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Abstract Several criteria, such as CV, C p, AIC, CAIC, and MAIC, are used for
selecting variables in linear regression models. It might be noted that C p has been
proposed as an estimator of the expected standardized prediction error, although the
target risk function of CV might be regarded as the expected prediction error RPE.
On the other hand, the target risk function of AIC, CAIC, and MAIC is the expected
log-predictive likelihood. In this paper, we propose a prediction error criterion, PE,
which is an estimator of the expected prediction error RPE. Consequently, it is also a
competitor of CV. Results of this study show that PE is an unbiased estimator when the
true model is contained in the full model. The property is shown without the assump-
tion of normality. In fact, PE is demonstrated as more faithful for its risk function than
CV. The prediction error criterion PE is extended to the multivariate case. Furthermore,
using simulations, we examine some peculiarities of all these criteria.

Keywords Prediction error criterion · Linear regression models · Selection of
variables · Risk function · Selection criteria

1 Introduction

With a linear regression model, we seek to predict or describe a response variable
y using the full set of explanatory variables x1, . . . , xk or its subsets. Assume n
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388 Y. Fujikoshi et al.

observations on y and x = (x1, . . . , xk)
′ denoted by yα, xα = (xα1, . . . , xαk)

′;α =
1, . . . , n. As a model based on a subvector of x, without loss of generality, we might
consider the model based on the first j (≤ k) explanatory variables x1, . . . , x j , which
is expressed as

MJ : yα = β0 + β1xα1 + · · · + β j xα j + εα, α = 1, . . . , n, (1)

where the coefficients β0, . . . , β j are unknown, and the error terms ε1, . . . , εn are
mutually independent and have the same mean 0 and the same unknown variance
σ 2. This model MJ is also called as a candidate model. The linear regression model,
including all the explanatory variables, is given as

MF : yα = β0 + β1xα1 + · · · + βk xαk + εα, α = 1, . . . , n, (2)

where the coefficients β0, . . . , βk are unknown parameters, and the error terms
ε1, . . . , εn have the same distributions as in (1). The model (2) is called the full model.
We assume that the true model for yα, α = 1, . . . , n is as follows:

M∗ : yα = ηα + εα, α = 1, . . . , n, (3)

where the error terms ε1, . . . , εn are mutually independent; each of them has the same
mean 0 and the same variance σ 2

0 .
For the selection of the best model from a collection of candidate models specified

by linear regression of y on subvectors of x, it is important to define a measure of
goodness of a candidate model, i.e., or to define what the target model is. In Sect. 2,
we provide a brief review of such measures and their estimators.

In this paper, we consider the expected prediction error, given as

RPE =
n∑

α=1

E∗
yE∗

z[(zα − ŷαJ )2], (4)

as a measure of goodness of fit for a candidate model MJ , where ŷα J is the usual
unbiased estimator of ηα under MJ . Here z = (z1, . . . , zn)′ is a future observation
vector; it has the same distribution as y = (y1, . . . , yn)′ in (3) and is independent of
y. Furthermore, E∗

y and E∗
z respectively denote the expectations with respect to y and

z when they are distributed according to the true model M∗. The measure RPE is also
regarded as a risk function for MJ . It is readily apparent that

RPE =
n∑

α=1

E∗
y[(ηα − ŷαJ )2] + nσ 2

0 . (5)

Therefore, the target risk function is fundamentally identical to the first term of the
right-hand side in (5). Mallows (1973) considered the expected standardized prediction
error RPE/σ 2

0 as the target risk function, as described in Sect. 2.
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Prediction error criterion in regression 389

The cross-validation method (see, e.g. Stone 1974) is closely related to a criterion
based on the expected prediction error RPE. In fact, the method predicts yα using the
usual unbiased estimator ŷ(−α)J based on the data set obtained by removing the αth
observation (yα, x′

α). The CV criterion is defined as

CV =
n∑

α=1

{yα − ŷ(−α)J }2.

