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Abstract The paper revisits the problem of selection of priors for regular
one-parameter family of distributions. The goal is to find some “objective” or “default”
prior by approximate maximization of the distance between the prior and the posterior
under a general divergence criterion as introduced by Amari (Ann Stat 10:357–387,
1982) and Cressie and Read (J R Stat Soc Ser B 46:440–464, 1984). The maximi-
zation is based on an asymptotic expansion of this distance. The Kullback–Leibler,
Bhattacharyya–Hellinger and Chi-square divergence are special cases of this general
divergence criterion. It is shown that with the exception of one particular case, namely
the Chi-square divergence, the general divergence criterion yields Jeffreys’ prior. For
the Chi-square divergence, we obtain a prior different from that of Jeffreys and also
from that of Clarke and Sun (Sankhya Ser A 59:215–231, 1997).

Keywords Chi-square distance · Fisher information number · Jeffreys’ prior

1 Introduction

The selection of priors has always been a controversial and much debated issue in
the Bayesian literature. Prior elicitation is often possible with sufficient background
information. However, this is not the case for most real situations, and one needs
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44 M. Ghosh et al.

to use “objective” or “default” prior. Laplace (1812), one of the earliest proponents
of such a prior, advocated the use of a uniform or a flat prior on the entire parame-
ter space. But his prior was criticized due to its lack of invariance under one-to-one
transformation. This led Jeffreys (1961) to the discovery of a prior proportional to the
positive square root of the determinant of the Fisher information matrix, which has
now become universally known as Jeffreys’ prior. This prior is invariant under smooth
one-to-one transformation.

There are various optimality results associated with Jeffreys’ prior (e.g., Kass
and Wasserman 1996; Bernardo 1979). Indeed, in the absence of nuisance param-
eters, Bernardo’s reference prior is identical with Jeffreys’ prior. Roughly speaking,
Bernardo’s reference prior is obtained by maximizing the Kullback–Leibler (KL) dis-
tance between the prior and the corresponding posterior for a given likelihood. A formal
and very rigorous justification of reference priors is given in Clarke and Barron (1990,
1994). Clarke and Sun (1997, 1999) had an interesting result for the one-parameter
exponential family of distributions with the canonical parameter (or any one-to-one
function of it which includes the mean) as the parameter of interest. They showed in
this situation that maximization of the Chi-square distance instead of the KL distance
between the prior and the posterior led to a prior different from Jeffreys’ prior (even
in the absence of nuisance parameters).

The objective of the present paper is to extend the previous results for the
regular one-parameter family of distributions under a general divergence criterion
which includes not only the KL divergence, but also the Bhattacharyya–Hellinger
(Bhattacharyya 1943; Hellinger 1909) divergence as well as the Chi-square diver-
gence. An asymptotic expansion of the divergence between the prior and the posterior
is provided. The prior is selected based on first or second order approximation of this
divergence as needed.

The general prior is derived in Sect. 2. Some final remarks are made in Sect. 3. The
proof of the main result, due to its technical nature, is deferred to the Appendix.

It turns out that with the exception of the Chi-square divergence, Jeffreys’ prior turns
out to be the unique optimizing prior. This is not so for the Chi-square divergence. The
reason for this is whereas in other cases, a first order approximation suffices, and yields
Jeffreys’ prior, for the Chi-square divergence, the first order approximation does not
yield any prior, and one needs to go for a second order approximation in finding the
desired prior. The resulting prior turns out to be the positive fourth root rather than the
positive square root of the Fisher information number. As a consequence, this leads
to the Beta(3/4, 3/4) prior rather than Jeffreys’ Beta(1/2, 1/2) prior for the binomial
parameter θ and the prior π(θ) = θ−1/4 rather than Jeffreys’ prior π(θ) = θ−1/2

for the Poisson parameter θ . Our prior also differs from Hartigan’s (1998) maximum
likelihood (ML) prior. In particular, for the one-parameter exponential family of dis-
tributions, the ML prior of Hartigan (1998) is the Fisher information number which
is different from either Jeffreys’ prior or the Chi-square divergence prior. Finally, our
Chi-square divergence prior differs also from that of Clarke and Sun (1997) who con-
sidered the special case of the one-parameter exponential family of distributions. They
used a technique different from ours in their asymptotic expansion, and obtained the
reciprocal of Jeffreys’ prior as their solution. It seems that there was a minor algebraic
oversight in their expansion, which resulted in a prior different from ours. In particular,
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A general divergence criterion for prior selection 45

it appears that the third term within the integrand in Eq. 2.3 of Clarke and Sun (1997)
should involve the multiplier 1/2 instead of 1/8.

