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Asymptotic properties of conditional quantile estimator
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Abstract In this paper, we establish strong uniform convergence and asymptotic
normality of the conditional quantile estimator for the censorship model when the data
exhibit some kind of dependence. It is assumed that the observations form a stationary
a-mixing sequence. The strong uniform convergence in iid framework has recently
been discussed by Ould-Said (Stat Probab Lett 76:579-586, 2006). As a by-product,
we also obtain a uniform weak convergence rate for the product-limit estimator of the
lifetime and censoring distributions under dependence, which is interesting indepen-
dently.

Keywords Strong uniform convergence - Asymptotic normality - Censored data -
a-mixing sequence - Conditional quantile estimator

1 Introduction

Censored dependent data appear in a number of applications. For example, as reported
by Kang and Koehler (1997), in survival analysis a cohort may consist in a set
of failure or censoring times corresponding to a repeated procedure performed on
a single patient. The example in that paper refers to an angioplasty procedure for
removing obstructions from blood vessels in arms and legs. A different example on
the analysis of viral marker reaction times in repeated blood samples is described in
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268 H.-Y. Liang, J. de Ufia-Alvarez

Wei etal. (1989). In the context of censored time series analysis, Shumway et al. (1988)
considered (hourly or daily) measurements of the concentration of a given substance
subject to some detection limits, thus being potentially censored from the right. Other
applications include toxicological and agricultural studies (Koehler and Symanowski
1995; Koehler 1995).

So with such type of applications in mind, let 77, 7, ... and Cq, C3, ... be two
independent sequences of nonnegative random variables corresponding respectively to
survival (or failure) times having continuous distribution function (df) ¥, and to censor-
ing times with continuous df G; and where both the 7; and the C; are expected to exhibit
some kind of dependence. Let ¥; = min(7;, C;) = T; A C; and §; = I(T; < C),
where 7 (-) denotes the indicator function. In the censored setup, one only observes
(Y1, 61), ..., (Yn, 6,). The Kaplan—-Meier estimators of the distribution functions F
and G are defined by, respectively

n Se: (Y <x)

i=1

n
LJ0)
Gux)=1-[]|1 - ——=%
=111 =
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where Y1) < Y2y < --- < Y(,) denote the order statistics of Y1, Y2, ..., Y,, and
(i) is the concomitant of Y(;). Clearly, the ¥; have common df H(x) = 1 — (1 —
F(x))(1 — G(x)), and the uncensored model is the special case of the censored model
with G = 0.

There is a vast literature devoted to the study of the Kaplan—Meier estimator F}, (x)
for censored independent observations. We refer to papers by Breslow and Crowley
(1974) for the weak convergence of the Kaplan—Meier process (see Theorem 5 in this
paper), Gu and Lai (1990) for the iterated logarithm, Stute and Wang (1993) for almost
sure convergence, Chen and Lo (1997) for the rate of (both strong and weak) uniform
convergence, and Lemdani and Ould-Said (2001) for the relative deficiency of F;,(x)
with respect to a smoothed estimator. Martingale methods for analyzing properties of
F,, (x) are described in the monography by Gill (1980). Ying and Wei (1994) explored
the consistency and asymptotic normality of F,(x) in a ¢-mixing context, Cai and
Roussas (1992) and Cai (1998, 2001) studied the uniform strong consistency with
rates and asymptotic normality of F},(x) for dependent data.

Let X be areal-valued random variable and let F'(¢|x) be the conditional df of T :=
T given X=ux. In the context of regression, it is of interest to estimate F (y|x) and/or
the pertaining quantile function &, (x) = inf{tr : F(¢|x) > p} for given p € (0, 1).
Indeed, it is well known that conditional quantile functions can give a good descrip-
tion of the data (see, e.g. Chaudhuri et al. 1997), such as robustness to heavy-tailed
error distributions and outliers, and especially the conditional median functions. For
independent data and without censoring, many authors considered this problem; see
for example Mehra et al. (1991), Chaudhuri (1991a,b), Fan et al. (1994), and Xiang
(1996). Under censoring, Dabrowska (1992) established a Bahadur-type representa-
tion of kernel quantile estimator; see also Van Keilegom and Veraverbeke (1998) for
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Censored conditional quantile under «-mixing 269

the fixed design regression framework or Iglesias-Pérez (2003) for the inclusion of
left-truncation. Xiang (1995) obtained the deficiency of the sample quantile estimator
with respect to a kernel estimator using coverage probability. Qin and Tsao (2003)
studied empirical likelihood inference for median regression models and they showed
that the limiting distribution of empirical ratio for the parameter vector estimate is
weighted sum of x2 distributions. Recently, Ould-Said (2006) constructed a kernel
estimator of the conditional quantile under iid censorship model and established its
strong uniform convergence rate.

There is some literature devoted to conditional df and conditional quantile esti-
mation under dependence. To mention some examples, Cai (2002) investigated the
asymptotic normality and the weak convergence of a weighted Nadaraya—Watson
conditional df and quantile estimator for o-mixing time series. Honda (2000) dealt
with o-mixing processes and proved the uniform convergence and asymptotic nor-
mality of an estimate of &,(x) using the local polynomial fitting method. Ferraty
et al. (2005) considered quantile regression under dependence when the conditioning
variable is infinite dimensional. Nonparametric conditional median predictors for time
series based on the double kernel method and the constant kernel method were pro-
posed by Gannoun et al. (2003). A nice extension of the conditional quantile process
theory to set-indexed processes under strong mixing was established in Polonik and
Yao (2002). Also, Zhou and Liang (2000) reported asymptotic analysis of a kernel con-
ditional median estimator for dependent data. However, for the best of our knowledge,
there are few papers dealing with the estimation of a conditional df and its quantile for
censored dependent data. As an exception, Lecoutre and Ould-Said (1995) provided
the uniform strong consistency of a kernel type estimator of the conditional df under
censoring and strong mixing condition.

