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Abstract The paper considers the least absolute deviations estimator in a nonlinear
parametric regression. The interest of the LAD method is its robustness with respect
to other traditional methods when the errors of model contain outliers. First, in the
absence of change-points, the convergence rate of estimated parameters is found. For
a model with change-points, in the case when the number of jumps is known, the con-
vergence rate and the asymptotic distribution of estimators are obtained. Particularly,
it is shown that the change-points estimator converges weakly to the minimizer of
given random process. Next, when the number of jumps is unknown, its consistent
estimator is proposed, via the modified Schwarz criterion.

Keywords Asymptotic properties · Change-point · LAD estimator · Parametric
model

1 Introduction

We consider the model:

Yi = gθ (xi ) + εi , i = 1, . . . , n, (1)

for the step-function with K (K ≥ 0) change-points:

gθ (xi ) = hβ1(xi )11i≤l1 + hβ2(xi )11l1<i≤l2 + · · · + hβK+1(xi )11lK <i .
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718 G. Ciuperca

Let us denote the regression parameters θ1 = (β0, β1, . . . , βK ) and the change-points
θ2 = (l1, . . . , lK ) with l1 < l2 < · · · < lK . We set θ = (θ1, θ2). If K = 0, the model
is without change-point.

The change-point problem arose from statistical quality control, continued by many
other important applications in seismic signal processing, analysis of electrocardio-
grams, finance, epidemiology, etc. The statistics literature contains a vast amount of
work on issues related to structural change, most of it specifically designed for the
case of a single break. For recent reviews, we refer readers to Carlstein et al. (1994),
Csorgo and Horvath (1997) and the references therein. Recent developments include
Andrews et al. (1996) who consider optimal tests in the linear model with known vari-
ance. Garcia and Perron (1996) study the Wald test for two changes in a dynamic time
series. Horváth et al. (1997) consider an estimator for the time of change in a linear
model when the regression coefficients and the variance may change. Liu et al. (1997)
consider multiple structural changes in a linear model estimated by least-squares and
propose an information criterion for the selection of the number of changes. Lombard
(1987) and Mia and Zhao (1988) propose some procedures based on a rank statistics
to test for one or more change-points. Horváth et al. (2004) detect a structural change
in a linear model based on weighted CUSUM of residuals. Hušková et al. (2007) study
the problem of detecting change in the parameters of an autoregressive time series by
using various test statistics. For testing the stationarity of a Gaussian process Epps
(1988) proposes Chi-squared statistics.

To estimate the number of jumps in the mean of an independent normal sequence
Yao (1988) uses the Schwarz criterion. Using this criterion, Serbinowska (1996) and
Kühn (2001) proved the consistency of estimators for the number of changes in the case
of the independent observations. So, for independent binomial random variables, the
weak consistency of an estimator of the unknown number of changes in the parameters
is proved by Serbinowska (1996). Kühn (2001) studies an estimator for the number of
the change-points in the drift of a stochastic process by establishing a similar criterion
that of Schwarz. Lavielle (1999) studies the a penalized contrast function for detec-
tion of changes in a sequence of dependent variables. Bai and Perron (1998) study the
problem of testing multiple change-points in a linear model.

It is well known that one outlier may cause a large error in a least squares (LS)
estimator or in a least absolute deviations (LAD) estimator. This occurs in the case of
fatter tail distributions of the error term (see Hitomi and Kagihara 2001). On the other
hand, as Bai (1998) and Kim and Choi (1995) indicate it, for heavy tailed distributions
the LAD estimator is more efficient than LS estimators.

The LAD estimator of the parameter θ , for the model (1), is by definition:

θ̂n = arg min
θ

n∑

i=1

|Yi − gθ (xi )|.

The study of the properties of the LAD estimator is more difficult than for the LS
estimator because of the nondifferentiability of the criterion function.
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Estimating nonlinear regression with and without change-points by the LAD method 719

The LAD regression is also known by several other names, including L1-norm
regression, minimum absolute deviation regression, least absolute value regression
and minimum sum of absolute errors regression.

Concerning the LAD estimator in a model without breaking points we can cite
the following papers: Wu (1988) gives the conditions under which the estimator in
linear regression is strongly consistent, Pollard (1991) proves that the LAD estima-
tors in a linear regression is asymptotically normal and Babu (1989) proves that the
convergence rate is n−1/2, Oberhofer (1982) shows conditions for the consistency
of the LAD estimator in nolinear regression. Richardson and Bhattacharyya (1987)
extended Oberhofer’s result to a more general parameter space. The LAD estimator
in a dynamic nonlinear model with neither independent nor identically distributed
errors is considered by Weiss (1991). The estimator is shown to be consistent and
asymptotically normal. See also Dielman (2005) for a review of research on LAD
regression.

For change-points estimation, to the author’s knowledge, the LAD method has been
only analyzed for linear model. At first, Bai (1995) studies the method for a single
change-point and after, Bai (1998) extends the results for multiple-regime regres-
sion. In the case of a single change-point, each of the two regimes has one fixed and
known boundary. For multiple breaks, each middle regime has boundaries completely
unknown. In the linear case, many proofs are based on the convexity of the regression
function hβ(x) = xβ with respect to the parameter vector β. That is, the extreme
value of a convex function is attained on the boundary. Also, in the case of multiple
change-points, the problem is much more intricate when the number of breaks is
unknown.

This paper considers the estimation in a parametric nonlinear regression by the
LAD method. We sometimes use the terms jump or break of instead of change-point.
The study of this method was motivated by wishes to find the properties of this esti-
mator, particularly interesting in a change-point model with outliers, the latter being
able to create problems in the detection of the jumps. First, we give same properties
of the LAD estimator in a model without change-points. Mainly, we improve the con-
vergence rate of estimators in comparison to that of the linear regression (Babu 1989).
Later, in a model with breaking, if the number of change-points is fixed, we study the
properties of the LAD estimators. The convergence rate of the change-point estimator
are derived. The asymptotic distribution of these estimators are also obtained. Next,
we prove the weakly convergence of the change-points estimator to the location of
the maximum of certain random processes. If the number of breaks is unknown the
problem of its estimate arises. We propose, via Schwarz criterion, a consistently esti-
mator of the number number of breaks. One illustrates by simulations that this method
allows to well detect the jumps.

The paper is organized as follows. In Sect. 2 we derive results in the absence of
change-points. Section 3 contains results about the rate of convergence and the asymp-
totic distribution of the estimators, for a model with known number of change-points.
Section 4 gives a method to determine the number of breaks. In Sect. 5 we give the
proofs of theorems. Finally, Sect. 6 contains some lemmas which are useful to prove
the main results.
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2 Results in the absence of change-points

In this section we consider a regression model (without change-points):

Yi = hβ(xi ) + εi , i = 1, . . . , n, (2)

under the hypothesis that εi are independent identically distributed (i.i.d.) random
variables and β ∈ � ⊂ IR p, with � a compact set. The analytical expression of the
function hβ(x) is known. In this model, Yi is the univariate dependent random var-
iable while the variable xi is deterministic. For simplicity, we suppose that the xi ’s
are nonrandom, although the results will, typically hold for random xi ’s independent
of the εi ’s and if xi independent of x j for i �= j . The set ĪR = IR ∪ {−∞,∞} is
compact under the metric d(x, y) = | arctan x − arctan y|. Thus, we can consider that
the variable xi takes values in a compact ϒ of IR. The regression parameters β are
unknown.

With regard to the random variable ε we make the assumptions:

• Let F be the distribution function of ε, f its density, which satisfy the conditions:
f (0) > 0, F(0) = 1/2

• for one c > 0 we have, for all y in a neighborhood of 0: | f (y) − f (0)| ≤ c|y|1/2

• there exists c(0) > 0 such that: |F(y) − F(x)| ≤ c(0)|y − x |,∀x, y ∈ IR.

Then, IE[sign(ε)] = 0.
The purpose is to estimate the unknown regression parameters when n observations

(Yi , xi )1≤i≤n are available by the least absolute deviations principle. By definition,
the LAD estimator is:

β̂n = arg min
β∈�

n∑

i=1

|Yi − hβ(xi )|. (3)

The inference for the regression parameters based on L1-estimation is greatly more
complicated than the estimation based on smoother objective function.