2 Derivation of priors

Let Xn = (X1, . . . , Xn), where the Xi are independent and identically distributed
with common pdf (with respect to some σ -finite measureμ) p(x | θ). Consider a prior
π(θ) which puts all its mass on a compact set (closed bounded interval) on the real
line. One passes on to the limit eventually in many of actual examples considered in
the literature.

Write

Ln(θ) =
n∏

i=1

p(xi | θ)

and xn = (x1, . . . , xn). The posterior π(θ | xn) is then given by

π(θ | xn) ∝ Ln(θ)π(θ). (1)

Also, let m(xn) denote the marginal pdf of xn .

The general expected divergence between the prior and the posterior is given by

Rβ(π) = 1 − ∫ [∫ πβ(θ)π1−β(θ | xn) dθ
]

m(xn)μ(dxn)

β(1 − β)
. (2)

where μ(dxn) = (μ(dx1), . . . , μ(dxn)).

For β = 0 or 1, we need to interpret Rβ(π) as its limiting value (when it exists).
In particular,

R0(π) =
∫∫ {

log
π(θ | xn)

π(θ)

}
π(θ | xn)m(xn) dθμ(dxn), (3)

which is the KL divergence between the prior and the posterior considered for example
in Lindley (1956), Bernardo (1979), Clarke and Barron (1990, 1994) and Ghosh and
Mukerjee (1992).

From the relation Ln(θ)π(θ) = π(θ | xn)m(xn), one can reexpress Rβ(π) given
in (2) as

Rβ(π) = 1 − ∫∫ πβ+1(θ)π−β(θ | xn)Ln(θ) μ(dxn) dθ

β(1 − β)

= 1 − ∫ πβ+1(θ)
[
Eθ
[
π−β(θ | Xn)

]]
dθ

β(1 − β)
, (4)

where Eθ denotes the conditional expectation given θ.
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46 M. Ghosh et al.

Let I (θ) denote the per observation Fisher information number, that is I (θ) =
Eθ
[−l ′′n (θ)

]
, where ln(θ)= n−1 log Ln(θ). Also, let g3(θ)= Eθ

[−l ′′′n (θ)
]
, and

g4(θ) = Eθ
[−l ′′′′n (θ)

]
, where the appropriate derivatives are asumed to exist. Then

one has the following theorem.

Theorem 1 Assume

(A1) For each x, log p(x |θ) is 5 times continuously differentiable in θ . Further, there
exist a neighborhood Nθ (δ) = (θ − δ, θ + δ) of θ and Pθ integrable function
Hk,θ,δ(x), k = 2, 3, 4, 5 such that

sup
θ ′∈Nθ (δ)

∣∣∣∣
∂k

∂θk
log p(x |θ)

∣∣∣∣
θ=θ ′

≤ Hk,θ,δ(x)

(A2) For all sufficiently large λ > 0

E

[
sup

|θ ′−θ |>λ
log

p(x |θ ′)
p(x |θ)

]
< 0

(A3)

E

[
sup

θ ′∈(θ−ρ,θ+ρ)
log p(x |θ ′)

∣∣∣∣∣ θ
]

→ E[log p(x |θ)]

as ρ → 0
(A4) The prior density π(θ) is 3 times continuously differentiable in a neighborhood

of θ and π(θ) > 0.

Then for β < 1,

Eθ
[
π−β
π (θ | xn)

] =
(

2π

nI (θ)

)β
2 1

(1 − β)1/2

[
1+ β

2n

{
βg3(θ)− (2 + β)I ′(θ)

(1 − β)I 2(θ)

π ′(θ)
π(θ)

− β

I (θ)

(
π ′(θ)
π(θ)

)2

+ β(2 − β)

(1 − β)I (θ)

π ′′(θ)
π(θ)

+ k(θ)

}]
+ o(n−1),

(5)

where

k(θ) = 5β(2 − β) (g3(θ))
2

12(1 − β)I 3(θ)
− β(2 − β)g4(θ)

4(1 − β)I 2(θ)
+ β

1 − β

d

dθ

g3(θ)

I 2(θ)

+β(2 + β)(4 + β)

4(1 − β)

I ′(θ)
I 2(θ)

[
I ′(θ)
I (θ)

+ I ′′(θ)
]

and does not involve π(θ) or its derivatives.
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A general divergence criterion for prior selection 47

The proof of the result is very technical and is included in the Appendix. The proof
uses a technique proposed by Ghosh and is discussed in details in Datta and Mukerjee
(2004).

