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Abstract We consider inference for functions of the marginal covariance matrix
under a class of stationary vector time series models, referred to as time-orthogonal
principal components models. The main application which motivated this work
involves the estimation of configurational entropy from molecular dynamics simula-
tions in computational chemistry, where current methods of entropy estimation involve
calculations based on the sample covariance matrix. The theoretical results we obtain
provide a basis for approximate inference procedures, including confidence interval
calculations for scalar quantities of interest; these results are applied to the molecular
dynamics application, and some further applications are discussed briefly.

Keywords Autoregressive · Central limit theorem · Configurational entropy ·
Principal components · Procrustes · Sample covariance · Shape · Size-and-shape

1 Introduction

The sample covariance matrix is frequently used for statistical inference even when
temporally correlated multivariate observations are available. The main application
which motivated this work involves the estimation of configurational entropy from
molecular dynamics simulations in computational chemistry, where current methods
of entropy estimation involve calculations based on the sample covariance matrix;
see e.g. Schlitter (1993) and Harris et al. (2001). For example, entropy calculations
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968 I. L. Dryden et al.

were used by Harris et al. (2001) to explain why a particular DNA molecule binds
with two ligands, rather than a single ligand. Other applications include the study of
sample principal components analysis of multivariate temporal data (Sect. 3.4), and
size-and-shape analysis of temporally correlated planar data (Sect. 5.1).

In this paper we develop inference procedures for functions of the covariance matrix
under a general class of stationary temporally correlated Gaussian models. Models
exhibiting long-range dependence are included in the class, as well as more standard
short-range dependence models. These models, which may be used for temporally
correlated vector observations, are referred to as Gaussian Time-Orthogonal Principal
Components models and are characterised as follows: the temporal sequence corres-
ponding to each principal component (PC) is permitted to have general (temporal)
dependence structure, if desired different from that of the other PCs, but sequences
corresponding to distinct PCs are assumed uncorrelated, and therefore independent in
the Gaussian case. In many contexts, this model class has the potential to achieve a
good balance between flexibility and tractability: distinct PCs are permitted to have
different, and quite general, dependence structures, but, as we shall see, estimation
and large-sample inference are quite feasible, even in high-dimensional settings. Under
the assumed model, we derive convenient and compact expressions for the covariance
matrix of the limiting large-sample Gaussian distribution of the sample covariance
matrix, along with corresponding results for functions of the sample covariance matrix.

The plan of the paper is as follows. In Sect. 2 we define the class of stationary
Gaussian Time-Orthogonal Principal Components models. In Sect. 3.1 we present a
central limit theorem for a general function of the sample covariance matrix. This
provides a basis for constructing approximate confidence regions for functions of the
population covariance matrix. In Sect. 3.2 we determine the leading bias term which
allows us to derive approximate bias-corrected confidence intervals, and in Sect. 3.3 we
briefly consider long-range dependence. In Sect. 3.4 principal component analysis is
discussed when temporal correlations are present. In Sect. 4 we describe the molecular
dynamics application that motivated this work, and we investigate Schlitter’s (1993)
absolute configurational entropy estimator. We also show how long-range dependence
leads to a simple asymptotic power law for the expectation of the entropy estimator.
Rotation and translation are removed by initial Procrustes registration, so that entropy
is calculated from the size-and-shape of the configuration. We suggest an improved
estimator based on maximum likelihood, and compare the estimators in a numerical
example. In Sect. 5 we briefly discuss another application, in planar size-and-shape
analysis, and we conclude with a discussion. All proofs are given in the Appendix.

2 The stationary Gaussian TOPC model

2.1 Preliminaries

We shall consider the situation where a sequence of p-vectors X1, . . . , Xn is available
at time n. For example, the vectors could contain observations at p sites in space
or p co-ordinates of a geometrical object. We write Xi = (Xi (1), . . . , Xi (p))T ,
i = 1, . . . , n. It is assumed throughout the paper that the Xi sequence is jointly

123



Inference in Gaussian TOPC time series models 969

Gaussian. We also assume stationarity: for any integers k > 0, 1 ≤ i1 < . . . < ik

and h,

{Xi1, . . . , Xik } has the same distribution as {Xi1+h, . . . , Xik+h}.

Consider the marginal mean vector and marginal covariance matrix,

E[Xi ] = μ, var(Xi ) = �S, i = 1, . . . , n,

respectively. We call μ the spatial mean, and �S the spatial covariance matrix, since
in many of our applications the vector measurements are collected in space or on
geometrical objects. From the spectral decomposition we have �S = Q�QT , where
the columns of Q are eigenvectors of �S and diag(λ1, . . . , λp) is the diagonal matrix
containing the corresponding eigenvalues.

2.2 The TOPC model

We now specify the time-orthogonal principal components (TOPC) model. The tempo-
ral covariance structure between the vectors is specified using the transformed vectors
of population PC scores

Zi = (Zi (1), . . . , Zi (p))
T = QT (Xi − μ) ∼ Np(0,�), i = 1, . . . , n, (1)

cov(Zi (r), Z j (s)) =
{
ρr (i − j)λr r = s

0 r �= s
(2)

where ρr (0) = 1, r = 1, . . . , p. We write �r for the n × n temporal correlation
matrix of population PC score r , which has (i, j)th entry ρr (i − j). Hence under
this model the population PC scores are mutually independent but there are possibly
different temporal correlation structures for each PC score. In terms of the original
measurements we have

X = (X1(1), . . . , Xn(1), . . . , X1(p), . . . , Xn(p))
T ∼ Nnp(μ⊗ 1n,�), (3)

where � = (Q�1/2 ⊗ In)diag(�1, . . . , �p)(Q�1/2 ⊗ In)
T , 1n is the n-vector of

ones, In is the n × n identity matrix and ⊗ denotes the Kronecker product.
The sample covariance matrix of the original vectors is

�̂S = 1

n

n∑
i=1

(Xi − X̄)(Xi − X̄)T = 1

n

n∑
i=1

Xi X T
i − X̄ X̄ T , (4)

where X̄ = 1
n

∑n
i=1 Xi . One of the principal goals of this paper is to give a concise

description of the asymptotic properties of the estimator (4) of�S under model (1)–(3).
We shall sometimes find it more convenient to work with the population PC

scores Zi , i = 1, . . . , n; transforming from Zi to Xi = Q Zi + μ (and vice versa) is
straightforward.
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970 I. L. Dryden et al.

Under the stationary Gaussian TOPC model (1)–(3), the population PC scores have
joint distribution

Z = (Z1(1), . . . , Zn(1), . . . , Z1(p), . . . , Zn(p))
T

∼ Nnp(0, diag(λ1�1, . . . , λp�p)). (5)

and the distribution of the sample mean of the PC scores is

Z̄(r) = 1

n

n∑
i=1

Zi (r) ∼ N (0, γn,r ) r = 1, . . . , p, (6)

independently, where

γn,r = 1

n2 λr

n∑
j=1

n∑
l=1

ρr ( j − l). (7)

The sample covariance matrix of the Z sequence is given by

�̂ = QT �̂S Q = 1

n

n∑
i=1

(Zi − Z̄)(Zi − Z̄)T = 1

n

n∑
i=1

Zi Z T
i − Z̄ Z̄ T . (8)

An important special case is the separable model where ρr (i − j) = ρ(i − j)
does not depend on r . We write �T = �1 = · · · = �p for the common temporal
correlation matrix in the separable model, in which case

X ∼ Nnp(μ⊗ 1n, �S ⊗�T ). (9)

Remark 1 The stationarity assumption is not essential for the developments in this
paper, and is introduced merely to simplify the exposition. To extend the TOPC to
the non-stationary situation, we replace the stationary covariance function ρr (i − j)
in (7) by a non-stationary covariance function ρr (i, j), and a central limit theorem is
obtained when suitable assumptions are imposed on ρr (i, j).

