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Abstract We discuss the variance estimation for the nonparametric distribution
estimator for doubly censored data. We first provide another view of Kuhn–Tucker’s
conditions to construct the profile likelihood, and lead a Newton–Raphson algorithm as
an optimization technique unlike the EM algorithm. The main proposal is an iteration-
free Wald-type variance estimate based on the chain rule of differentiating conditions
to construct the profile likelihood, which generalizes the variance formula in only
right- or left-censored data. In this estimation procedure, we overcome some diffi-
culties caused in directly applying Turnbull’s formula to large samples and avoid a
load with computationally heavy iterations, such as solving the Fredholm equations,
computing the profile likelihood ratio or using the bootstrap. Also, we establish the
consistency of the formulated Wald-type variance estimator. In addition, simulation
studies are performed to investigate the properties of the Wald-type variance estimates
in finite samples in comparison with those from the profile likelihood ratio.

Keywords Double censoring · Efficient Fisher information · Empirical likelihood ·
Integral equations · Profile likelihood · Self-consistent equations · Variance formula

1 Introduction

In doubly censored data, the nonparametric maximum likelihood estimator (NPMLE)
cannot be written as the closed forms and the variances of the NPMLE have been
estimated via some iteration methods, such as solving the Fredholm equations (Chang
1990), the bootstrap sampling (Wellner and Zhan 1997) or a self-consistent algorithm
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646 T. Sugimoto

under the constraint (Chen and Zhou 2003). Originally, Turnbull (1974) provided
the determinant-based formula to obtain the estimated variance–covariance matrix
corresponding to the inverse of a tridiagonal matrix (e.g., Klein and Moeschberger
2003, pp. 146–147). However, it is difficult to directly apply Turnbull’s formula to
large samples, because the values of the determinants themselves tend to blow up
numerically for a larger matrix, so that the divisions of determinants in such formula
become computationally unstable. On the other hand, Chang (1990) has given the
asymptotic variance form of the NPMLE expressed by solving the Fredholm integral
equations from the self-consistent equations. Wellner and Zhan (1997) indicated the
application of the bootstrap sampling via a faster algorithm to capture the variability
of the NPMLE. Chen and Zhou (2003) have proposed the self-consistent algorithm
to compute the NPMLE under the constraint, so that the confidence intervals and the
variances of the NPMLE are estimated based on the profile likelihood ratio. How-
ever, the three approaches cannot avoid a load with computationally heavy iterations,
even if variance estimates can be numerically obtained. Still, Chang’s self-consistent
equation-based formula has a drawback equivalent to finding the inverse of a larger
matrix for practical use. Though the bootstrap method and Chen and Zhou’s method
are able to obtain computationally stable variance estimates in larger samples, vast
time and a great number of iterations are required to obtain the pointwise variance
estimates of the NPMLE. For example, referring Wellner and Zhan (1997), assume
that we use 200 resamplings and have 20 s on an average to calculate the NPMLE in
a sample of n = 1, 500, then, in the bootstrap method, the computation time needed
for acquiring a variance estimate is about 67 min.

In this paper, we propose an iteration-free variance estimation for the nonparametric
distribution estimator for doubly censored data. Our estimation procedure is based on
a semiparametric profile likelihood and generalizes the variance formula in only right-
or left-censored data. We provide another view of Kuhn–Tucker’s conditions to con-
struct the profile likelihood, by which a Newton–Raphson algorithm different from the
EM algorithm is planned as an optimization technique to obtain the profile likelihood.
In particular, our proposal is a Wald-type variance estimate based on the chain rule
of differentiating conditions to construct the profile likelihood in order to overcome
some difficulties of a Wald-type inference for semiparametric profile likelihood. In
terms of gaining the inverse of the Fisher information matrix, our manner is same as
Turnbull’s but freed of using the form of the determinant functions. In such plug-in
estimation procedure, we can gain a numerically stable solution and avoid a load with
computationally heavy iterations, such as solving the Fredholm integral equations to
estimate the influence functions (e.g., Chang 1990; Chen and Zhou 2003), using a
self-consistent algorithm to compute the profile likelihood ratio (e.g., Chen and Zhou
2003) or applying the bootstrap method (e.g., Wellner and Zhan 1997; Zhu and Sun
2007). Unlike Turnbull’s determinant-based formula, ours does not cause numerical
and theoretical blowing up in large samples, which is eventually equivalent to that the
denominators and numerators with determinantal forms in Turnbull’s formula cancel
out not to diverge, and is easier to derive an asymptotic form. In fact, to confirm the
validity of the proposed estimator, we show that the Wald-type variance estimator
is consistent to an asymptotic variance form, which is a direct large sample study
of Turnbull’s formula and provides a viewpoint different from Chang’s form. Also,
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Variance estimation for double censoring 647

the Wald-type variance estimate reduces the Greenwood variance formula in right-
censored data. In addition, we conduct simulation studies to investigate the perfor-
mance of the Wald-type variance estimator in finite samples in comparison with that
based on the profile likelihood ratio.

This paper is structured as follows: In Sects. 2.1 and 2.2, we describe the formula-
tion and key conditions to construct the semiparametric profile likelihood. In Sect. 2.3,
we provide a Newton–Raphson algorithm to obtain the profile likelihood. In Sect. 3,
we propose an iteration-free Wald-type variance estimate and prove the consistency
of the proposed variance estimator. In Sect. 4, we investigate the properties of the
Wald-type estimates using simulation.

2 On a semiparametric profile likelihood

2.1 Notations and the NPMLE

Suppose that true event times T ∗i , i = 1, . . . , n and left- and right-censoring time
vectors (C L

i , C R
i ), i = 1, . . . , n are independent and identically distributed as the

function F∗ and a joint bivariate function with C L
i ≤ C R

i and independent of T ∗i ,
respectively. Let F L and F R be the marginal distribution functions of C L

i and C R
i ,

respectively. We observe doubly censored event times Ti with the censoring indicators
�i as

(Ti ,�i ) =
⎧
⎨

⎩

(T ∗i , 1) if C L
i < T ∗i ≤ C R

i ,

(C R
i , 2) if C R

i < T ∗i ,

(C L
i , 3) if T ∗i ≤ C L

i ,

, i = 1, . . . , n. (1)

Given data (1), we can obtain the NPMLE F̂ of F∗ via some algorithm (e.g.,
Turnbull 1976; Mykland and Ren 1996; Wellner and Zhan 1997). Let T(1) < T(2) <

· · · < T(ka) and T j
(1) < T j

(2) < · · · < T j
(k j )

, j = 1, 2, 3 be the distinct times of
{T1, T2, . . . , Tn} and of Ti ’s with �i = j for i = 1, . . . , n, respectively (k1+k2+k3 ≤
n). The candidates of the jump points to find the NPMLE F̂ consist of the following
three types:

( j1) all the distinct uncensored time points (T 1
(1), . . . , T 1

(k1)
),

( j2) the earliest left-censored time point T 3
(1) and the last right-censored time point

T 2
(k2)

,

( j3) some censored time points occurring in the interval (T 1
( j), T 1

( j+1)) for j =
1, . . . , k1− 1, such as the 2–3-type points defined by Mykland and Ren (1996).

The jump points of (j2) can be treated as a type of (j1). That is, when we observe
T 3

(1) ≤ T 1
(1) and/or T 1

(k1)
≤ T 2

(k2)
in the original data (1), the NPMLE F̂ does not change

even if the left-censored observations with (Ti ,�i ) = (T 3
(1), 3) and the right-censored

observations with (Ti ,�i ) = (T 2
(k2)

, 2) are compulsorily reformed to (T 3
(1), 1) and
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(T 2
(k2)

, 1), respectively. For some discussion relevant to these, see Wellner and Zhan
(1997, p. 949). Also, in the many situations of larger sample, it will be satisfied that

there are no jump points of ( j3). (2)

In fact, as n becomes larger, the probability that the jump points of ( j3) occur trends
to zero (Mykland and Ren 1996).

Let J = {J1, J2, . . . , Jk(J )} ∈ J be a set of jump points with J1 < J2 < · · · <
Jk(J ) and k1 ≤ k(J ) ≤ ka , where J is the feasible family of J ’s. Based on the consid-
eration for ( j1–j3), let Jmax = {T(1), T(2), . . . , T(ka)} ∈ J for the largest k(Jmax) = ka

and Jmin = {T̃ 3
(1), T 1

(1), T 1
(2), . . . , T 1

(k1)
, T̃ 2

(k2)} ∈ J for some smallest k(Jmin) = k̃1,

where k̃1 = k1 + I (T̃ 3
(1) = T 3

(1))+ I (T̃ 2
(k2)
= T 2

(k2)
) and

T̃ 3
(1) = T 3

(1) if T 3
(1) < T 1

(1) and T̃ 3
(1) = ∅ otherwise,

T̃ 2
(k2)
= T 2

(k2)
if T 1

(k1)
< T 2

(k2)
and T̃ 2

(k2)
= ∅ otherwise.