In fact, CV can be regarded as an estimator of RPE. The selection method is to
select the model for which CV is minimized.

As a competitor of CV, we propose a prediction error criterion

PE = s2
J + 2( j + 1)

n − k − 1
s2

F ,

where s2
J and s2

F respectively represent the sums of squares of residuals in a candidate
model MJ and the full model MF . In Sect. 2, we present a brief review of Cp, AIC and
their modifications. We shall give a relationship of PE with Cp (Mallows 1973) and
its modification MCp (Fujikoshi and Satoh 1997).

In Sect. 3, we examine the unbiased properties of CV and PE as an estimator for
their target risk function RPE. Results of the investigation reveal that CV is asymp-
totically unbiased, whereas PE is exactly unbiased when the true model is contained
in the full model. Both Cp and MCp are closely related to PE because the target risk
function for Cp and MCp might be considered as the expected standardized prediction
error RPE/σ 2

0 . We note that PE and Cp select the same model as a best model.
In Sect. 4, we describe a multivariate extension of PE. In Sect. 5, the unbiased prop-

erties of PE and CV as estimators of the target risk function are also examined through
simulation experiments. Note that {CV, PE}, {Cp, MCp} and {AIC, CAIC, MAIC}
have their own target risk functions. However, all these criteria may be used as a
criterion for selection of the true model, more precisely the minimal model which
includes the true model or its approximation. We give the relative performance of
selection of the true model by simulation experiments.

2 Brief review of Cp, AIC, and their modifications

We can write the Cp criterion (Mallows 1973, 1975) for MJ as

Cp = s2
J

σ̂ 2 + 2( j + 1)

= (n − k − 1)
s2

J

s2
F

+ 2( j + 1),

where σ̂ 2 is the usual unbiased estimator of σ 2 under the full model MF ; it is given as
σ̂ 2 = s2

F/(n −k −1). The criterion can be considered as an estimator for the expected
standardized expected prediction error given as
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R̃PE =
n∑

α=1

E∗
yE∗

z

[
1

σ 2
0

(zα − ŷα J )2

]

=
n∑

α=1

E∗
y

[
1

σ 2
0

(ηα − ŷα)2

]
+ n. (6)

Mallows (1973) originally proposed

s2
J

σ̂ 2 + 2( j + 1) − n

as an estimator for the first term in the last expression of (6). Fujikoshi and Satoh
(1997) proposed a modified Cp criterion defined as

MCp = (n − k − 3)
s2

J

s2
F

+ 2( j + 2).

They showed that MCp is an exact unbiased estimator for R̃PE when the true model
is contained in the full model and the errors are normally distributed. As described
in Sect. 3, PE has the same property for its target risk RPE. Furthermore, it might be
noted that the normality assumption is not required for the PE criterion. Among these
three criteria, the following close relationships pertain:

PE = s2
F

n − k − 1
Cp,

MCp = C p − 2

(
s2

J

s2
F

− 1

)
≤ Cp.

(7)

The “best” model is defined as the model which minimizes the target risk function con-
sidered. For this reason, it depends on the criterion used. The first result (7) shows that
PE and Cp select the same model as a best model, although their target risk functions
are different. On the other hand, a model selection criterion is also used to find models
which almost all have the same values as the best model. Related to the later use, it
is important that a criterion is faithful for its risk function. Especially, for example, a
criterion is required to be exactly or approximately unbiased for its risk function.