Remark 1 The theorem does not hold for β ≥ 1 as is evident from the right-hand-side
expression in (5).

In view of Theorem 1, for β < 1 and β �= 0 or −1, one has

Rβ(π) =
1 − (1/2)

( 2π
n

)β/2
(1 − β)− 1

2
∫ {

π(θ)

I
1
2 (θ)

}β
π(θ) dθ

β(1 − β)
+ o(n− β

2 −1). (6)

Thus the first order approximation to Rβ(π) is given by

1 − (1/2)
( 2π

n

)β/2
(1 − β)− 1

2
∫ {

π(θ)

I
1
2 (θ)

}β
π(θ) dθ

β(1 − β)
. (7)

We now consider maximization of (7) in several different cases noting
∫
π(θ)dθ =

1. It turns out that there is no maximizer when β < −1.

Case I 0 < β < 1.
Here it suffices to minimize

∫ {
π(θ)/I 1/2(θ)

}β
π(θ) dθ

with respect to π(·) subject to
∫
π(θ) dθ = 1. To this end, we first recall Hölders

inequality, namely

∫
| f1(θ) f2(θ)| dθ ≤

(∫
| f1(θ)|p dθ

) 1
p
(∫

| f2(θ)|q dθ

) 1
q

(8)

where p > 1, q > 1 and p−1 + q−1 = 1.

Now putting f1(θ) = π(θ)I − β
2(1+β) (θ), f2(θ) = I

β
2(1+β) (θ), p = 1 + β and q =

(1 + β)/β, one gets

(∫
π1+β(θ)I − β

2 (θ) dθ

) 1
1+β (∫

I
1
2 (θ) dθ

) β
1+β ≥

∫
π(θ) dθ = 1

or equivalently

∫
π1+β(θ)I − β

2 (θ) dθ ≥
(∫

I
1
2 (θ) dθ

)−β
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with equality if and only if

π(θ) ∝ I
1
2 (θ),

that is π(θ) is Jeffreys’ prior.

Case II −1 < β < 0.
One needs to maximize

∫ {
π(θ)/I 1/2(θ)

}β
π(θ) dθ

subject to
∫
π(θ)dθ = 1.

Here let f1(θ) = π1+β(θ), f2(θ) = I − β
2 (θ), p = (1 + β)−1 and q = −1/β.

Then, again by Hölders inequality

∫
π1+β(θ)I − β

2 (θ) dθ ≤
(∫

I
1
2 (θ) dθ

)−β

with equality if and only if

π(θ) ∝ I
1
2 (θ),

which is once again Jeffreys’ prior.

Case III β < −1.
Here putting β = −λ, we rewrite

Rβ(π) =
(1/2)

( 2π
n

)−λ/2
(1 + λ)− 1

2
∫ ( I 1/2(θ)

π(θ)

)λ
π(θ) dθ − 1

λ(1 + λ)
, λ > 1 (9)

Hence it suffices to maximize
∫ {

I 1/2(θ)/π(θ)
}λ
π(θ) dθ

subject to
∫
π(θ) dθ = 1.

Writing
∫ {

I 1/2(θ)/π(θ)
}λ
π(θ) dθ = E

[
I 1/2(θ)/π(θ)

]λ
, expectation being

taken with respect to the prior π(·), one gets

∫ {
I 1/2(θ)/π(θ)

}λ
π(θ) dθ≥

[∫ {
I 1/2(θ)/π(θ)

}
π(θ) dθ

]λ
=
(∫

I 1/2(θ) dθ

)−β

since λ > 1. Equality holds if and only if

π(θ) ∝ I
1
2 (θ).
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A general divergence criterion for prior selection 49

Thus in this case Jeffreys’ prior is the minimizer rather then the maximizer of Rβ(π).
Also there is no maximizing prior in this case. To see this, let

r(π(θ)) =
{

I 1/2(θ)/π(θ)
}λ
π(θ)− ηπ(θ),

where η is the Lagrangian multiplier. Hence,

r ′(π(θ)) = (1 − λ)I λ/2(θ)π−λ(θ)− η

so that equating r ′(π(θ)) to zero, π(θ) ∝ I
1
2 (θ).Accordingly, the only inflection prior

is Jeffreys’ prior which is the minimizer and not the maximizer.