Thus, J is the collection of sets that completely include Jmin of all possible subsets
generated by Jmax. Using a J ∈ J , we can set F(J ) = {Fi = F(Ji ), i = 1, . . . , k(J )−
1} as the parametrization of a right-continuous function F with left-hand limits to infer
F∗. Then, the log empirical likelihood constructed from the data (1) is parallel to

l(F) = l(F1, . . . , Fk(J )−1) = log
k(J )∏

j=1

(Fj − Fj−1)
d j (1− Fj )

m R
j (Fj )

mL
j , (3)

where the constraint condition

0 = F0 ≤ F1 ≤ · · · ≤ Fk(J )−1 ≤ Fk(J ) = 1

Fj−1 < Fj if d j > 0 for j = 1, . . . , k(J )
(4)

is demanded. The d j ’s, m R
j ’s and mL

j ’s are, by reflecting the consideration for ( j1)–( j3),
defined as

d1 =
n∑

i=1

I (�i = 3 or 1, Ti = J1), dk(J ) =
n∑

i=1

I (�i = 2 or 1, Ti = Jk(J )),

d j =
n∑

i=1

I (�i = 1, Ti = J j ), j = 2, . . . , k(J )− 1,

mL
1 =

n∑

i=1

I (�i = 3, Ti ∈ (J1, J2)), m R
0 =

n∑

i=1

I (�i = 2, Ti < J1),

mL
j =

n∑

i=1

I (�i = 3, Ti ∈ [J j , J j+1)), j = 2, . . . , k(J ),

m R
j =

n∑

i=1

I (�i = 2, Ti ∈ [J j , J j+1)), j = 1, . . . , k(J )− 1, m R
k(J ) = 0

(5)
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depending on J , where Jk(J )+1 = ∞. mL
k(J ) and m R

0 are not necessarily zero, but these
contributions to (3) can be ignored. The form (3) of the log likelihood is general and
flexible in the sense that the NPMLE can be expressed as F̂ = argmax{F=F(Jmax)}l(F)

= argmax{F=F(J ),J∈J }l(F) even if (2) is not satisfied. The first derivative u j of l(F)

w.r.t. Fj for j = 1, . . . , k(J )− 1 is

u j = u j (Fj−1, Fj , Fj+1) = ∂l(F)

∂ Fj
= d j

Fj − Fj−1
− d j+1

Fj+1 − Fj
− m R

j

1− Fj
+ mL

j

Fj

and minus the second derivative i j,l of l(F) w.r.t. Fj and Fl for j, l = 1, . . . , k(J )−1
is

i j,l = i j,l(Fj−1, Fj , Fj+1) = − ∂2l(F)

∂ Fj∂ Fl

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

d j

(Fj − Fj−1)2 +
d j+1

(Fj+1 − Fj )2 +
m R

j

(1− Fj )2 +
mL

j

F2
j

if j = l

− d j

(Fj − Fj−1)2 if j = l + 1

− d j+1

(Fj+1 − Fj )2 if j = l − 1

0 if | j − l| ≥ 2.

Let Ĵ be the set J of only jump points of the NPMLE F̂ . The following lemma
shows how the condition to find the NPMLE is characterized using u j ’s.

Lemma 1 Let F̂(J ) = {F̂(Ji ), i = 1, . . . , k(J )−1} be F(J ) which satisfies u j = 0,
j = 1, . . . , k(J )− 1 under the condition (4), if such solution exists. Then, there exists
J which has the maximum k(J ) of all the J ’s corresponding to F̂(J ), and the NPMLE
F̂ is uniquely F̂(J ) = F̂( Ĵ ).

This lemma is an assertion eventually equivalent to Theorem 1 of Mykland and Ren
(1996), Theorem 3.1 of Wellner and Zhan (1997), and so on. However, using a manner
different from them which generalizes the proof method of Turnbull (1974, Lemma
A2), we provide a proof of Lemma 1 including another view of Kuhn–Tucker’s
conditions. A significant point is that the strict concavity of l(F) is easily proved
by the tridiagonal property of the observed full Fisher information matrix.

Proof of Lemma 1 First, for F = F(J ) over every J ∈ J , we show that l(F) is two
times continuously differentiable and l(F) is strictly concave under the condition (4).
The former is easily shown, since all the i j,l ’s are continuous and bounded under (4).
The latter is completed by showing that the matrix I(F) is positive definite, where
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I(F) is minus the Hessian matrix of l(F) with the ( j, l)th element i j,l , that is,

I(F) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

i1,1 i1,2 0 0 · · · 0

i2,1 i2,2 i2,3 0
. . .

...

0 i3,2 i3,3 i3,4
. . .

...

0 0
. . .

. . .
. . . 0

...
...

. . .
. . . ik(J )−2,k(J )−2 ik(J )−2,k(J )−1

0 0 · · · 0 ik(J )−1,k(J )−2 ik(J )−1,k(J )−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

The positive definiteness of I(F) is equivalent to the fact that the determinant of I(F)

is always positive, since I(F) is a real symmetric matrix. Further, because I(F) is
a tridiagonal matrix, the determinant of I(F) is Dk(J )−1 obtained by following the
recursive formula

D0 = 1, D1 = i1,1, D j = i j, j D j−1 − (i j−1, j )
2 D j−2, j = 2, . . . , k(J )− 1. (6)

In Appendix A.1, we provide that every Dl is always positive. This indicates that
all the eigenvalues of I(F) are positive, so that I(F) is positive definite over every
J ∈ J .

Because of Jmax ⊇ every J ∈ J , the NPMLE F̂ is unique by the strict con-
cavity of l(F) for F = F(Jmax). Hence, Ĵ is also unique. Then, we have u j = 0,
j = 1, . . . , k(J ) − 1 for F = F̂ and J = Ĵ , since the solution F̂( Ĵ ) of F( Ĵ )

exists over all the inner points of (4) by the strict concavity of l(F)|F=F(J ) for every
J ∈ J . Also, J supplements Ĵ with no jump points such that both u j |F=F̂ = 0 and
u j+1|F=F̂ = 0 are satisfied for some j (i.e., a censoring point) with d j+1 = 0 in spite
of F̂( Ĵ j+1) = F̂( Ĵ j ), if such points exit. Therefore, we have F̂ = F̂(J ) = F̂( Ĵ ). 	


The relation between the self-consistent estimators (SCEs) and the condition

u j |F=F̂(J ) = 0, j = 1, . . . , k(J )− 1 for J ∈ J (7)

is not more direct than that (Wellner and Zhan 1997) based on the EM algorithm and
the Lagrange multipliers. We show how the condition (7) is connected with the SCEs
in the following lemma, which includes important matrix expressions reused in the
proof of Theorem 1 and slightly extends Lemma A1 of Turnbull (1974).

Lemma 2 Let u(F) = (u1, . . . , uk(J )−1)
T for some J ∈ J . A linear transformation

of (7), that is,

n−1PHu(F)|F=F̂(J ) = 0
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Variance estimation for double censoring 651

is identical to the self-consistent equations, where P and H are (k(J )−1)×(k(J )−1)

triangular matrices such that

P = P(F) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

p1 0 0 · · · 0
... p2 0 · · · 0

p1
... p3

. . .
...

p1 p2
...

. . . 0
p1 p2 p3 · · · pk(J )−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

and H =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 · · · 1 1
0 1 · · · 1 1
... 0

. . .
...

...

0
. . .

. . . 1 1
0 0 · · · 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

and p j = Fj − Fj−1, j = 1, . . . , k(J ).

Proof of Lemma 2 Let (F̂1(J ), . . . , F̂k(J )−1(J )) be F̂(J ) defined in Lemma 1. The
j th element of Hu(F)|F=F̂(J ) = 0 is

u p
j = d j/ p̂ j +

k(J )∑

l= j

mL
l /F̂l(J )+

j−1∑

l=0

m R
l /(1− F̂l(J ))− γk(J ) = 0,

j = 1, . . . , k(J )−1, where γk(J ) = dk(J )/ p̂k(J )+∑k(J )−1
l=0 m R

l /(1− F̂l(J ))+mL
k(J )

and p̂ j = F̂j (J ) − F̂j−1(J ). Then, because we also have u p
k(J ) = 0, we can lead

γk(J ) = n by solving the equation
∑k(J )

j=1 p̂ j u
p
j = 0 on γk(J ). Therefore, it is shown that

the i th element of n−1PHu(F)′|F=F̂(J ) = 0, that is, n−1∑i
j=1 p̂ j u

p
j = 0 becomes

m R
0

n
+

i∑

j=1

(
d j + m R

j + mL
j

)

n
+

k(J )∑

l=i+1

F̂i (J )

F̂l(J )

mL
l

n
−

i∑

l=0

1− F̂i (J )

1− F̂l(J )

m R
l

n
− F̂i (J ) = 0.

(8)

The collection of (8) for i = 1, . . . , k(J ) − 1 is identical to the self-consistent
equations. 	


2.2 Formulation: profile likelihood

Here, we will be interested in an inference on F∗(τ ) only at a fixed time τ . That is,
let Fm(J ) be a single parameter of interest for m(J ) with Jm(J ) ≤ τ < Jm(J )+1 for
J ∈ J and let F#

m(J ) = (F1, . . . , Fm(J )−1, Fm(J )+1, . . . , Fk(J )−1) be nuisance param-
eter vector excluded only Fm(J ) of interest from all the parameters (F1, . . . , Fk(J )−1)

(m(J ) = 1, . . . , k(J )− 1). Then, we define

F̂#(Fm(J )) = (F̂ f (Fm(J )), F̂b(Fm(J ))) = argmaxF#
m(J )

l(F)

as the solution obtained by maximizing l(F) over F#
m(J ) under a fixed Fm(J ), where

F̂ f (Fm(J )) = (F̂1(Fm(J )), . . . , F̂m(J )−1(Fm(J ))) and F̂b(Fm(J )) = (F̂m(J )+1(Fm(J )),
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652 T. Sugimoto

. . . , F̂k(J)−1(Fm(J ))) decompose F̂#(Fm(J )) into two parts before and after Fm(J ).

Using F̂# and

pl(Fm(J )) = l(F̂ f (Fm(J )), Fm(J ), F̂b(Fm(J ))), (9)

the log profile likelihood of F(τ ) is defined as

pl(F(τ )) = max
J∈J

pl(Fm(J )),

which is of course the same quantity as pl(Fm(Jmax)). We establish a criterion to find
pl(F(τ )) using u j ’s.