In Sect. 3, we show that PE is an unbiased estimator of RPE when the true model is
contained in the full model. Therefore, the degree of differences of PE corresponds to
one difference of RPE. Such an unbiased property does not hold for Cp. In fact, from
(7), Cp overestimates R̃PE when the true model is contained in the full model. The
errors are normally distributed because MCp is an unbiased estimator of R̃PE.
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We can use AIC when the errors in MJ are normally distributed (Akaike 1973).
Akaike (1973) used the expected predictive likelihood defined as

RA = E∗
yE∗

z

[
−2 log

{
n∏

α=1

(
2πσ̂ 2

J

)−1/2
exp

(
− 1

2σ̂ 2
J

(zα − ŷα J )2

)}]

= E∗
y

[
n log σ̂ 2

J + n(log 2π + 1)
]

+ BA (8)

as a measure of goodness of a fitted model MJ , where

BA = E∗
yE∗

z

[
n∑

α=1

1

σ̂ 2
J

(
zα − ŷα,J

)2

]
− n,

and σ̂ 2
J = s2

j /n is the maximum likelihood estimate of σ 2 under MJ . Then AIC is
defined as

AIC = n log σ̂ 2
J + n(log 2π + 1) + 2( j + 2),

which is an asymptotic unbiased estimator of RA when the true model is contained in
the candidate model MJ . Sugiura (1978) and Bedrick and Tsai (1994) proposed

CAIC = n log σ̂ 2
J + n(log 2π + 1) + 2n( j + 2)

n − j − 3

= AIC + 2( j + 2)( j + 3)

n − j − 3
,

which is an unbiased estimator of RA when the true model is contained in the candidate
model MJ . Relaxing the restriction that the true model is included in the candidate
model MJ , Fujikoshi and Satoh (1997) proposed a modification

MAIC = CAIC + 2(Q − 1)( j + 2 − Q),

where Q = {s2
F/(n − k − 1)}/{s2

J /(n − j − 1)}. In fact, MAIC is known to have
better estimator than AIC or CAIC on unbiasedness when the true model is not always
included in a candidate model MJ , but is contained in the full model MF .

Davies et al. (2006) showed that MCp and CAIC achieve minimum variance within
the class of unbiased estimators.

3 Unbiasedness of CV and PE

Writing the model MJ in (1) as in matrix form, we have

MJ : y = (y1, . . . , yn)′ = X J β J + (ε1, . . . , εn)′,
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392 Y. Fujikoshi et al.

where βJ = (β0, β1, . . . , β j )
′, and XJ is the matrix constructed from the first j + 1

columns of X = (x̃1, . . . , x̃n)′ with x̃α = (1x′
α)′. The best linear predictor under the

model MJ is expressed as

ŷJ = (ŷ1J , . . . , ŷn J )′

= XJ (X ′
J X J )−1 X ′

J y = PJ y,

where PJ = X J (X ′
J X J )−1 X ′

J is a projection matrix of the space R[X J ] spanned by
the column vectors of X J .

We can write RPE as

RPE = E∗
yE∗

z[(z − ŷJ )′(z − ŷJ )]
= E∗

y[( y − ŷJ )′( y − ŷJ )] + BPE

= E∗
y[s2

J ] + BPE, (9)

where

BPE = E∗
yE∗

z[(z − ŷJ )′(z − ŷJ ) − ( y − ŷJ )′( y − ŷJ )]. (10)

Using (9) it is readily apparent that BPE is the bias term when we estimate RPE using s2
J .

Theorem 1 The bias term BPE in (10) can be evaluated as

BPE = 2( j + 1)σ 2
0 .

Furthermore, if the true model M∗ is contained in the full model MF , the criterion
P E is an unbiased estimator for RPE.

Proof We have

E∗
yE∗

z
[
(z − ŷJ )′(z − ŷJ )

]

= E∗
yE∗

z
[{z − η − PJ ( y − η) + (In − PJ )η}′

× {z − η − PJ ( y − η) + (In − PJ )η}]

= nσ 2
0 + ( j + 1)σ 2

0 + δ2
J ,

where η = (η1, . . . , ηn)′ and δ2
J = η′(In − PJ )η. The result is obtained using P2

J =
PJ , and

E∗
y[( y − η)′ PJ ( y − η)] = E∗

y[trPJ ( y − η)( y − η)′]
= trPJ σ 2

0 = ( j + 1)σ 2
0 .
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Prediction error criterion in regression 393

Similarly, we have

E∗
y[( y − ŷJ )′( y − ŷJ )]
= E∗

y
[{y − η − PJ ( y − η) + (I − PJ )η)}′

× { y − η − PJ ( y − η) + (I − PJ )η}]

= nσ 2
0 − ( j + 1)σ 2

0 + δ2
J .