Remark 2 The Gaussian assumption is not required for a central limit theorem for the
sample covariances to hold; see Hannan (1976) for a general result in the non-Gaussian
case. However, the Gaussian assumption plays an important role below in Theorem 1
and in the subsequent results, in that it leads to a rather concise description of the
limiting covariance matrix of the sample covariance matrix. Without the Gaussian
assumption, inference concerning covariance parameters becomes far less tractable.

2.3 Parameter estimation for the TOPC model

Suppose that, for r = 1, . . . , p, the correlation sequence ρr (.) depends on a parameter
vector θr , assumed to be tr × 1. Write θ = (θT

1 , . . . , θ
T
p )

T . Then the TOPC model has
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Inference in Gaussian TOPC time series models 971

the following parameters: μ, Q, � and θ . These have, respectively, p, p(p − 1)/2,
p and t0 = ∑p

r=1 tr component parameters. Thus the model has 1
2 p(p + 3) + t0

parameters, provided there are no functional dependencies, as we shall assume for the
remainder of this section.

It turns out that, under the Gaussian TOPC model, the parameters split into p + 2
blocks which are mutually orthogonal with respect to expected Fisher information: {μ},
{Q} and {λr , θr }, r = 1, . . . , p. This fact greatly simplifies the asymptotic covariance
structure of the maximum likelihood estimators of the model parameters. Note that, for
given “current” estimates of μ and Q, updating the maximum likelihood estimates of
theλr and θr reduces to p independent optimization procedures, each involving a scalar
time series. Moreover, under the stationary Gaussian assumption, it is reasonable to
estimate μ by the sample mean, which is asymptotically efficient. Then an alternating
procedure may be used in which we update the estimates of the λr and θr for fixed
Q, and update the estimate of Q for fixed λr and θr . The more difficult part of this
procedure is the updating of Q; an algorithm for doing this is proposed in Section 4.2. A
simpler alternative is to estimate Q using the matrix whose columns are eigenvectors of
�̂S but, although this estimator of Q is consistent, it is not fully efficient. In Section 4.2
we discuss parameter estimation when λr and θr are the parameters of an AR(2) model
for the r th PC, r = 1, . . . , p.

3 Asymptotic results and inference for the sample covariance matrix

We begin by introducing some notation. Let A = (ai j )
p
i, j=1 denote a p × p matrix and

write P = p(p + 1)/2. We denote by vech(A) the P × 1 vector (a11, . . . , a1p, a22,

a23, . . . , ap−1,p, app)
T consisting of the elements in the upper triangle of A. Note

that it is not essential to use this ordering of the elements; any ordering could be
used, provided it is used consistently. We will make use of the following bijection,
τ , from the set of pairs of integers (r, s) that satisfy 1 ≤ r ≤ s ≤ p to the integers
{1, 2, . . . , P}, where P = p(p + 1)/2:

τ(r, s) ≡ τr,s =
⎧⎨
⎩

s if 1 = r ≤ s ≤ p

s − r + 1 +∑p
k=p−r+2 k if 2 ≤ r ≤ s ≤ p.

(10)

The inverse of τ , τ−1(J ) defined for 1 ≤ J ≤ P , is given by τ−1(J ) = (rJ , sJ )

where

rJ ≡ r(J ) = max

⎧⎨
⎩r ∈ N+ :

p∑
k=p−r+2

k < J

⎫⎬
⎭ , (11)

and sJ is given by

sJ ≡ s(J ) = J −
⎛
⎝ p∑

k=p−rJ +2

k

⎞
⎠ , (12)
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972 I. L. Dryden et al.

where N+ is the set of positive integers, and
∑p

k=p−r+2 k is interpreted as 0 when

r = 1. For a vector or matrix A, we define the Euclidean norm, ||A|| = {tr(AAT )}1/2,
where tr(.) denotes the trace of a square matrix. For any random vectors U and V , we
define cov(U, V ) = E(U V T )− E(U )E(V T ), and we use cov(U ) as an abbreviation
for cov(U,U ). If we say that a vector is o(n−1) or op(n−1), then we mean that its
norm is o(n−1) or op(n−1), respectively. Proofs of the results in this section are given
in the appendix.

3.1 Central limit theorem

Our first result is a central limit theorem for the sample covariance matrix under the
summability condition (13) on the correlation sequences. The key result used to prove
Theorem 1 is Arcones (1994, Theorem 4).

Theorem 1 Suppose that

∞∑
h=−∞

|ρr (h)|2 < ∞, r = 1, . . . , p. (13)

Then, under the stationary Gaussian TOPC model (1)–(3),

n1/2vech(�̂S −�S)
D→ NP (0, CVCT ), (14)

where V (P × P) is a diagonal matrix with diagonal elements

V {J, J } =
⎧⎨
⎩

2
∑∞

h=−∞ λ2
r(J )ρr(J )(h)2 if r(J ) = s(J )

∑∞
h=−∞ λr(J )λs(J )ρr(J )(h)ρs(J )(h) if r(J ) < s(J )

for 1 ≤ J ≤ P, and C (P × P) is a matrix with elements

C {J, K } =
⎧⎨
⎩

q{r(J ), r(K )}q{s(J ), s(K )} if r(K ) = s(K )

q{r(J ), r(K )}q{s(J ), s(K )} + q{r(J ), s(K )}q{s(J ), r(K )} if r(K ) < s(K )

for 1 ≤ J, K ≤ P, where the q(i, j) are the elements of Q, defined in Sect. 2.1, and
the functions r(.) and s(.), which have domain {1, . . . , P}, are defined in (11) and
(12).

Remark 3 It is interesting to note that (13), and therefore Theorem 1, hold even if
the ρr (h) sequences exhibit long-range dependence, i.e. if some or all of the sums∑∞

h=−∞ |ρr (h)| are infinite. This is because �̂S is a quadratic function of the data
and therefore has Hermite rank 2. See Arcones (1994) and the references therein for
further details of Hermite rank.

By applying the delta method (e.g. Mardia et al. 1979, p. 51) we have the following
result for a multivariate function of the sample covariance matrix.
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Inference in Gaussian TOPC time series models 973

Corollary 1 Suppose g = (g1, . . . , gt )
T : R

P → R
t is continuously differentiable

at vech(�S). Under the conditions of Theorem 1,

n1/2
[
g{vech(�̂S)} − g{vech(�S)}

]
D→ Nt (0, DCVCT DT ).

(D)i j = ∂gi/∂(vech(�S)) j , i = 1, . . . , t, j = 1, . . . , P.

Remark 4 In the context of Corollary 1, suppose that t = 1, so that g is a real-
valued function. Let θ = g{vech(�S)} and θ̂ = g{vech(�̂S)}, and write D̂ for the
gradient of g evaluated at vech(�̂S); both of these estimators are consistent e.g. under
the assumptions of Proposition 3. Write V̂ for a consistent estimator of V based on
consistent estimators λ̂r of λr and ρ̂r (.) of ρr (.); and, finally, let Ĉ denote a consistent
estimator of C based on a consistent estimator Q̂ of Q. Then an approximate 95%
confidence interval for θ is given by

(θ̂ − 1.96n−1/2σ̂
θ̂
, θ̂ + 1.96n−1/2σ̂

θ̂
), where σ̂ 2

θ̂
= D̂ĈV̂ĈT D̂T (15)

is a consistent estimator of σ 2
θ = DCVCT DT . More will be said on the calculation of

σ̂ 2
θ̂

in Sect. 4.