For a vector, let us denote ‖.‖ the Euclidean norm and for a matrix A = (ai j ),
‖A‖ = ∑

i j |ai j |.
Let β0 denote the true value (unknown) of the parameter β. We suppose that β0 is

an inner point of the set �. The function h : ϒ × � → IR satisfy the conditions:

(H1) for all x ∈ ϒ , the function hβ(x) is twice differentiable in β

(H2) for all x ∈ ϒ, hβ(x), ‖∂hβ(x)/∂β‖, ‖∂2h(x, β)/∂β2‖ are bounded in a neigh-
borhood of β0.
Moreover, we suppose that the design points (xi ) satisfy the conditions:

(H3) for n large enough, there exists c(1) > 0 such that:

1

n

n∑

i=1

sup
β∈�

∥∥∥∥
∂hβ(xi )

∂β

∥∥∥∥ ≤ c(1) < ∞. (4)
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Estimating nonlinear regression with and without change-points by the LAD method 721

(H4) The following limit exists:

M := lim
n→∞

1

n

n∑

i=1

∥∥∥∥
∂hβ0(xi )

∂β

∥∥∥∥
2

.

Remark 1 Obviously (H1), (H2) are necessary for the Taylor expansion. The function
hβ(x) and its derivatives must be bounded only in a neighborhood of the true value
β0. The assumptions (H3) and (H4) are necessary to find the convergence rate of the
LAD estimator.

Let us consider the function: ν(β1,β2)(xi ) = hβ1(xi ) − hβ2(xi ). In order to study
the function to be minimized:

∑n
i=1 |Yi − hβ(xi )| = ∑n

i=1 |εi + hβ0(xi ) − hβ(xi )|,
let us consider the random process: ηi (β) = |εi − ν(β,β0)(xi )| − |εi | and the centered
process: ξi (β) = ηi (β) − IE[ηi (β)].

In the following, we denote by C a generic positive finite constant not depending
on n which may take different values in different formulae or even in different parts
of the same formula.

The estimator β̂n is consistent if following condition is satisfied (Oberhofer 1982):
for �0 ⊂ � a closed set not containing β0, then there exist numbers ε > 0 and n0 ∈ IN
such that for all n ≥ n0:

inf
β∈�0

1

n

n∑

i=1

|ν(β,β0)(xi )| min

{
F

( |ν(β,β0)(xi )|
2

)
− 1

2
; 1

2
− F

(
−|ν(β,β0)(xi )|

2

)}
≥ε.

(5)

Since F(0) = 1/2, the above condition implies that the functions hβ(x) satisfy fol-
lowing statement: if ‖β − β0‖ > c for a positive c, then there exists a number a > 0
such that: |hβ(x) − hβ0(x)| > a almost everywhere on ϒ .

It is well known from the literature that the LAD estimator of β is asymptoti-
cally normal, with asymptotic covariance matrix depending on the errors through the
heights of their density functions at their median (Weiss 1991). On the other hand,
to the author’s knowledge, there are no known results concerning the rate of conver-
gence of LAD estimators in a nonlinear regression. The convergence rate of β̂n to β0

is established in the following theorem.

Theorem 1 Under the assumptions (H1)–(H4) and the condition (5), for all monotone
positive sequence (vn) such that:

vn → 0, nv2
n → ∞ for n → ∞, (6)

we have: ‖β̂n − β0‖ = OIP (vn).

The result of the Theorem 1 is stronger than that of Babu (1989) for the linear
regression which have obtained the rate of convergence vn = (log n/n)1/2. The fol-
lowing theorem shows that the main result obtained by Babu (1989) for the linear case
can be generalized for a nonlinear model.
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Theorem 2 Under the assumptions (H1)–(H4), for any monotone positive sequence
(vn) satisfying (6), we have:

2(β̂n − β0)

∫ ∞

−∞
∂hβ0(x)

∂β
f (hβ0(x))dx

= 1

n

n∑

i=1

[sign(εi ) − sign(εi − ν
(β̂n ,β0)

(xi ))] + O(vn).

3 Multiple change-points with K fixed

This section considers issues related to multiple structural changes, occurring at
unknown times, in the nonlinear regression. We give the convergence rate and the
limiting distribution of the LAD estimator under the condition that the number of
change-points is known.

A concrete example of application of this type of model can be found in Pauler and
Finkelstein (2002) on the recurrence in prostate cancer.

For the model (1) we consider a step-function gθ (x) with K (K ≥ 1) fixed change-
points.

We do not impose the restriction that the function g is continuous at the turning
points.

For all r = 1, . . . , K , K + 1 we suppose βk ∈ � ⊂ IR p with � compact and
θ2 ∈ IRK , therefore θ ∈ � = �K+1 × ϒ K . Let θ0 = (θ0

1 , θ0
2 ) be the unknown true

value for θ .
To begin with we shall state the needed assumptions:

(A1) We impose the condition that the change-points are sufficiently far apart: for
some u ≥ 3/4 there exists c > 0 such that l0

r+1 − l0
r ≥ cnu , ∀r = 1, . . . , K

with l0
0 = 1 and l0

K+1 = n.
(A2) Moreover, we suppose that we have two different models to the left and to the

right of the every break point l0
r : β0

r �= β0
r+1,∀r = 1, . . . , K

For the function hβ(x) we assume (H1), (H3) of the Sect. 2 and:
(H2′) for all x ∈ ϒ, hβ(x), ‖∂hβ(x)/∂β‖, ‖∂2hβ(x)/∂β2‖ are bounded in a neigh-

borhood of β0
r , for every r = 1, . . . , K .

(H4′) For every r = 1, . . . , K , the following limits exist:

Mr,1 := lim
m→∞

1

m

l0
r∑

i=l0
r −m

∥∥∥∥∥
∂hβ0

r−1
(xi )

∂β

∥∥∥∥∥

2

, Mr,2 := lim
m→∞

1

m

l0
r +m∑

i=l0
r +1

∥∥∥∥
∂hβ0

r
(xi )

∂β

∥∥∥∥
2

,

and the supplementary assumption:
(H5) for n large enough, there exists c(2) > 0 such that:

1

n

n∑

i=1

sup
β∈�

∥∥∥∥
∂hβ(Xi )

∂β

∥∥∥∥
2

≤ c(2) < ∞. (7)
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Remark 2 The assumption (H5) is necessary to control the variance of n−1 ∑n
i=1 ηi (β).

If β is not close to β0 then the variance of the sum of absolute deviations of resid-
uals has the order n. This assumption is used in the Lemma 6, which will allow to
improve the convergence rate of the change-point estimator and to find its asymptotic
distribution.

The relation (5) becomes: for every r = 1, . . . , K , if �0,r ⊂ � is a closed set not
containing β0

r then there exists numbers εr and m0,r ∈ IN such that for all m ≥ m0,r :

inf
β∈�0,r

1

m

l0
r +m∑

i=l0
r +1

|ν(β,β0
r )(xi )| min

{
F

( |ν(β,β0
r )(xi )|
2

)
− 1

2
; 1

2
−F

(
−|ν(β,β0

r )(xi )|
2

)}
≥εr ,

and

inf
β∈�0,r

1

m

l0
r+1∑

i=l0
r+1−m

|ν(β,β0
r )(xi )| min

{
F

( |ν(β,β0
r )(xi )|
2

)
− 1

2
; 1

2
−F

(
−|ν(β,β0

r )(xi )|
2

)}
≥εr .

The purpose is to estimate the unknown regression parameters together with the
change-points when n observations (Yi , xi )1≤i≤n are available. The construction of
the estimator has two stages: first we search the regression parameters estimators and
after we localize the change-points. For K change-points l1, . . . , lK , let us denote
θ̂1(θ2) = θ̂1(l1, . . . , lK ) = arg minθ1

∑K+1
r=1

∑lr
i=lr−1+1 |Yi −gθ (xi )| the LAD estima-

tor of θ0
1 for a given parameter θ2, with l0 = 0 and lK+1 = n. Let us denote the sum

of least absolute deviations of residuals for each fixed changes l1, . . . , lK :

S(l1, . . . , lK ) :=
K+1∑

r=1

inf
θ1

lr∑

i=lr−1+1

|Yi − gθ (xi )|. (8)

For the true parameters, this sum is: S0 := S(l0
1 , . . . , l0

K ; θ0
1 ) = ∑n

i=1 |εi |. We define
the LAD estimator of the change-points by:

θ̂2n = (l̂1, . . . , l̂K ) := arg min
l1<···<lK

S(l1, . . . , lK ). (9)

The regression parameters estimators are obtained using the associated LAD estimator
at estimated break points: θ̂1n := (β̂1,n, . . . , β̂K+1,n) = θ̂1(θ̂2n).

Between the break lr−1 and lr the estimator of β is: β̂(lr−1,lr ) := arg minβ∈�∑lr
i=lr−1+1 |Yi − hβ(xi )|. Let us denote: Ŷi,(lr−1,lr ) := h

β̂(lr−1,lr )
(xi ).

We start with the study of the convergence rate of the change-point LAD estimator.