These imply the first result. The second result follows the fact that S2
F/(n−k −1) is an

unbiased estimator of σ 2
0 . Although this result is well known, we describe a derivation.

It is worth noting that s2
F = y′(In − PF ) y, where PF = X (X ′ X)−1 X ′. Because the

true model M∗ is contained in the full model MF , PFη = η. We have

E(s2
F ) = E[( y − η)′(In − PF )( y − η)]

= E[tr(In − PF )( y − η)( y − η)′]
= tr(In − PF )σ 2

0 = (n − k − 1)σ 2
0 .

��
Actually, CV is well known (e.g., Allen 1971, 1974; Hocking 1972; Haga et al.

1973) to be expressible as

CV =
n∑

α=1

(yα − ŷ(−α)J )2 =
n∑

α=1

(
yα − ŷαJ

1 − cα

)2

,

where cα is the (α, α)th element of PJ . Therefore, we have

CV =
n∑

α=1

(yα − ŷαJ )2
{

1 + cα

1 − cα

}2

=
n∑

α=1

(yα − ŷα J )2 + ( y − ŷJ )′Da( y − ŷJ )

= s2
J + s2

C , (11)

where

Da = diag(a1, . . . , an),

aα = 2cα

1 − cα

+
(

cα

1 − cα

)2

, α = 1, . . . , n,

s2
C = ( y − ŷJ )′Da( y − ŷJ ).
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Theorem 2 The bias term BCV, when we estimate RPE using the cross-validation
criterion CV, can be expressed as

BCV = E∗
y[CV ] − RPE

=
(

n∑

α=1

c2
α

1 − cα

)
σ 2

0 + δ̃2
J ,

where δ̃2
J = {(In − PJ )η}′Da{(In − PJ )η}. In particular, when the true model is

contained in the model MJ , we have

BCV =
(

n∑

α=1

c2
α

1 − cα

)
σ 2

0 . (12)

Proof In Theorem 1, it is readily apparent that

RPE = E[s2
J ] + 2( j + 1)σ 2

0 .

On the other side, (11) yields E∗
y[CV] = E∗

y[s2
J ] + E∗

y[s2
C ]. Therefore,

BCV = E∗
y[s2

C ] − 2( j + 1)σ 2
0 .

We can write s2
C as follows.

s2
C = {(In − PJ ) y}′Da{(In − PJ ) y}

= tr{(In − PJ ) y}′Da{(In − PJ ) y}
= trDa{(In − PJ ) y}{(In − PJ ) y}′
= trDa{(In − PJ ){( y − η) + η}{( y − η) + η}′(In − PJ )}.

This yields the following reductions, which imply the main result.

E[s2
C ] = trDa(In − PJ ){σ 2

0 In + ηη′}(In − PJ )

=
n∑

α=1

{
2cα

1 − cα

+
(

cα

1 − cα

)2
}

(1 − cα)σ 2
0 + δ̃2

J

=
{

2( j + 1) +
n∑

α=1

c2
α

1 − cα

}
σ 2

0 + δ̃2
J .

If the true model is contained in the model MJ , then (In − PJ )η = 0 and hence δ̃=0.
This completes the proof.
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Prediction error criterion in regression 395

It is natural to assume that cα = O(n−1) because 0 ≤ cα < 1 and
∑n

α=1 cα = k.
Then

n∑

j=α

c2
α

1 − cα

≤ 1

1 − c̄

n∑

α=1

c2
α = O(n−1),

where c̄ = maxα cα . This fact implies that BCV = O(n−1); consequently, CV is
asymptotically unbiased when the true model is contained in the candidate model. On
the other hand, we have shown that PE is exactly unbiased when the true model is
contained in the full model.