Lemma 3 Let F̂#
τ (J ) be F̂#(Fm(J )) such that

u j |F=(F̂ f (Fm(J )),Fm(J ),F̂b(Fm(J )))
=0, j=1, . . . , m(J )− 1, m(J )+1, . . . , k(J )−1,

satisfying the condition (4), if such solution exists. Then, there uniquely exists J
#

which
maximizes both of m(J ) and k(J )−m(J ) of all the J ’s corresponding to F̂#

τ (J ), and
the log profile likelihood of F(τ ) is pl(F(τ )) = pl(F

m(J
#
)
).

Proof of Lemma 3 This can be proved in the same manner as that of Lemma 1. Let
I(F#

m(J )) be minus the Hessian matrix of l(F |Fm(J )), which is obtained by excluding
both the m(J )th row and column from I(F), where l(F |Fm(J )) denotes the function
to l(F1, . . . , Fk(J )−1) from F#

m(J ) under a fixed Fm(J ). Because I(F#
m(J )) is a real sym-

metric tridiagonal matrix, I(F#
m(J )) is positive definite (see Appendix A.1). Hence,

l(F |Fm(J )) is a strictly concave function of F#
m(J ) under the condition (4) over every

J ∈ J . Therefore, by the same argument as Lemma 1, a solution F̂#
τ ( Ĵ #) of F̂#

τ (J )’s

exists over all the inner points of (4), so that J
#

is uniquely obtained by adding no
jump point J j ’s of F̂j (Fm(J )) but with u j = 0 for such solution F̂#

τ ( Ĵ #). 	


2.3 A computation of profile likelihood

Here, we provide an algorithm to compute pl(Fm(J )) of (9). Chen and Zhou (2003)
presented a self-consistent algorithm to compute the NPMLE under the constraint.
Their algorithm is stable but has relatively larger iterations and times until conver-
gence as well as problems of a nonparametric EM-algorithm indicated by Wellner and
Zhan (1997).

Our computation is a direct Newton–Raphson procedure using quite elegant con-
cave properties of l(F |Fm(J )) implicated from Lemma 3. Further, we find F̂ f (Fm(J ))

and F̂b(Fm(J )) can be separately computed each other. For simplicity, suppose that the
jump points of (j3) do not occur in F̂#(Fm(J )). That is, we typically consider J = Jmin
only. Also, for simplicity on only notations, we write m = m(J ) and k = k(J ) by
dropping J .
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Variance estimation for double censoring 653

On the forward nuisance part: Finding F̂ f (Fm) is to solve the (m − 1) equations
u j = 0, j = 1, . . . , m − 1. However, note that, a solution Fj−1 of the equation
u j (Fj−1, Fj , Fj+1) = 0 is provided as

F
f
j−1(Fj , Fj+1)

=
⎡

⎣1− d j (1− Fj )(Fj+1 − Fj )

d j+1(1− Fj )Fj + (Fj+1 − Fj )
(

m R
j Fj − mL

j (1− Fj )
)

⎤

⎦ Fj , (10)

given Fj and Fj+1. If we utilize such relations at m ≥ 3, by only putting an F̃m−1 under

a fixed Fm of interest, F̃m−2 = F
f
m−2(F̃m−1, Fm) for um−1(F̃m−2, F̃m−1, Fm) = 0,

F̃m−3 = F
f
m−3(F̃m−2, F̃m−1) for um−2(F̃m−3, F̃m−2, F̃m−1) = 0, . . . , F̃1 =

F
f
1 (F̃2, F̃3) for u2(F̃1, F̃2, F̃3) = 0 are automatically obtained one after another.

Then, the equation not used yet of u j = 0, j = 1, . . . , m−1 is only u1(0, F̃1, F̃2) = 0,
which is a criterion to be F̂ f (Fm) and know whether F̃m−1 put in the first is appropri-
ate. Therefore, when m ≥ 3, we can construct a Newton–Raphson algorithm to search
F̂ f (Fm) as follows.

Algorithm 1 (A computation to find F̂ f (Fm) when m ≥ 3)

F1. Let l = 1. Set an initial value Fm−1 = F̃ (1)
m−1 such that {Fm, F̃ (1)

m−1, F̃ (1)
m−2, . . . ,

F̃ (1)
1 } computed in F2 satisfies (4).

F2. Using (10) for the equations u j (F̃ (l)
j−1, F̃ (l)

j , F̃ (l)
j+1) = 0, j = m − 1, . . . , 2 and

F̃ (l)
m = Fm ,

F̃ (l)
m−2 = F

f
m−2(F̃ (l)

m−1, Fm), F̃ (l)
m−3 = F

f
m−3(F̃ (l)

m−2, F̃ (l)
m−1), . . .

. . . , F̃ (l)
1 = F

f
1 (F̃ (l)

2 , F̃ (l)
3 )

are computed, so that ũ1 = u1(0, F̃ (l)
1 , F̃ (l)

2 ) is computed. If {Fm, F̃ (l)
m−1, F̃ (l)

m−2,

. . . , F̃ (l)
1 } satisfies (4), go to F3 as h = 1. Otherwise, go to F3 after letting

h← 2h and l ← l − 1.
F3. Stop if ũ1 < ε and h = 1, so that we have F̂ f (Fm) = (F̃ (l)

1 , . . . , F̃ (l)
m−1).

Otherwise, F̃ (l+1)
m−1 is updated as

F̃ (l+1)
m−1 = F̃ (l)

m−1 + h−1u1(0, F̃ (l)
1 , F̃ (l)

2 )/i1(F̃ (l)
m−1),

then go to F2 after letting l← l+1, where i1(F̃ (l)
m−1)=du1(0, F̃ (l)

1 , F̃ (l)
2 )/d F̃ (l)

m−1.

By resetting h← 2h in F2 for too larger update to F̃ (l+1)
m−1 from F̃ (l)

m−1, a milder update

is performed. The first derivative i1(F̃ (l)
m−1) of u1(0, F̃ (l)

1 , F̃ (l)
2 ) w.r.t. F̃ (l)

m−1 is written
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as

i1
(
F̃ (l)

m−1

) = ∂u1
(
0, F̃ (l)

1 , F̃ (l)
2

)

∂ F̃ (l)
1

d F̃ (l)
1

d F̃ (l)
m−1

+ ∂u1
(
0, F̃ (l)

1 , F̃ (l)
2

)

∂ F̃ (l)
2

d F̃ (l)
2

d F̃ (l)
m−1

,

where d F̃ (l)
1 /d F̃ (l)

m−1 and d F̃ (l)
2 /d F̃ (l)

m−1 are obtained by the chain rule of differentiating
(10), starting from

d F̃ (l)
m−2/d F̃ (l)

m−1 = d F
f
m−2(F̃ (l)

m−1, Fm)/d F̃ (l)
m−1

and following the computing order of j = m − 3, . . . , 2, 1 provided as

d F̃ (l)
j

d F̃ (l)
m−1

= ∂ F
f
j

(
F̃ (l)

j+1, F̃ (l)
j+2

)

∂ F̃ (l)
j+1

d F̃ (l)
j+1

d F̃ (l)
m−1

+ ∂ F
f
j

(
F̃ (l)

j+1, F̃ (l)
j+2

)

∂ F̃ (l)
j+2

d F̃ (l)
j+2

d F̃ (l)
m−1

.

When m = 2, rather than using Algorithm 1, one direct solution F̃1 of the quadratic
equation

(d1 + d2 + m R
1 + mL

1 )F̃2
1

−
{

d1 + d2 + mL
1 + (d1 + m R

1 + mL
1 )F2

}
F̃1 + (d1 + mL

1 )F2 = 0 (11)

derived by u1(0, F̃1, F2) = 0 is F̂ f (F2) = F̃1, where another solution of (11) does
not satisfy (4) (0 ≤ F̃1 ≤ F2).

On the backward nuisance part: Finding F̂b(Fm) is performed similarly as in Algo-
rithm 1 for F̂ f (Fm). To solve the (k−m−1) equations u j = 0, j = m+1, . . . , k−1,
note that a solution Fj+1 of the equation u j (Fj−1, Fj , Fj+1) = 0 is provided as

F
b
j+1(Fj , Fj−1)

=
⎡

⎣1+ d j+1(1− Fj )(Fj+1 − Fj )

d j (1− Fj )Fj + (Fj − Fj−1)
(

mL
j (1− Fj )− m R

j Fj

)

⎤

⎦ Fj , (12)

given Fj and Fj−1. When m ≤ k − 3, by setting an F̃m+1 under a fixed Fm , F̃m+2 =
F

b
m+2(F̃m+1, Fm) for um+1 = 0, F̃m+3 = Fm+3(F̃m+2, F̃m+1) for um+2 = 0, . . . ,

F̃k−1 = Fk−1(F̃k−2, F̃k−3) for u2 = 0 are automatically obtained. uk−1(F̃k−2,

F̃k−1, 1) = 0 is a criterion to be F̂b(Fm) and know whether F̃m+1 set in the first
is appropriate. Algorithm 2 is a Newton–Raphson method to search F̂b(Fm).

Algorithm 2 (A computation to find F̂b(Fm) when m ≤ k − 3)

B1. Let l = 1. Set an initial value Fm+1 = F̃ (1)
m+1 such that {F̃ (1)

m+1, F̃ (1)
m+2, . . . , F̃ (1)

k−1}
computed in B2 satisfies (4).
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B2. Using (12) for the equations u j (F̃ (l)
j−1, F̃ (l)

j , F̃ (l)
j+1) = 0, j = m + 1, . . . , k − 2

and F̃ (l)
m = Fm ,

F̃ (l)
m+2 = F

b
m+2

(
F̃ (l)

m+1, Fm
)
F̃ (l)

m+3 = F
b
m+3

(
F̃ (l)

m+2, F̃ (l)
m+1

)
, . . .