Theorem 3 For all ρ > 1/2, under the assumptions (A1), (A2), (H1), (H2′), (H3),
(H4′) for any sequence (vn) as in the Theorem 1, we have for n → ∞:

IP[|l̂r − l0
r | > inf{nρ, n2v4

n}] → 0, r = 1, . . . , K .
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Fig. 1 Model with normal errors and with one change-point

Remark 3 The arguments used in the proof of Theorem 3 are totally different from
those used in Bai (1998). The objective function study

∑n
i=1 |Yi − gθ (xi )| when the

parameter β is to the exterior of a neighborhood of β0, in the case hβ(x) = xβ is
based on the fact that hβ(.) is convex and thus the extreme value of a convex function
is attained on the boundary: inf |x |≥c h(x) = inf |x |=c h(x).

If we consider in more the assumption (H5), the convergence rate given by the
Theorem 3 can be improved.

Theorem 4 Under the conditions (A1), (A2), (H1), (H2′), (H3), (H4′) and (H5) for
each r = 1, . . . , K we have: l̂r − l0

r = OIP (1).

In order to work in a bounded interval, we can consider τ 0
r = l0

r /n and τ̂r = l̂r/n
its estimator. Then, Theorem 4 implies that τ̂r converges in probability to τ 0

r with the
convergence rate n−1 (see Bai 1995, Theorem 1).

Example 1 Let us consider the following nonlinear model:

Yi = (a0
1 + eb0

1 xi )110<i≤l0
1
+ (a0

2 + eb0
2 xi )11l0

1<i≤n + εi , i = 1, . . . , n, (10)

where xi = 2i/n and {εi } is a random sample from the standard normal distribution
(see Fig. 1) or from Laplace distribution (see Fig. 2). The true values of the parameters
are: a0

1 = 2, b0
1 = 7, a0

2 = 5, b0
2 = 2 and for the change-point l0

1 = 60. The sample
size used is n = 400. We realize m = 100 Monte Carlo replications.

From the Table 1, we see that the consistency of the estimates is shown by their
means. The location of the change-point is detected well, including for the model with
Laplace errors where outliers exist. Remark that for the last case, we cannot easily
detect with the bare eye,the location of the change-point.
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Fig. 2 Model with Laplace errors and with one change-point

Table 1 Mean of parameter estimates

Parameter â1,n(a0
1 = 2) b̂1,n(b0

1 = 7) â2,n(a0
2 = 5) b̂2,n(b0

2 = 2) l̂1(l0
1 = 60)

Normal errors 2.04 6.9 5.02 1.9998 60.93

Laplace errors 2.94 6.885 5.97 1.998 61

Let us give now the limiting distribution of the change-points estimators. Note that,
due to the nonlinearity of the function hβ(.), the proof is completely different from
the similar result of Bai (1998).

Theorem 5 Under the assumptions of Theorem 4, for each r = 1, 2, . . . , K , the dif-
ference l̂r − l0

r converges in distribution for n → ∞ to Lr , the location of the minima

for the random processes {. . . , Z (r)
−1, Z (r)

0 , Z (r)
1 , . . .} with Z (r)

0 = 0. For j = 1, 2, . . .

Z (r)
j =

l0
r + j∑

i=l0
r +1

{∣∣∣ε(r)
i − ν(β0

r−1,β
0
r )(xi )

∣∣∣ −
∣∣∣ε(r)

i

∣∣∣
}

,

and for j = −1,−2, . . . :

Z (r)
j =

l0
r∑

i=l0
r + j

{∣∣∣ε(r)
i + ν(β0

r−1,β
0
r )(xi )

∣∣∣ −
∣∣∣ε(r)

i

∣∣∣
}

,

where ε
(r)
i is an independent copy of εi .

Remark 4 The distribution of l̂r − l0
r is symmetric about zero if εi has a symmet-

ric distribution about zero. The result of the theorem indicates that the asymptotic
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distribution of l̂r − l0
r depends on the magnitude of shift ν(β0

r−1,β
0
r )(xi ) and on the

distribution of εi but not on l0
r . This result will be confirmed by the simulations.

Remark 5 When the estimation method is the least-squares, if hβ(x) is a step function:
hβ(x) = β, Yao and Au (1989) proved that the change-point estimator converges in
distribution to the location of the minimum of a random walk. For a linear regression:
hβ(x) = βx , Bai and Perron (1998) proved that the asymptotic distribution of the
change-point estimator is the location of the maximum of a Wiener process with drift.

Note that β̂r,n depends only on change-points l̂r−1 and l̂r . Furthermore, by the
Theorem 4, l̂r = l0

r + OIP(1), for each r = 1, . . . , K , K + 1. Moreover, again from
Theorem 4, for each break point, the estimator l̂r is determined by a small number of
observations near l0

r whereas β̂r,n is determinated by all set of observations between
l̂r−1 and l̂r . Therefore, the estimated change-points are asymptotically independent
of each other and of the estimated regression parameters. Taking into account the
asymptotic normality of the LAD estimator for a nonlinear regression (Weiss 1991,
see Theorem 3), we obtain the following result.

Theorem 6 Under the assumptions of Theorem 4 and under the condition that the
density f of the error ε is Lipschitz, we have for each r = 1, . . . , K + 1

2 f (0)(l̂r − l̂r−1)(β̂r,n − β0
r )

L−→
n→∞ N (0, Vr ), (11)

where l̂K+1 = l0
K+1 = n and

Vr = 1

l0
r − l0

r−1

l0
r∑

i=l0
r−1+1

(
∂hβ0

r
(xi )

∂β

)(
∂hβ0

r
(xi )

∂β

)t

.

Remark 6 Consequence of this theorem, using Slutsky’s theorem, we obtain the
asymptotic normality of the estimator β̂r,n .

Since l̂r − l̂r−1 converges in probability to l0
r − l0

r−1, for n → ∞, a consequence
of the later theorem is that we can construct in the usual way the confidence interval
for the regression parameters. Hypothesis tests can be realized. On the other hand, for
the change-points, the properties of arg min Z (r)

j seem more difficult to study. For the
moment, we cannot give a analytical solution to find the confidence interval for the
change-points. We can only find a numerical approximation by using a Monte Carlo
technique.

4 Estimating the number of change-points

We adapt the Schwarz criterion proposed by Yao (1988) to estimate the number
K . Let K0 be the true unknown value of K . We need to suppose that the num-
ber of change-points K0 is not greater than a known upper bound KU . For every
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Table 2 Mean of criterion
values B(K ) = n log ŝK +
K n5/8, for Normal and
Laplace errors

K = 0 K = 1 K = 2 K = 3

Normal errors 359.5 −20.2 1.43 15.3

Laplace errors 491.5 350.8 376.3 403.4

fixed change-points number K , consider (l̂1,K , . . . , l̂K ,K ) = arg min S(l1, . . . , lK )

and ŝK = S(l̂1,K , . . . , l̂K ,K )/n, where the function S is defined by (8).

Theorem 7 Under the conditions IE[|ε|] < ∞, (A1), (A2), (H1)–(H4), let K̂n be the
value of K that minimizes B(K ) := n log ŝK + K Cn subject to K ≤ KU , where (Cn)

is any sequence satisfying Cn → ∞, Cnn−3/4 → 0 and Cnn−1/2 → ∞ for n → ∞.
Then:

IP[K̂n = K0] → 1, for n → ∞.

Example 2 For the model (10), we consider the sequence Cn = n5/8. We realize m =
Monte-Carlo replications. The results with the means of simulations are presented in
the Table 2, for Normal, respectively, Laplace errors. For both distributions, for each
replication, the criterion chooses one break point. Moreover B(1) < B(2) < B(3) <

B(0) in every case.

Remark 7 In case of a fixed sample size, for large n, the choice of Cn does not influence
the estimation of the change-points number: arg minK B(K ). Then, we can choose any
sequence Cn converging to +∞ of the form: Cn = nδ , with δ ∈ (1/2, 3/4).

Remark 8 In the paper of Horváth et al. (2004) a structural change is detected in
a linear model using a class of procedures. The procedures are based on weighted
CUSUMs of residuals, in which the unknown in-control parameter has been replaced
by its least-squares estimate. Let us remind that for the distributions with outliers, the
LS estimators can have large errors. On the other hand, to detect the changes in an
autoregressive time series, Hušková et al. (2007) propose a test based on the partial
sums of weighted residuals. The parameters are always estimated by the LS method.

5 Proofs of theorems

Proof of Theorem1 By the Lemma 4 we have, with the probability 1, that there exists
a B > 0 such that:

lim sup
n→∞

sup
‖β−β0‖=Bvn

n∑

i=1

[|εi | − |εi − ν(β,β0)(xi )|]‖β − β0‖−2

n
≤ −M

f (0)

2
.

