other hand, we have only discrete samples {X;}!"_,, and the following
approximated MLEs are often used:

CAMLE . 2iet Xi(Xi — Xi—1) or X2 —x?>—nA
T 2 P 5 -
! AZ?:l Xi—l 2A Z:’lzl X,'_l

These are discrete versions of /ll}/ILE replaced d X with (X; — X;_1), and fOT XS2 ds
with A >"" | X? . The former estimator is also obtained via the least squares method
or a contrast function due to a discretization of the continuous time likelihood function;
see, e.g., Le Breton (1975); Kasonga (1988) and Prakasa Rao (1999b). If X is ergodic,
it is known that, under the asymptotics suchas A — 0,nA — oo and nA3 — 0, both
of AAMLE g are asymptotically efficient in the sense of the minimal asymptotic vari-
ance with v/n A-rate of convergence; see Shimizu (2009b). See also Kessler (1997) and
Gobet (2002) for more general results for diffusion processes. If X is non-recurrent,
one may also expect that either estimator attains e”"*-rate of convergence. However

the answer is negative: e""® (AAMME — 1) — oo although v/nA(AAMEE — ) is

tight. This is due to the rough approximations of dX and fOT st ds, and it indicates
that the often used contrast functions based on the local Gauss approximation of the
likelihoods is inadequate in non-ergodic cases: see Shimizu (2009b).

Note that the likelihood function of (X1, ..., X,) is written explicitly:

n A 2 n 2uA
,LL(X,'—e“ X,'_l) 1 ehe — 1
— — —1 _ .
exp( Z o (e2hd 1) Z 508 2u o

i=1 i=1

However, the rigorous MLE of p cannot be written explicitly. In view of (2), it may
be better to use the following estimator:

n
2
lp := arg min X; —e"2 X4, 4
Mn gyég;’ i i—1 ()
=
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which is well-defined since the parameter space E is compact. In particular, if [, is
a local minimum in &, the explicit form is as follows:

. 1 2 XiXi—l)
fn=log\ ==——— |- (%)
A ( PYED o

This estimator is not new but a trajectory-fitting estimator (TFE) proposed by Kasonga
(1988), and the weak consistency has already been shown. We further show that it
attains e -rate of convergence with the same asymptotic distribution as in (3) with-
out any restriction except for (H).

In the discretely observed cases, the diffusion coefficient o is also the target of
statistical estimation, unlike the continuously observed cases. In OU cases, we can
directly compute the maximum likelihood estimator for o. We shall show the rate of
convergence is i/ which is the same as in the ergodic cases. The rate would be natural
since the diffusion coefficient is due to a local characteristic of the quadratics of X
which is nothing to do with the ergodicity which is a global property. We also show
that our estimators of x and o are optimal in some class of estimators in the sense of
the maximum concentration at all € ® in probability by showing that the likelihood
ratio of {X;}?_ is locally asymptotically mixed normal (LAMN).

Of course, we also remark that the proposed estimator is also asymptotically effi-
cient if X is ergodic: see (11) and Corollary 1 below. Therefore, one should use our
estimator even if X is ergodic or non-ergodic under the discrete sampling.

In the next section, we describe the main results. All the proofs are presented in
Sect. 3.

2 Main results
2.1 Notation
Let us prepare further notation:
1. Py:the induced measure of P by X with ¢ = (u, 0); Ey: the expectation w.r.t
Py;

2. V= (0, 80)T, where d, := d/dx, and T is the transpose;
3. For matrices A, and B,, A, ~ B, means that B, A, tends to the identity

matrix;

4. For amatrix A = (aij)?jzl , diag(A) stands for diag(ayi, a2, - .., aqq);

5. EX = e¥2 — 1; DA(s) := X; — ¢*2X;_1. Note that DA (1) = Joel (1)
under Py:

o 2DP () = € (w) ~ N (0, E2 /21) ;
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LAMN for sampled non-recurrent OU process 197

6. £,(¥) is the exact log-likelihood function of {X;}7_,, which is written as
n A 2 A
uDrwP 1 (oE}
() = — — 41 —1;
= 3 ML (%

A

7. O = (fn, 6,,)T, where (i, is given in (4), and

A PN oA 25~
Gn = Gnjn)  with Gy(s) = —x > IDPO)I.
Soi=1

6, (1) is the MLE given the true u: 6, (1) = arg maxqer £, (1, o).