4 Multivariate version of PE

In this section, we consider a multivariate linear regression model of p response vari-
ables y1, . . . , yp and k explanatory variables x1, . . . , xk . First presume that we have
a sample of y = (y1, . . . , yp)

′ and x = (x1, . . . , xk)
′ of size n, given as

yα = (yα1, . . . , yαp)
′, xα = (xα1, . . . , xαk)

′, α = 1, . . . , n.

A multivariate linear model is given as

MF : Y = ( y1, . . . , yn)′

= (x̃1, . . . , x̃n)′(β0,β1, . . . ,β)′ + (ε1, . . . , εn)′

= XB + E,

where the error terms ε1, . . . , εn are mutually independent; each has the same mean
vector 0 and the same unknown covariance matrix 	. The linear regression model
based on the subset of the first j explanatory variables can be expressed as

MJ : Y = X J BJ + E,

where BJ = (β0,β1, . . . ,β j )
′. The true model for Y is assumed to be

M∗: Y = (η1, . . . , ηn)′ + (ε1, . . . , εn)′

= η + E, (13)

where the error terms ε1, . . . , εn are mutually independent. Each of them has the same
mean vector 0 and the same covariance matrix 	0.

Let ŷα J be the best linear unbiased estimator of ηα under MJ . The measure (4) for
goodness of fit of a candidate model MJ is extended as

RPE =
n∑

α=1

E∗
Y E∗

Z [(zα − ŷα J )′(zα − ŷα J )]

= E∗
Y E∗

Z [tr(Z − ŶJ )′(Z − ŶJ )],
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where ŶJ = ( ŷ1J , . . . , ŷn J )′, and Z = (z1, . . . , zn)′ is independent of the observation
matrix is distributed as in (13). In this equation, E∗

Y and E∗
Z respectively denote the

expectations with respect Y and Z , where Y and Z are distributed according to the
true model (13). Then we can express RPE as

RPE =
n∑

α=1

E∗
Y E∗

Z [(ηα − ŷα J )′(ηα − ŷα J )] + ntr	0

= E∗
Y [tr(η − Ŷ )′(η − Ŷ )] + ntr	0. (14)

In a cross-validation for the multivariate prediction error (14), yα is predicted by
the predictor ŷ(−α)J based on the data set obtained by removing the αth observation
( yα, xα); in addition, RPE is estimated by

CV =
n∑

α=1

( yα − ŷ(−α)J )′( yα − ŷ(−α)J ).

Using the same procedure as that used in the univariate case, we have

CV =
n∑

α=1

( yα − ŷ(−α)J )′( yα − ŷ(−α)J )

=
n∑

α=1

(
1

1 − cα

)2

( yα − ŷα J )′( yα − ŷαJ ).

Now, our interest is an extension of PE to a multivariate case. Let SJ and SF respec-
tively represent the matrices of sums of squares and products because of errors under
MJ and MF . These matrices are given as

SJ = (Y − ŶJ )′(Y − ŶJ ) = Y ′(In − PJ )Y,

SF = (Y − ŶF )′(Y − ŶF ) = Y ′(In − PF )Y,

where

ŶJ = XJ (X ′
J XJ )−1Y = PJ Y, ŶF = X F (X ′

F X F )−1Y = PF Y.

As an estimator of (14), we consider

PE = trSJ + 2( j + 1)

n − k − 1
trSF . (15)

Then the following result, which is an extension of Theorem 3.1, is demonstrated.