In this paper we investigate the asymptotic properties of the conditional df and quan-
tile estimators in Ould-Said (2006) for censored data under «-mixing. Specifically, we
establish the strong uniform convergence (with rate) of the estimators. Besides, we
obtain the asymptotic normal distribution of the conditional quantile estimator. As a
by-product, we give arate of uniform weak convergence for the product-limit estimator
under dependence (see Lemma 6 (iii) below). In the sequel, {( Xk, Tk, Cr) =: Lk, k >
1} is assumed to be a stationary «-mixing sequence of random vectors from (X, T, C).
In addition to the assumptions and notation for 7 and C we made at the beginning
of the introduction, we assume throughout that C and (X, 7') are independent. Recall
that the sequence {¢x, kK > 1} is said to be o-mixing if the o-mixing coefficient

a(m) := sup sup {|P(AB) —P(A)PB)|: A e FXy, Be f{‘}
k>1

converges to zero as m — oo, where F;" denotes the o-algebra generated by
&y L1415 - - -5 & With I < m. Among various mixing conditions used in the literature,
a-mixing is reasonably weak and has many practical applications; see, e.g., Doukhan
(1994), page 99, for more details. In particular, the stationary autoregressive-mov-
ing average (ARMA) processes, which are widely applied in time series analysis, are
a-mixing with exponential mixing coefficient, i.e.,a (k) = O(pk) forsome0 < p < 1.
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270 H.-Y. Liang, J. de Ufia-Alvarez

The rest of the paper is organized as follows. Section 2 introduces the kernel esti-
mator of the conditional quantile, and formulates main results for the strong uniform
convergence and asymptotic normality of the estimator. Section 3 gives proofs of the
main results. Some preliminary lemmas, which are used in the proofs of the main
results, are collected in Appendix.

In the sequel, /(x) is the marginal density of X, and F(x,t) = F(t|x)l(x), so we
have F(t|x) = Fy(x,t)/l(x);also, let fi(x, t) be the joint density function of (X, T).
Let C and ¢ denote generic finite positive constants, whose values are unimportant
and may change from line to line. Let C () represent the set of continuity points of
function / and supp(l) = {x € R|I(x) > 0}. Let Q be a compact set of R which is
included in supp(/). For brevity we write L, (x) instead of 1 — L(x) for any function
L(x). All limits are taken as the sample size n tends to 0o, unless specified otherwise.

2 Estimators and main results

Throughout this paper, let T be a strictly positive real number such that T < ty, where
Ty = sup{y : H(y) < 1}. Following Ould-Said (2006), define the estimator of F'(¢|x)
by

8;i I (Yi<t) —X;
nh ZI 1 1= Gn(Y)K(xhn ) - Fi,(x,1)
—X; T
m2i=l K(xh,l ) n(X)
with the convention 0/0 = 0, where K is a kernel function on R and the bandwidth

0 < h;, — 0.Then, anatural estimator of £, (x) is given by &, (x)=inf{z : F,(t|x) >
r}

Fu(tlx) =

2.1 Strong uniform convergence

We will first present the strong uniform convergence for the estimators F;, (¢|x) and
&pn(x) of F(t|x) and &, (x), respectively, under ¢-mixing assumptions. In order to for-
mulate the results of the strong uniform convergence, we need to impose the following
assumptions.

(A1) For allintegers j > 1, the joint density /; (-, -) of X1 and X ;1 existson R x R.
Furthermore, for some n > 0,/;(x,y) < Ciforallx,y e R: |x —y| < n,
I(x) < C, for all x € R with positive constants C; and C».

(A2) Let K be a Lipschitz-continuous function on R with compact support and
Jr K(@®dr =1, [ 1K ()dt = 0.

(A3) The bandwidth A, satisfies h, = O(Inln(n)/In(n)) and nh -/ Inln(n) — oo.

(A4) Fi(-, ) is differentiable to order 2 with respect to the first component and

92F(x,1)
Sup(x,t)eRx(O,r]I ax2 | < oo.

(AS) The marginal density /(-) has a bounded derivative of order 2 and /(x) > y on
2 for some yy > 0.
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Censored conditional quantile under «-mixing 271

(A6) For each fixed p € (0, 1), the function &, (x) satisfies that, for any ¢ > 0 and
np(x), there exists a B > 0 such that sup, . 1,(x) — np(x)| > € implies that
Sup, g | F (6, (0)x) — F(ny(x0)]x)] = B

(A7) The conditional df F (#|x) has bounded first derivative with respect to ¢, f(¢|x),
and there exists y; > 0 such that f(t|x) > y forall (x,7) € 2 x (0, 7].

Remark 1 Assumptions (A1)—(A7) are very common in functional estimation. These
assumptions were used by many authors; for example (A1) was assumed in Liebscher
(2001) for complete samples, (A2)—(A7) were used by Ould-Said (2006).