3.2 Asymptotic bias

We now consider the leading term in the asymptotic bias of both �̂S and a general
smooth function g{vech(�̂S)} of �̂S . A stronger summability condition is needed in
this case if the bias is to be of order O(n−1).

Proposition 1 Suppose that

∞∑
h=−∞

|ρr (h)| < ∞, r = 1, . . . , p. (16)

Then under the stationary Gaussian TOPC model (1)–(3),

E{vech(�̂S −�S)} = −n−1Cvech(ϒ)+ o(n−1), (17)

where C is the P × P matrix defined in Theorem 1 and ϒ = diag(υ1, . . . , υp) has
diagonal elements

υr = λr

∞∑
h=−∞

ρr (h), r = 1, . . . , p. (18)

For sufficiently smooth functions of �̂S , we have the following result.
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974 I. L. Dryden et al.

Proposition 2 Suppose that the function g : R
P → R satisfies the following: (i) all

third order partial derivatives are continuous in a neighbourhood of vech(�S); and
(ii) for some fixed ε > 0,

lim sup
n→∞

E[|g{vech(�̂S)}|1+ε] < ∞. (19)

Then, under the assumptions of Proposition 1,

E
[{

g{vech(�̂S)} − g{vech(�S)}
}]

= n−1b0 + o(n−1) (20)

where

b0 = −
[

T g{vech(�S)}

]
C vech(ϒ)+ 1

2
tr[CVCT 
 
T g{vech(�S)}], (21)

ϒ is the diagonal matrix defined in Proposition 1 with elements given by (18), and

g{vech(�S)} and 
 
T g{vech(�S)} are, respectively, the gradient and Hessian of
g evaluated at vech(�S).

Remark 5 An analogous result holds for multivariate functions g : R
P → R

t , t > 1.
A bias-corrected version of the approximate 95% confidence interval (15) is given

by

(θ̂ − n−1b̂0 − 1.96n−1/2σ̂
θ̂
, θ̂ − n−1b̂0 + 1.96n−1/2σ̂

θ̂
) (22)

where b̂0 is a consistent estimator of b0 defined in (21) and σ̂ 2
θ̂

is defined in (15).

3.3 Long-range dependence

We now consider long-range dependence. We focus on correlation functions which
asymptotically follow a power law. Specifically, we assume in this subsection that

ρr (h) ∼ βr h−α as h → ∞, (23)

where α > 0 does not depend on r . Note that when α > 1/2 and α > 1, the conditions
for Theorem 1 and Proposition 1, respectively, are satisfied. In this subsection we
focus on values of α which give longe-range dependence, i.e. 0 < α ≤ 1. Write
B = diag(β1, . . . , βp).

Proposition 3 For a covariance function which satisfies (23),

E
{

vech(�̂S −�S)
}
=
⎧⎨
⎩

(n−1 log n)C vech(B�)+ o(n−1 log n) if α = 1

{(1−α)(2−α)}−1n−αC vech(B�)+o(n−α) if α∈(0, 1)
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Inference in Gaussian TOPC time series models 975

and

∣∣∣∣
∣∣∣∣cov

{
vech(�̂S −�S)

} ∣∣∣∣
∣∣∣∣ =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

O(n−1) if α > 1/2

O(n−1 log n) if α = 1/2

O(n−2α) if α ∈ (0, 1/2).

Using a Taylor expansion again, we obtain a similar result for smooth functions of
�̂S .

Proposition 4 Suppose that the function g : R
P → R satisfies the following: (i) all

second order partial derivatives are continuous in a neighbourhood of vech(�S); and
(ii) the moment condition (19) holds. Then, under the conditions of Proposition 3,

E
[{

g{vech(�̂S)} − g{vech(�S)}
}]

=
{

2b1n−1 log n + o(n−1 log n) if α = 1

2b1{(1 − α)(2 − α)}−1n−α + o(n−α) if 0 < α < 1.

where

b1 = −
[

T g{vech(�S)

]
C vech(B�). (24)

Remark 6 We briefly indicate without proof what happens to the limit theory for
�̂S − �S when 0 < α ≤ 1/2. When α = 1/2, a central limit theorem holds, with
norming factor (n/ log n)1/2 rather than n1/2. When 0 < α < 1/2, a so-called non-
central limit theorem holds; see Arcones (1994, Theorem 6), and the references therein
for results concerning the limiting distribution theory which arises. Convergence rates
under (23) may be determined from Proposition 3. An additional complication is that
Z̄ Z̄ T is no longer negligible when 0 < α < 1/2.

3.4 Example: Principal components analysis of temporal data

Principal components analysis is often carried out in applications where the obser-
vation vectors are temporally correlated. We now discuss relevant asymptotic results
under the stationary Gaussian TOPC model.

Let q̂1, . . . , q̂p and λ̂1, . . . , λ̂p denote, respectively, the eigenvectors and corres-
ponding eigenvalues of �̂S , and write

Gn = n1/2(�̂S −�S).

Assume that the eigenvectors of�S are q1, . . . , qp corresponding to eigenvalues λ1 >

λ2 > . . . > λp ≥ 0, i.e. the population eigenvalues are assumed distinct. Then, under

the assumptions of Theorem 1, vech(Gn)
D→ vech(G) as n → ∞, where vech(G) has
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976 I. L. Dryden et al.

the Gaussian distribution given by the right-hand side of (14). Moreover, it follows
from Corollary 1 that, as n → ∞,

n1/2(q̂ j − q j )
D→
∑
k �= j

qT
k Gq j

λ j − λk
qk and n1/2(λ̂ j − λ j )

D→ tr(Gq j q
T
j ).

The above expressions may be obtained by standard perturbation arguments; see,
for example, Watson (1983, Appendix B), whose approach also covers the case with
repeated eigenvalues.

It follows from Proposition 2 and Proposition 4 that, if the correlations satisfy (23),
then

E[λ̂ j − λ j ] =

⎧⎪⎨
⎪⎩

O(n−1) α > 1

O(n−1 log n) α = 1

O(n−α) 0 < α < 1,

and the same order statements hold for ||E(q̂ j − q j )||. Corresponding results can be
obtained when there are repeated (population) eigenvalues.

We shall see later that the PCs based on maximum likelihood estimation of �S ,
after identifying the form of the temporal correlation structure, provide an alternative
(and improved) method of principal components analysis when the temporal model is
correctly specified.

4 Entropy and molecular dynamics simulations

4.1 Asymptotic properties of Schlitter’s configurational entropy estimator

Molecular dynamics simulations are a widely-used and powerful method of gaining an
understanding of the properties of molecules, particularly biological molecules such
as DNA. The simulations are undertaken with a computer package (e.g. AMBER) and
involve a deterministic model being specified for the molecule. The model consists of
point masses (atoms) connected by springs (bonds) moving in an environment of water
molecules, also treated as point masses and springs. At each time step the equations
of motion are solved to provide the next position of the configuration in space. The
simulations are very time-consuming to run - for example several weeks of computer
time may be needed to generate a few nanoseconds of data.