Case IV β → 0, from (7) one obtains an expression due to Clarke and Barron (1990,
1994), namely,

R0(π) = 1

2
log
( n

2πe

)
−
∫
π(θ) log

π(θ)

I 1/2(θ)
dθ + o(1)

which is maximized up to first order approximation by
∫
π(θ) log π(θ)

I 1/2(θ)
dθ = 0 i.e.

π(θ) = I 1/2(θ).

Case V The only remaining case is β = −1, the Chi-square distance as considered
by Clarke and Sun (1997) for the one parameter exponential family. We consider the
general framework in this paper. Here π1+β(θ) = 1 so that the first order term as
obtained from Theorem 1 is a constant, and one needs to consider the second order
term. Leaving out all the terms which do not involve π(θ) or its derivatives and putting
β = −1 in (5), and noting that β(1 − β) = −2 < 0, it suffices to maximize

∫ [
I ′(θ)+ g3(θ)

2I 3/2(θ)

π ′(θ)
π(θ)

+ 1

I 1/2(θ)

(
π ′(θ)
π(θ)

)2

− 3

2I 1/2(θ)

π ′′(θ)
π(θ)

]
dθ. (10)

Putting

y(θ) = π ′(θ)
π(θ)

,

the integral in (10) is rewritten as

∫ [
I ′(θ)+ g3(θ)

2I 3/2(θ)
y(θ)+ y2(θ)

I 1/2(θ)
− 3

2I 1/2(θ)
[y′(θ)+ y2(θ)]

]
dθ

=
∫ [

I ′(θ)+ g3(θ)

2I 3/2(θ)
y(θ)− y2(θ)

2I 1/2(θ)
− 3y′(θ)

2I 1/2(θ)

]
dθ. (11)
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Writing the integrand as s(y(θ), y′(θ)), the solution is found by solving the Euler–
Lagrange equation (Hewitt and Stromberg 1969)

∂s

∂y
− d

dθ

(
∂s

∂y′

)
= 0

or equivalently

I ′(θ)+ g3(θ)

2I 3/2(θ)
− y(θ)

I 1/2(θ)
+ d

dθ

(
3

2I 1/2(θ)

)
= 0.

This leads to equation

I ′(θ)+ g3(θ)

2I 3/2(θ)
− 3I ′(θ)

4I 3/2(θ)
= y(θ)

I 1/2(θ)
,

that is

π ′(θ)
π(θ)

= y(θ) = 2g3(θ)− I ′(θ)
4I (θ)

.

Accordingly, the solution is given by

π(θ) ∝ exp

[∫
2g3(θ)− I ′(θ)

4I (θ)
dθ

]
.

It is interesting to consider some examples where one gets priors different from
Jeffreys’ prior under the above divergence criterion.

Example 1 Consider the one-parameter exponential family of distributions with

p(x |θ) = exp[θx−ψ(θ)+h(x)]. Then g3(θ)= I ′(θ) so thatπ(θ) ∝ exp
[

1
4

∫ I ′(θ)
I (θ) dθ

]

= I
1
4 (θ). Thus, in particular, for the Binomial(n, θ ) problem, one getsπ(θ) ∝ θ− 1

4 (1−
θ)− 1

4 which is a Beta( 3
4 , 3

4 ) distribution quite different from Jeffreys’
Beta( 1

2 , 1
2 ) prior or Laplace’s Beta(1, 1) prior or Haldane’s improper Beta(0, 0)

prior. Similarly, for the Poisson(θ ) case, one gets π(θ) ∝ θ− 1
4 , again different from

Jeffreys’ πJ (θ) ∝ θ− 1
2 prior. However, for the N (θ, 1) situation, since I (θ) = 1 and

g3(θ) = I ′(θ) = 0, π(θ) = c(> 0), a constant, which is the same as Jeffreys’ prior.
We may point out also that for the one-parameter exponential family, our prior differs
from Hartigan’s (1998) maximum likelihood prior πH (θ) = I (θ).