Theorem 1 Let a(k) = O(k™7) for some y > 5. Suppose that (A1)—(AS) are
satisfied. If n”_Sh,zlyH(ln(n))_z(ln In(n))~7 — oo, then we have

InIn(n) 172 5
sup sup |F,(t|x) — F(t|x)| = O | max 3 , by, a.s..
xeQ0<t<t nh;

Theorem 2 Under the assumptions of Theorem 1, if (A6) holds, and if p < F(t|x)
for each x in 2, then we have limy,_, oo SUp,.cq |Epn (x) — &, (x)| = 0 a.s. In addition,
if (A7) holds, we have

1/2
igg &pn(x) = §p(0)[ = O (max { (111;2%”)) , h,zl}) a.s.

Remark 2 (a) In the particular case of exponential decay, o (k) = O(pk) for some
0 < p < 1, we have that a(k) = O(k~7) for sufficient large y, and hence the
condition «(k) = O(k~7) for some y > 5 is satisfied.

(b) In the censored iid case, Ould-Said (2006) obtained (see his Proposition 1 and
Theorem 1).

Inin(n)\'"* ,
sup sup |F,(t|x) — F(t|x)| = O | max hy, a.s. and
xeQ0<r<t nhy,

( [(lnln(n))1/2 ZD
sup [Epn(x) — &p(x)| = O | max ,hy; a.s.
xeQ nhy,

under /InIn(n)/n = o(h}). Actually, under this assumption, the rates above
in Ould-Said (2006) and the rates we report in Theorems 1 and 2, respectively,
reduce to the same O(hfl) rate.

(c) Jabbari et al. (2007), under assumption that {(Xy, Tx), k > 1} are stationary
a-mixing random variables, {Cy, k > 1} is a sequence of iid censoring ran-
dom variables and {(Xg, Tx), k > 1} and {Cy, k > 1} are independent, proved
Theorems 1 and 2, however their proofs have gap (see proof of their Lemma 4,
and note that their G, (¢) relates to {Y:}), since they use convergence rates for the
censoring distribution in Deheuvels and Einmahl (2000) which are only valid for
the iid setup.
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272 H.-Y. Liang, J. de Ufia-Alvarez

2.2 Asymptotic normality

Now we give the asymptotic normality of the estimator &, (x). Let U (x) represent a
neighborhood of x. We need the following assumptions for the asymptotic normality.

(B1) For all integers j > 1, the joint density /; (-, -) of X and X ;4 existson R x R.
Furthermore, /; (s, t) < C for (s, 1) € U(x) x U(x).

(B2) Thekernel K isabounded function on R with compact support and f r K()dt=1,
JrtK()dt = 0.

(B3) The sequence «(n) satisfies

(i) forevery g = g, such that q:o((nhn)l/Z), limnqoo(nh;])l/zoc(q)zo;

(i) Thereexist r > 2 and § > 1 —2/r suchthat >0, I*[a()]'~?/" < o0.

(B4) fi(s,y) is continuous at (x, &,(x)).

Remark 3 Similar assumption to (B3) was employed by Roussas and Tran (1992),
Zhou and Liang (2000) and Masry (2005). In addition, note that assumption
(B3)(ii) is equivalent to «(l) = O(1/ 12%9y for some 6 > 0. Actually, the proof of
Theorem 3 below shows that assumption (B3)(ii) can be weakened as h,, (1=2/r)
Zi’i[cnla(l)l_z/r — Qasn — oo forc, — ooandc,h, — 0asn — oo.

Theorem 3 Let (k) = O(k™7) for some y > 3, and x € C(l) N supp(l) with
82 F) (x.1)
9x2

p < F(z|x). Suppose that (B1)~(B4) are satisfied, and that sup, ¢y | | <00

fort <t If th,11+y — 00 and nhfZ — 0, then

Vihy (Epn(x) —&p(x)) B N 0.0

. 20— A 20— 2 Ep() fiande,_ o pEp()
with o (x)_flz(x,gp(x))>0 and  A*(x)= [ K*(s)ds [, =60 =% Jo
f1(x,0)det

-G *

1
hytY

Remark 4 In Theorem 3, we assume n” — 00, which can be satisfied easily.

L 1 .
For example, n3hi — oo implies n?hpt’ — 00 since y > 3.

3 Proof of main results

We are now ready to prove our main results.

Proof of Theorem 1 Note that

sup sup |Fy(t|x) — F(t|x)| £ ——————1sup sup |Fi,(x,t) — Fi(x, )]
xeQ0<t<t infeq l,(x) xeQ0<t<t

+sup sup |Fi(x, 0y, " sup |ln(x) — l(X)I] .
xeQ0<t<t xe
(H
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Censored conditional quantile under «-mixing 273

So, we need to investigate sup,cq l;(x) — [(x)| and sup, .o supg,;<; [Fin(x, 1)
- Fl (x’ t)|'
We first consider sup, cq SUpg ;< | F1a(x, ) — Fi(x, ). It is easy to see

x—X,~ [ 1 _ 1 i|
( hn ) Gns(Yi) Gs(Yi)
- [Sil(YiSt) (x—Xi)
+ K
nhn e G (Y) hn
((Sil(Yi < l‘) (x —Xi))i|
—E K
Gs(Y}) hy
1 < 1Y, <t) (x—X;
+{EEZ?% G (V) K(hn))‘ﬂ“”ﬁ

= Dln(xst)+D2n(-xvt)+D3n(-xvt)' (2)

Fip(x, 1) = Fi(x, 1) =

Since (A2) implies that K is bounded, according to Lemma 6(ii) in Appendix we have

Koo Supg<;<7 |Gn(t) — G(1)]
sup sup |Dip(x,1)| <
xeQ0<r<t hnGs(T)[Gs (T) - Sup()<t§t |Gn(t) - G(t)H