Then, with probability 1, for all n large enough:

n∑

i=1

|εi | < inf
‖β−β0‖=Bvn

n∑

i=1

|εi − ν(β,β0)(xi )|. (12)
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For a fixed sequence (vn), the Lemma 4 is valid for any positive sequence wn satisfying
(6) and such as: wn ≥ vn . Since the constant B does not depend of n and since (vn) is
monotonic, we have:

n∑

i=1

|εi | < inf
‖β−β0‖≥Bvn

n∑

i=1

|εi − ν(β,β0)(xi )|. (13)

Thus, the probability that β̂n = arg minβ∈�

∑n
i=1 |εi − ν(β,β0)(xi )| belongs in the set

{β; ‖β − β0‖ ≥ Bvn} is zero, for n large enough. �
Proof of Theorem2 From the Lemma 3, with ai = n−1, un = nv2

n , we have:

2

n

n∑

i=1

[F(hβ(xi )) − F(hβ0(xi ))] = 1

n

n∑

i=1

sign(εi )

−1

n

n∑

i=1

sign(εi − ν(β,β0)(xi )) + O(vn),

uniformly in β. On the other hand, by the dominated convergence theorem, under the
hypothesis that ∂hβ(x)/∂β is bounded in a neighborhood of β0, we get uniformly
in β:

lim
n→∞

1

n

n∑

i=1

[F(hβ(xi )) − F(hβ0(xi ))] = (β − β0)

∫ ∞

−∞
∂hβ0(x)

∂β
f (hβ0(x))dx .

�
Proof of Theorem3 First, we prove that: IP[|l̂r − l0

r | > nρ] → 0.
To show this, for each change-point l0

r , 1 ≤ r ≤ K , consider the set:
Ar (n, ρ) = {

(l1, . . . , lK )|ls − l0
r | > nρ,∀s = 1, . . . , K

}
. We still have to prove

that: IP[(l̂1, . . . , l̂K ) ∈ Ar (n, ρ)] → 0 for n → ∞. Consider the set Ir ={1, . . . , r−1,

r + 2, . . . , K + 2}. For any fixed (l1, . . . , lK ) ∈ Ar (n, ρ), we have:

S(l1, . . . , lK ) ≥ S(l1, . . . , lK , l0
1 , . . . , l0

r−1, l0
r − [nρ], l0

r + [nρ], l0
r+1, . . . , l0

K ).

(14)

Moreover, with the probability 1: S(l̂1, . . . , l̂K ) ≤ S(l0
1 , . . . , l0

K ) ≤ S0 = ∑n
i=1 |εi |.

On the other hand:

S(l1, . . . , lK , l0
1 , . . . , l0

r−1, l0
r − [nρ], l0

r + [nρ], l0
r+1, . . . , l0

K ) :=
K+2∑

s=1

Ts, (15)

where: Ts , s ∈ Ir , are the sums of absolute deviations involving observations for i
between l0

s−1 and l0
s ; Tr is the sum of absolute deviations involving observations for i
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between l0
r−1 and l0

r −nρ ; Tr+1 is the sum of absolute deviations involving observations
for i between l0

r + nρ and l0
r+1; TK+2 is calculated for i between l0

r − nρ and l0
r + nρ .

Since (l1, . . . , lK ) ∈ Ar (n, ρ), all breaks l1, . . . , lK are in T1, . . . , Tr−1, . . . , TK+1
but not in the sum TK+2.

For each s ∈ Ir , let: k1,s < · · · < kJ (s),s := {l1, . . . , lK } ∩ {
j/ l0

s−1 < j ≤ l0
s

}
.

The sum Ts can be written:

Ts =
J (s)+1∑

j=1

min
θ1

k j,s∑

i=k j−1,s+1

|εi − g(θ1,θ2)(xi ) + g(θ0
1 ,θ0

2 )(xi )|,

with 0 ≤ J (s) ≤ K . Using the Lemma 9 we obtain, for all δ > 1/2:

Ts −
J (s)+1∑

j=1

k j,s∑

i=k j−1,s+1

|εi | ≥ −2(K + 1) sup
1≤l<k≤n

∣∣∣∣∣inf
β

k∑

i=l

(|εi − ν(β,β0
s )(xi )| − |εi |)

∣∣∣∣∣

= OIP (nδ). (16)

The sum: Tr + Tr+1 − ∑l0
r +[nρ ]

i=l0
r −[nρ ]+1

|εi | is equal to

inf
β

l0
r∑

i=l0
r −[nρ ]+1

(|εi − ν(β,β0
r )(xi )| − |εi |) + inf

β

i=l0
r +[nρ ]∑

l0
r +1

(|εi − ν(β,β0
r+1)

(xi )| − |εi |).

(17)

Since β0
r �= β0

r+1 there exists a c > 0 such that: max(‖β − β0
r ‖, ‖β − β0

r+1‖) > c. We
suppose, without loss of generality, that ‖β − β0

r ‖ ≥ ‖β − β0
r+1‖. Then, the infimum

of
∑l0

r
i=l0

r −[nρ ]+1
(|εi − ν(β,β0

r )(xi )| − |εi |) is considered on a compact �0,r ⊂ �, with

β0
r �∈ �0,r . Applying the relation (4) of Oberhofer (1982) it follows that:

inf
β∈�0,r

l0
r∑

i=l0
r −[nρ ]+1

(|εi − ν(β,β0
r )(xi )| − |εi |) ≥ OIP (nρ). (18)

Combining the relations (15)–(18) we have:

S(l1, . . . , lK , l0
1 , . . . , l0

r−1, l0
r − [nρ], l0

r + [nρ], l0
r+1, . . . , l0

K )

≥ −C OIP (nδ) + OIP (nρ) +
n∑

i=1

|εi |. (19)

Let us consider δ ∈ (1/2, ρ). Then taking into account the relation (14) we have:

S(l1, . . . ln) ≥ ∑n
i=1 |εi | + Zn where Zn is a random variable such that Zn

IP−→
n→∞ ∞.
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Hence:

IP

[
min

(l1,...,lK )∈Ar (n,ρ)
S(l1, . . . , lK ) > S(l0

1 , . . . , l0
K )

]
−→
n→∞1,

what implies: IP[(l̂1, . . . , l̂K ) ∈ Ar (n, ρ)]−→
n→∞0. Now, to prove IP[|l̂r − l0

r | > n2v4
n]

→ 0 we follow the same steps as in Bai (1998) (Proposition 3) and combined it with
the same arguments as in the proof of IP[|l̂r − l0

r | > nρ] → 0. Using the Lemma 5
(ii), in the relation (19) we have OIP(nv2

n) in the place of OIP (nδ) and OIP(n2v4
n) in

the place of OIP(nρ). �
Proof of Theorem4 For a sequence (vn) as in Theorem 1 and λn = O(n2v4

n), let us
consider the set: B(n, λn) := {

(l1, . . . , lK )/|lk − l0
k | < λn, ∀k = 1, . . . , K

}
. We

also consider for a fixed change-point l0
r and for an arbitrary M1 > 0:

Br (n, λn,M) =
{
(l1, . . . , lK ) ∈ B(n, λn)/ lr − l0

r < −M1

}
.

As a consequence of the Theorem 3, for large n, the estimator θ̂2n belongs to B(n, λn)

with a probability close to 1. Let us consider two vectors of change-points (l ′1, . . . , l ′K )

∈ B(n, λn) and (l1, . . . , lK ) ∈ Br (n, λn,M1) such that l ′k = lk for k �= r and l ′r = l0
r .

We shall find a M1 > 0 such that θ̂2n is in the ball with center l0
r and radius M1, with

probability tending to 1. Let us consider the difference S(l1, . . . , lK ) − S(l ′1, . . . , l ′K )

rewritten as:

lr∑

j=lr−1+1

[|Y j − Ŷ j,(lr−1,lr )| − |Y j − Ŷ j,(lr−1,l0
r )|]

+
l0
r∑

j=lr +1

[|Y j − Ŷ j,(lr ,lr+1)| − |Y j − Ŷ j,(lr−1,l0
r )|]

+
lr+1∑

j=l0
r +1

[|Y j − Ŷ j,(lr ,lr+1)| − |Y j − Ŷ j,(l0
r ,lr+1)

|] := I1 + I2 + I3.