Theorem 3 Presuming that the true model M∗ is contained in the full model MF , then
PE in (15) is an unbiased estimator of the multivariate prediction error RPE in (14).
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Prediction error criterion in regression 397

Proof By an argument similar to that used in the univariate case, we can show that

E∗
Y E∗

Z [(Z − ŶJ )′(Z − ŶJ )] = (n + j + 1)	0 + 
J ,

E∗
Y [(Y − ŶJ )′(Y − ŶJ )] = (n − j − 1)	0 + 
J ,

where 
J = η′(In − PJ )η. Furthermore, because the true model is contained in the
full model,

E(SF ) = (n − k − 1)	0,

which implies the required result.
The Cp and MCp criteria in the univariate case have been extended (Fujikoshi and

Satoh 1997) as

C p = (n − k − 1)trSJ S−1
F + 2p( j + 1),

MC p = (n − k − p − 2)trSJ S−1
F + 2p( j + 1) + p(p + 1),

respectively. For the relative performance of C p and MCp for estimators of R̃PE in
(15), see Fujikoshi and Satoh (1997). ��

5 Simulation experiments

In this section, we attempt to give an impression of the relative performances of PE
and CV as estimators of their target risk function RPE through simulation experiments.
Furthermore, we also examine the relative performances on selection of the true model,
more precisely the minimal model which includes the true model or its approxima-
tion. The performances are examined for PE and CV, in addition to those of C p, MC p,
AIC, CAIC, and MAIC, although their target risk functions are not identical. In fact,
the risk function for PE and CV is the expected prediction error RPE in (4). For C p

and MCp it is the expected standardized prediction error given by PE2/σ 2
0 . For AIC,

CAIC, and MAIC, it is the expected log-predictive likelihood (8). Ideally a choice of
model selection criteria should depend on what the target model is. Furthermore, it
depends on assumptions of the models considered. Strictly, the comparison should be
done for CV and PE, for C p and MC p, or AIC, CAIC, and MAIC. However, in most
of the practical data analysis, it is difficult to determine a target risk function clearly.
On the other hand, all the seven criteria may be used as a criterion on selection of the
minimal model which includes the true model or its approximation, which is called
the minimal model simply.

In our simulation experiments we consider the following three cases.
Case (i): The true model is defined by

M∗ : yα = 2.5 − 10xα + 10x2
α + εα, α = 1, . . . , n,

where xα = (α − 1)/(n − 1), α = 1, . . . , n, and the error terms ε1, . . . , εn are
mutually independent; each of them has the standard normal distribution N (0, 1). The
candidate models considered are polynomial regression models
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Mk : yα = β0 + β1xα + · · · + βk xk
α + εα, α = 1, . . . , n,

for k = 0, 1, 2, 3, where the coefficients β0, . . . , βk are unknown, and the error terms
ε1, . . . , εn are mutually independent and have the same mean 0 and the same unknown
variance σ 2. The models M2 and M3 involve the true model.

Case (2): The true model is the same as the one in case (1) except for that the true
mean of E(yα) is given by

E(yα) = 10 × exp(0.5 × xα).

In this case all the candidate models Mk, k = 0, 1, 2, 3 do not involve the true model.
However, the true mean can be approximated by some polynomial regression model
since

exp(0.5 × x) = 0.5 × x + (0.5 × x)2 + (0.5 × x)3 + · · · .

The true mean is nearly a straight line when 0 < x < 1.
Case (3): The true model is the same as the one in case (1) except for that the error

terms ε1, . . . , εn in the true model are mutually independent; each of them has the
uniform distribution U (−√

3,
√

3). In this case the models M2 and M3 include the
true model, but under normality assumption of error terms all the models Mk do not
include the true model.

Then, 105 samples of each sample size were generated from each of the true
model. Here, the candidate models are considered only for all hierarchical models
M0, M1, M2, M3. In all the candidate models Mk, k = 0, 1, 2, 3 it is not assumed
that the distributions of the error terms are normal. However, for use of AIC, CAIC
and MAIC, we assume that the distributions of the error terms are normal. Our sim-
ulation results are given in Tables 1, 2, 3, 4, 5 and 6 for n = 10, n = 25 and
n = 50.