Inln(n)\'/?
=0 ( nh,% ) a.s. 3)

E|:311(Y1 <t Xl] :E[I(Tl <t
G,(Y)) G, (T1)

Note that for ¢t < t
EU@scmmh4=EWﬂ§m&l

So, from (A2) we find

x—Xl) |:511(Y1 St)‘?ﬁ“ R

(5
(

D3y (x, t)_ [K
X — X]

[K A )1(T1<t)]—F1(x,t)

_ k(=) 1) F|wydu — F
_E/ ( i )(u) (tlw)du — Fi(x, 1)

= / K(s)[Fi(x —hys,t) — Fi(x,1)]ds

2

h 5 32
= 2'/ K(s)—Fl(x t)ds,

where x is between x and x — ks, which, by using (A4), yields that
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274 H.-Y. Liang, J. de Ufia-Alvarez

sup sup | D3 (x, 1) = O(hy). )
xeQ0<t<t
Now we consider Do, (x,t). Let intervals A(xx)(k = 1,...,s,) with length

(hﬁ Inln(n)/n)'/2, and centered at points xi, cover the compact set 2. Since 2
is bounded, s, = O((h% Inln(n)/n)~1/?); divide the interval (0, 7] into subintervals
(tjtis1l, j = 1,...,my,, where m, = O((Inln(n)/n)~/?),and 0 = 1, < 1, <

- < tm,+1 = T are such that H(tj41) — H(t;) = O((Inln(n)/n)!/?). It can be
checked that

sup sup |Dy,(x,7)] < max sup sup [D2,;(x,1) — Dyy(x, 1)
xeQ0<r<t I<k<sn xeA(x;) O<t<t

4+ max max sup Doy (xk, 1) — Don(xk, £5)]
I<k=<sp 1<j<m, 1j<t<tjy]

+ max max |Doy,(xk, ). o)

1<k<s, lfjfmn

Because K is Lipschitz-continuous by (A2) and since the length of A(xg) is
(h2In1n(n)/n)!/?, we have

((lnln(n))]/z)
max sup sup |Da,(x,t) — Da(x¢, 1) = O —_— a.s. (6)

I<k<sn xe A(xy) O<t<t
Put H,(x) = % Z?:l 1(Y; < x). By using Lemma 6 (i) one can obtain that

max max sup ’Dzn (xk, t) — Doy (xk, tj)}
I<k<s, 1<j<m, 1j<t<tjii

C
< — max |H,(tjy1) — Hy(t)) + H(tjp1) — H(t))|

hn 1<j<my,
InIn(n) 172
= 0(( Y ) a.s. @)

8;1(Y;<t; —X; 81 (Yi<t; —Xi
Set B (xi, 1)) = G(f;;”K(x"h—X) - E(%K(’%h—x)) Then Da, (xy. 1) =

1
i 2ie1 Bi(xk, 1), and for some €9 > 0

P(ln}cax | max | Doy (xk, tj)] > € lnln(n)/(nh%))
<k=sp l=<j=m,
E Bi(x,1)| = €o nlnln(n)),

i=1

(x,1)eQ2x(0,7]

< s,my sup P (

@ Springer



Censored conditional quantile under «-mixing 275

Note that sup(, »ecqyx (0.1 18i (¥, D126 (D) 1K [loo <00, SUP(, yeax 0.1 EBF (X, 1)
= O(h,) and fori # j

sup  [Cov(Bi(x, 1), Bj(x, 1))l
(x,1)eQx(0,1]

x—X,' X—Xj x—X,- X—Xj
<CsupiE|K K + E |K E |K
xeR hn hn hn hn

= Ch? sup { / |K ($)K (0)|1j—i (x — hys, x — hut)ds dt

xeQ

2
+ (/ |K(s)|l(x — h,,s)ds) ]

= 0(h2)
by (A1). Hence, applying Lemma 4 for X; = B;(x, t), n = j, m = oo and noting that
2(1 = 1/y) > 1,form € N,0 < m < n/2, we have

J
Dy = max Var > gix.0)| <Cm ((hﬁ)l—”y +hn) = O(mhy,).

1<j<2m £
i=1

Choosing m = [(n>(In(n))?/h2)'/27)], noticing (A3) implies InIn(n)/ h, > C In(n),
and

ny_5hﬁy+2(ln(n))_2(lnln(n))_y — oo implies nh,/(m(n lnln(n))l/z) — 00.

Therefore, from Lemma 3 we obtain that

P( max max |Da,(xk, 1j)| > €0y/In ln(n)/(nh%))
1<k<s, I<j<my

€inlnln(n)/16
< s,m, |4exp{— — 73
nm=1D,, 4+ 2||K|lsc€o( Inln(n))/2m/3

322K |0 )
co(nInin(ny 2"

o) o it

= 7\, Inln(n) 0 n2(In(n))(In In(n))1/2
1 1

=0om (ﬁ * n(ln(n)>(1n1n<n>)3/2)

provided € large enough. Then, it follows from the Borel-Cantelli lemma that

((1n1n(n))1/2)
max max |Dy,(xg, ;)| = O a.s. (8)

1<k<s, 1<j<m, nh2

@ Springer



276 H.-Y. Liang, J. de Ufia-Alvarez

From (5)—(8) we have

InIn(n) 172
sup sup |Do,(x,1)| = O — a.s.
xeQ0<t<t nhn

Therefore, from (2)—(4) and (9) we obtain that

((1n1n(n))1/2)
sup sup |Fi,(x,t) — Fi(x,t)| =0 a.s.

xeQ0<r<t nh,%

Next we prove

12
sup |1, (x) — 1(x)] = o(max[(‘“‘“g”)) hﬁ]) as.
xeR nhn

We write
In(x) —1(x) = [lp(x) — El,(x)] + [El,(x) — [(x)].