. . . , F̃ (l)
k−1 = F

b
k−1

(
F̃ (l)

k−2, F̃ (l)
k−3

)

are computed, so that ũk−1 = uk−1(F̃ (l)
k−2, F̃ (l)

k−1, 1) is computed. If {Fm, F̃ (l)
m+1,

F̃ (l)
m+2, . . . , F̃ (l)

k−1} satisfies (4), go to B3 as h = 1. Otherwise, go to B3 after
letting h← 2h and l ← l − 1.

B3. Stop if ũh−1 < ε and h = 1, so that we have F̂b(Fm) = (F̃ (l)
m+1, . . . , F̃ (l)

h−1).

Otherwise, F̃ (l+1)
m+1 is updated as

F̃ (l+1)
m+1 = F̃ (l)

m+1 + h−1uk−1
(
F̃ (l)

k−2, F̃ (l)
k−1, 1

)/
i k−1

(
F̃ (l)

m+1

)
,

then go to B2 after letting l ← l + 1, where i k−1
(
F̃ (l)

m+1

) = duk−1(F̃ (l)
k−2,

F̃ (l)
k−1, 1)/d F̃ (l)

m+1.

The reason for resetting h ← 2h in B2 is the same as for Algorithm 1. The first
derivative i k−1(F̃ (l)

m+1) of uk−1(F̃ (l)
k−2, F̃ (l)

k−1, 1) w.r.t. F̃ (l)
m+1 is written as

i k−1(F̃ (l)
m+1) =

∂uk−1
(
F̃ (l)

k−2, F̃ (l)
k−1, 1

)

∂ F̃ (l)
k−2

d F̃ (l)
k−2

d F̃ (l)
m+1

+ ∂uk−1
(
F̃ (l)

k−2, F̃ (l)
k−1, 1

)

∂ F̃ (l)
k−1

d F̃ (l)
k−1

d F̃ (l)
m+1

,

where d F̃ (l)
k−2/d F̃ (l)

m+1 and d F̃ (l)
k−1/d F̃ (l)

m+1 are obtained by the chain rule of differenti-
ating (12), starting from

d F̃ (l)
m+2/d F̃ (l)

m+1 = d F
b
m+2(F̃ (l)

m+1, Fm)/d F̃ (l)
m+1

and following the computing order of j = m + 3, . . . , k − 2, k − 1 provided as

d F̃ (l)
j

d F̃ (l)
m+1

= ∂ F
b
j

(
F̃ (l)

j+2, F̃ (l)
j+1

)

∂ F̃ (l)
j+1

d F̃ (l)
j+1

d F̃ (l)
m+1

+ ∂ F
b
j

(
F̃ (l)

j+2, F̃ (l)
j+1

)

∂ F̃ (l)
j+2

d F̃ (l)
j+2

d F̃ (l)
m+1

.

When m = k − 2, one direct solution F̃k−1 of the quadratic equation

(dk + dk−1 + m R
k−1 + mL

k−1)F̃2
k−1

−
{

dk−1 + mL
k−1 + (dk + m R

k−1 + mL
k−1)Fk−2

}
F̃k−1 + mL

k−1 Fk−2 = 0 (13)

from uk−1(Fk−2, F̃k−1, 1) = 0 is F̂b(Fk−2) = F̃k−1, where another of (13) does not
satisfy (4) (F̃k−2 ≤ Fk−1 ≤ 1).
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If the jump points of (j3) occur, we can cope with such a situation by a slight
correction of the algorithm described here. For example, if we need to consider the
possibility of Fj−1 < Fj < Fj+1 when d j = 0 in (10), we modify Algorithm 1 by

setting not only Fm−1 and ũ1 = 0 but also Fj−1 and u j (Fj−1, F̃ (l)
j , F̃ (l)

j+1) = 0 as
initial values and the criterion of convergence, respectively. Also, the correction of
Algorithm 2 with the jump points of (j3) is similar to that of Algorithm 1.

3 A Wald-type variance formula based on derivations

In empirical likelihood with higher dimensional nuisance parameter, a Wald-type infer-
ence, for example, test, the estimated variance and associated confidence regions of
parameter of interest may be computationally hard for the drawback in finding the
inverse of the observed value of the full Fisher information matrix (e.g., Murphy and
van der Vaart 1997). In fact, a direct application of Turnbull’s formula to large samples
brings blowing up numerically in the values of the determinants themselves. However,
a Wald-type inference does not need to use the explicit expression of inverse matrix
formula is motivated by a Newton–Raphson algorithm as in Sect. 2.3 and several
recent theoretical works on semiparametric profile likelihood. Our idea is based on
the chain rule of differentiating the equations required to construct the profile likeli-
hood.

For practice, assume that the NPMLE F̂ = (F̂1, . . . , F̂k( Ĵ )−1) has already been
found. By Lemma 1, the condition to obtain the NPMLE F̂ is equivalent to keeping
the k( Ĵ )− 1 equations

u j (F̂j−1, F̂j , F̂j+1) = 0, j = 1, . . . , k( Ĵ )− 1. (14)

So, for simplicity only on notations, we write m = m( Ĵ ) and k = k( Ĵ ) by dropping Ĵ ,
jump points of the NPMLE. We are interested in estimating the pointwise variance of
each F̂m (m = 1, . . . , k− 1). Define Ip(Fm) = −∂2 pl(Fm)/∂ F2

m , m = 1, . . . , k− 1.
A Taylor expansion of 2pl(Fm) at the true parameter F∗m = F∗( Ĵm) around F̂m

provides

2pl(F̂m)− 2pl(F∗m) = n−1Ip(F̃m)
{√

n(F̂m − F∗m)
}2

,

since the first derivative term is zero when Fm = F̂m , where F̃m is on the line segment
between F̂m and F∗m . Gu and Zhang (1993) or Chang (1990) proved that

√
n(F̂(·)−

F∗(·)) converges weakly to a Gaussian process under some regular conditions. Also,
Murphy and van der Vaart (1997, Theorem 2.1) showed that the log profile likeli-
hood ratio 2pl(F̂(τ )) − 2pl(F∗(τ )) is asymptotically chi-squared distributed with
one degree of freedom under similar regular conditions. From these facts, we can pre-
dict that 1/n−1Ip(F̂m) is available as a variance estimate of

√
n(F̂m − F∗m). We now

derive a useful expression of the Wald-type variance estimator based on differentiating
the profile likelihood. Also, we provide its asymptotic form in Theorems 1 and 2 via
lines different from Chang (1990).
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Minus the second derivative Ip(Fm) of pl(Fm) is, in a general form, written as

Ip(Fm) = − ∂

∂ Fm

k−1∑

j=1

∂l(F̂ f (Fm), Fm, F̂b(Fm))

∂ F̂j (Fm)

∂ F̂j (Fm)

∂ Fm

=
k−1∑

j=1

{
k−1∑

l=1

i j,l(F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm))
∂ F̂l(Fm)

∂ Fm

}
∂ F̂j (Fm)

∂ Fm
(15)

since we have u j (F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)) = 0 for j = 1, . . . , m − 1, m +
1, . . . , k − 1, where Fm is written as F̂m(Fm) on notation. Similarly to the algorithm
of Sect. 2.3, we find that the derivatives ∂ F̂l(Fm)/∂ Fm in (15) can be computed sep-
arately in cases of j ≤ m − 1 and j ≥ m + 1. Especially, when Fm = F̂m , all the
F̂j (F̂m)’s are

F̂j = F̂j (F̂m), j = 1, . . . , k − 1, m = 1, . . . , k − 1. (16)

By Lemma 3 and Sect. 2.3, note that the condition to obtain F̂ f (Fm) is

u j (F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)) = 0, for j = 1, . . . , m − 1 (17)

rather than (14). For simplicity, we write ∂ F̂j/∂ F̂j+1 = ∂ F̂j (Fm)/∂ F̂j+1(Fm). First,
we have

∂ F̂1/∂ F̂2 = −i1,2
(
0, F̂1(Fm), F̂2(Fm)

)
/ i1,1(0, F̂1(Fm), F̂2(Fm))

by differentiating u1(0, F̂1(Fm), F̂2(Fm)) = 0 of (17). Next, given ∂ F̂j−1/∂ F̂j

( j ≥ 2), we have

∂ F̂j

∂ F̂j+1
= −i j, j+1(F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm))

i j, j (F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm))− d j

(F̂j (Fm)− F̂j−1(Fm))2

∂ F̂j−1

∂ F̂j

(18)

by differentiating u j (F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)) = 0 of (17). Therefore, since
all ∂ F̂j/∂ F̂j+1, j ≤ m − 1 are solved via (18) using all of (17), so that we can obtain

∂ F̂j (Fm)

∂ Fm
= ∂ F̂j

∂ F̂j+1

∂ F̂j+1

∂ F̂j+2
· · · ∂ F̂m−1

∂ Fm
for j ≤ m − 1 (19)

by the chain rule of differentiation. In case of j ≥ m+ 1, F̂b(Fm) holds the condition

u j
(
F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)

) = 0, j = m + 1, . . . , k − 1. (20)
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So, as well as the case of j ≤ m − 1, given ∂ F̂j+1/∂ F̂j ( j ≤ k − 1), we have

∂ F̂j

∂ F̂j−1
= −i j, j−1

(
F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)

)

i j, j
(
F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm)

)− d j+1
(
F̂j+1(Fm)− F̂j (Fm)

)2
∂ F̂j+1

∂ F̂j

,

(21)

where ∂ F̂k/∂ F̂k−1 = 0 for F̂k = 1. Therefore, since all ∂ F̂j/∂ F̂j−1, j ≥ m + 1 are
solved via (21) using (20), so that we can obtain

∂ F̂j (Fm)

∂ Fm
= ∂ F̂j

∂ F̂j−1

∂ F̂j−1

∂ F̂j−2
· · · ∂ F̂m+1

∂ Fm
for j ≥ m + 1 (22)

by the chain rule of differentiation. We provide the following result relevant to the
existence of these derivatives:

Lemma 4 Suppose that (2) is held. Then, under a fixed Fm and the constraint con-
dition (4), ∂ F̂j (Fm)/∂ Fm, j = 1, . . . , k − 1 uniquely exist satisfying 0 < ∂ F̂j (Fm)/

∂ Fm < 1.