8. S, (¥) := Vul,(¥): score vectors; B, (V) := —Vﬂvg—ﬁn (1): observed infor-
mation matrices; I,(9) := Ey [diag(B,, (19))]: diagonalize expected informa-
tion matrices;,

9. L,(@®) := I, *(®)S,(®) and G,(®) = I, > B,(®)1, /> (®): the nor-
malized versions of scores and observed information, respectively;

10. Let 0¥ (h) := 9 + I, /*(9)h for h € R2, and denote by

AD(h) i= (95 (h)) — £y (D);

ra(h, ) == AV (h) — {hT L, (9) — %hTGn(ﬁ)h]

AZ = (AZ (h)) g2 is the log-likelihood ratio random field, and r (h, ¢) is the
remainder of a quadratic approximation of A,’z.

The following LAMN property for the likelihood ratio process is important in non-
ergodic statistics; see Basawa and Scott (1983), Jeganathan (1982) and Luschgy (1992)
for details. The definition of uniformity of the LAMN below is due to Basawa and
Scott (1983).

Definition 1 The random field A? is locally asymptotically mixed normal (LAMN)
at v € O if the following two conditions are satisfied: as n — oo,

(A.1) there exists an almost-surely positive definite random matrix G (%) such that

(Ln(®), Gu(®)) —> (G'2(9)Z, G(9)) under Py,

where Z is a standard normal vector independent of G (%});
(A2) rp(h,9) i> 0 under Py forany h € R2.

If (A.2) holds for any bounded sequence (h;) C RZ: 1, (hy,, ©) —P> 0, then we say
that the random field AZ is “uniformly” LAMN (ULAMN).

If the matrix G (¢) is deterministic, then AZ is called locally asymptotically normal
(LAN). For details on the LAN theory, see, e.g., Ibragimov and Has’minskii (1981).
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198 Y. Shimizu

Definition 2 A sequence of estimators {7},} is “regular at ©” if there exists a random
variable T (¥) such that, for every h € R2,

(2T, = 9700, Ga @) 2> (T(), G@)) under Pogy  (6)

asn — oQ.

2.2 Main theorems

Theorem 1 Under Assumption (H), the random field A,’z is ULAMN at all 9 € ©
with G () := diag (gx_,}?vu, 1/2), where v, is given in (3), and

x2 1

8x, 9 = 2o + e

The LAMN condition for all % € ® can yield the upper bound of the concentration
probability for estimators: if {7,,} is a regular sequence of estimators, then

dim Py (1, (9)(T, = 9) € C) < Py(GT ) Z € C) @)

for any convex symmetric set C C R? and every 9 € ®; see Basawa and Scott (1983),
Theorem 2.2.1. Hence an estimator 7, is asymptotically optimal in the regular class
of estimators in the sense of asymptotic maximum concentration probability at ¥ if

Tim_ Py {1, ()(T; = 9) € C} = Py{G™*(9)Z € ) ®)

forevery ¥ € ®. The optimality is sometimes called asymptotic efficiency in Wolfowitz
sense; see Weiss and Wolfowitz (1974).