Under assumptions (A2) and (AS), using Taylor expansion of /(-), we have

sup |El, (x) — [(x)| = sup =0(h2).

xe xeQ

/ Kw)[l(x — hyu) —[(x)]du
R

Following the lines in the analysis of Dy, (x, t) above, it is easy to verify that

((ln ln(n))l/z)
sup |l,(x) — El,(x)| = O 5 a.s.
xeQ nh;

Therefore, (12)—(14) yield (11).
Finally, by (AS5), the proof is completed from (1), (10) and (11).

Proof of Theorem 2 'We observe that

|F(Epn(0)[x) = F(EpO)[x0)] < [Fu(§pn(X)]x) — F(Epn(x)]x)]
+Fn(Epn(x)]x) = F(§p(x)]x)].

Since F'(-|x) is continuous, we have F'(§,(x)|x) = p and

©)

(10)

(In

(12)

13)

(14)

[Fn(Epn (0)]x) = F(Ep(0)[x)[ = Fu(Epnlx) — p = Fu(Epn(0)[x) — Fu(pn(x) ™ |x),
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Censored conditional quantile under «-mixing 277

where F;, (§p,(x) ™ |x) stands for the left-hand limit of F,,(¢|x) att = &p,(x)™. Now,
using again the continuity of F(-|x), we have

0=< Fn(fpn(xﬂx) - Fn(gpn(x)ilx)
S Fa(Epn(0)|x) = F(EpnlX)| + [F (8, 1x) — Fa(§,,1X)]
<2 sup |Fu(tlx) — F(z]x)],

O<t<t

where for the last inequality we use the fact that £, (x) < T eventually (which follows
from Theorem 2.1 and condition p < F(t|x)). Hence,

[F(Epn(x)]x) = F(Ep(x)[x)] = sup |Fp(tlx)—F(t]x)[+2 sup |F,(r|x) — F(r]x)]

O<t<t O<t<t
<3sup sup |F,(t|x) — F(t|x)|. (15)
xeQ0<r<t

Therefore, the first part of the theorem is deduced from Theorem 1 and (A6). Note
that

FEpn(0)]x) — F(Ep(0)|x) = Epn(x) — £p(x)) f (6, (1) 0),

where E;‘jn (x) is between &), (x) and &), (x). Then, by (15), we have

Suglépn(X) Ep(0)f(Ep,(0)|x) < 3sup sup [F(t]x) — F(t]x)].

xeQ0<t<t
Then, the second part of the theorem follows from Theorem 1 and (A7).

Proof of Theorem 3 We observe that for y € R

To(y) = P (»,/nhn(épn(x) —&p(x)) - y)

o(x)

=P (p < Fn(("(X)y(nhnY”2 +‘5P(x)‘x))

and
D(y) —Tu(y)
—1/2
_» (Flnu,o(x)y(lnhn) &) _ p) —d(—y)
n(X)
B nhyl(x) _12 nhyl(x)p
=P (m - Fin(x, 0 (x)y(nhy) +&p(x)) < Tx)) — O(—y).

(16)

Put i (x, 1) = 2 (’;E{tf)’) K5 X') Then
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nhyl(x) nhpl(x)p
A(x)l, (x) A(x)

w1
_ln(x) N nhy A(x)

S : ! S ' -1/2
) K( hn ) |:G,,S(Y,») B GS(Yi):| + ; [ﬂm (x,0(x)y(nh,)""/* 4+ &,(x))

- Fio(x, 0 (x)y(nhy) ™% 4+ £,(x)) —

’Zail (% = 0@y 4+ 5,(0)
i=1

—Enui(xr, 0 (0)y ()™ + £,(0)] ]

I gy YO
+ { Lo JiAm ; Enni (x, 0 (x)y(nhy,) ™"+ £,(x)) A }
[(x) 1
o {I1,(x) + Dy (x)} + I3, (x). a7

T () Vah, Ax)

From (16) and (17), to prove Theorem 3 it suffices to show that

In(x) 5 1(0), Iin(x) 20,

1
nhy A(x)

Fn(x) 5y, Du(x) 3 N, 1).

1
nhy A(x)

Step 1. By th,l,er — 00, the proof for ,(x) —P> [(x) is standard (cf. Bosq 1998),
so it is omitted here.

Step 2. We prove mlln(x). Note that, since p < F(t|x), wehave §,(x) <t

and hence

Vnhy supg<y < |Gn(y) — G(y)l
———— ()| =
N/nh, A(x) Ax)(1 = G(@)I(1 = G(1)) = supg<y< [Ga(y) = G(Y)I]

nKx_Xil 18
(hn) (1%)

1
thnz
1 - x—Xl-
< Elg (| —2
>6)_enhn§ ‘ ( hy, )’

i=1
1 [(x)
= —/ |K()|l(x —thy)dt — —/ |K (t)|dt. (19)
€ JR € R

and

n

P

i=1

(5.7
K
hy

Therefore, by using Lemma 6(iii), from (18) and (19) we obtain that

1
Tmac el = 0p(hy'?) = op(1).
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Step 3. We verify I3, (x) £> y. Note that

nhyl
WA(x) ZE”’” (5o oy~ + 6y (0) - nA(x()X)p
o E(sllm = o@ymh) ™12 +£,() (x - X, ))
IRNZING) G, (Y1) hn
Rl (X)F (5 (x)]x)