Proof of Lemma 4 By assumption of (2), all the d j ’s ( j = 1, . . . , k−1) are not zeros.
First, we consider the case of l ≤ m − 1. Clearly, there exists 0 < ∂ F̂1/∂ F̂2 < 1.
Since the denominator of (18) exists if F̂j (Fm) − F̂j−1(Fm) > 0 at d j > 0 and can
be written as

d j (1− ∂ F̂j−1/∂ F̂j )

(F̂j (Fm)− F̂j−1(Fm))2
− i j, j+1(F̂j−1(Fm), F̂j (Fm), F̂j+1(Fm))

+m R
j /(1− F̂j (Fm))2 + mL

j /F̂j (Fm)2,

it is inductively shown that there exist ∂ F̂j (Fm)/∂ Fm , j = 1, . . . , m − 1 satisfying
0 < ∂ F̂j−1/∂ F̂j < 1. Also, similar results are shown in the case of j ≥ m + 1. 	


Even if (2) is not held in Lemma 4, ∂ F̂j (Fm)/∂ Fm = 0 occurs at d j = 0 but
0 ≤ ∂ F̂j (Fm)/∂ Fm ≤ 1, j = 1, . . . , k − 1 are satisfied.

Further, using the relationship

i j, j (Fj−1, Fj , Fj+1) = −i j, j−1(Fj−1, Fj , Fj+1)− i j, j+1(Fj−1, Fj , Fj+1)

+ m R
j /(1− Fj )

2 + mL
j /F2

j , (23)
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∂ F̂0/∂ Fm = 0 and ∂ F̂k/∂ Fm = 0 for m = 1, . . . , k − 1, we can rewrite (15) as

Ip(Fm) =
k∑

j=1

d j

{F̂j (Fm)− F̂j−1(Fm)}2
(

∂ F̂j (Fm)

∂ Fm
− ∂ F̂j−1(Fm)

∂ Fm

)2

+
k−1∑

j=1

m R
j

{1− F̂j (Fm)}2
(

∂ F̂j (Fm)

∂ Fm

)2

+
k−1∑

j=1

mL
j

F̂j (Fm)2

(
∂ F̂j (Fm)

∂ Fm

)2

(24)

with better insight than Turnbull’s determinant-based formula.
We now provide the asymptotic consistency of Ip(Fm) at Fm = F̂m . Let t− and t+

be times just after t and just prior to t , respectively.

Condition 1 F∗, F L and F R are continuous functions with Te = inf{t : F∗(t) =
1} < ∞, sup{t : F∗(t) = 0} = 0, F L(Te) = 1 and F R(0) = 0. Further, F L(t−) −
F R(t−) is positive on t ∈ (0, Te).

This condition is almost the same as that of Murphy and van der Vaart (1997, Theorem
2.1) or Chang (1990), but we impose on the boundedness of Te to prove the following
theorem simply based on the linear Fredholm integral equations.

Theorem 1 Suppose that Condition 1 is satisfied, and that t0 and te hold 0 < t0 <

te < Te. Then, for m and τ satisfying Ĵm ≤ τ < Ĵm+1, as n → ∞, n−1Ip(F̂m) is
consistent to the limit

Ip(F̂(τ )) =
∫ Te

0
d H1(t)

{
1

F̂∗(t)− F̂∗(t−)

∂(F̂∗(t)− F̂∗(t−))

∂ F̂∗(τ )

}2

+
∫ Te−

0

d H2(t)

{1− F∗(t)}2
(

∂ F̂∗(t)
∂ F̂∗(τ )

)2

+
∫ Te

0+
d H3(t)

F∗(t)2

(
∂ F̂∗(t)
∂ F̂∗(τ )

)2

(25)

uniformly on τ ∈ [t0, te], where Hl(t), l = 1, 2, 3 are H1(t) =
∫ t

0 (F L(s)− F R(s))d

F∗(s), H2(t) =
∫ t

0 (1− F∗(s))d F R(s), H3(t) =
∫ t

0 F∗(s)d F L(s), and

{F̂∗(t)− F̂∗(t−)}−1∂(F̂∗(t)− F̂∗(t−))/∂ F̂∗(τ ) and ∂ F̂∗(t)/∂ F̂∗(τ )

are deterministic limits corresponding to

{F̂(t)− F̂(t−)}−1∂(F̂(t)− F̂(t−))/∂ F̂(τ ) and ∂ F̂(t)/∂ F̂(τ ),

respectively, F̂∗(s) = F∗(s) in the sense of the function value. The limits of derivatives
are expressed as ∂ F̂∗(t)/∂ F̂∗(τ ) = ∏

t≤s<τ ∂ F̂∗(s)/∂ F̂∗(s+) satisfying the non-
linear Volterra equations (30) if t <τ and ∂ F̂∗(t)/∂ F̂∗(τ )=∏τ<s≤t ∂ F̂∗(s)/∂ F̂∗(s−)

satisfying (31) if t > τ .
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Proof of Theorem 1 For simplicity, we write ∂ F̂j/∂ F̂m = ∂ F̂j (Fm)/∂ Fm |Fm=F̂m
and

p̂ j = F̂j − F̂j−1. The main task to prove this theorem is that for every j and m, as
n→∞

∂ F̂j/∂ F̂m and ( p̂ j )
−1∂ p̂ j/∂ F̂m = ( p̂ j )

−1(∂ F̂j/∂ F̂m − ∂ F̂j−1/∂ F̂m) at d j > 0

converge almost surely to their limits, respectively. Let x̂ j = ∂ F̂j/∂ F̂m , x̂ f = (̂x1, . . . ,

x̂m−1)
T, ŷ j = ( p̂ j )

−1∂ p̂ j/∂ F̂m and ŷ f = (ŷ1, . . . , ŷm−1)
T. Let Î f

τ be a submatrix of
I(F̂) formed by rows and columns 1, . . . , m − 1. We find that x̂ f solved recursively
by (18) and (19) is equivalent to the solution of linear equations

n−1Î f
τ x̂ f = â f

τ ,

where â f
τ = (0, . . . , 0, −̂im−1,m/n)T and îi, j = ii, j |F=F̂ . These equations are

derived by differentiating the both sides of (17) w.r.t. Fm . Also, x̂ f is same as HT
m−1

Q̂m−1 ŷ f , where Hm−1 is a submatrix of H (of Lemma 2) formed by rows and columns
1, . . . , m−1 and Q̂m−1 is an (m−1)× (m−1) diagonal matrix diag( p̂1, . . . , p̂m−1).

First, we show that ŷ j ’s at d j > 0 converge almost surely to their limits as n→∞.
Especially, since p̂ j , j = 1, . . . , k−1 are positive on all the jump points { Ĵ1, . . . , Ĵk−1}
of the NPMLE, all the ŷ j ’s are well-defined not only at d j > 0 but also at all j’s.

By some facts mentioned above, ŷ f is the unique solution of n−1Î f
τ HT

m−1Q̂m−1 ŷ f =
â f
τ . In fact, the inverse of n−1Î f

τ HT
m−1Q̂m−1 exists, because Î f

τ is invertible from
the discussion of Appendix A.1. Here, multiplying this matrix system by an invertible
P̂m−1R̂m−1, we consider the equations

n−1P̂m−1R̂m−1Î f
τ HT

m−1Q̂m−1 ŷ f = P̂m−1R̂m−1â f
τ , (26)

where P̂m−1 is a submatrix of P(F̂) (of Lemma 2) formed by rows and columns
1, . . . , m − 1 and R̂m−1 is an (m − 1)× (m − 1) matrix such that

R̂m−1 =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 1 · · · 1 ν̂m−1
0 1 · · · 1 ν̂m−1
... 0

. . .
...

...

0
. . .

. . . 1
...