Table 1 Estimation of the risk
function RPE in case (1)

n M0 M1 M2 M3

10

RPE 19.05 20.05 13.00 13.99

CV 21.02 27.75 15.68 22.96

PE 19.05 20.08 13.14 14.16

25

RPE 42.13 43.11 27.98 29.00

CV 43.64 47.53 28.65 30.47

PE 42.22 43.24 28.03 29.03

50

RPE 81.01 82.02 53.05 54.01

CV 82.30 85.53 53.33 54.63

PE 81.04 82.03 53.06 54.06
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Prediction error criterion in regression 399

Table 2 Relative frequencies
selected by seven criteria
in case (1)

n M0 M1 M2 M3

10

CV 0.21 0.01 0.61 0.16

PE 0.16 0.01 0.64 0.19

C p 0.16 0.01 0.64 0.19

MCp 0.28 0.01 0.59 0.12

AIC 0.11 0.01 0.61 0.27

CAIC 0.61 0.01 0.37 0.01

MAIC 0.69 0.01 0.29 0.00

25

CV 0.02 0.00 0.79 0.19

PE 0.01 0.00 0.81 0.17

Cp 0.01 0.00 0.81 0.17

MCp 0.02 0.00 0.83 0.15

AIC 0.01 0.00 0.78 0.20

CAIC 0.03 0.00 0.86 0.11

MAIC 0.04 0.00 0.88 0.08

50

CV 0.00 0.00 0.83 0.17

PE 0.00 0.00 0.84 0.16

Cp 0.00 0.00 0.84 0.16

MCp 0.00 0.00 0.84 0.16

AIC 0.00 0.00 0.82 0.18

CAIC 0.00 0.00 0.86 0.14

MAIC 0.00 0.00 0.88 0.12

Table 3 Estimation of the risk
function RPE in case (2)

n M0 M1 M2 M3

10

RPE 53.46 12.06 12.88 13.90

CV 63.98 13.05 15.49 22.54

P E 53.82 12.19 12.96 13.94

25

RPE 53.83 12.25 13.03 14.04

CV 63.90 13.02 15.42 22.46

PE 53.75 12.17 12.94 13.94

50

RPE 233.13 52.76 52.96 53.94

CV 239.98 52.99 53.31 54.61

PE 232.48 52.81 53.04 54.05
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Table 4 Relative frequencies
selected by seven criteria
in case (2)

n M0 M1 M2 M3

10

CV 0.00 0.68 0.21 0.10

PE 0.00 0.68 0.18 0.15

C p 0.00 0.68 0.18 0.15

MC p 0.00 0.79 0.13 0.08

AIC 0.00 0.58 0.21 0.21

CAIC 0.00 0.93 0.06 0.01

MAIC 0.00 0.97 0.03 0.00

25

CV 0.00 0.68 0.21 0.11

PE 0.00 0.69 0.20 0.11

C p 0.00 0.69 0.20 0.11

MC p 0.00 0.72 0.19 0.09

AIC 0.00 0.66 0.22 0.13

CAIC 0.00 0.78 0.17 0.05

M AI C 0.00 0.80 0.15 0.04

50

CV 0.00 0.63 0.26 0.10

PE 0.00 0.64 0.26 0.10

C p 0.00 0.64 0.26 0.10

MC p 0.00 0.65 0.26 0.09

AIC 0.00 0.62 0.27 0.11

CAIC 0.00 0.68 0.25 0.08

MAIC 0.00 0.69 0.24 0.07

Table 5 Estimation of the risk
function RPE in case (3)

n M0 M1 M2 M3

10

RPE 19.05 20.05 12.98 13.96

CV 21.05 27.77 15.62 22.69

PE 19.07 20.08 13.10 14.10

25

RPE 42.17 43.17 28.03 29.06

CV 43.66 47.51 28.59 30.36

PE 42.23 43.22 27.96 28.92

50

RPE 81.17 82.19 52.92 53.90

CV 82.34 85.58 53.34 54.64

PE 81.09 82.07 53.06 54.07
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Table 6 Relative frequencies
selected by seven criteria
in case (3)