Example 2 For the one-parameter location family of distributions with p(x |θ) =
f (x − θ), where f is a pdf, both g3(θ) and I (θ) are constants implying I ′(θ) = 0
so that π(θ) is of the form π(θ) = exp(μθ) for some constant μ. However, for the
special case of a symmetric f , i.e. f (x) = f (−x) for all x , g3(θ) = 0, and then π(θ)
reduces once again to π(θ) = c which is the same as Jeffreys’ prior.
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A general divergence criterion for prior selection 51

Example 3 For the general scale family of distributions with p(x |θ) = θ−1 f ( x
θ
), θ >

0, where f is a pdf, I (θ) = c1
θ2 for some constant c1(> 0), where g3(θ) = c2

θ3 for
some constant c2. Then π(θ) ∝ exp(c log θ) = θc for some constant c. In particular,

when p(x |θ) = θ−1 exp(− x
θ
), π(θ) ∝ θ− 3

2 , different from Jeffreys’ π(θ) ∝ θ−1 for
the general scale family of distributions.

3 Summary

The paper considers a general divergence measure between the prior and the posterior
for regular one-parameter distributions to develop objective priors. The one-parameter
exponential family appears as a special case. It follows that with one exception,
Jeffreys’ prior is the desired objective prior. The exception, the Chi-squared diver-
gence yields the positive fourth root rather than the positive square root of the Fisher
information number.

There is an enormous scope for future research. The first one to look at is a regular
multiparameter family of distributions without any nuisance parameter, and examine
whether a similar result holds. The second and possibly the more important investi-
gation is to develop priors under this general divergence criterion in the presence of
nuisance parameters.
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Appendix

Proof of Theorem1 Let θ̂ denote the MLE of θ , a2 = l ′′n (θ̂), c = −a2, a3 = l ′′′n (θ̂),
a4 = l ′′′′n (θ̂) and h = √

n(θ − θ̂ ). Then from (2.2.19) of Datta and Mukerjee (2004,
p. 13) one gets

π(h| xn) = π̂(h| xn)+ o(n−1), (12)

where

π̂(h| xn) =
√

c

2π
exp

{
−ch2

2

}[
1 + 1√

n

{
π ′(θ̂)
π(θ̂)

h + 1

6
a3h3

}

+1

n

{
1

2

(
π ′′(θ̂)
π(θ̂)

h2 − π ′′(θ̂)
π(θ̂)c

)
+ 1

6

(
a3
π ′(θ̂)
π(θ̂)

h4 − 3a3

c2

π ′(θ̂)
π(θ̂)

)

+ 1

24

(
a4h4 − 3a4

c2

)
+ 1

72

(
a2

3h6 − 15a2
3

c3

)}]
. (13)

With the general expansion

⎛

⎝ 1

b1 + b2√
n

+ b3
n + o(n−1)

⎞

⎠
β

= b−β
1

(
1−β b2

b1
√

n
+ β

n

(
β + 1

2

b2
2

b2
1

− b3

b1

))
+ o(n−1),
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one gets

π−β(h| xn) = π̂β(h| xn)+ o(n−1), (14)

where

π̂β(h| xn) =
( c

2π

)− β
2

exp

{
cβh2

2

}[
1 − β√

n

{
π ′(θ̂)
π(θ̂)

h + 1

6
a3h3

}

+β
n

⎧
⎨

⎩
1 + β

2

(
π ′(θ̂)
π(θ̂)

h + 1

6
a3h3

)2

− 1

2

(
π ′′(θ̂)
π(θ̂)

h2 − π ′′(θ̂)
π(θ̂)c

)

− 1

6

(
a3
π ′(θ̂)
π(θ̂)

h4 − 3a3

c2

π ′(θ̂)
π(θ̂)

)

− 1

24

(
a4h4 − 3a4

c2

)
− 1

72

(
a2

3h6 − 15a2
3

c3

)}]
. (15)

By (12) and (14), for a prior π̄ (not the same as π ) twice differentiable in its argument,
we get