Using the Lemma 8 (ii) we obtain that I1 = OIP (1), I3 = OIP (1) uniformly in M.
Concerning I2, we have the decomposition:

I2 =
l0
r∑

j=lr +1

[|ε j − ν(β0
r+1,β

0
r )(X j )| − |ε j |]

+
l0
r∑

j=lr +1

[|ε j − ν
(β̂(lr ,lr+1),β

0
r )

(X j )| − |ε j − ν(β0
r+1,β

0
r )(X j )|]
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−
l0
r∑

j=lr +1

[|ε j − ν
(β̂

(lr−1,l0r )
,β0

r )
(X j )| − |ε j |] := I21 + I22 + I23.

For I22 we have that:

|I22| ≤
l0
r∑

j=lr +1

|ν
(β̂(lr ,lr+1),β

0
r+1)

(xi )|

≤ ‖β̂(lr ,lr+1) − β0
r+1‖

l0
r∑

j=lr +1

sup
β∈V(β0

r+1)

∥∥∥∥∥
∂hβ0

r+1+y(xi )

∂β

∥∥∥∥∥ ,

with V(β0
r+1) a neighborhood ob β0

r+1.
By the Lemma 8(i) and the hypothesis (H2), considering ρ ∈ [3/4, 1], υ ∈ (0, 1/4)

and δ < ρ − υ, we obtain: |I22| ≤ n−(ρ−υ−δ)/2Cnυ = o(1).
By similar arguments we prove I23 = oIP (1).
As regards I21, using the Lemma 2 of Oberhofer (1982), we obtain that:

1

m

m∑

j=1

IE[|ε j − ν(β0
r ,β0

r+1)
(X j )| − |ε j |]

= 2

m

∑

ν
(β0

r ,β0
r+1)

(X j )≤0

∫

(0,−ν
(β0

r ,β0
r+1)

(X j )]
[|ν(β0

r ,β0
r+1)

(X j )| − x]d F(x)

+ 2

m

∑

ν
(β0

r ,β0
r+1)

(X j )>0

∫

(−ν
(β0

r ,β0
r+1)

(X j ),0]
[|ν(β0

r ,β0
r+1)

(X j )| + x]d F(x).

Moreover, since (l1, . . . , lK ) ∈ Br (n, λn,M1), F(0) = 1/2, we deduce that,

≥ 1

m

m∑

j=1

|ν(β0
r ,β0

r+1)(X j )| min
{

F(|ν(β0
r ,β0

r+1)(X j )|/2) − 1/2, 1/2 − F(−|ν(β0
r ,β0

r+1)(X j )|/2)
}

> C.

Applying the Lemma 10 for cn = C we have that there exists a constant C1 > 0 such
that: |I21| ≥ C1(l0

r − lr ) ≥ C1M1. We choose M1 such that |I21| is bigger than
(|I1|, |I3|, |I22|, |I23|). Then the following relation holds:

min
(l1,...,lK )∈Br (n,λn ,M1)

S(l1, . . . , lK ) − S(l ′1, . . . , l ′K ) ≥ CM1 (1 + oIP (1)) .

This proves the claim of the theorem:

lim
n→∞ IP[(l̂1, . . . , l̂K ) ∈ Br (n, λn,M1)] = 0.

�
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Proof of Theorem5 For z ∈ IR, we define:

G(z) := z[1 − 2F(−z)] + sign(z)2
∫ min(0,−z)

max(0,−z)
xd F(x).

For j > 0, there exists c > 0 such that:

IE[Z (r)
j ] =

l0
r + j∑

i=l0
r +1

G(ν(β0
r−1,β

0
r )(xi )) ≥

l0
r + j∑

i=l0
r +1

|ν(β0
r−1,β

0
r )(xi )|

× min
{

F(|ν(β0
r−1,β

0
r )(xi )|/2) − 1/2, 1/2 − F(−|ν(β0

r−1,β
0
r )(xi )|/2)

}
> cj.

Thus IE[Z (r)
j ] converges to infinity for j → ∞. With probability arbitrarily close to 1,

for sufficiently large M2, the minimizer of Z (r)
j belongs to the interval [−M2,M2]:

for all fixed δ̃ > 0, for each r = 1, . . . , K we have:

IP[|Lr | ≤ M2] > 1 − δ̃. (20)

Let us consider the difference D := S(l0
1 + i1, . . . , l0

K + iK ) − S(l0
1 , . . . , l0

K ) with ir
integer, |ir | ≤ M1, M1 as in the proof of the Theorem 4. From Theorem 4, l̂r is the
value of lr that minimize D. Then, for all fixed δ̃ > 0, for each r = 1, . . . , K we have:

IP[l̂r − l0
r | ≤ M1] > 1 − δ̃. (21)

Choose M ≥ max{M1,M2}.
We shall prove now that for |ir | ≤ M, D converge jointly in ir in distribution to∑K
r=1 Z (r)

ir
. Without loss of generality, we suppose that ir−1, ir > 0. Then, we have

the decomposition:

D =
K∑

r=1

l0
r∑

j=l0
r−1+ir−1+1

{
|Y j − Ŷ

(l0
r−1+ir−1,l0

r +ir )
(X j )| − |Y j − Ŷ

(l0
r−1,l

0
r )

(X j )|
}

+
K∑

r=1

l0
r +ir∑

j=l0
r +1

{(
|Y j −Ŷ

(l0
r−1+ir−1,l0

r +ir )
(X j )| − |ε j |

)
−
(
|Y j − Ŷ

(l0
r ,l0

r+1)
(X j )| − |ε j |

)}

:= D1 + (D21 − D22).

First, since ∂hβ0
r
(x)/∂β is bounded:

|D1| ≤
K∑

r=1

l0
r∑

j=l0
r−1+ir−1+1

|ν
(β0

r ,β̂
(l0r−1+ir−1,l0r +ir )

)
(X j ) − ν

(β0
r ,β̂

(l0r−1,l0r )
)
(X j )| = oIP (1).
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On the other hand, we have |D22| ≤ ∑K
r=1

∑l0
r +ir
j=l0

r +1
|ν

(β0
r+1,β̂(l0r ,l0r+1)

)
(X j )| = oIP (1).

For D21, since β̂(l0
r−1+ir−1,l0

r +ir )
converges in probability to β0

r−1 for n → ∞, uni-
formly in ir−1 and ir , we have:

D21 =
⎡

⎣
K∑

r=1

l0
r +ir∑

j=l0
r +1

(
|ε j +ν(β0

r ,β0
r−1

)(X j )|−|ε j |
)
⎤

⎦(1 + oIP (1))=
K∑

r=1

Z (r)
ir

(1+oIP (1)).

Therefore D converges in distribution to
∑K

r=1 Z (r)
ir

, for n → ∞. Since we have two
independent sets of random variables around each of two change-points, the minimum
of D is the sum of minima of S(l0

1 , l0
2 , . . . , l0

r + ir , l0
r+1, . . . , l0

K )− S(l0
1 , . . . , l0

K ). The

same thing for the minimum of the process
∑K

r=1 Z (r)
ir

. Then, for all δ̃ > 0, taking in
account (20) and (21) we obtain:

∣∣∣IP[l̂r − l0
r = ir ] − IP[Lr = ir ]

∣∣∣ < 3δ̃. (22)

Hence the proof is complete. �
Proof of Theorem6 Since β̂r,n depends only on change-points l̂r−1 and l̂r , we have:

IP[β̂r,n = β̂
(l̂r−1,l̂r )

] = 1, where

(β̂1,n, . . . , β̂r,n, . . . , β̂K+1,n) = arg min
(β1,...,βr ,...,βK+1)∈�K+1

(arg min
l1<···<lK

S(l1, . . . , lK ))

and

β̂
(l̂r−1,l̂r )

= arg min
β∈�

l̂r∑

i=l̂r−1+1

|Yi − hβ(xi )|.

By Theorem 4: l̂r−1 = l0
r−1 + OIP (1) and l̂r = l0

r + OIP (1). Then, using Lemma 8:

β̂
(l̂r−1,l̂r )

= β̂(l0
r−1,l

0
r )(1 + oIP (1). On the other hand, we have (Weiss 1991, Theorem

3):

2 f (0)(l0
r − l0

r−1)(β̂(l0
r−1,l

0
r ) − β0

r )
L−→

n→∞ N (0, Vr ).

By Slutsky’s theorem, the theorem follows. �
Proof of Theorem7 First let us consider K < K0. Under the hypothesis (A1), using
similar arguments as for the proof of (18) because between two change-points the
length is at least n3/4, we have, with probability close to one: S(l̂1,K , . . . , l̂K ,K ) −∑n

i=1 |εi | > Cn3/4, with C > 0. By Lemma 13 of Bai (1998): 0 ≤ S(l̂1,K0 , . . . , l̂K0,K0)

− ∑n
i=1 |εi | = OIP (n1/4).