A challenging objective of the simulation is the estimation of the configuratio-
nal entropy of the molecule. The configurational entropy is invariant under location
and rotation of the molecule, and the remaining geometrical information is called the
‘size-and-shape’ of the molecule. Schlitter’s (1993) definition of the absolute configu-
rational entropy, based on the covariance matrix of the Cartesian coordinates of atoms
calculated by molecular dynamics simulations, is given by

S∞ = k∗

2
log | I + c∗M�S |,

123



Inference in Gaussian TOPC time series models 977

where M is a diagonal matrix mass, I is the p × p identity matrix, k∗ is Boltzmann’s
constant, c∗ = k∗T e2/(2hπ)2, T is the temperature in Kelvin, h is Planck’s constant
and e is the basis of natural logarithms. This formula was derived as an approximation
to the configurational entropy where each atom follows a one dimensional quantum-
mechanical harmonic oscillator.

Suppose all the atoms have the same atomic mass m and define c=mk∗T e2/(2hπ)2.
In this case S∞ = k∗

2 log | I +c�S |. An estimate of the entropy is (cf. Schlitter 1993)

Sn = k∗

2
log | I + c�̂S |,

where �̂S is the sample covariance matrix given by (4). We have three aims in this
subsection: to study the asymptotic behaviour of E(Sn) under the Gaussian model
(1)–(3) with correlation function (23); to provide a confidence interval for S∞; and to
suggest a better method of entropy estimation under this model based on maximum
likelihood.

In Harris et al. (2001) an empirical observation of the rate at which Sn converges
to S∞ is given by the approximation:

S∞ ≈ Sn − a

nγ
. (25)

For the particular DNA sequence studied by Harris et al. (2001) an empirical value
of γ = 2/3 was estimated. In other datasets estimates of 0.6–0.7 are common for
proteins and DNA, although sometimes higher values may be reasonable (as in our
example below). The following result provides a theoretical basis for (25) under the
assumption that long-range dependence is present where, using the notation of (23),
γ = α and 0 < α < 1.

Theorem 2 For the stationary Gaussian TOPC model (1)–(3) with correlation func-
tion (23),

E[Sn] = S∞ −

⎧⎪⎨
⎪⎩

c1n−1 + o(n−1) α > 1

c2n−1 log n + o(n−1 log n) α = 1

c3n−α + o(n−α) 0 < α < 1.

,

where

c1 = ck∗

2

{( p∑
r=1

υr

1 + cλr
+ cV{τ(r, r); τ(r, r)}

2(1 + cλr )2

)

+
∑

1≤r<s≤p

cV{τ(r, s); τ(r, s)}
(1 + cλr )(1 + cλs)

⎫⎬
⎭ (26)
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c2 = ck∗
p∑

r=1

λrβr

1 + cλr
(27)

c3 = ck∗

(1 − α)(2 − α)

p∑
r=1

λrβr

1 + cλr
, (28)

V is the diagonal matrix defined in the statement of Theorem 1, τ(r, s) is defined in
(10), the λr are the eigenvalues of �S, and the υr are defined in (18).

When α > 1, an approximate confidence interval for S∞ can be obtained using
(15) or its bias-corrected version (22). The relevant partial derivatives are given by
D = ∂S∞(�S)/∂vech(�S) where

∂S∞(�S)

∂(�S)i i
= ck∗

2
(Ip + c�S)

i i and
∂S∞(�S)

∂(�S)i j
= ck∗(Ip + c�S)

i j (i < j).

In the above, we have used Ai j to denote the elements of A−1.

Remark 7 The connection between (25) and Theorem 2 is interesting and potentially
useful. However, in the study of the DNA molecular simulation data described in
Sect. 4.3, various standard procedures were used to test for the presence of long-range
dependence of the form (23). These tests were inconclusive and in particular cast
doubt on the long-range dependence assumption. Generally, it appears to be difficult in
practice to distinguish between long-range dependence and a very strongly correlated
AR(2) model. In the modelling described below we have focused on the AR(2) model
as it provided a more convincing fit and a simpler model for this dataset. Nevertheless,
Theorem 2 should be useful and find application with other datasets.

4.2 Maximum likelihood estimation of entropy

We consider the Gaussian model (1)–(3) and use maximum likelihood to estimate the
parameters. The maximum likelihood estimator (m.l.e.) of �S is denoted by �̌S and
the m.l.e. of entropy is

Š∞ = k∗

2
log |I + c�̌S|.

In particular, if θ = (S∞, φT )T , where φ is a vector of nuisance parameters, is used
to denote the parameters of the distribution and the likelihood function is written as
L(S∞, φ), then, as n → ∞,

−2 log

{
sup
φ

L(S∞, φ)/ sup
S∞,φ

L(S∞, φ)
}

D→ χ2
1 ,

from standard large-sample likelihood theory. The result can be used to obtain
confidence intervals based on profile likelihood. However, in practice the constrained
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maximization over φ with S∞ fixed can be very time-consuming for high-dimensional
problems, and we therefore consider an alternative approach.

AR(2) maximum likelihood estimation—separable case

We first consider maximum likelihood estimation in the separable model (9) where
the temporal covariance structure is given by a second-order autoregressive [AR(2)]
model with autoregressive coefficients ψ1 and ψ2 as in

yi = ψ1 yi−1 + ψ2 yi−2 + εi .

The AR(2) model seems a reasonable starting point from a simple physical modelling
perspective because, given that the DNA molecular dynamics simulation is based on
Newtonian mechanics, a simplified model might use estimated speed and acceleration
at a time point to determine future position. Therefore, given the past, the previous
observation could be used to estimate the speed and the two previous observations
could be used to estimate the acceleration.

For the separable AR(2) model, the inverse of the temporal correlation matrix is

�−1
T = σ−2

a

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 −ψ1 −ψ2 0 . . . 0 0 0

−ψ1 1 + ψ2
1 −ψ1(1 − ψ2) −ψ2 . . . 0 0 0

−ψ2 −ψ1(1 − ψ2) 1 + ψ2
1 + ψ2

2 −ψ1(1 − ψ2) . . . 0 0 0

0 −ψ1 −ψ1(1 − ψ2) 1 + ψ2
1 + ψ2

2 . . . 0 0 0

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

.

.

.
.
.
.

0 0 0 0 . . . −ψ1(1 − ψ2) 1 + ψ2
1 −ψ1

0 0 0 0 . . . −ψ2 −ψ1 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

where σ 2
a = (1 + ψ2)((1 − ψ2)

2 − ψ2
1 )/(1 − ψ2). This matrix is persymmetric (i.e.

symmetric about both diagonals) and the determinant is (cf. Siddiqui 1958) is given
by

|�−1
T | = σ−2n

a {(1 − ψ2
2 )

2 − (1 + ψ2)
2ψ2

1 }.
If ψ2 = 0 then this reduces to the AR(1) case. In general, the stationarity conditions
for the AR(2) model are

⎧⎪⎪⎨
⎪⎪⎩

ψ1 + ψ2 < 1

ψ2 − ψ1 < 1

|ψ2| < 1

.