π−β (h| xn)π̄(h| xn) =
( c

2π

) 1−β
2

exp

{
−c(1 − β)h2

2

}

×
[

1 + 1√
n

{
π̄ ′(θ̂)
π̄(θ̂ )

h − β
π ′(θ̂)
π(θ̂)

h + 1 − β

6
a3h3

}

+1

n

{
−β
(
π ′(θ̂)
π(θ̂)

π̄ ′(θ̂)
π̄(θ̂ )

h2 + 1

6
a3h4

(
π ′(θ̂)
π(θ̂)

+ π̄ ′(θ̂)
π̄(θ̂ )

)
+ 1

36
a2

3h6

)

+β(1 + β)

2

(
π ′(θ̂)
π(θ̂)

h + 1

6
a3h3

)2

− β

2

(
π ′′(θ̂)
π(θ̂)

h2 − π ′′(θ̂)
π(θ̂)c

)

+1

2

(
π̄ ′′(θ̂)
π̄(θ̂ )

h2 − π̄ ′′(θ̂)
π̄(θ̂ )c

)
+ 1

6

(
a3
π̄ ′(θ̂)
π̄(θ̂ )

h4 − 3a3

c2

π̄ ′(θ̂)
π̄(θ̂ )

−β
(

a3
π ′(θ̂)
π(θ̂)

h4 − 3a3

c2

π ′(θ̂)
π(θ̂)

))
+ 1 − β

24

(
a4h4 − 3a4

c2

)

+1 − β

72

(
a2

3h6 − 15a2
3

c3

)}]
+ o(n−1). (16)

The right-hand-side of (16) can be expressed as

π̂β(h| xn) ˆ̄π(h| xn)+ n− 3
2

( c

2π

) 1−β
2

exp

{
−c(1 − β)h2

2

}
R(h)+ o(n−1), (17)
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where R(h) is a polynomial of h. This leads to

∣∣∣∣∣π
−β(h| xn)π̄(h| xn)− π̂β(h| xn) ˆ̄π(h| xn)

−n− 3
2

( c

2π

) 1−β
2

exp

{
−c(1 − β)h2

2

}
R(h)

∣∣∣∣∣= o(n−1). (18)

However, we need to show

∫ ∣∣∣∣∣π
−β(h| xn)π̄(h| xn)− π̂β(h| xn) ˆ̄π(h| xn)

−n− 3
2

( c

2π

) 1−β
2

exp

{
−c(1 − β)h2

2

}
R(h)

∣∣∣∣∣ dh = o(n−1).

To this end, it suffices to show that

∫ ∣∣∣π−β(h| xn)π̄(h| xn)− π̂β(h| xn) ˆ̄π(h| xn)

∣∣∣ dh = o(n−1). (19)

To prove (19), we need the following lemma:

Lemma 2 There exist δ > 0 and ε > 0 (ε depends on δ), such that with probability
one, and for all large n

1.

log Zn(h) ≤ −M
h2

2
, −n

1
2 δ ≤ h ≤ n

1
2 δ some M > 0

2.

log Zn(h) ≤ −nε, ∀h < −n
1
2 δ

3.

log Zn(h) ≤ −nε, ∀h > n
1
2 δ

where Zn(h) = ∏n
i=1

p(xi |θ̂n+h/
√

n)
p(xi |θ̂n)

, θ̂n is MLE. Based on assumptions (A1), (A2),

(A3), applying the argument similar to that used by Ghosal and Samanta (1997a,b)
and Ghosal (1997), one can prove the Lemma 2.
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Notice that

∫ ∣∣∣π−β(h| xn)π̄(h| xn)− π̂β(h| xn) ˆ̄π(h| xn)

∣∣∣ dh

≤
∫ −n

1
2 δ

−∞
∣∣π−β(h| xn)− π̂β(h| xn)

∣∣ π̄(h| xn)dh

+
∫ n

1
2 δ

−n
1
2 δ

∣∣π−β(h| xn)− π̂β(h| xn)
∣∣ π̄(h| xn)dh

+
∫ +∞

n
1
2 δ

∣∣π−β(h| xn)− π̂β(h| xn)
∣∣ π̄(h| xn)dh

+
∫ −n

1
2 δ

−∞
∣∣π̂β(h| xn)

∣∣
∣∣∣π̄(h| xn)− ˆ̄π(h| xn)

∣∣∣ dh

+
∫ n

1
2 δ

−n
1
2 δ

∣∣π̂β(h| xn)
∣∣
∣∣∣π̄(h| xn)− ˆ̄π(h| xn)

∣∣∣ dh

+
∫ +∞

n
1
2 δ

∣∣π̂β(h| xn)
∣∣
∣∣∣π̄(h| xn)− ˆ̄π(h| xn)

∣∣∣ dh

Based on assumption (A4), by suitably choosing δ and using Lemma 2, one can show
each integration on the right side of the inequality is o(n−1). Now (19) holds.