123



734 G. Ciuperca

Then ŝK0 = OIP(n−3/4) + n−1 ∑n
i=1 |εi | IP−→

n→∞ IE[|εi |]. Using the relation (62) of

Bai (1998) we get: B(K ) − B(K0) > [Cn3/4 − OIP (n1/4)]/ŝK0 + (K − K0)Cn =
OIP (n3/4) − O(Cn) → ∞. Thus IP[K̂n < K0] → 0 for n → ∞.

Now consider K , such that K0 < K ≤ KU . From the definition of S we have:
S(l1, . . . , lK0) ≥ S(l̂1,K0 , . . . , l̂K0,K0). We also have S0 ≥ S(l̂1,K0 , . . . , l̂K0,K0) ≥
S(l̂1,K , . . . , l̂K ,K ). Exactly as in the proof of Theorem 3, we obtain that the last sum
is greater than S(l̂1,K , . . . , l̂K ,K , l1, . . . , lK0).

By an argument similar to the one used for the proof of Theorem 3 (for Ts) we obtain
that: S(l̂1,K , . . . , l̂K ,K , l1, . . . , lK0) ≥ S0 − Vn . The random variable Vn is strictly
positive with probability converging to one, and Vn = OIP (nδ) for all δ > 1/2.

These inequalities imply: 0 ≤ ŝK0 − ŝK = OIP (nδ−1). Then: n log ŝK0 −n log ŝK =
OIP (nδ). Since Cn satisfies the given conditions, we deduce:

n log ŝK −n log ŝK0 +K Cn − K0Cn = OIP (nδ)+Cn(K − K0) → ∞, for n → ∞.

Therefore, n log ŝK + K Cn > n log ŝK0 + K0Cn , for large n. We conclude that, for
n → ∞, IP[K̂n > K0] → 0. �

Appendix: proofs of lemmas

Recall first a lemma due to Babu (1989).

Lemma 1 (Babu 1989, Lemma 1) Let Zi be a sequence of independent random vari-
ables with mean zero and |Zi | ≤ b for some b > 0. Let also V ≥ ∑n

i=1 IE[Z2
i ]. Then

for all 0 < s < 1 and 0 ≤ a ≤ V/(sb),

IP

[
n∑

i=1

Zi > a

]
≤ 2 exp

(
−a2s(1 − s)/V

)
. (23)

For the linear case, the proofs of analogue lemmas 6 and 10 are based on the con-
vexity in φ of |εi − xiφ| − |εi |. The extreme value of a convex function is attained on
the boundary.

To prove the asymptotical properties of the LAD estimator in a nonlinear model,
without change-point, we need the auxiliary results.

Let diam(�) = supβ1,β2∈� ‖β1 −β2‖ be the diameter of the set �. For the random
processes defined by:

Zi (β) := sign(εi − ν(β,β0)(xi )) − sign(εi ) + 2F(hβ(xi )) − 2F(hβ0(xi )), (24)

with β ∈ �, we prove following two lemmas.

Lemma 2 Let (ai )1≤i≤n be a sequence such that |ai | ≤ 1/cn, cn → ∞. Let An =
u1/2

n
(∑n

i=1 a2
i

)1/2
and the sequences (un) and (cn) satisfying the conditions:
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un = O(log n), nc−2
n = O(1). Under the assumptions (H1), (H2), (H3), there exists

two reals k > 0, d > 0 such that:

IP

[
|

n∑

i=1

ai Zi (β)| > d An

]
= O(n−k).

Proof of Lemma2 We verify the conditions of Lemma 1. Consider: b = 4/cn, s =
1/2, a = An . Thus, by Lipschitz condition for F and the assumption (H3):

n∑

i=1

a2
i IE[Z2

i (β)] ≤ 4
n∑

i=1

a2
i

∣∣F(hβ(xi )) − F(hβ0(xi ))
∣∣ ≤ 4c(0)

n∑

i=1

a2
i

∣∣ν(β,β0)(xi )
∣∣

≤ diam(�)
4c(0)

c2
n

n∑

i=1

sup
β∈�

∥∥∥∥
∂hβ(xi )

∂β

∥∥∥∥ ≤ diam(�)4c(0)c(1) n

c2
n
.

Let also consider V = 4diam(�)c(0)c(1)nc−2
n . We have:

Anb

V
= diam(�)cnu1/2

n
(∑n

i=1 a2
i

)1/2

nc(0)c(1)
≤ 1

diam(�)c(0)c(1)

(un

n

)1/2
.

We can take every d such that: d < 2c(0)c(1)(n/un)1/2. �

Example For the sequences: cn =n, un = log n, ai =n−1 we have: An =(n−1logn)1/2.

Lemma 3 Under the same assumptions as in Lemma2, we have:

sup
β∈�

∣∣∣∣∣

n∑

i=1

ai Zi (β)

∣∣∣∣∣ = OIP

(
(un

n∑

i=1

a2
i )1/2

)
. (25)

Proof of Lemma3 First, we show that for every k ≥ 2, B > 0, there exists d > 0
such that:

IP

[
sup

‖β1−β2‖<Bn−1/2

∣∣∣∣∣

n∑

i=1

ai [Zi (β1) − Zi (β2)]

∣∣∣∣∣ > d An

]
= O

(
n−k

)
, (26)

with: An = n−1/4[un
∑n

i=1 a2
i ]1/2.

We observe that:
∣∣sign(εi − ν(β1,β0)(xi )) − sign(εi − ν(β2,β0)(xi ))

∣∣ ≤ 2γi (β1, β2),
where γi (β1, β2) = 11min(ν

(β0,β1)
(xi ),ν(β0,β2)

(xi ))≤εi ≤max(ν
(β0,β1)

(xi ),ν(β0,β2)
(xi )).
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736 G. Ciuperca

Obviously γi (β1, β2) = 0 if |εi −ν(β2,β0)(xi )| > 2|ν(β1,β2)(xi )|. Let be the random
event: Ai (β) := {∣∣εi − ν(β,β0)(xi )

∣∣ < 2Bn−1/2 supβ∈� ‖∂hβ(xi )/∂β‖}. Then:

sup
‖β1−β2‖<Bn−1/2

∣∣∣∣∣

n∑

i=1

ai [Zi (β1) − Zi (β2)]

∣∣∣∣∣

≤ 2
n∑

i=1

|ai |
[
11Ai (β2) − IP [Ai (β2)]

] + 4
n∑

i=1

|ai |IP [Ai (β2)] .

It is obvious that there exists c >0 such that: IP[Ai (β2)]≤ cn−1/2 supβ∈� ‖∂hβ(xi )/

∂β‖.
We apply Lemma 1 for

∑n
i=1 |ai |[11Ai (β2) − IP [Ai (β2)]] and b = c−1

n . We obtain:

n∑

i=1

a2
i IE[11Ai (β2) − IP [Ai (β2)]]2 =

n∑

i=1

a2
i IP[Ai (β2)] {1 − IP[Ai (β2)]}

≤ 2
n∑

i=1

a2
i IP[Ai (β2)]

≤ 2

c2
n

n∑

i=1

IP[Ai (β2)] ≤ C
c(1)

c2
n

n1/2,

and the claim (26) yields.
We divide the parameter set � into ( n1/2

un
∑n

i=1 a2
i
)1/2 cells. We apply the Borel–Cantelli

lemma and the relation (25) follows using also Lemma 2. �
Recall that M = limn→∞ n−1 ∑n

i=1 ‖∂hβ0(xi )/∂β‖2.

Lemma 4 Under the assumptions (H1)–(H4), for any monotone positive sequence
vn → 0 such that nv2

n → ∞ for n → ∞, we have the existence of a B > 0 such that,
with the probability 1:

lim
n→∞ sup

[
sup

‖β−β0‖=Bvn

|∑n
i=1 ξi (β)|

n‖β − β0‖2

]
≤ M

f (0)

2
.

Proof of Lemma 4 Divide ‖β−β0‖ = Bvn into N ≤ (B +1)p(n+2)p/2 cells. For β1
and β2 in the same cell, ‖β1 − β2‖ ≤ n−1/2vn , we have: |∑n

i=1[ξi (β1) − ξi (β2)]| ≤
C
∑n

i=1 |ν(β1,β2)(xi )| ≤ Cn1/2vn . In the other hand, using (H3) and (H4), there exists
two positive constants C1, C2 not dependent on n, such that:

V ar

[
n∑

i=1

ξi (β)

]
= 4

n∑

i=1

∫ fβ(xi )

h
β0 (xi )

∫ fβ(xi )

h
β0 (xi )

[F (min(u, v)) − F(u)F(v)]dudv

≤ C1

n∑

i=1

[ν(β,β0)(xi )]2 ≤ C2n‖β − β0‖2 M (1 + o(1)) = O(nv2
n).
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Estimating nonlinear regression with and without change-points by the LAD method 737

We consider: B = (MC2)
1/2.