Let us write Y for the p×n matrix with the i th column of Y given by Xi , i = 1, . . . , n.
For given μ,ψ1 and ψ2, the density function of Y is
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f (Y ) = 1

(2π)pn/2(λ1λ2 . . . λp)n/2|�T |p/2

× exp

{
−1

2
tr(�−1

S (Y − μ1T
n )�

−1
T (Y − μ1T

n )
T )

}
,

where λ1, λ2...λp are the eigenvalues of �S . If μ,ψ1, ψ2 are known, then the maxi-
mum likelihood estimator (m.l.e.) of �S is

�̂S(μ,ψ1, ψ2) = 1

n
(Y − μ1T

n )�
−1
T (Y − μ1T

n )
T , (29)

and if the eigenvectors qr are also known then the m.l.e. of λr is

λ̂r = 1

n
qT

r Y�−1
T Y T qr , r = 1, . . . , p. (30)

From (29) we see that tr(�−1
S (Y − μ1T

n )�
−1
T (Y − μ1T

n )
T ) = np. So, modulo a

constant,

l = −n

2
log

[
det{n−1(Y − μ1T

n )�
−1
T (Y − μ1T

n )
T }
]

+ p

2
log

[
σ−2n

a ((1 − ψ2
2 )

2 − (1 + ψ2)
2ψ2

1 )
]
,

= −n

2

p∑
r=1

log λ̂r + p

2
log

[
σ−2n

a ((1 − ψ2
2 )

2 − (1 + ψ2)
2ψ2

1 )
]
,

where det denotes determinant and l denotes log-likelihood.
The m.l.e. of μ would be equal to X̄ if all rows of �−1

T had the same sum. Since n
is large and all but four of the row sums of �−1

T are equal, the sample mean will be a
very good approximation to μ̂. Hence we take μ̂ ≈ X̄ .

AR(2) maximum likelihood estimation—nonseparable case

Let us write �T r for the temporal correlation matrix for the r th score based on an
AR(2) model with parameters ψ1r , ψ2r , r = 1, . . . , p.

Given a random sample Xi , i = 1, . . . , n, the joint density function of Y =
[X1, . . . , Xn] is

f (Y ) = 1

(2π)pn/2(λ1λ2 . . . λp)n/2
(∏p

r=1 |�T r |1/2
)

× exp{−1

2

p∑
r=1

λ−1
r qT

r (Y − μ1T
n )�

−1
T r (Y − μ1T

n )
T qr },

where λ1, . . . λp are marginal variances of the PCs defined by eigenvectors q1, . . . , qp.
Again we take μ̂ ≈ X̄ .
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In order to carry out approximate maximization of the likelihood we consider the
following algorithm. Note that the algorithm may not work well in all situations but,
as shown in the numerical results for our simulation study, it does work well for our
situation, where there is a strong decay in the eigenvalues.

Approximate MLE computation algorithm

1. Obtain initial estimates of the PC eigenvectors (q̂r ) from the sample covariance
matrix �̂S and calculate the PC score vectors Z1, . . . , Zn .

2. Estimate ψ1r , ψ2r , λr based on the AR(2) model using the r th set of PC scores,
assuming in this step that Q̂ = [q̂1, . . . , q̂p] is fixed.

3. Evaluate q̂1 as the eigenvector of

(Y − X̄)�̂−1
T 1 (Y − X̄)T

corresponding to the smallest positive eigenvalue, where �̂T 1 is based onψ11, ψ21.
4. For r = 2, 3, . . . , p take q̂r to be the eigenvector of

Pr (Y − X̄)�̂−1
T r (Y − X̄)T PT

r

with smallest positive eigenvalue, where �̂T r is based on ψ1r , ψ2r , and Pr =
(Ip −∑r−1

l=1 q̂l q̂T
l ) is a projection matrix.

5. Repeat steps 2–4 until convergence or until a fixed number of iterations.
6. An approximation for the m.l.e. is the value of the parameters at the highest value

of the log-likelihood observed.

Steps 3 and 4 provide a heuristic approach for optimising over Q. Unfortunately
it is difficult to implement rigorous optimisation approaches unless p is small, e.g.
p ≤ 4. The log-likelihood does not necessarily increase at each iteration, but in practice
there is usually an increase from the initial starting values in the first few iterations.
The algorithm alternates between a) estimating qr ’s given the other parameters, and
b) estimating the other parameters given the qr ’s. The above algorithm effectively
explores part of the parameter space near to the sample covariance eigenvectors, which
are consistent estimates of the qr ’s.

An alternative algorithm that we have experimented with is a Markov chain Monte
Carlo algorithm for simulating from a Bayesian model with vague priors, and with
simulated annealing. The above approximate MLE algorithm provides better point
estimates of the entropy (with higher likelihood) in our implementation. We have also
explored an algorithm which follows the steepest change in the space of orthogonal
matrices Q = [q1, . . . , qp] given the other parameters. One dimensional maximi-
sations are carried out at each iteration. However, in high-dimensional settings, the
likelihood increases extremely slowly with this algorithm, and so for practical purposes
we consider the approximate MLE algorithm.

An alternative to Step 2, which is espcially convenient for fitting higher-order
ARMA models, is to maximise the so-called Whittle likelihood (see Whittle 1953) for
each component.
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982 I. L. Dryden et al.

4.3 Example: synthetic dodecamer duplex DNA

We consider the statistical modelling of a specific DNA molecule configuration in
water. In particular, we concentrate on the simple case of 22 phosphorus atoms in the
synthetic dodecamer duplex DNA which has sequence

first strand: CTTTTGCAAAAG
second strand: GAAAACGTTTTC

The k = 22 phosphorous atom locations are recorded in Angstroms (in three dimen-
sions) and are observed over 4 nanoseconds (4×10−9s) with n = 4,000 observations.
Our data are (multivariate) time series in the size-and-shape space S�k

3 where k = 22.
For discussion of size-and-shape space, see Dryden and Mardia 1998, Chapter 8).
The observations X1, . . . , Xn have been Procrustes rotated to the Procrustes mean in
order to remove rotation and translation (cf. Dryden and Mardia 1998, Section 5.4.1),
and are considered as vectors in R

66. Due to the Procrustes registration there are 6
constraints on the data (3 translation and 3 rotation), and so there are p = 3k − 6
non-zero eigenvalues of both �̂S and �S . Note that the methodology described in
Sect. 4.2 may be applied directly, even though there are linear constraints in the data:
in effect, we simply project the data onto the subspace of dimension p generated by
the eigenvectors corresponding to positive eigenvalues.

First of all we calculate the principal components of shape. The PC scores 1-4 are
displayed in Fig. 1. Note that from Sect. 3.4 the bias in the eigenvectors is of order
O(n−1) for α > 1, under assumption (23).

Our aim is to estimate the configurational entropy for the DNA using a suitable
temporal covariance structure. From the ACF/PACF plots of the PC scores in Fig. 2
there are clearly strong correlations present. Note that the autocorrelation structure is
somewhat different in each plot. The first few PCs show stronger autocorrelation, but
in general an exponential correlation seems reasonable. The partial autocorrelation
structure has just a few lags present, perhaps indicating a low order autoregressive
model, such as AR(2), might be suitable. We shall consider three models:

I Non-separable stationary Gaussian TOPC model with each population PC score
following an AR(2) model with parameters ψ1r , ψ2r , λr , r = 1, . . . , p.

II Separable Gaussian model with all components having a common AR(2) model
with parameters ψ1, ψ2, λr , r = 1, . . . , p.

III Temporal independence Gaussian model ψ1 = 0, ψ2 = 0, λr , r = 1, . . . , p.

Each model has the additional parameters μ and the p eigenvectors of �S , namely
q1, . . . , qp, that are used to calculate the PC scores.

We fit the models by maximum likelihood. For models I and II the m.l.e.s are written
as μ̂ and spatial covariance m.l.e. is denoted by �̂(AR)

S . The estimated entropy is then

given by SAR = k∗
2 loge |I +c�̂(AR)

S |. We write SAR,I , SAR,I I for the estimators under
models I and II respectively. For model I we approximate the m.l.e.s of the eigenvectors
of �(AR)

S using the algorithm stated at the end of the previous section. For model III
the m.l.e. of �S is the sample covariance matrix �̂S .