Theorem 2 Under Assumption (H),

("2 (e — 1), V(6 =0), Gu(@)) —> (v, 21, V2022, G@))  under Py

)
forall & € ©, where (Z1, Z) is a standard normal vector independent of v,,.
Remark 1 In the proof of Theorem 1, we will show that
1229) ~ diag (g,/5e"" 07! Vi) : (10)

see (24) below. Thus, by (9) and (10), we have
(1;/2(19)(13\" —9), Gn(ﬂ)) A (G*W(ﬂ)z, G(ﬂ)) under Py
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LAMN for sampled non-recurrent OU process 199

for every ¢ € ©. Moreover, it is easy to see the regularity of {19,1} from the above
convergence with LAMN condition for every ¢ € ©:

( BP9 — 07 (), G,,(z?)) (G‘1/2(0)Z,G(ﬂ)) under Py )

forevery h € R2. For the proof, use e.g., Basawa and Scott (1983), Lemma 1.3.2, (b),
and check the convergence of the corresponding characteristic functions. Therefore,
our estimator ¥, is asymptotically efficient in Wolfowitz sense.

Remark 2 Without showing the regularity of D, we see that /1, itself is asymptotically
efficient since [1,, has the same asymptotic distribution as for the continuous version
MLE: 2}E | which is also asymptotically efficient in Wolfowitz sense; see Basawa
and Scott (1983) and Luschgy (1992).

Appropriate norming matrices for By to yield the asymptotically normal limit with-
out a random mixture are G, 12 I, 12 (¥%), and we can show that

n 1/2
2 2 L2 . A n
G212 @) ~ 0,2 0) == diag{ =D X7, )
o= 20

see (24) and (25) in the proof of Theorem 1. If X is ergodic: E C (—o00, 0), then it is
easy to see by the law of large numbers; see, e.g. Lemma 8 by Kessler (1997), that

diag ((nA)*‘,n*‘) ) > diag (-(2;0*‘, (202)*1) .
Hence we obtain the following well known result:

(VA G — ), V6, — ) > (V=2121,V202,) | (11)

which is asymptotically efficient in the sense of minimal asymptotic variance in the
regular class of estimators; see Kessler (1997). See Sect. 3.4 for the proof of (11).
Consequently, we have the following result.

Corollary 1 Suppose that i # 0. Then, as A — 0 and nA — oo,

2B, B, — ) 2> Z,

where Z is a standard bivariate normal vector.

Remark 3 If u = 0, then the likelihood ratio would not possess the LAMN property.
In this case, j1,, would not be asymptotically mixed normal, but have a singular asymp-
totic distribution. The fact is well known in continuously observed case; see Feigin
(1979).

@ Springer



200 Y. Shimizu

3 Proofs
3.1 Preliminaries for proofs of main theorems

In what follows, we use the following notation:

n n
1
Vo= D X7 s Un(s) = —= D Xi 1D (s);
i=1 ”ﬂ;i=1

2

! DA (s EA
Wa(s) = > || © _E
P VoA 25 A
In particular, it follows under Py that
" du| ER
U, :=U, = A X _ ; W, =W, — A "
n ) ;E, (W)X n (1) \/Z A

Moreover we denote by

n
Uy = e MDA ),

i=1

andby X, 1= e M X,;; X; = e MiX;; X* = Sup, = X,.
The following lemma is a version of Toeplitz lemma for triangular arrays. The proof
is similar to the usual version’s, so we omit it.

Lemma 1 Let {a'}!_, be a positive bounded sequence, and put b, := > ar.

Suppose that a sequence {x['}!_, satisfies the following conditions:

sup |x!'| < oo for each fixed i; (12)
neN
lim  sup |x}1 —x| =0 forsomex € R, (13)

k=00 j nk<j<n

Then, for any sequence A, with A, ~ b;l, Ay D alx! - xasn — oo.

The next lemma is a corollary of Lemma 1 in the paper by Dietz and Kutoyants
(2003).