On the other hand, we have with the probability 1: |ηi (β)| ≤ C |ν(β,β0)(xi )| ≤
C‖β − β0‖ = O(vn) and by the Lemma 2 of Oberhofer (1982):

IE[ηi (β)] = 211ν
(β,β0)

(xi )<0

∫ −ν
(β,β0)

(xi )

0
[|ν(β,β0)(xi )| − y]dF(y)

+ 211ν
(β,β0)

(xi )>0

∫ 0

−ν
(β,β0)

(xi )

[|ν(β,β0)(xi )| + y]dF(y)

= O((νβ,β0)(xi )) = O(vn).

Then: |ξi (β)| = OIP (vn). Thus, we can apply the Lemma 1 to
∑n

i=1 ξi (β) for s =
1/2, V = nv2

n, b = vn and a = nv2
n f (0)M/2. The lemma follows by applying the

Borel–Cantelli lemma. �
The following lemma gives the behaviour of the function to be minimized. Remark

that its demonstration is similar to that of Bai (1998) but the nonlinearity of hβ(x) will
be used in all the stages of proof. It is interesting to notice that we give a more precise
order for the supremmum in (ii).

Lemma 5 Under the assumptions (H1)–(H4) and the condition (5), for each δ ∈
(0, 1), for any sequence (vn) as in the Theorem 1, we have

(i) sup
nδ≤k≤n

∣∣∣∣∣ inf
β∈U (β0,n−1/2φ)

k∑

i=1

[|εi − ν(β,β0)(xi )| − |εi |]
∣∣∣∣∣ = OIP (1).

(i i) sup
1≤k≤n

∣∣∣∣∣ inf
β∈U (β0,n−1/2φ)

k∑

i=1

|εi − ν(β,β0)(xi )| − |εi |
∣∣∣∣∣ = OIP(nv2

n),

where U (β0, n−1/2φ) is a neighborhood of β0 and φ ∈ IR p.

Proof of Lemma 5 (i) By definition: β̂k = arg minβ

∑k
i=1 |εi −ν(β,β0)(xi )|. By similar

calculations that for Lemma 4 and Theorem 1, we can prove that: supk>nδ‖β̂k −β0‖ =
OIP (n−1/2). Thus, to obtain (i) it suffices to show that the following random process:

Gk,n(φ) :=
k∑

i=1

[|εi − ν(β0+n−1/2φ,β0)(xi )| − |εi |], φ ∈ IR p,

is bounded for all ‖φ‖ ≤ C . Setting

Ri,n(φ) := |εi − ν(β0+n−1/2φ,β0)(xi )| − |εi | − ν(β0+n−1/2φ,β0)(xi ) · sign(εi ),

we can write Gk,n(φ) as:

Gk,n(φ) =
k∑

i=1

sign(εi )ν(β0+n−1/2φ,β0)(xi ) +
k∑

i=1

Ri,n(φ).
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738 G. Ciuperca

By the central limit theorem, using (H2), we have n−1/2 ∑k
i=1

∂h
β0 (xi )

∂β
sign(εi ) =

OIP (1), uniformly in k. Since ||∂2hβ0(xi )/∂β
2|| is bounded, we obtain:

|∑k
i=1 ν(β0+n−1/2φ,β0)(xi ) · sign(εi )| = OIP (1), uniformly in k. Observe also that, we

can rewrite Ri,n(φ) as:

sign
(
εi − ν(β0+n−1/2φ,β0)(xi )

) [εi − ν(β0+n−1/2φ,β0)(xi )]
− sign(εi )εi − ν(β0+n−1/2φ,β0)(xi )sign(εi ).

Thus: |Ri,n(φ)| ≤ 411|εi |<|ν
(β0+n−1/2φ,β0)

(xi )||ν(β0+n−1/2φ,β0)(xi )|. By the above inequal-
ity and (H2), we obtain:

∣∣∣∣∣

k∑

i=1

Ri,n(φ)

∣∣∣∣∣ ≤ C Mn−1/2
n∑

i=1

11|εi |<|ν
(β0+n−1/2φ,β0)

(xi )|, ∀k = 1, . . . , n,

uniformly in φ. In addition, under the Lipshitz condition for F in a neighborhood of
β0: IE[n−1/2 ∑n

i=1 11|εi |<|ν
(β0+n−1/2φ,β0)

(xi )|] = O(1) and this completes the proof of
the first part of the Lemma.
(ii) By Theorem 1 we have that, for every ε > 0 there exists a B ∈ (0,∞) such that
for all large k:

IP[‖β̂k − β0‖ ≤ Bvk] ≥ 1 − ε, (27)

while noting Mk = Bvk , we will show that there exists n0 ∈ IN such that for all
n ≥ n0, with the probability approaching 1:

sup
‖β−β0‖≤Mk

∣∣∣∣∣

k∑

i=1

ηi (β)

∣∣∣∣∣ < 2Akv2
k ≤ 2Anv2

n, (28)

for all k such that n0 ≤ k ≤ n. On the other hand, for k < n0, we have: |ηi (β)| <

Mk sup‖β−β0‖≤Mk
‖∂hβ(xi )/∂β‖. Then, there exists a constant C > 0 such that:

|∑k
i=1 ηi (β)|≤∑n0

i=1 |ηi (β)|<Cnv2
n . Hence, for large n, with the probability 1:

sup
‖β−β0‖≤Mk

∣∣∣∣∣

k∑

i=1

ηi (β)

∣∣∣∣∣ < Cnv2
n

and the relation (28) is also satisfied for all k < n0. Hence the relation (28) holds for
all k ≥ 1. Let us observe that (27) implies:

IP

[
sup

1≤k≤n
| inf
β∈�

k∑

i=1

ηi (β)| > 2Anv2
n

]

≤ o(1) + IP

[
sup

1≤k≤n
sup

‖β−β0‖≤Mk

|
k∑

i=1

ηi (β)| > 2Anv2
n

]

and taking into account (28) for all k, the claim (ii) is deduced.
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Estimating nonlinear regression with and without change-points by the LAD method 739

It remains to show that there exists n0 ∈ IN such that (28) holds for all n ≥ n0. We
divide the region ‖β − β0‖ < Mk into C pk p/2 cells. For β1 and β2 belonging to the
same cell we have ‖β1 − β2‖ ≤ k−1/2 Mk . For a βs in the sth cell:

sup
‖β−β0‖≤Mk

∣∣∣∣∣

k∑

i=1

ηi (β)

∣∣∣∣∣ ≤ sup
βs

∣∣∣∣∣

k∑

i=1

ηi (βs)

∣∣∣∣∣+ sup
‖β1−β2‖≤k−1/2 Mk

∣∣∣∣∣

k∑

i=1

[ηi (β1) − ηi (β2)]
∣∣∣∣∣ .

(29)

For the second term on the right-hand side of (29) we get:

∣∣∣∣∣

k∑

i=1

[ηi (β1) − ηi (β2)]/(kv2
k )

∣∣∣∣∣

≤ ‖β1 − β2‖
k∑

i=1

sup
β

∥∥∥∥
∂hβ(xi )

∂β

∥∥∥∥

/
(kv2

k ) ≤ C
(

kv2
k

)−1/2
.

For the first term on the right-hand side of (29), we can write:
ηi (βs) = εi [sign(εi − ν(βs ,β0)(xi )) − sign(εi )] − ν(βs ,β0)(xi )sign(εi − ν(βs ,β0)(xi )).
Without loss of generality, we assume: ν(βs ,β0)(xi ) > 0. Then: sign(εi −ν(βs ,β0)(xi ))−
sign(εi ) = −2110<εi <ν

(βs ,β0)
(xi ). We have also: IE[sign(εi − ν(βs ,β0)(xi ))] = 1 −

2F
(
ν(βs ,β0)(xi )

) = −2
∫ ν

(βs ,β0)
(xi )

0 f (t)dt . Then

IE[ηi (βs)] = 2
∫ ν

(βs ,β0)
(xi )

0
[ν(βs ,β0)(xi ) − t] f (t)dt = ν2

(βs ,β0)
(xi ) f (0) (1 + o(1)) .