A(x)

- st | (50)
T Snhy A(x) Ty

E(I(Tl < CDI(T1 < o ()y(hy) ' + ¢

(x) ‘X1)] _ VnhyFi(x, §p(x))

Ax)

Gs(Th)
= —,—n S -1/2
= nhnA(x)E IK( i )I (T1 <ox)y(nhy,) +$p(x))]
_ VnhyFi(x, §,(x)

A(x)
x—u o (0)y ()~ 248 (x)
. l(“)/ F(dy|u)du

n
= S Ax) /R K
 ah Fi(x, ()
A(x)
= AV’Z ;/K(s)l(x—h $)F (a(x)y(nh )72 g, () |x — By s)d
g Fi(x, £ ()
A(x)
= A“Zh)/ms) Fi(x — hys, 0 (0)y(nhy) ™% 4+ &, (x)
—Fi (%, 0 @y o) T2+ £,(0) | ds

Jnhy,
NS [Fl(x o (x)y(nhy) "+ £,(x) — Fi(x, Ep(x))]
= Bin(x) + 132, (x).

From the assumption (B2) we have

ik, OF (x,0()y(tha)"'/? + £, (x))
) = 4o /R K(s) [(—hm -
h2s? 92 Fy (x, 0 (x)y(nh,)~'/2 + &, (x))
2! ax2 ds

= O(F) =o(1),
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where x¥ is between x and x — J,,5.

Vnhy

I3, (x) = A(x)

fi(x, 6,(x)) - o (X)y(nhy) "V — %mx, E,(X)y =,

where 6, (x) is between &, (x) and o (x)y(nhy)~ 1% + &p(x). Therefore I3, (x) £ y
from Step 1.

Step 4. Now, we prove mhn (x) 2) N(O, 1). Here, we will employ Bern-
stein’s big-block and small-block procedure. Partition the set {1, 2, . .., n} into 2w, +1
subsets with large blocks of size p = p, and small blocks of size ¢ = ¢, and set
w = w,=[-1].

(B3) implies that there exists a sequence of positive integers §, — oo such that
g = o(Vnhy), 8,,(nhn_1)1/2oz(q) — 0. Define the large block size p=p, =
[(nhn)l/ 2 /8n]- Then a simple calculation shows

q/p — 0, walg) >0, wg/n—0, p/n—0, p/(nhn)l/2 — 0. (20)
Put Z; = m {nni (x, 0 () y(nhy) ™% 4+ £,(x)) = Enpi(x, 0(x)y(nhy) ™2+

£,(X))} - Let Ymns Yjpus Yign be defined as follows:

km+p—1 Im+q—1 n
/ § V4 2
)’mn: Z Zi’ ymn: Z]s ywnz Zk’
i=km ]:lm k=w(P+CI)+1

where kyy, = m — 1) (p+q)+ 1,1, =(m—1)(p+q)+ p+ 1. Then

1 n w w
—ID(x) = n/2 z Zi = n1/? [Z Ymn + Z yr/nn + yz/x/)n
nh, A(x) ] o

i=l1
=n"'2{S, + 8+ 5}

It suffices to show that

1 1
—E(SH* >0, —E(S")? -0, (1)
n n

Var(n /28!y — 1, (22)

Eexp(it i n_l/ ) ﬁ E exp (ltn ym )' — 0, (23)
m=1 m=1

gn(€) =~ Z Eyp, I (Iymn] > €v/m) — 0 Ve > 0. (24)

m=1

Relation (21) implies that S and S are asymptotically negligible, (23) shows that
the summands y,,, in S, are asymptotically independent, and (22) and (24) are the
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standard Lindeberg—Feller conditions for asymptotic normality of S/ under indepen-
dence.
We first establish (21). Obviously

w Ipt+qg—1
E(S” = Z > Ez}+ = Z > Cov(Zi, Z;)
i=1 i=ly i=1ly<i<j<lp+q-—1
2
o 2L CovO )
I<i<j<w

= Jin(x) + Jon(x) + J3,(x).

Note that
EZ2 = — 1 |gp (x o (x)y(nhy,) * + & (x))
i = hnAz(.X) Mni ’ y n p
2
— (Emi e, 00y @h) ™ + £, ) }
N hnAz(x) [E[K ( hn )
E (1<Tl < CDI(T) < o(x)y(nh,) "2 +£,(x)) \xl
G2(Ty)
(e[x (50)
ha
5 (lm < COI(T} < o (0)y(nhy) "% + £,(x)) ‘Xl)})z
G,(Ty)
= g [F[ () e e
T e A2(x) hy Gy(Ty)
x — X1 —12 2
—|E K= I(Ty < o(x)y(nhy) "% +&,(x)
1 oy h) ™ P+, £ (x — hys, 1)
_ e / nS,
Az(x)/R © ), G
h, o (1) y(nhy) 246y (1) .
_A2(x) /RK(S)/O filx — hys, t)ds dt
. / K2(s)ds / T Al (25)
Az(x) R 0 Gs(t) -

which yields that Jy,(x) = O(wg/n) = o(1) from (20). Since

2 2
[ Jan ()] = > ICov(Zi, Zj)| and 73 ()] =~ > ICov(zi. Z))l,

1<i<j<n I<i<j<n
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to prove |J2, (x)| = o(1) and |J3,(x)| = o(1), it suffices to show that

% > ICov(Zi. Zj)] — 0. (26)

I<i<j<n

Next, let ¢, (specified below) is a sequence of integers such that ¢, — oo and
cphy, — 0. Put

Sl={(i,j)|i,j€{1,2,...,”},1 Sj_ifcn},
So=A{G NI, je{l,2,....n},en+1=j—i=n—1}.