Lemma 2 X* is bounded in L?(Py) for any p > 0. Moreover, as n — o0,

o
X, — x+ JE/ e M AW, (= 2uovy,) (14)
0
almost surely. It also holds in the LP-sense for any p > 0.
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LAMN for sampled non-recurrent OU process 201

Proof Since
- ! o
X;=x+ ﬁ/ e M dw, ~ N (x, —(1 - e_z’”))
0 2

is a Gaussian martingale, we can deduce the almost sure convergence for (14) by the
martingale convergence theorem; see also Feigin (1976). Moreover it follows from
Doob’s inequality that, for any 7" > 0,

. - 1 —e 2#T\P
Ey | sup |X,|*P | < c,Ep|X7|*’ < C,, ( ) ’
1<T 21

where ¢, and C, are constants depending on p. Hence Eyp | X*|2P < o0o. Therefore we
can also deduce the LP-convergence for (14) by the uniform integrability of X,,. O

Lemma 3 Under Assumption (H),
Ae WAy, LN ov, under Py. (15)

Proof Letra := e**2. Noticing that V,, = >/, )N(iz_lrgfl, we have

A . "o . . -
—2unA 2 2 2 — —1 2. .—
Ae,2HnAY, = - (xn_l - z X7 =X, ra —XOVA").
=2

Since ra — 1 = 21A + O(A?) and "2 X2r " — 0 asn — oo, it follows that

A - 1
Ae 2y o 1X72171 = (_ﬂ + O(A)) Ry +o(1),

where R, := Z?:z (5(1271 — }??fz)rgn"’i_l . Therefore, we shall show that R, = 0, (1).

+

n—1
EolRal = X | %+ Xici|
i=1

—n
Laopyy 1€ GO NL2py T

n—1

~ 1 .
= 20X N2y 7 34 = 1) D e

i=1

1 e2#2 -1 »p

<2|X* ehA | — 5,
< 21X 2 (py) 21 ehh —1)2

thanks to Lemma 2. Thus we have
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202 Y. Shimizu

Ae2Hnly, = X2 | +o,(D). (16)

ran — 1
Therefore we obtain (15) from (14) and (16). O

Lemma 4 Under Assumption (H),

(in,ﬁn,Wn/ﬁ) 2) (\/m, Z]/\/T, \/EZQ) under Py,

where (Z1, Z3) is a standard bivariate normal variable independent of v,,.

Proof We note the following expressions:

n
X, —x = Zi;’, where X' 1= Joe MR (w);

n
U, = Zﬁ,” where ! := e_Mn_i)AEiA(M);
i=1

2
n A A
1 e~ () E
W, //n =: w?, where w! ;= — ! -2,
n/\/_ ; i i \/E A 2uA

which are martingale arrays. Therefore it suffices to show from the CLT for martingale
arrays; see, e.g., Hall and Heyde (1980), Chapter 3, and the Markovian property of X
that

ZZ]Eﬂ[(x'ﬁ |Xi- 1]—»5 ZEﬁ EHYXi21] = 0;

ZEﬂ[(M") X 1]—> — ZEﬂ[(M *Xi] — 0;

i=1

> sl 1Xim1] > 2 ZEﬁ[(w?)ﬂxi_l] Lo,

i=1 i=1

ZEﬂr”*ﬂx, 1125 0; ZEﬁM w!Xi1] > 0;
i=1

ZEﬁ[x;lwmx,-_l] 0
i=1

under Py: the last three convergences are clear since eiA (w) is normal variable with
mean zero and variance (2;,L)_1 (em“ — 1), which tends to zero as n — 00. Moreover,
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LAMN for sampled non-recurrent OU process 203

n n
“n\2 9 oua —2uiA g .
E Ey[(X)°1Xi-1] = —zu(e 2 —1) .E] e e — o

i=1

EA 2 n
ZEza[(x Y IXi-1] = ( ) ST mis o,
i=1

i=1
1—e2und ]

n EA
D Eol@)?1Xi] = 25

—_— % JES—
= w1 —e2ua 21

2
n EA 1_€—4unA
~n\d |y, _ 1 _ .
> Epl(@) 'X"]_3(_2M) T = O

i=1

EAN [ EAY
M .
ZEﬁ w})?|Xi - 1]—3(2 A) —(MA) — 2

i=1

)