0 0 · · · 0 ν̂m−1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, ν̂m−1 = p̂m + λ̂m−1

1+ λ̂m−1
, λ̂m−1 = β̂m−1

α̂m

with α̂m = dm/ p̂2
m and β̂m−1 = m R

m−1/(1− F̂m−1)
2 + mL

m−1/F̂2
m−1. The equa-

tions (26) are also equivalent to the Fredholm integral equation

∫ Ĵm−

0
K̂ f

τ (t, s)ŷ f (s)ds = Â f
τ (t)
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in the sense of Stieltjes’s integration, where ŷ f (s) is the j th element of ŷ f satisfying
Ĵ j ≤ s < Ĵ j+1, Â f

τ (t) and K̂ f
τ (t, s)ds are written as

Â f
τ (t) = F̂(t)

{

d Ĥ1( Ĵm)/�F̂( Ĵm)+
∫ Ĵm−

Ĵm−1

β̂(u)du

}

/(1+ λ̂m−1) and

K̂ f
τ (t, s)ds=

{

I (t ≥ s)
d Ĥ1(s)

�F̂(s)
+ F̂(t)

d Ĥ1( Ĵm)

�F̂( Ĵm)
+
∫ Ĵm−

s
F̂(t ∧ u)β̂(u)du

}

d F̂(s)

−I (s = Ĵm−)F̂(t)

{
d Ĥ1( Ĵm−1)

�F̂( Ĵm−1)

}

(1−�F̂( Ĵm))/(1+ λ̂m−1)

with β̂(u)du = d Ĥ2(u)/(1− F̂(u))2 + d Ĥ3(u)/F̂(u)2, �F̂(t) = F̂(t) − F̂(t−),
Ĥ1(t) = ∑

{i : Ĵi≤t} di/n, Ĥ2(t) = ∑
{i : Ĵi≤t}m R

i /n, Ĥ3(t) = ∑
{i : Ĵi≤t}mL

i /n and

t ∧ s = min(t, s). Further, note that the NPMLE or the SCE F̂ satisfies

d Ĥ1(t)

�F̂(t)
= (F̂ L(t−)− F̂ R(t−))δ1(t),

F̂ R(t) =
∫ t

0
d Ĥ2(s)/(1− F̂(s)), 1− F̂ L(t) =

∫ Te

t
d Ĥ3(s)/F̂(s)

(27)

and δ1(t) = I (d Ĥ1(t) > 0).
Let

∫ τ−
0 K f

τ (t, s)y f (s)ds = A f
τ (t) be a limit form corresponding to the above

Fredholm integral equation or (26), where y f (s) = {�F̂∗(s)}−1∂�F̂∗(s)/∂ F̂∗(τ ),
�F̂∗(s) = F̂∗(s) − F̂∗(s−), A f

τ (t) = F∗(t)(F L(τ−) − F R(τ−)), K f
τ (t, s)ds

corresponds to K̂ f
τ (t, s)ds in which Ĥl , l = 1, 2, 3, F̂ , Ĵm−1 and Ĵm are substi-

tuted by their limits Hl , l = 1, 2, 3, F∗, τ− and τ , as λm−1 → 0. The kernel satisfies
that

sup
t,s<τ≤te

|K f
τ (t, s)| <∞, (28)

which is shown from, for example,
∫ τ−

0 d H2(u)/(1 − F∗(u))2 < F R(τ−)/(1 −
F∗(te−)) <∞, etc. Then, there exists the resolvent kernel corresponding to

∫ τ−
0 K f

τ

(t, s)y f (s)ds. In fact, the determinant of finite difference approximations of this inte-
gral equation is proved to be always positive using a transformation to the matrix
system such as (26) and the discussion similar to Appendix A.1, then the limit of such
determinant converges to some deterministic value (the Fredholm determinant) by the
Fredholm theory with the bounded kernel, such as (28).

If Condition 1 is satisfied, then, we have

sup
t∈[0,Te]

|F̂(t)− F∗(t)| →a.s. 0, sup
t∈[0,Te]

|Ĥl(t)− Hl(t)| →a.s. 0, l = 1, 2, 3,

sup
t∈[0,Te]

|F̂ L(t)− F L(t)| →a.s. 0 and sup
t∈[0,Te]

|F̂ R(t)− F R(t)| →a.s. 0,
(29)
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where →a.s. denotes the convergence almost surely (see Chang and Yang 1987;
Gu and Zhang 1993 or Murphy and van der Vaart 1997, Lemma A.3). By (28), we have

supt<τ≤te

∣
∣
∣
∫ τ−

0 K f
τ (t, s)ds

∣
∣
∣ <∞ and supt<τ≤te |y f (t)| <∞. So, using Condition 1,

(27), (28) and (29), as n→∞, we can show

sup
t<τ≤te

∣
∣
∣
∣
∣

∫ Ĵm−

0
K̂ f

τ (t, s)ds −
∫ τ−

0
K f

τ (t, s)ds

∣
∣
∣
∣
∣
→
a.s.

0 and sup
t<τ≤te

∣
∣
∣ Â f

τ (t)− A f
τ (t)

∣
∣
∣→

a.s.
0.

Also, the former result leads that the integrations of the resolvent kernel correspond-

ing to
∫ Ĵm−

0 K̂ f (t, s)ŷ f (s)ds converge almost surely to those of
∫ τ−

0 K f (t, s)y f (s)ds
uniformly on τ ≤ te (e.g., by a reasoning similar to Sugimoto and Hamasaki 2006,
Proposition A.4). Hence, based on these results on convergences, supt<τ≤te |̂y f (t)−
y f (t)| →a.s. 0 can be shown. Also, we can show that ŷb = (ŷm+1, . . . , ŷk−1)

T

converges almost surely to its limit by an argument parallel to ŷ f and y f as stated
above.

Second, we show that x̂ j ’s converge almost surely to their limits as n → ∞.
Let x̂ f (s) be the j th element of x̂ f satisfying Ĵ j ≤ s < Ĵ j+1 and let x f (s) =
∂ F̂∗(s)/∂ F̂∗(τ ) for s < τ , then we have

x̂ f (t) =
∫ t

0
ŷ f (s)d F̂(s) and x f (t) =

∫ t

0
y f (s)d F∗(s),

where F̂∗(s) is a notation used to define the differentiation, but F̂∗(s) = F∗(s) is satis-
fied in the sense of the function value. Hence, using supt<τ≤te |̂y f (t)− y f (t)| →a.s. 0
and (29), supt<τ≤te |̂x f (t)− x f (t)| →a.s. 0 can be shown. Similarly, it can be proved
that x̂b = (̂xm+1, . . . , x̂k−1)

T converges almost surely to its limit.
We have Ip(F̂(τ )) <∞ on τ ∈ [t0, te] by the boundednesses of |y f (t)|, |x f (t)/

F∗(t)|, |x f (t)/(1−F∗(t))|, etc., where for example, |x f (t)/F∗(t)| ≤ ∫ t
0 sup |y f (s)|d

F∗(s)/F∗(t) = sup |y f (s)|. Using (29), supt,τ |̂x f (t)−x f (t)| →a.s. 0, supt,τ |̂y f (t)−
y f (t)| →a.s. 0, etc., n−1Ip(F̂m) converges almost surely to Ip(F̂(τ )) uniformly on
τ ∈ [t0, te]. 	


We establish that the Wald-type variance estimator is consistent to the asymptotic
variance formula in the following theorem:

Theorem 2 Redefine Ip(F̂(τ )) as (25) on τ ∈ (0, Te) and ∞ at τ = 0 and Te.
Suppose that Condition 1 is satisfied. Then, for m and τ satisfying Ĵm ≤ τ < Ĵm+1,
as n → ∞, a variance estimator 1/n−1Ip(F̂m) of

√
n(F̂(τ ) − F∗(τ )) is consistent

to 1/Ip(F̂(τ )) uniformly on τ ∈ [0, Te].
Proof of Theorem 2 By Theorem 1 and the continuous mapping property, as n→∞,
we have supτ∈[t0,te] |1/n−1Ip(F̂m) − 1/Ip(F̂(τ ))| →a.s 0. Clearly we can define
∂ F̂j/∂ F̂m = ∞ at m = 0 and k, that is, if τ < Ĵ1 or τ ≥ Ĵk , so that we have
1/n−1Ip(F̂m) = 0.
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For t < τ , x f (t) is written as a product integral x f (t) =∏t≤s<τ ∂ F̂∗(s)/∂ F̂∗(s+)

with the relationship based on a nonlinear forward Volterra equation

∂ F̂∗(s)
∂ F̂∗(s+)

= d H1(s+)/�F∗(s+)2

d H1(s+)

�F∗(s+)2 +
(

1− ∂ F̂∗(s−)

∂ F̂∗(s)

)
d H1(s)

�F∗(s)2 +
d H2(s)

(1− F∗(s))2 +
d H3(s)

F∗(s)2

.

(30)

Also, for τ < t , xb(t) is written as
∏

τ<s≤t ∂ F̂∗(s)/∂ F̂∗(s−) with the relationship
based on a nonlinear backward Volterra equation

∂ F̂∗(s)
∂ F̂∗(s−)

= d H1(s)/�F∗(s)2

d H1(s)

�F∗(s)2 +
(

1− ∂ F̂∗(s+)

∂ F̂∗(s)

)
d H1(s+)

�F∗(s+)2 +
d H2(s)

(1− F∗(s))2 +
d H3(s)

F∗(s)2

.

(31)

Hence, we can show that Ip(F̂(τ )) is a continuous function on τ ∈ [t0, te] by adding
Condition 1 further. As τ → Te− or τ → 0+, we observe Ip(F̂(τ ))→∞. In fact,
for example as τ → Te− at t = Te, the first integrand of (25) is

lim
τ→Te−, t=Te

[

{�F̂∗(t)}−1 ∂�F̂∗(t)
∂ F̂∗(τ )

]2

d H1(t) = (F L(Te−)− F R(Te−))/d F∗(Te)

= ∞

by ∂ F̂∗(Te)/∂ F̂∗(t) = 0. Similarly, as τ → t+ at t = 0+, we observe the situation of
τ → 0+. Therefore, Theorem 2 can be proved by adding the results of τ → Te and 0
via ε-δ arguments. 	


To see another aspect that 1/Ip(F̂m) is a reasonable variance estimate of F̂m , we
can provide that 1/Ip(F̂m) is identical to the Greenwood variance formula in right-
censored data:

Lemma 5 In right-censored data, 1/Ip(F̂m) reduces to the Greenwood variance for-
mula

m∑

j=1

d j/r j (r j − d j ), where r j =
k∑

l= j

(dl + m R
l ).