In Fig. 3 we see the SAR,I , SAR,I I and Sn estimators obtained from the series of
length n (starting from the end of the series) for the datasets. We see that SAR,I ,
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Fig. 1 PCs 1-4 for the DNA data
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Fig. 2 The autocorrelation and partial autocorrelation functions for the first 16 PC scores for the With
Water data
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Fig. 3 The estimators of entropy versus n. The plots show (2/k∗)SAR,I (circles), (2/k∗)SAR,I I (plus
symbol), (2/k∗)Sn (triangles) and (2/k∗)SB (cross). Also, the maximum likelihood estimator under
Model I using sample covariance eigenvectors is marked with diamonds, and is very similar to (2/k∗)Sn

SAR,I I and Sn increase with n over this time scale. It should be expected that the SAR
estimators are larger than Sn , especially for smaller n, as there are strong positive
autocorrelations present. A bias corrected estimator SB (Harris et al. 2001) is also
obtained, where the bias is estimated using least squares fits through plots of Sn versus
n by fitting the equation (25). The bias corrected estimator is a little larger than SAR,I
here.

Note that if the eigenvectors are not estimated by maximum likelihood but rather
they are fixed at the sample covariance eigenvectors then the estimation over the
remaining parameters leads to estimates of entropy under model I almost identical to
Sn (also displayed in Fig. 3), and the estimate under model II is almost identical to
SAR,I I .

Under all three models, the m.l.e. of entropy has the same asymptotic properties
as the α > 1 case. For n = 4,000 the approximate standard error for (2/k∗)SAR,I
obtained under model I is σ̂θ = 10.765 using (15) and the calculations in the Appendix;
see (51).

Of course the question remains as to which estimator is to be preferred. Given a
long enough simulation the m.l.e. under the correct model and the Schlitter estimator
should be approximately unbiased. We carried out a simulation study where data are
simulated from a non-separable AR(2) model. The true AR parameters are taken to
be the same as those fitted to the scores when using the sample eigenvectors from the
DNA dataset. In particular (2/k∗)S∞ = 311.06. In this simulation study Procrustes
registration was not carried out. The estimators for samples of size n are given in
Fig. 4.
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Fig. 4 The estimators of entropy versus n for simulated data. The plots show (2/k∗)SAR,I (circles),
(2/k∗)SAR,I I (plus symbol), (2/k∗)Sn (triangles) and (2/k∗)SB (cross). Also, the maximum likelihood
estimator under Model I using sample covariance eigenvectors is marked with diamonds, and is very similar
to (2/k∗)Sn

It is clear that SAR,I I is biased but the other three estimators are reasonable for
large n. The estimator SAR,I is less biased than SAR,I I particularly for smaller n. The
bias corrected estimator SB also performs well.

5 Discussion

5.1 Planar size and shape analysis

There are other application areas for which the developments in this paper are relevant.
A possible candidate model for planar size-and-shape analysis is the zero mean com-
plex Gaussian distribution (Dryden and Mardia 1998, p. 189). Let zo denote a k-vector
of complex co-ordinates and let Y = HY o be the Helmertized version, where H is the
Helmert sub-matrix (Dryden and Mardia, p. 34). The zero mean complex Gaussian
model is

Y ∼ CNk−1(0, �C ),

where �C is complex Hermitian. Since this distribution is invariant under rotations
of z, it is suitable as a size-and-shape distribution. Let us assume �C has complex
eigenvectors q1, . . . , qk−1 corresponding to real eigenvalues λ1 > · · · > λk−1 > 0.
The modal shape is q1 and the modal size is λ1. Consider observations Y1, . . . ,Yn

available from the general Gaussian model with the restriction that it has complex
Gaussian structure (cf. Goodman 1963). We construct the sample complex Hermitian
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covariance matrix

�̂C = 1

n

n∑
i=1

Yi Y
∗
i ,

where Y ∗ denotes the transpose of the complex conjugate of Y . Let q̂ j and λ̂ j , j =
1, . . . , p, denote, respectively, the sample eigenvectors and corresponding eigenvalues
of �̂C , and let

Fn = n1/2(�̂C −�C ).

By analogy with Theorem 1 and Corollary 1 in the real case, under the complex
Gaussian model with correlations which satisfy a condition similar to (13), we obtain

the following, as n → ∞: Fn
D→ F , where vech(F) has a complex multivariate

Gaussian distribution analogous to (14), but with Hermitian covariance matrix,

n1/2(q̂ j − q j )
D→
∑
k �= j

q∗
k Fq j

λ j − λk
qk and n1/2(λ̂ j − λ j )

D→ tr(Fq j q
∗
j ).

Under these assumptions, we can construct confidence intervals for shape q1 and size
λ1 under the temporally correlated model. Also note that the estimators of shape and
size based on the m.l.e. of�S under a particular family of temporal correlation models
will give a more efficient estimator under that family when the model is correct than if
no temporal correlation is assumed. Cases with repeated eigenvalues can be handled
using the perturbation results in Watson (1983, Appendix B).

5.2 Further points

Inspection of the periodograms for the PC scores in the DNA example indicates that
some form of periodicity may be present. Periodic type behaviour can be exhibited by
AR(2) models, lending some extra weight to our choice of temporal model. Alterna-
tively we could work with explicit periodic models. However, given that the periods
themselves appear random we believe that the AR(2) model will provide reasonable
estimators for entropy, which is the main aim.

The DNA strand in our example is symmetric in labelling - strand 1 and strand 2
could be interchanged and nucleotides letters (A,C,G,T) labelled in reverse order. So,
we can consider symmetric PCA, where the dataset size is doubled by including both
the original strand labelling and the data with the alternative strand labelling. When
examining the effect of the PCs it is clear that there is little difference between the
symmetric and standard PCA.

All our modelling has assumed Gaussian data. It would be good to develop the work
for non-Gaussian models, even though in our applications there is no reason to doubt
the Gaussian assumption. However, inference is likely to be rather more difficult in
the non-Gaussian case.
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Appendix: Proofs

The following standard result is used repeatedly: if X,Y, Z ,W are zero-mean jointly
Gaussian random variables then

cov(XY, Z W ) = σX ZσY W + σX WσY Z , (31)

where σAB = cov(A, B). The following elementary lemma is used in the proof of
Theorem 1.

Lemma 1 Suppose that the sequence ah, −∞ < h < ∞, satisfies
∑∞

h=−∞ |ah | < ∞.
Then there exists a sequence bh ≥ 1, −∞ < h < ∞, such that bh → ∞ as |h| → ∞
and

∑∞
h=−∞ |ah |bh < ∞.