> Egl]) X1l = 0™ — 0.
i=1

The last equality is due to the boundedness of E19[|el.A (w)/vVARIXi_1]. O

Corollary 2 Under Assumption (H),
(Ae2m2Y,, 18U, Wy /) 2> (o0 FTZ1,V22Z2)  under Py,
where (Z1, Z3) is a standard bivariate normal variable independent of v,.
Proof We shall show that
e Ay, — e MR, T, L5 0., (17)

Then, it follows from (16) that (Ae "2V, e *"AU,, W, //n) is asymptotically

equivalent to ()?3/(2;0, e MAX, U, W,,/ﬁ). Hence Lemma 4 yields the conse-
quence.
Let us show (17). By Schwarz’s inequality,

E ’e—/ulAU —e MY T | < H —un—i+hHA A ’ ‘ - X ‘
n nUn| = Z (n) L2(Py) i—1 n L2(Py)
A n
— E_M e—u(n—i-‘rl)A | — v
2u & "2y

which tends to zero by Lemma 1 with a!' = e H—itDA A — Eﬁ/(Z,u), and

x! = 1Xio1 — X, llL2¢py)- The conditions in Lemma 1 are easily checked using

Lemma 2. This ends the proof. O
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The next lemma is useful to simplify the computation below.

Lemma 5 There exists a deterministic C3-function )/IA satisfying that

ohyiun|=0@) (k=0,1273) (18)

ue._‘

as A — 0 such that Z,uA/Eﬁ =1+ ylA(u).

Proof Define a function f as f(x) = x(e* — D Vifx #0,and f(x) =0ifx = 0.
Then it is easy to check by the direct computation that f € C*. By Taylor’s formula,

1
2UAJER — 1= fQuA) — 1 = z;m/o f'QuAu)du =: y{ ().

Then, fork =0, 1, 2, 3,
ot () =24 / oy, (if' @udw) du

Since f € C* and E is compact, the last integral is bounded as A — 0 for any k,
which implies (18). O

Lemma 6 Under Assumption (H),

Ae~ZHnA (Sup |Un(s)| + sup |3§Wn(5)|) 0 (k=0,1);

SEE se€B

e Gun 13, Un (5)] -2 0

SEB
under Py.

Proof First, we show the case with k = 0. Note that, for each s € ©,

Un(s) = Uy + 072 — )V, (19)
2
W (s) = * Jea (e"d — MU,
1 ES  ED
T (oMA _ sA 2V ro_ s 20
+0A(e eV +n(2p,A 2SA)’ (20)

which implies that, Ae 2“2 (U, (s), W, (s)) LN 0; the convergence of finite dimen-
sional distribution of process (U,, W,) on C(®). Therefore the tightness of
{Ae‘zM”A(Un, W,)} in C(®) yields the consequence. We shall check the simple
tightness criterion:

sup Ae A, |:sup |8s Uy (s)| + sup |9, Wy, (s)|:| < 0. (21)
neN e sE@
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LAMN for sampled non-recurrent OU process 205

From the expressions (19) and (20), we have

AUpn(s) = —a 12 A2V, (22)

2 SA Q’eSA wA SA 1
8XWn(s) = —ﬁe Un - pu (6 — e )Vn - }’las m . (23)
1

Hence (21) can be easily checked since ® is bounded. This completes the case with
k = 0. Moreover (22), (23), and the case with k = 1 easily yield the case with k = 1.

[}
3.2 Proof of Theorem 1
Note that
D (s) = —Ae’ X1, DMw) = oel (w).
Using Lemma 5, we obtain that
1 A
ba@)==— Z DR (P14, (u))—— log(1+y{* (u))—— log(o'A);

1
utn(®) = —(1+ 7 (W) S8 DA ()X, — %A(“) > D8P
i=1 i=1
n

T2+ R

n

1 A
o n(9) = 55— Z DA ()P + y2 () — % =X

UEA

Oy (M)eMA
NG
/Lyl (/“L) au)’] (n) 810/1 (mWn

4200y i G
Z| al NG 201 + ()2’