In this paper, we do not provide a proof of Lemma 5, since this can be proved using the
mathematical induction and via some algebra calculi, but such a proof is excessively
long. However, for a brief check, readers will be able to confirm Lemma 5 numerically.
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4 Simulation

The single parameter F(τ ) of interest is equivalent to Fm corresponding to m which
satisfies Ĵm ≤ τ < Ĵm+1, where the notations of m and k are m( Ĵ ) and k( Ĵ ) as in
Sect. 3. Let V̂ Wald(F̂(τ )) = 1/Ip(F̂m) be the Wald-type variance estimate of F̂(τ )

defined in Sect. 3. We carry out simulation studies to investigate the performance
of nV̂ Wald(F̂(τ )), which is a Wald-type variance estimate of

√
n(F̂m − F∗m). As a

competitor of V̂ Wald(F̂(τ )), we set another estimate

V̂ LR(F̂(τ )) = exp

⎧
⎨

⎩
h̃−1

h̃∑

l=1

log

(
(F̂m − F (l)

m )2

2{pl(F̂m)− pl(F (l)
m )}

)⎫
⎬

⎭

based on the profile likelihood ratio for given Fm = F (l)
m , l = 1, . . . , h̃.

Let U (a, b) be a uniform random number on [a, b]. We generate doubly censored
samples of size n = 100, 400, 900, 1, 600 that the true event times T ∗i , i = 1, . . . , n are
independently sampled from U (0, 1) throughout, which is equivalent to F∗(t) = 1−t .
We set three models for censoring distributions:

• In censoring model I, the left- and the right-censoring times are C L
i = min(U I

1, U I
2)

and C R
i = max(U I

1, U I
2), i = 1, . . . , n for mutually independently sampled U I

1 =
U (0, 0.3) and U I

2 = U (0.1, 1). Model I has the left- and right-censoring rates of
about 15 and 44%.

• In censoring model II, we set C L
i = min(U II

1 , U II
2 ) and C R

i = max(U II
1 , U II

2 ),
i = 1, . . . , n for mutually independently sampled U II

1 = U (0, 0.9) and U II
2 =

U (0.1, 1). Both the left- and right-censoring rates in model II are about 34%.
• In censoring model III, let C L

i = U III and C R
i = U III + 0.4, i = 1, . . . , n for

independently sampled U III = U (0, 0.6). The left- and right-censoring rates in
model III are both 30%.

We consider three different situations of moderate censoring via models I-III. Under
these settings, we generate 1,000 simulated data in each model.

To compute V̂ LR(F̂(τ )), let h̃ = 5 and each F (l)
m is generated as a random value

around an NPMLE F̂m . We use the algorithm of Sect. 2.3 and select five F (l)
m ’s which

satisfy pl(F̂m) − pl(F (l)
m ) ≤ 5 to avoid extreme values of F (l)

m and achieve the con-
vergence condition ε = 0.001 described in Sect. 2.3. Here, for simplicity, the set J of
jump points to find F̂#(F (l)

m ) is restricted to Ĵ only. On the other hand, we do not need
a special setting to compute V̂ Wald(F̂(τ )). That is, as soon as we find the NPMLE, we
can easily obtain V̂ Wald(F̂(τ )) by the plug-in procedure computing (24) using (18),
(19), (21) and (22) for (16).

In Table 1, we show the simulated averages of F̂(τ ), n(F̂(τ ) − F∗(τ ))2, nV̂ Wald

(F̂(τ )) and nV̂ LR(F̂(τ )) and simulated SDs (standard deviations) of nV̂ Wald(F̂(τ ))

and nV̂ LR (F̂(τ )) at τ = 0.1, 0.2, . . . , 0.9 obtained from 1,000 samples of size n.
We can see that the simulated averages of nV̂ Wald(F̂(τ )) appropriately approximate
to those of n(F̂(τ ) − F∗(τ ))2 except some points of τ ’s nearer to both ends of 0
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Table 1 Simulated averages of F̂(τ ), n(F̂(τ )− F∗(τ ))2, nV̂ Wald(F̂(τ )) and nV̂ LR(F̂(τ )) and simulated
SDs of nV̂ Wald(F̂(τ )) and nV̂ LR(F̂(τ ))

Outputs for
censoring model I

Averages SDs

n τ F̂ n(F̂ − F∗)2 nV̂ Wald nV̂ LR nV̂ Wald nV̂ LR

100 0.1 0.0982 0.3575 0.1606 0.1559 0.0415 0.0419

0.2 0.2113 0.1879 0.1819 0.1772 0.0256 0.0261

0.3 0.3094 0.2108 0.2300 0.2261 0.0206 0.0213

0.4 0.4033 0.2787 0.2839 0.2813 0.0211 0.0217

0.5 0.5010 0.3173 0.3326 0.3314 0.0245 0.0246

0.6 0.6006 0.3541 0.3732 0.3731 0.0367 0.0364

0.7 0.7017 0.4462 0.4052 0.4063 0.0646 0.0642

0.8 0.8155 0.7873 0.4209 0.4228 0.1096 0.1091

0.9 0.9424 0.8001 0.4160 0.4185 0.1654 0.1652

400 0.1 0.1040 0.1529 0.1535 0.1489 0.0225 0.0227

0.2 0.2027 0.1678 0.1786 0.1739 0.0130 0.0132

0.3 0.3024 0.2158 0.2287 0.2248 0.0111 0.0114

0.4 0.4016 0.2639 0.2870 0.2844 0.0105 0.0108

0.5 0.5012 0.2956 0.3364 0.3352 0.0123 0.0124

0.6 0.6014 0.3476 0.3767 0.3768 0.0180 0.0178

0.7 0.7020 0.4008 0.4074 0.4086 0.0300 0.0297

0.8 0.8011 0.4400 0.4287 0.4307 0.0537 0.0535

0.9 0.9083 0.7216 0.4299 0.4324 0.1169 0.1168

900 0.1 0.1016 0.1461 0.1522 0.1477 0.0148 0.0149

0.2 0.2009 0.1748 0.1778 0.1730 0.0090 0.0092

0.3 0.3009 0.2298 0.2280 0.2241 0.0076 0.0078

0.4 0.4004 0.2807 0.2866 0.2841 0.0068 0.0070

0.5 0.5006 0.3268 0.3367 0.3355 0.0079 0.0079

0.6 0.6002 0.3820 0.3774 0.3774 0.0123 0.0122

0.7 0.7002 0.4215 0.4093 0.4105 0.0207 0.0206

0.8 0.8002 0.4425 0.4317 0.4338 0.0367 0.0366

0.9 0.9008 0.5033 0.4435 0.4454 0.0793 0.0794

1,600 0.1 0.1018 0.1562 0.1533 0.1488 0.0116 0.0117

0.2 0.2013 0.1783 0.1782 0.1735 0.0067 0.0069

0.3 0.3013 0.2256 0.2282 0.2242 0.0056 0.0058

0.4 0.4009 0.2852 0.2867 0.2841 0.0052 0.0053

0.5 0.5008 0.3453 0.3364 0.3352 0.0060 0.0060

0.6 0.6005 0.3885 0.3770 0.3771 0.0091 0.0090

0.7 0.6997 0.4189 0.4088 0.4100 0.0154 0.0153

0.8 0.7999 0.4446 0.4323 0.4344 0.0274 0.0273
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Table 1 continued

Outputs for
censoring model I

Averages SDs

n τ F̂ n(F̂ − F∗)2 nV̂ Wald nV̂ LR nV̂ Wald nV̂ LR

0.9 0.9002 0.4678 0.4476 0.4499 0.0626 0.0625

100 0.1 0.0648 0.7904 0.3374 0.3263 0.1126 0.1195

0.2 0.2053 0.5748 0.3182 0.3128 0.0604 0.0624

0.3 0.3107 0.3173 0.3169 0.3130 0.0377 0.0404

0.4 0.4084 0.3127 0.3200 0.3170 0.0259 0.0299

0.5 0.5025 0.2915 0.3221 0.3206 0.0215 0.0262

0.6 0.5986 0.3123 0.3207 0.3207 0.0260 0.0300

0.7 0.7003 0.3349 0.3171 0.3185 0.0404 0.0426

0.8 0.8111 0.5858 0.3149 0.3182 0.0674 0.0785

0.9 0.9434 0.7655 0.3269 0.3293 0.1107 0.1106

400 0.1 0.0969 0.8177 0.3569 0.3296 0.0894 0.1133

0.2 0.2050 0.3208 0.3199 0.3144 0.0330 0.0334

0.3 0.3037 0.3296 0.3193 0.3153 0.0188 0.0191

0.4 0.4030 0.3297 0.3222 0.3197 0.0126 0.0128

0.5 0.5021 0.3103 0.3235 0.3226 0.0106 0.0105

0.6 0.6017 0.2945 0.3217 0.3223 0.0127 0.0125

0.7 0.7013 0.3049 0.3173 0.3192 0.0189 0.0185

0.8 0.8003 0.3092 0.3165 0.3198 0.0328 0.0325

0.9 0.9081 0.6702 0.3542 0.3554 0.0958 0.0952

900 0.1 0.1031 0.4459 0.3632 0.3560 0.0625 0.0662

0.2 0.2021 0.3038 0.3179 0.3124 0.0223 0.0225

0.3 0.3018 0.3240 0.3184 0.3143 0.0130 0.0132

0.4 0.4011 0.3280 0.3222 0.3197 0.0085 0.0087

0.5 0.5012 0.3144 0.3240 0.3231 0.0068 0.0068

0.6 0.6007 0.3345 0.3223 0.3229 0.0083 0.0081

0.7 0.7001 0.3309 0.3185 0.3204 0.0132 0.0130

0.8 0.7998 0.3406 0.3183 0.3222 0.0230 0.0229

0.9 0.9010 0.4337 0.3649 0.3625 0.0642 0.0729

1,600 0.1 0.1023 0.3577 0.3638 0.3577 0.0438 0.0444

0.2 0.2012 0.2961 0.3181 0.3126 0.0162 0.0164

0.3 0.3010 0.3259 0.3185 0.3144 0.0099 0.0101

0.4 0.4009 0.3274 0.3262 0.3237 0.0065 0.0066

0.5 0.5010 0.3349 0.3237 0.3228 0.0050 0.0050

0.6 0.6008 0.3224 0.3223 0.3227 0.0064 0.0063

0.7 0.7002 0.3271 0.3184 0.3203 0.0098 0.0097

0.8 0.8004 0.3100 0.3185 0.3222 0.0170 0.0187

0.9 0.9008 0.3744 0.3688 0.3553 0.0488 0.0567
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Table 1 continued