We write

1 1 1
- > |C0v(Z,~,Zj)|:;Z|C0v(21,2./)|+ZZICOV(Zi,Zj)l.

1<i<j<n M S
(27)
From (B1) we find
ot [ 52) (45
ICov(Zi. ZPI = 135620 h, I,
+E K(x_xf) E K(X_X'/
hy hy )
- h—// K ($)K(0)
NGO Jete
X {lj_i(x —Shy,x —thy) +1(x —shy)l(x — thn)} ds dt
— O(hy).
Hence
%z |Cov(Z;, Zj)| = O(cphy) — 0. (28)
S

On the other hand, it follows from Lemma 2 that |Cov(Z;, Z;)| < Cle(j —i)]'72/"
(E|Z;|")*" and
.

B _X;
E\Zi|" < Chy"*Go" (0)E ’K(x . ’)

n

- Ch;(’/zf‘)G;r(r)/ |K($)|"1(x — hys)ds
R

_o (h;wz—l))’
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which implies that

1 C n n—1 . o
1 o ¢ o q1=2/r g —(1=2/r)
=D ICov(Zi, Z))] = — Z | Z [a(j — )1y
$2 J=1j—i=cn+l1
o0
< Ch;(l_z/r) Za(l)l—Z/F
l=c;,
oo
< CC;Sh;(l_z/r) Z lﬁa(l)172/r.
I=c,
Therefore, by choosing ¢, = h,, (=2/0 and in view of (B3) we obtain that
1
- > ICov(Zi. Zj)| — 0. (29)
$

Thus, (26) is verified from (27)—(29).
Aston~'E(S/)?, from (25) and (26) we have

n

1 1 2
;E(S’;//)Z = Z Var(Z;) + - Z Cov(Zi, Z})
i=w(p+q)+1 w(p+q)+1l<i<j<n
n—w(p+gqg) 2
<Co———+= Z ICov(Zi, Zj)| — 0.
l<i<j<n

Next we prove (22). Since wp/n— 1, from (25) and (26) one can get Var(n~1/2 SH—1.
As to (23), according to Lemma 1 we have

< léwa(g + 1),

w w
E exp (it Z n_l/zymn) - H Eexp (itn_l/zym,,)
m=1

m=1

which tends to zero by (20).
Finally, we establish (24). Since maxi<m<w |Ymn| = O(p/+/hn), we have that
{lymn| > €+/n} is an empty set by (20), and (24) is shown.
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Appendix

This appendix states some lemmas, which are used in the proof of the main result in
Sect. 3.

Lemma 1 (Volkonskii and Rozanov 1959) Let Vi, ..., V,, be a-mixing random vari-
ables measurable with respect to the o-algebra F; Jl ! JF Jm , respectively, with 1 <
1< j1<-+<jm=<n, 11+1—Jl>w>1and|V|<1f0rl j=172,.

Then

m

m
E([TVvi|-T]EV)| =160m— Daw.

j=1 j=1
where fab = o{V;,a < i < b} denotes o-field generated by V41, Vas2, ..., Vb, 0t

is the mixing coefficient.

Lemma 2 (Hall and Heyde 1980, Corollary A.2, p. 278) Suppose that X and Y are
random variables such that E|X|P < oo, E|X|? < oo, where p,q > 1,p~! +
g ' < 1. Then

O P

l1-p~—¢q
|[EXY—-EXEY| SSIIXIIPIIYIIq[ sup IP(AB)—P(A)P(B)I}
Aco(X),Bea(Y)

Lemma 3 (Liebscher 2001, Proposition 5.1) Assume that EX; = 0 and |X;| < S
<ooa.s.(i=1,2,...,n). Then, forn,m e N0 <m <n/2, ¢ >0,

! 2 1 - S
P( ZX,- > 8) <d4exp [—i—6 (nmle + §eSm) + 32—na(m),
)

i=1
where Dy, = max|<j<om Var(3/_; X;).

Lemma 4 (Liebscher 1996, Lemma 2.3) Assume a(k) < C1k™7, forsomey > 1. Let
SUP| < j<p iz |COV(Xi, X )| =: R*(n) < oo be satisfied. Moreover, let R, (n) < 0o
for some m, 2y/(y — 1) < m < oo, where R,,(n) = sup1<,~<n(E|Xi|m)1/’”,f0r
1 <m < 00, and Roo(n) = sup|<; <, esSweq|Xi|. Then o

Var (Z Xi) < 1 {Cay, m) Ry ()2 2D (R ()| 7702y R

holds with Ca(y, m) := 222um e 17

Lemma 5 (Cai and Roussas 1992, Theorem 3.1) Let {§,,n > 1} be a stationary
o-mixing sequence of random variables with arbitrary distribution function Q and
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mixing coefficient a(k) = O(k™7), for some y > 3. Define R(s,t) = stt gr(s),s
€ R, t = 0, where gr(s) = I(& < s) — Q(s). Then there exists a Kiefer pro-

cess {K(s,t),s € R, t > 0} with covariance function E[K (s, t)K (s',1")] = I'(s, s")
min(z, t") and T'(s, s') is defined by