02,(9) = Un 220 4y 0) (VU — 50,

1
Iln () = ———~ Z DR+ 00) + 5

D ba(®) =~ (1 4 YR ) +8P‘V1—A(‘“Z”‘,|D-A( )1
105 tn _O'\/E Y1 (W))Un 202A = i ()1

Step.1: Computation of I, := —Ey [dlag (VgV £y (ﬁ))]
Note that

EA . . .
Es[U,1 =0; Ep[|DF ()P = ﬁo; Eg[X?] = 28x% 4 Z(ezf“A — 1,
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206 Y. Shimizu

and
2uA
e 2 A 2 o no
Ep[Vy] = —— (22 — 1 — - —.
9 [Val £3 (e )(x +2M) 0
Thus we have
Ae2HA ZyLPWES Ay (uin
—Eg[02,(9)] = L4+ y2 (W) E[V,] + £ Kop— 1 ;
19[ " n( )] o ( Y1 (M)) [ n] ZMA(T 2(1 +)/1A(II«))2
B p2unhA 42 . 1  OmA)
T 2u o 21 nes
2 Ep A 1
—Ey[0;£,(D)] = m”(l + (W) + 352

n 1
— ({1 4+ 0 —.
SU+0@)+ 55

Hence we have

2 1
I,(9) ~ diag ((2’;—6 + W) 2, na_z) = diag(gr.pe”*"®, no"%). (24)

Step.2: Checking Condition (A.1).
We see that

—eTH2 0, (9) = 0T AeTHIAY, 4+ 0,(Ae M) Ly
1 Ep 1, 1

_,— 192 - I .
(@) no? Wn 202uA 202 T 262

1
ey Byl (D) = We_“”AUn +0,8) L0,

Therefore it follows from (24) that, for G, () := 1, />(9) B, () I, /> (9),

Gn(®) 2> diag (g;;vu, %) = G). (25)

Moreover it also follows from (24) and Corollary 2 that

et

A
) _ B Uy + 0p(nA);
Lu(@) ~ diag (g, *e ™" o/ vn) [ 70
oEf T

1
D, diag (‘/gglﬁvu, E) (2) = GY2(9)Z under Py.
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Since (L, G) are writtenby (Vy., Uy, W), wehave (L (1), G (8)) —2> (G12(8) Z,
G ().

Step.3: Checking Condition (A.2) for any bounded (h;,).
By Taylor’s formula, it follows for any bounded sequence /,, € R* with , # 0
and for n large enough that

—1/2

2] s ] < |12 (Ba @ ) = Ba ) 17 @)

< |: —3unA sup |a En(z‘/‘)l +n—1/2 —2unA sup |8280En(19)|
9€6 veo

" te ™A sup 18,020, (9)| 4+ n 192, (97 (hy))
Pe®
— agzn(ﬁ)q 0,(1).

Noticing that 9, U, (s) = —Ae’2V,, and that

D IDA ) = o AW, (5); (Z 1D ()] ) AeBUL(s), (26

i=1

we have
sup |8 L) = (V + sup |U, (s)|> O(Az) + sup |[W,(s)|O(A) + O(nA);
sEO SEE SEE

sup |0, 05 £, (9)] = (Vn + sup [Un(s)| 4 sup |Wn(S)|) 0(A);

e® SEE SEB
sup 10,007, ()] = sup [Upn ()| O (1) + sup W, ()| O(A).
sed sEB
Thus Lemma 6 yields that

TN Sup |95 €, ()| + n” e sup (9705 £, (9)]
V€O DeO

+n e MM A sup 18,02, ()] L.
Ve®

Moreover
320, (9" (hy)) — agen(ﬁ)’ = [Wa(u + e “2h,) — W, | O(1) + O(1).

Thanks to the expression of (20) in the proof of Lemma 6 and Corollary 2, we see that
nA 1
Wn(ﬂ‘i‘eﬂ hp) — W =0 Z+nA ,
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which implies that
_ P
n= 020,07 (hy)) — 92,(9)| — 0.