Using dominated convergence Theorem, we obtain: |∑k
i=1 IE[ηi (βs)]| ≤ Ck f (0)

‖βs −β0‖2 ≤ C f (0)kv2
k . With the probability 1, we have: |ξi (βs)| ≤ 2|ν(βs ,β0)(xi )| ≤

Cvk sup‖β−β0‖<Mk

∥∥∂hβ(xi )/∂β
∥∥. Then: V ar [ξi (βs)] ≤ 4ν2

(βs ,β0)
(xi ). This implies,

since ∂hβ(x)/∂β is bounded in the region ‖β − β0‖ < Mk , that:
∑k

i=1 IE[ξ2
i (βs)] ≤

Ckv2
k . From Lemma 1 and the relation (29) we obtain in a similar way as in the linear

case (Bai 1995, Lemma A.1.):

lim sup
k→∞

[
sup

‖β−β0‖≤Mk

∣∣∣∣∣

k∑

i=1

ηi (β)

∣∣∣∣∣ /(kv2
k

]
≤ A, (30)

with the probability 1, for some A > 0. The relation (30) implies that there exists
n0 ∈ IN such that (28) holds for all k ≥ n0. �
Lemma 6 Under the assumptions (H1), (H2), (H5) and the condition (5), for a mono-
tone positive sequence vn → 0 such that nv2

n → ∞, there exists an ε > 0 such that,
with the probability 1:
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740 G. Ciuperca

lim inf
n→∞ inf

‖β−β0‖≥vn

1

n

n∑

i=1

ηi (β) ≥ ε. (31)

Proof of Lemma 6 Let us consider β such that ‖β − β0‖ ≥ vn . For every compact
sub-set �0 of � not containing β0, we have by the Theorem 1 of Oberhofer (1982) that
there exists ε > 0 such that: n−1 ∑n

i=1 IE[ηi (φ)] ≥ ε. Moreover, using the assumption
(H5):

1

n

n∑

i=1

V ar [ηi (β)] ≤ ‖β − β0‖2 1

n

n∑

i=1

sup
β∈�

∥∥∥∥
∂hβ(xi )

∂β

∥∥∥∥
2

≤ C.

By the strong law of large numbers:

IP

[(
lim inf
n→∞ inf

‖β−β0‖≥vn

1

n

n∑

i=1

ηi (β)

)
≥ ε

]
= 1.

�
Following two lemmas prove that when the data are from two different models, the

LAD estimator in the regression without change-point is close to the parameter of the
model from where most of the data came.

Lemma 7 Let n1 and n2 be two integers such that n1 ≥ nρ with 1 ≥ ρ ≥ 3/4, n2 ≤
nυ and υ < 1/4. Let us also consider the regressions

Yi = hβ0
1
(xi ) + εi , i = 1, . . . , n1,

Yi = hβ0
2
(xi ) + εi , i = n1 + 1, . . . , n1 + n2,

with β0
1 �= β0

2 . We set N = n1 + n2 and β̂N := arg minβ

∑N
i=1 |Yi − hβ(xi )|. Under

the assumptions (H1)-(H5) and the condition (5), we have:

(i) For every δ ∈ (0, ρ − υ), with the probability tending to 1, we have:

‖β̂N − β0
1‖ ≤ n−(ρ−υ−δ)/2.

(ii)
∑n1

i=1[|εi − ν
(β̂N ,β0

1 )
(xi )| − |εi |] = OIP (1).

Proof of Lemma 7

(i) By definition:

β̂N = arg min
β∈�

⎡

⎣
n1∑

i=1

[
|εi − ν

(β,β0
1 )

(xi )|−|εi |
]
+

n1+n2∑

i=n1+1

[
|εi − ν

(β,β0
2 )

(xi )|−|εi |
]
⎤

⎦ .

(32)

123



Estimating nonlinear regression with and without change-points by the LAD method 741

Using (H3), we have that

n1+n2∑

i=n1+1

[
|εi − ν(β,β0

2 )(xi )| − |εi |
]

≤‖β − β0
2‖

n1+n2∑

i=n1+1

sup
β∈�

∥∥∥∥
∂hβ(xi )

∂β

∥∥∥∥ =O(nυ).

The rest of proof for the first term on the right-hand side of relation (32) is similar
to that of the Lemma 10 of Bai (1998), using the Lemma 6.

(ii) The proof mimic the proof of the Lemma 10 of Bai (1998). For the clarity we
give outline of this proof. This is based on the writing of the right-hand of the
relation (32):

n1∑

i=1

[|εi − ν(β,β0
1 )(xi )| − |εi |] +

n1+n2∑

i=n1+1

[|εi − ν(β,β0
2 )(xi )| − |εi |]

= zn(β) + tn(β) +
n1+n2∑

i=n1+1

[|εi − ν(β0
1 ,β0

2 )(xi )| − |εi |],

where zn(β) = ∑n1
i=1[|εi − ν(β,β0

1 )(xi )| − |εi |] and tn(β) = ∑n1+n2
i=n1+1[|εi − ν(β,β0

2 )

(xi )| − |εi − ν(β0
1 ,β0

2 )(xi )|].
For tn we apply (i), |tn(β̂N )| ≤ ∑n1+n2

i=n1+1 ||εi −ν
(β̂N ,β0

2 )
(xi )|−|εi −ν(β0

1 ,β0
2 )(xi )|| ≤

∑n1+n2
i=n1+1 |ν

(β0
1 ,β̂N )

(xi )| = o(1). On the other hand: 0 ≥ zn(β̂N ) + tn(β̂N ) ≥
infβ zn(β − |oIP (1)|. Then: |zn(β̂N )| ≤ | infβ zn(β| + oIP (1) By Lemma 5(i) we
have infβ zn(β) = OIP (1) and the claim follows. �

The following three lemmas are necessary for the model with the change-points.

Lemma 8 Let n1 and n2 be two integers as in the Lemma 7. Consider:

Yi = hβ0
1
(xi ) + εi , i = 1, . . . , k,

Yi = hβ0
2
(xi ) + εi , i = k + 1, . . . , k + n2,

where k ∈ [an1, n1], a ∈ (0, 1) and N = k + n2. Under the same assumptions as in
the Lemma 7, we have

(i) Then ∀a ∈ (0, 1], ∀δ ∈ (0, ρ − υ), with the probability tending to 1:

sup
n1a≤k≤n1

‖β̂k+n2 − β0
1‖ ≤ n−(ρ−υ−δ)/2.

(ii)

sup
n1a≤k≤n1

∣∣∣∣∣

k∑

i=1

|εi − ν
(β̂k+n2 ,β0

1 )
(xi )| − |εi |

∣∣∣∣∣ = OIP(1).
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742 G. Ciuperca

Proof of Lemma 8 The proof is similar to that of Lemma 11 of Bai (1998). The only
difference is that we use Lemma 6 which is the analoguous for the nonlinear case of
the Lemma 5 of Bai (1998). �
Lemma 9 Under (H1) and (H3), for all δ > 1/2, we have:

sup
1≤ j1≤ j2≤n

∣∣∣∣∣∣
inf
β∈�

j2∑

i= j1

[|εi − ν(β,β0)(xi )| − |εi |
]
∣∣∣∣∣∣
= OIP (nδ).

Proof of Lemma 9 The proof is similar to that of the Lemma 3 of Bai (1998). The single
place where the linearity intervenes in the proof of the Lemma 3 of Bai (1998) is in the
relation which is placed between Eqs. (15) and (16). The equivalent of

∑n
i=1 |wi ||s−t |

is
∑n

i=1 |ν(β1,β2)(xi )|, for β1, β2 ∈ �, which is O(n1/2) as consequence of (H3). �
Lemma 10 Let us consider the sequence cn → 0 such that ncn/ log n → ∞ or
cn ≡ c > 0. Under the assumptions (H1)–(H3), there exists C̃ > 0 such that ∀ε >

0,∀n > nε:

IP

[
sup

‖β−β0‖≤cn

∣∣∣∣∣
1

nc2
n

n∑

i=1

ξi (β)

∣∣∣∣∣ ≥ ε

]
≤ exp

(
−ε2nc2

nC̃
)

.

Proof of Lemma 10 Divide the region ‖β − β0‖ ≤ cn into cpn p/2 cells. For β1, β2
belonging to a common cell: ‖β1 − β2‖ ≤ cnn−1/2, we have:

1

nc2
n

∣∣∣∣∣

n∑

i=1

[ξi (β1) − ξi (β2)]

∣∣∣∣∣ ≤ 1

nc2
n

∣∣∣∣∣

n∑

i=1

ν(β1,β2)(xi )

∣∣∣∣∣ ≤ 2n−1/2c−1
n C = o(1).

On the other hand: |ξi (β)| ≤ 2|ν(β,β0)(xi )| ≤ cnC̃ for a constant C̃ > 0. We apply

Lemma 1 for ξi (β) and s = 1/2, b = 2cnC̃, a = nc2
nε, V = 4C̃2nc2

n . �
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