So, by (18), integration of (16) with respect to h will lead to

E π̄
[
π−β(h| xn) | xn

] =
∫
π−β(h| xn)π̄(h| xn) dh =

( c

2π

)− β
2 1√

1 − β

×
[

1 + 1

n

{
− β

c(1 − β)

(
π ′(θ̂)
π(θ̂)

π̄ ′(θ̂)
π̄(θ̂ )

+ a3

2c(1 − β)

×
(
π ′(θ̂)
π(θ̂)

+ π̄ ′(θ̂)
π̄(θ̂ )

)
+ 5a2

3

12c2(1 − β)2

)

+ β(1 + β)

2c(1 − β)

⎛

⎝
(
π ′(θ̂)
π(θ̂)

)2

+ a3

c(1−β)
π ′(θ̂)
π(θ̂)

+ 15a2
3

36c2(1−β)2

⎞

⎠

+ β

2c(1−β)
π̄ ′′(θ̂)
π̄(θ̂ )

− β2

2c(1 −β)
π ′′(θ̂)
π(θ̂)

+ a3β(2 −β)
2c2(1 −β)2

π̄ ′(θ̂)
π̄(θ̂ )

−a3β
2(2 − β)

2c2(1 − β)2

π ′(θ̂)
π(θ̂)

+ a4β(2 − β)

8c2(1 − β)

+5a2
3(β

3 − 3β2 + 3β)

24c3(1 − β)2

}]
+ o(n−1). (20)
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From the relation θ = h/
√

n + θ̂ we get

E π̄
[
π−β(θ | xn)| xn

] = n− β
2

∫
π−β(h| xn)π̄(h| xn) dh. (21)

Now taking expectation over the conditional distribution of xn given θ from (20) and
(21), we have

λ(θ) = Eθ
(

E π̄
[
π−β(θ | xn)| xn

]) =
(

2π

nI (θ)

) β
2 1√

1 − β

×
[

1 + 1

n

{
− β

(1 − β)I (θ)

(
π ′(θ)
π(θ)

π̄ ′(θ)
π̄(θ)

− g3(θ)

2(1 − β)I (θ)

×
(
π ′(θ)
π(θ)

+ π̄ ′(θ)
π̄(θ)

)
+ 5(g3(θ))

2

12(1 − β)2 I 2(θ)

)

+ β(1 + β)

2(1 − β)I (θ)

((
π ′(θ)
π(θ)

)2

− g3(θ)

(1 − β)I (θ)

π ′(θ)
π(θ)

+ 5(g3(θ))
2

12(1 − β)2 I 2(θ)

)

+ β

2(1 − β)I (θ)

(
π̄ ′′(θ)
π̄(θ)

−β π
′′(θ)
π(θ)

)
− g3(θ)β(2 − β)

2(1 − β)2 I 2(θ)

(
π̄ ′(θ)
π̄(θ)

−β π
′(θ)
π(θ)

)

− g4(θ)β(2 − β)

8(1 − β)I 2(θ)
+ 5(g3(θ))

2β(β2 − 3β + 3)

24(1 − β)2 I 3(θ)

}]
+ o(n−1−β/2). (22)

In the next step, we find

∫
λ(θ)π̄(θ) dθ =

∫ (
2π

nI (θ)

) β
2 1√

1 − β

×
[

1 + 1

n

{
g3(θ)β

2(1 − β)2 I 2(θ)

π ′(θ)
π(θ)

− 5β(g3(θ))
2

12(1 − β)3 I 3(θ)
+ β(1 + β)

2(1 − β)I (θ)

×
((
π ′(θ)
π(θ)

)2

− g3(θ)

(1 − β)I (θ)

π ′(θ)
π(θ)

+ 5(g3(θ))
2

12(1 − β)2 I 2(θ)

)
− β2

2(1 − β)I (θ)

π ′′(θ)
π(θ)