This completes the proof. O

3.3 Proof of Theorem 2

We shall show the following three convergences under Py for any ¢ € ©:

(12 (ftp— 1) /1 (6u () =), Gu(9)) —=> (v;l/zzl, V202,, G(z‘/‘)); 27

1 (B (fin) — 6u()) —> 0, (28)

which implies the joint convergence of them, and yield the consequence.
Let W, (v) := Z?:l |Xi — "2 X, |2: the contrast function given in (4). Using the
equality X, = eMAX 1+ eiA(,u), we have

W, (v) = (" — ")V, + 2/ (e"® — "M U,,.

Then, it follows from Corollary 2 that

sup |Ae 28y, (v) — L) 25 0,

VEE

where L(v) := (e"® — ¢"%)%v,,. The limit L(v) satisfies that infy.,_,j=c L(v) >
L(p) a.s. for any € > 0. Thanks to the standard argument for consistency of M-esti-

mator, we can conclude that [, LN , which implies that Py {;ln € int(E)} — 1
since u € int(E). Therefore, by a classical routine, we can assume that (i, is a local
minimum in 2 for n large enough: Py {BM W, (,) = 0} — 1, which implies that the
explicit form (5) is well-defined with probability tending to one. Using this expression,
we have

eMnA(lln —u)

ehn log( R xi_lﬁeﬁ(m)

A n 2
A et Zi=l Xl‘,'_|

A —punA
= e log (1 4 AemHn+DAS - \/EUn)
A

Ae—2unAy,

e /5,
= Ae—ZunAVn +0P(1)‘ (29)
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Next, by the definition of 6,, we have

V6 () — )—iz“—" o= B ) 2280 g
n(onp(L o _izl \/ﬁEﬁ Ei 127 2,bL _\/EEI% n-

Therefore, from (25), (29) and (30), the tensor
(" (A — 1), V1 () — 0) , Gu (D))

is written by (Ae‘zl‘”A Vyu, e M8y, Wn/ﬁ) via a continuous function, plus 0, (1).
Then Corollary 2 yields (27).
It remains to show (28). Thanks to Taylor’s formula, we have

|V (60 (fin) — 6a ()| < Vme 2 [8,6, ()| {e™™ (n — 1)} (B

where i}y := u + u(ft, — p) for some random u € (0, 1). It follows from Lemma 5
and (26) that

1 n
3560 (5) = 0 ((1 ) — 2 |D,~A(s>|2)
i=1

9 A 2 sA
sV (S)O‘Wn(s)— e

Up(s).

n

By Taylor’s formula, we have

o sup |85 W (s)] + sup [3; Uy ()| (1 + 2 (29))

NEIO) NEIC)

D (u A
1956 (7)) < [w 2 }

X (fln — ).
Therefore, applying Lemma 6, we see that
Ve 8,6, (i) = 0p (0”12,

This completes the proof. O

3.4 Proof of (11)

The route of the proof is the same as one of Theorem 2. Hence we shall show only

VA (i — 1) 2> =207y (32)
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If X is ergodic: E C (—o0, 0), then it is easy to see that, as A — 0 and nA — o0,

v, 25 =% under Py. (33)
2p

For the proof, note Lemma 8 by Kessler (1997), and that the stationary distribution of
X:is N (O, —0(2u)_1). Moreover we can show by the same argument as in the proof
of Lemma 4 with (33) that

((nA)_l/zUn, W,,/ﬁ) N (,/—o/ZuZl, ﬁzz) under Py.  (34)

Here we use again the expression (5) by assuming that (i, is a local minimum in E:

— VnA S XiioeR ()
nA(iy — 1) A log{ 1+ oHA 2?21 X2

ti—1

vnA Joe ' (nA)T12,
A log{ 1+

\/H_A nilvn
(A~ /oU,

= 1).
I’l_an +0p( )

This yields (32). O
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