Outputs for
censoring model I

Averages SDs

n τ F̂ n(F̂ − F∗)2 nV̂ Wald nV̂ LR nV̂ Wald nV̂ LR

100 0.1 0.0841 0.7062 0.2998 0.2965 0.0898 0.0903

0.2 0.2114 0.4554 0.2915 0.2887 0.0515 0.0518

0.3 0.3125 0.2693 0.2833 0.2811 0.0282 0.0286

0.4 0.4066 0.2635 0.2712 0.2697 0.0148 0.0152

0.5 0.5023 0.2425 0.2654 0.2648 0.0086 0.0086

0.6 0.6015 0.2612 0.2704 0.2709 0.0158 0.0153

0.7 0.7014 0.2957 0.2806 0.2819 0.0318 0.0314

0.8 0.8065 0.4216 0.2857 0.2876 0.0573 0.0570

0.9 0.9335 0.6114 0.2828 0.2850 0.1128 0.1127

400 0.1 0.1055 0.4863 0.3023 0.2984 0.0610 0.0616

0.2 0.2060 0.2871 0.2947 0.2917 0.0283 0.0284

0.3 0.3040 0.2697 0.2852 0.2828 0.0151 0.0153

0.4 0.4026 0.2556 0.2733 0.2717 0.0074 0.0076

0.5 0.5015 0.2504 0.2670 0.2664 0.0036 0.0036

0.6 0.6009 0.2581 0.2731 0.2735 0.0077 0.0074

0.7 0.7005 0.2915 0.2843 0.2857 0.0156 0.0154

0.8 0.8001 0.2829 0.2929 0.2948 0.0300 0.0298

0.9 0.9032 0.4205 0.2928 0.2947 0.0676 0.0676

900 0.1 0.1040 0.2836 0.2980 0.2945 0.0414 0.0414

0.2 0.2023 0.2884 0.2927 0.2897 0.0189 0.0190

0.3 0.3015 0.2740 0.2847 0.2822 0.0099 0.0100

0.4 0.4008 0.2730 0.2735 0.2719 0.0049 0.0050

0.5 0.5007 0.2634 0.2678 0.2672 0.0024 0.0024

0.6 0.6004 0.2680 0.2740 0.2744 0.0050 0.0049

0.7 0.7001 0.2976 0.2854 0.2868 0.0106 0.0104

0.8 0.7998 0.2786 0.2936 0.2956 0.0202 0.0200

0.9 0.8999 0.3127 0.2975 0.2997 0.0453 0.0452

1,600 0.1 0.1035 0.3322 0.2992 0.2958 0.0322 0.0322

0.2 0.2018 0.2956 0.2934 0.2903 0.0142 0.0143

0.3 0.3011 0.2956 0.2954 0.2930 0.0077 0.0078

0.4 0.4011 0.2861 0.2838 0.2822 0.0038 0.0039

0.5 0.5010 0.2794 0.2777 0.2771 0.0018 0.0018

0.6 0.6009 0.2849 0.2838 0.2842 0.0039 0.0038

0.7 0.7003 0.2906 0.2902 0.2916 0.0079 0.0078

0.8 0.8008 0.2800 0.2933 0.2953 0.0144 0.0143

0.9 0.9011 0.2956 0.2957 0.2983 0.0315 0.0315
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and 1 in cases where n is smaller. As expected, it turns out that the precision of such
approximations improves as n becomes larger. Especially, the simulated averages and
SDs of nV̂ Wald(F̂(τ )) are almost equivalent to those of nV̂ LR(F̂(τ )), although the
computing speed of V̂ Wald(F̂(τ )) is much faster than that of V̂ LR(F̂(τ )). In fact, for
example, when n = 1, 600, the times to compute V̂ Wald(F̂(τ )) and V̂ LR(F̂(τ )) at
τ = all the jump points of Ĵ (not only deciles) except the computation time of the
NPMLE were about 0.2 and 69 s on the average, respectively. For 1,000 samples of
n = 1, 600 in this simulation, we required about 4 min to obtain all the pointwise
Wald-type variance estimates but about 19.3 hours to get all the pointwise variance
estimates based on the profile likelihood ratio.

These results indicate that the proposed iteration-free Wald-type variance estima-
tion is far superior to that based on the profile likelihood ratio in terms of computing
speeds and mutually equivalent in the performance of estimators. Therefore, the pro-
posed method is appropriate for practical use, in particular, in the situation of larger
samples where it is difficult to estimate the variance of the NPMLE F̂ by solving
the Fredholm integral equations, using the profile likelihood ratio or the bootstrap
sampling.

5 Discussion

In this paper, we propose the iteration-free Wald-type variance estimation for the
NPMLE for doubly censored data, based on the semiparametric profile likelihood.
Our variance formula is same as Turnbull (1974) in terms of gaining the inverse of the
Fisher information matrix, but ours is freed of using the form of the determinant func-
tions and can compute numerically stable solutions in larger sample than Turnbull’s.
It is shown that the Wald-type variance estimator is consistent to an asymptotic vari-
ance formula using the Fredholm integral equations. Though our asymptotic variance
formula may be seen unlike that of Chang (1990), it is identical to Chang’s asymptotic
formula as long as the log profile likelihood ratio is asymptotically chi-squared distrib-
uted with one degree of freedom. Simulation studies show that the proposed method
appropriately approximates to the sample variances of the NPMLE, in particular, in the
situation of larger samples where it is difficult to perform the methods, for example,
by solving the Fredholm integral equations (e.g., Chang 1990; Chen and Zhou 2003),
using the profile likelihood ratio (e.g., Chen and Zhou 2003) or the bootstrap sampling
(e.g., Wellner and Zhan 1997; Zhu and Sun 2007), because of computationally hard
iterations and vast computation time.

In future work, the performance of the Wald-type variance estimation may be
improved using some transformation (log, log–log and so on) of distribution function,
similarly to some modifications of the Greenwood variance formula in right-censored
data. Also, even if we are interested in the covariance estimation between two percent
points of the distribution, we will be able to easily extend the Wald-type estimation
procedure based on the profile likelihood in this paper to cases with two parameters
of interest. Finally, this research seems to serve as one material to study whether a
martingale approach is available in doubly censored data.
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A Appendix

A.1 On the positive definiteness of I(F), I(F#
m(J )) and I f

τ

The content below generalizes the result and manner provided by the proof of Turnbull
(1974, Lemma A2) in which the case only of J = J = {T 1

(1), T 1
(2), . . . , T 1

(k1)
} in our

notaion is considered.
As stated in the proof of Lemma 1, the determinant Dk(J )−1 of I(F) is calculated

via D j , j = 1, . . . , k(J ) − 1 following the rule (6). Since I(F), I(F#
m(J )) and I f

τ

are real symmetric matrices, their positive definitenesses are obtained by showing that
every D j is always positive.

Let α j = d j/(Fj − Fj−1)
2. We consider the following sequence:

D̃0 = 1, D̃1 = α1 + α2 and D̃ j = (α j + α j+1)D̃ j−1 − α2
j D̃ j−2,

j = 2, . . . , k(J )− 1.

Such D̃ j is the determinant of the j × j symmetric tridiagonal matrix A j such that
the lth diagonal and the (l − 1, l)th elements of A j are αl +αl+1 and αl , respectively.
Then, we find that D̃ j is generally written as

D̃ j =
j+1∏

l=1,αl �=0

αl

⎛

⎝
j+1∑

l=1,αl �=0

1/αl

⎞

⎠ , j = 1, . . . , k(J )− 1.

If the jump point of the type (j3) occurs at Fj , then, because of α j = 0, the terms
with α j in the right side of the above equation are eliminated. However, since the first
term α1 is always positive, all the D̃ j ’s are positive, so that all the A j ’s are positive
definite. Also, the j th diagonal and the ( j − 1, j)th elements of I(F) are written as
i j, j = α j + α j+1 + β j and i j−1, j = −α j , where β j = m R

j /(1− Fj )
2 + mL

j /F2
j ,

j = 1, . . . , k(J )− 1.
Let B j be the j × j diagonal matrix of which the lth diagonal element is βl . Of

course, we have I(F) = Ak(J )−1 + Bk(J )−1. Since all the A j ’s and B j ’s are positive
and non-negative definite, respectively, xTA j x + xTB j x > 0 are held for non-zero
vectors x . This indicates that all the eigenvalues of A j + B j , j = 1, . . . , k(J ) − 1
are positive. Since the determinant of A j +B j is D j , all the D j ’s are always positive.
Therefore, I(F) is positive definite, since all the eigenvalues of I(F) are positive.
Also, from these considerations, not only the conclusion of the positive definiteness,
we can easily lead

D j ≥ D̃ j , j = 1, . . . , k(J )− 1

by decomposing D j repeatedly until D̃ j appears by the multi-linearity of the deter-
minant.

By the similar argument, I(F#
m(J )) defined in the proof of Lemma 1 is positive

definite, since the determinants of submatrices generated by I(F#
m(J )) are always
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positive. Further, I f
τ defined in the proof of Theorem 1 is also positive definite because

I f
τ = Am(J ) + Bm(J ).
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