Proof of Lemma 1. Without loss of generality we may assume that ah = 0 for h < 0
and ah ≥ 0 when h ≥ 0. Define Tn = ∑

h≥n ah for n ≥ 0. If 0 = n0 < n1 < n2 < . . .

is a sequence such that Tn j ≤ 2− j T0 for all j ≥ 0, then

∞∑
j=0

Tn j ≤
∞∑
j=0

2− j T0 = 2T0 < ∞,

since by hypothesis T0 < ∞. Moreover,

∞∑
j=0

Tn j =
∞∑

h=0

bhah

where bh = card{ j : n j ≤ h} and card denote the cardinality of a set. Note that for
any sequence 0 = n0 < n1 < . . ., the sequence (bh) so defined satisfies bh ≥ 1
and bh → ∞. Thus the lemma is proved if we give an explicit construction for the
sequence n0, n1, . . .. For j ≥ 0, define ñ j = min{n : Tn ≤ 2− j T0} and define n j

recursively by n0 = 0 and for j ≥ 1, n j = max{n j−1 + 1, ñ j }. Then the sequence
n0, n1, . . . so defined has the desired properties. ��
Proof of Theorem 1 Using (6),

E(Z̄ Z̄ T ) = diag(γn,r : r = 1, . . . , p) (32)

where (7) is equal to

γn,r = n−1λr

n−1∑
h=−n+1

(
1 − |h|

n

)
ρr (h) (33)
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Using the Cauchy-Schwarz inequality we have, for any sequence of positive real
numbers (bh)

∞
h=−∞,

|γn,r | =
∣∣∣∣n−1λr

n−1∑
h=−n+1

(
1 − |h|

n

)
ρr (h)

∣∣∣∣

≤ n−1λr

n−1∑
h=−n+1

(b1/2
h |ρr (h)|)(bh)

−1/2

≤ n−1λr

(
n−1∑

h=−n+1

bhρr (h)
2

)1/2 ( n−1∑
h=−n+1

b−1
h

)1/2

.

Using Lemma A1, we may choose the sequence bh such that 1 ≤ bh → ∞ as
|h| → ∞, and

∑∞
h=−∞ bhρr (h)2 < ∞. Moreover, since b−1

h → 0 as |h| → ∞, it
follows that, for such a choice of the b-sequence,

n−1∑
h=−n+1

b−1
h = o(n).

Therefore |γn,r | = o(n−1/2) under condition (13). It follows that, under (13),

||E(Z̄ Z̄ T )|| = o(n−1/2).

Also, under model (1)–(3),

cov{vech(Z̄ Z̄ T )} = diag[var{Z̄(rJ )Z̄(sJ )} : 1 ≤ J ≤ P],

where, for 1 ≤ J ≤ P , rJ and sJ are defined in (11) and (12); and using (6) and (31),

var{Z̄(r)Z̄(s)} =
⎧⎨
⎩

2γ 2
n,r if 1 ≤ r = s ≤ p

γn,rγn,s if 1 ≤ r < s ≤ p,
(34)

from which it follows that

||cov{vech(Z̄ Z̄ T )}|| = o(n−1).

Consequently, ||n1/2 Z̄ Z̄ T || = op(1), and therefore

n1/2(�̂−�) = n1/2(Un −�)+ op(1) (35)

where Un = n−1 ∑n
i=1 Zi Z T

i . Using (31) again,

cov{n1/2vech(Un −�)} → V as n → ∞. (36)
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Inference in Gaussian TOPC time series models 989

Moreover, using (36), the Cramér-Wold device and Theorem 4 of Arcones (1994), in
which the relevant Hermite rank is 2, we obtain

n1/2{vech(Un −�)} D→ NP (0,V). (37)

Finally, (14) follows from (35), (37) and the fact that

vech(�̂S −�S) = C vech(�̂−�). (38)

��
Proof of Corollary 1 This is a standard application of the delta method. ��
Proof of Proposition 1 This is a consequence of the following:

E(�̂−�) = −diag(γn,r : r = 1, . . . , p), (39)

the fact that, under assumption (16),

γn,r ∼ n−1
∞∑

h=−∞
ρr (h) = n−1υr as n → ∞,

and the identity (38). ��
Proof of Proposition 2 Under the assumptions of Proposition 1, the expectation of
the product of any positive integer powers of the components of n1/2(�̂S − �S)

converges to the corresponding moment of the limiting Gaussian distribution. [We
may draw this conclusion because the proof of Theorem 1 we have used entails an
application of the method of moments.] As a consequence of the above, combined with
Chebychev’s inequality applied to moments, of sufficiently high order, of products of
the components of n1/2(�̂S −�S), we may conclude that for any c > 0 and m > 0,

P(||�̂S −�S|| > c) = o(n−m). (40)

Define

Rn = ĝ − g − gi vech(�̂S −�S)
i − 1

2!gi j vech(�̂S −�S)
i vech(�̂S −�S)

j ,(41)

where ĝ = g{vech(�̂S)}, g = g{vech(�S)}, gi and gi j are, respectively, first and
second partial derivatives of g evaluated at vech(�S), and the summation convenien-
tion has been used, so that if a term has the same index appearing as a subscript and
a superscript, then summation over that index is implied. Now since for non-negative
a, b, c, d and ε,

(a + b + c + d)1+ε ≤ 41+ε(a1+ε + b1+ε + c1+ε + d1+ε),
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990 I. L. Dryden et al.

it follows that |Rn|1+ε is bounded above by

41+ε (|ĝ|1+ε + |g|1+ε + |gi vech(�̂S −�S)
i |1+ε

+ 1

2! |gi j vech(�̂S −�S)
i vech(�̂S −�S)

j |1+ε
)
. (42)

Therefore lim supn→∞ E[|Rn|1+ε] < ∞, since the moment of the first term in (42) is
finite and remains boundes as n → ∞ by assumption (ii) of the proposition, and the
other three terms have finite expectations because g, gi and gi j are constant, and all
joint positive integer moments of vech(�̂S −�S) are finite, as noted at the beginning
of the proof.

Now consider the identity

E[|Rn|] = E[I (||�̂S −�S|| > c)|Rn|] + E[I (||�̂S −�S|| ≤ c)|Rn|], (43)

where I (.) denotes the indicator function. Choose c to be the radius of a ball
B[vech(�S), c] such that g has all third partial derivatives continuous within this
ball. Such a c exists by assumption (i) of Proposition 2. From Hölder’s inequality,

E[I (||�̂S −�S|| > c)|Rn|] ≤ {P(||�̂S −�S|| > c)}ε/(1+ε)E[|Rn|1+ε]1/(1+ε)

= o(n−1),

using (42) and (40). On the complementary event {||�̂S − �S|| ≤ c}, we may use
Taylor’s theorem to establish that

Rn = 1

3! g̃i jkvech(�̂S −�S)
i vech(�̂S −�S)

j vech(�̂S −�S)
k,

where once again the summation convenition has been used, and g̃i jk is a third partial
derivative of g evaluated at a point within B[vech(�S), c] on the line connecting
vech(�̂S) and vech(�S). Consequently, since the third partial derivatives of g are
bounded on B[vech(�S), c], it follows that the expectation of the second term on the
right hand side of (43) is O(n−3/2), and therefore E[|Rn|] = O(n−3/2). Finally, the
conclusion follows after taking expectations of the terms on the right hand side of
(41), and using (17) and expression for the covariance matrix given in (14). ��
Proof of Proposition 3 Consider (33) and (39). By assumption, ρr (h) ∼ βr |h|−α as
|h| → ∞, where 0 < α ≤ 1. Therefore, when 0 < α < 1,

γn,r = n−αλr n−1
n−1∑

h=−n+1

(
1 − |h|

n

)
nαρr (h)

∼ n−αλrβr n−1
n−1∑

h=−n+1

(
1 − |h|

n

)( |h|
n

)−α
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∼ n−αλrβr

∫ 1

−1
(1 − |x |)|x |−αdx

= 2n−αλrβr
1

(1 − α)(2 − α)
,

as n → ∞. In the case α = 1, a similar but slightly more elaborate argument shows
that

γn,r ∼ 2λrβr n−1 log n as n → ∞.