[(s,5") = Cov(g1(s), g1(s) + D_ {Cov(g1(s), gk (s")) + Cov(gi(s), g(s)} ,
k=2

such that, for some A > 0 depending only on y,

sup sup|R(s, 1) — K(s,1)] = O (T1/2(1n(T))—*) as., T > 0.
(0=<)t<T seR

Lemma 6 Suppose that a(k) = O(k™Y), for somey > 3. Then, forany t € (0, tg),
we have

(i) (Cai and Roussas 1992) lim supn_)oo{(#n(”))l/2 SUp,cg |Ho(x) — HX)|} =
1a.s., where H,(x) = %ZLI I1(Y; <x),
(i) Sup,cpo,r1Gn(x) — G(x)| = O((nIn(n)/m)'/?) as.,
(i) sup,cpo.o1[Fa(x) — F(x)| = Op(n='/%), sup,j0.11Gn(x) — G(x)| = Op
(n=1/2).

Remark 5 The conclusion of Lemma 6(iii) is very useful, and interesting indepen-
dently. In the censored iid framework, Breslow and Crowley (1974) in their Theorem 5
proved that empirical process of F, (x) converges weakly to a zero mean Gaussian
process, from which the first conclusion in Lemma 6(iii) can be easily obtained. For
the best of our knowledge, no similar result is available under dependence.

Proof of Lemma 6 (ii) Theorem 2 of Cai (2001) shows that

sup |Fp(x) — F(x)| = O ((1n1n(n)/n)‘/2) a.s. (30)
x€[0,7]

Note that 1 — H,(x) = (1 — F,(x))(1 — G,(x)). Therefore, from (i) and (30) it is
easy to verify

sup |Gn(x) — G(x)| = O ((ln 1n(n)/n)1/2) as.
xel0,7]

(iii) As it is known (see, e.g., Gill 1980), for a df F on [0, Ty ), the cumulative
hazard function A is defined by

A(t)_/' dF(z)
“Jo 1 —F@z—)'
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and A(t) = —In(1 — F(z)) for the case that F is continuous. The empirical cumulative
hazard function A, (¢) is given by

"dN,(z
o= [ )
0o Yu(2)

where N,(x) = 237 I(Y; < x,8 = 1),Y,(x) = 37 I(¥; > x). Since
F*(x) = P(Y1 <x,81 = 1) = [{[1 = G(2)]dF (2),

TdF*(2)

A = .
O= ] He

From Lemma 5, there exist two Kiefer processes {K(i)(s, t)y:s5,t >0} =1,2)
such that for some A > 0 depending only on y

sup ’Nn(x) — F*(x) — KO(x, n)/n

0<x<oo

—0 (n—l/z(ln(n))—l) as. (1)

sup | ¥, (x) — Hy(x) — KO (x, n)/n‘ —0 (n_l/z(ln(n))_)‘) as. (32)

0<x<oo

Put U; = F*(Y;), V; = Hg(Y;). Then the continuity of F*(x) and H;(x) implies that
both of U; and V; are uniformly distributed random variables and

Nu(x) = En(F*(x)), Y,(x) = E::(Hs(x))’

where E,(x) = n ' >0 I(U; < x,8 = 1), EX(x) = n7' 30 I(Vi < x).
Therefore we have

sup [N, (x) — F*(x)| < sup |E,(F*(x)) — F*(x) — KV (F*(x), n)/n|

0<x<oo 0<x<oo

+ sup [KW(F*(x),n)/nl, (33)

0<x<oo

sup |V, (x) — Hy(x)| < sup |E}(Hy(x)) — Hy(x) — K (Hy(x), n)/n]

0<x<oo 0<x<oo

+ sup K@ (H,(x),n)/nl. (34)

0<x<oo

Since BV (y) = K@ (y,n)//n, 0 <y < 1is a Brownian bridge (see Cs6rg6 and
Révész 1981, page 80), and

P( sup |B(i)(y)| > u) = Z(—l)k“e_zkzu2 — 0 asu — o0

0<y<l k0
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fori = 1, 2 from Theorem 1.5.1 of Csorg6 and Révész (1981, page 43), we have

sup |[KD(F*(x),n)/n| = Op(n~"/%) and

0<x<oo
sup |KP(Hy(x),n)/n| = Op(n~"/%),
0<x<oo

which, together with (31)-(34), imply

sup |Nn(.x) - F*(x)| = OP(n_l/Z)’ sup |Yn(x) _ Hg(x)| — OP(i’l_l/z).

0<x<oo 0<x<oo
(35)
Similarly, one can obtain that
sup |Hy(x) — H(x)| = Op(n~"/?). (36)
0<x<oo
Note that,
At — A() /[ : : ]dF*<>+/t LN, 2) — F ()
- = — Z ) — Z
" o LYw(2)  H(2) o Hym "

t 1 1
— d[N, — F* .
+ /0 [ e (Z)} [No(2) — F*(2)]

Hence, following the line in Cai (1998, page 386), according to the continuity of
F*(x) and Hy (x) and (35) one can obtain that sup, ¢ - |An (1) = A ()| = Op(n~'/?).
Further, in view of

Fo(t) = F(1) = (1 = F(O)[Au(1) = A®)]+ O(nln(n)/n) a.s.
[cf. the proof of Theorem 2 of Cai (1998, page 388)] we have

sup |Fy(x) — F(x)| = Op(n~'/%),
xel0,7]

which, together with 1 — Hy(x) = (I — F,(x))(I = G4(x)) and (36), yields that
SUp,cr0.711Gn(x) — G(x)| = Op(n~'/2). .
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