n M0 M1 M2 M3

10

CV 0.22 0.01 0.61 0.16

PE 0.16 0.01 0.64 0.19

Cp 0.16 0.01 0.64 0.19

MCp 0.29 0.01 0.58 0.12

AIC 0.11 0.00 0.61 0.28

CAIC 0.66 0.01 0.32 0.02

MAIC 0.73 0.01 0.25 0.01

25

CV 0.01 0.00 0.79 0.19

PE 0.01 0.00 0.81 0.18

Cp 0.01 0.00 0.81 0.18

MCp 0.02 0.00 0.82 0.16

AIC 0.01 0.00 0.78 0.21

CAIC 0.03 0.00 0.86 0.12

MAIC 0.03 0.00 0.88 0.09

50

CV 0.00 0.00 0.83 0.17

PE 0.00 0.00 0.84 0.16

Cp 0.00 0.00 0.84 0.16

MCp 0.00 0.00 0.85 0.15

AIC 0.00 0.00 0.82 0.18

CAIC 0.00 0.00 0.87 0.13

MAIC 0.00 0.00 0.88 0.12

The main aim is to find the target model which has minimal risk, or the minimal
model. The target model is usually equal to the minimal model when the sample size
is large. However, these two models are not the same when the sample size is small,
as being seen in our simulation experiments.

Tables 1, 3 and 5 demonstrate that the biases of all PE and CV are reduced as the
sample sizes are increasing. For the performances as an estimator of the target risk
function RPE, PE is very good for all cases. However, the performances of CV are not
so good for small sample sizes n = 10 and n = 25. In fact, CV has a strong tendency
of overestimating its risk for overspecified models. For n = 50 or a large sample case,
the performance CV becomes good as PE.

The percentages of selecting the minimal model increase concomitant with the
increasing sample size and the size of the true model. As pointed out theoretically [see
(7)], the selection probabilities of PE and Cp are coincident for all cases. On the other
hand, CV displays a tendency of choosing different models in comparison to other
models, but PE shows similarity to all of the other criteria except CV.

123



402 Y. Fujikoshi et al.

Table 7 Estimation of the risk
function RA in case (1)

n M0 M1 M2 M3

10

RA 36.31 37.49 38.97 46.00

AIC 36.89 38.22 31.37 31.54

CAIC 38.60 42.22 39.37 46.54

MAIC 36.90 39.32 38.40 45.36

It may be noted that the differences between the target model and the minimal model
are larger in RA than in RPE or R̃PE, when the sample size is small. For example, the
target model of RPE and the minimal model in case (1) with n = 10 are the same.
On the other hand, the risk RA and its estimators AIC, CAIC and MAIC are given as
follows.

From Table 7 we can see that the target model of RA is M0, but the minable model
is M2. Furthermore, AIC underestimates for the overspecified models which include
the true model, but the performances of CAIC and MAIC are very good.

From Tables 5 and 6 we can see an effect of nonnormality. It is seen that the effect
is smaller in PE, CV, C p and MC p than in AIC, CAIC and MAIC.

Through the simulation experiments and the results in Sects. 2 and 3 we can sum-
marize our conclusions on PE as follows. The criteria PE and CV can be regarded as
the same target risk function RPE. Then, we can say that PE is smaller biases than CV
in the estimation of RPE. The target risk functions of C p and PE are different on the
point whether the expected prediction error is standardized or not. As the estimators
of these target risk functions PE is unbiased under a week assumption, but C p is not
unbiased, though MC p is unbiased under a stronger assumption. This suggests that
PE can be used in a very weak assumption of the distributions of the error terms. The
values of PE depend on the variances of data, but the ones of C p does not depend
on them. So, C p may be used for comparison of a set of data. For the percentages
of selecting the minimal model, PE and C p have the same selection probabilities. In
general, PE (CV, C p, MC p) is robust than AIC (CAIC, MAIC).
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