The first part of Proposition 3 now follows directly from the identity (38).
To establish the second part of Proposition 3, consider the identity

�̂−� = Un −�− Z̄ Z̄ T ,

where Un = n−1 ∑n
i=1 Zi Z T

i as before. It follows that

cov{vech(�̂)} = cov{vech(Un)} + cov{vech(Z̄ Z̄ T )} − A − AT , (44)

where A = cov{vech(Un), vech(Z̄ Z̄ T )}. From the TOPC assumption in (1)–(3),

cov{vech(Un)} = diag[var{Un(rJ , sJ )} : 1 ≤ J ≤ P]

and

cov{vech(Z̄ Z̄ T )} = diag[var{Z̄(rJ )Z̄(sJ )} : 1 ≤ J ≤ P],

where rJ and sJ are defined in (11) and (12). Using (31) and writing Un(r, s) for the
elements of the p × p matrix Un , we obtain

var{Un(r, r)} = 2n−1
n−1∑

h=−n+1

(
1 − |h|

n

)
ρr (h)

2; (45)

when r �= s,

var{Un(r, s)} = n−1
n−1∑

h=−n+1

(
1 − |h|

n

)
ρr (h)ρs(h). (46)

Also, A is a P×P diagonal matrix with diagonal elements A(J, J ) = cov{Un(rJ , sJ ),

Z̄(rJ )Z̄(sJ )} which, by the Cauchy-Schwartz inequality, satisfy

|cov{Un(rJ , sJ ), Z̄(rJ )Z̄(sJ )}| ≤
[

var{Un(rJ , sJ )} var{Z̄(rJ )Z̄(sJ )}
]1/2

, (47)
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where for 1 ≤ J ≤ P , rJ and sJ are defined in (11) and (12). Finally, using the results
obtained for γn,r in the first part of the proof of Proposition 3, and obtaining similar
asymptotic expressions for (45) and (46) by approximating the sums by integrals, we
find that (34), (45), (46) and (47) are all of the appropriate order, so by (44) the proof
of the second part of Proposition 3 is now complete. ��
Proof of Proposition 4 The proof is rather similar to that of Proposition 2, but with
the following differences. Define

fn =
⎧⎨
⎩

n1/2 if α > 1/2
(n/ log n)1/2 if α = 1/2

n−α if 0 < α < 1/2.

First, we note that in the setting of Proposition 4, it is the moments of fn(�̂S − �S)

which converge to those of the limiting distribution (which by Remark 6 is non-
Gaussian if 0 < α < 1/2). Moreover, since all power moments of the limiting
distributions are finite, it follows that (40) holds in this case too. The second difference
is that here we define

Rn = ĝ − g − gi vech(�̂S −�S)
i (48)

rather than use (41), because in this case the second derivative term is negligible
compared with the first derivative term; see Proposition 3 and Remark 6 for justi-
fication. Then, using (43), it may be shown that E[|Rn|] = o(n−1 log n) if α = 1
and E[|Rn|] = o(n−α) if 0 < α < 1. Finally, the conclusion follows after taking
expectations of (48), using the first part of Proposition 3. ��
Proof of Theorem 2 Defining

g{vech(�̂S)} ≡ Sn = k∗

2
log |I + c�̂S|,

it is clear that Assumption (i) of each of Proposition 2 and Proposition 4 are satisfied.
Moreover, due to the boundedness as n → ∞ of the moments of fn(�̂S − �S),
where fn is defined in the proof of Proposition 4, it follows that Assumption (ii) of
Proposition 2 and Proposition 4 are both satisfied. Now

log | I + c�̂S | = log | I + c�S + c(�̂S −�S), |
= log | I + c�S | + log | I + A |

where

A = cF(�̂S −�S)F

and F = (I + c�S)
−1/2 are both symmetric. Then

Sn = S∞ + k∗

2
tr(A)− k∗

4
tr(A2)+ Rn, (49)
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where, using Proposition 2 (when α > 1) and Proposition 4 (when 0 < α ≤ 1), it
may be shown that Rn is asymptotically negligible, in the sense that

E[Rn] =

⎧⎪⎨
⎪⎩

o(n−1) if α > 1

o(n−1 log n) if α = 1

o(n−α) if 0 < α < 1.

(50)

Taking expectations of Sn in (49),

E(Sn) = S∞ + k∗

2
E{tr(A)} − k∗

4
E[tr{(A − E(A))2}] − k∗

4
tr{E(A)2} + E[Rn],

where we have used the identity E[tr(A2)] = E[tr{(A − E(A))2}] + tr{E(A)2} and.
as noted above, E[Rn] satisfies (50).

Now

E{tr(A)} = tr{E(A)}
= −tr{cFdiag(γn,r : r = 1, . . . , p)F}

= −c
p∑

r=1

γn,r

1 + cλr
,

which gives the first term in (26), corresponding to α > 1, and also gives (27) and
(28) when α = 1 and α ∈ (0, 1), respectively, since

γn,r ∼

⎧⎪⎪⎨
⎪⎪⎩

υr n−1 α > 1

2λrβr n−1 log n α = 1
2λrβr

(1−α)(2−α)n
−α α ∈ (0, 1).

Moreover, the term k∗
4 tr{E(A)2} is negligible compared with k∗

2 tr{E(A)}.
When α > 1,

E
(

tr[{A − E(A)}2]
)

= tr
(

E[{A − E(A)}2]
)

= c2
p∑

r,s=1

var{�̂(r, s)}
(1 + cλr )(1 + cλs)

∼ n−1c2

⎛
⎝ p∑

r=1

V{τ(r, r); τ(r, r)}
(1 + cλr )2

+2
∑

1≤r<s≤p

V{τ(r, s); τ(r, s)}
(1 + cλr )(1 + cλs)

⎞
⎠ ,
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where, in the middle line above, �̂(r, s) is element (r, s) of the p× p matrix �̂ defined
in (8), and τ(r, s) is defined in (10). This gives the second term in (26), corresponding
to α > 1. Note that, by the second part of Proposition 3, this second-order term is
asymptotically negligible when 0 < α ≤ 1.

Covariance sums for AR(2) models Simple expressions for the diagonal elements
of V in Theorem 1 may be derived in the AR(2) case. Ifψ1r andψ2r are the parameters
of an AR(2) process for the r th PC score then the autocorrelation function has the form
ρr (0) = 1 and ρr (h) = a1rξ

|h|
1r + a2rξ

|h|
2r where

a1r = {ψ1r/(1 − ψ2r )− ξ2r }/(ξ1r − ξ2r ) and

a2r = {ξ1r − ψ1r/(1 − ψ2r )}/(ξ1r − ξ2r ),

and ξ1r , ξ2r are the solutions of ξ2 − ψ1rξ − ψ2r = 0, i.e. ξ1r , ξ2r = (ψ1r ±√
ψ2

1r + 4ψ2r )/2. Then for 1 ≤ r ≤ s ≤ p,

∞∑
h=−∞

ρr (h)ρs(h) = a1r a1s
1 + ξ1rξ1s

1 − ξ1rξ1s
+ a1r a2s

1 + ξ1rξ2s

1 − ξ1rξ2s

+ a2r a1s
1 + ξ2rξ1s

1 − ξ2rξ1s
+ a2r a2s

1 + ξ2rξ2s

1 − ξ2rξ2s
(51)

See Cox and Miller (1965, Chap. 7.2) for similar calculations. Hence, the estimate V̂
required for the confidence interval calculation in (15) can be computed easily in this
particular case. ��
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