+ g3(θ)β
2(2 − β)

2(1 − β)2 I 2(θ)

π ′(θ)
π(θ)

−g4(θ)β(2−β)
8(1−β)I 2(θ)

+ 5(g3(θ))
2β(β2−3β+3)

24(1−β)2 I 3(θ)

}]
π̄(θ) dθ

+
∫ (

2π

nI (θ)

) β
2 1√

1 − β

[
1

n

(
− β

(1 − β)I (θ)

π ′(θ)
π(θ)

+ g3(θ)β

2(1 − β)2 I 2(θ)

− g3(θ)β(2 − β)

2(1 − β)2 I 2(θ)

)
π̄ ′(θ)

]
dθ

+
∫ (

2π

nI (θ)

) β
2 β

2nI (θ)(1 − β)3/2
π̄ ′′(θ) dθ + o(n−1−β/2). (23)
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The last step will give an expression for Eθ
[
π−β(θ | xn)

]
. We consider π̄(θ) to con-

verge weakly to the degenerate prior at true θ and have chosen π̄(θ) in such a way
that we could integrate the last two integrals in (23) by parts and have the first term
equal to zero every time we use integration by parts.

Thus we have

Eθ
[
π−β(θ | xn)

] =
(

2π

nI (θ)

) β
2 1√

1 − β

[
1 + 1

n

(
g3(θ)β

2

2(1 − β)I 2(θ)

π ′(θ)
π(θ)

+5(g3(θ))
2β(2 − β)

24(1 − β)I 3(θ)
+ β(1 + β)

2(1 − β)I (θ)

(
π ′(θ)
π(θ)

)2

− β2

2(1 − β)I (θ)

π ′′(θ)
π(θ)

− g4(θ)β(2 − β)

8(1 − β)I 2(θ)

)]

+1

n

d

dθ

[(
2π

nI (θ)

) β
2 1√

1 − β

(
β

(1 − β)I (θ)

π ′(θ)
π(θ)

+ g3(θ)β

2(1 − β)I 2(θ)

)]

+1

n

d2

dθ2

[(
2π

nI (θ)

) β
2 1√

1 − β

β

2(1 − β)I (θ)

]
+ o(n−1−β/2).

(24)

Finally, we have

d

dθ

[(
2π

nI (θ)

) β
2 1√

1 − β

(
β

(1 − β)I (θ)

π ′(θ)
π(θ)

+ g3(θ)β

2(1 − β)I 2(θ)

)]

=
(

2π

n

) β
2 β

(1 − β)3/2
×
[

− (1 + β

2
)
π ′(θ)
π(θ)

I −2−β/2(θ)I ′(θ)

+
{
π ′′(θ)
π(θ)

−
(
π ′(θ)
π(θ)

)2
}

I −1−β/2(θ)+ 1

2

d

dθ

(
g3(θ

I 2(θ)

)]
, (25)

and

d2

dθ2

[(
2π

nI (θ)

) β
2 1√

1 − β

β

2(1 − β)I (θ)

]

=
(

2π

n

) β
2 β

2(1 − β)3/2

(
1 + 1

2
β

)(
2 + 1

2
β

)

×I −2−β/2(θ)I ′(θ)
[

I −1(θ)I ′(θ)+ I ′′(θ)
]
. (26)
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From (24)–(26), we get

Eθ
[
π−β(θ | xn)

] =
(

2π

nI (θ)

) β
2 1√

1 − β

[
1 + 1

n

(
g3(θ)β

2 − β(2 + β)I ′(θ)
2(1 − β)I 2(θ)

π ′(θ)
π(θ)

+ β(2 − β)

2(1 − β)I (θ)

π ′′(θ)
π(θ)

− β

2I (θ)

(
π ′(θ)
π(θ)

)2

+ 1

2
k(θ)

)]

+ o(n−1−β/2). (27)

with

k(θ) = 5β(2 − β) (g3(θ))
2

12(1 − β)I 3(θ)
− β(2 − β)g4(θ)

4(1 − β)I 2(θ)
+ β

1 − β

d

dθ

g3(θ)

I 2(θ)

+β(2 + β)(4 + β)

4(1 − β)

I ′(θ)
I 2(θ)

[
I ′(θ)
I (θ)

+ I ′′(θ)
]

This completes the proof. �
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