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Abstract We present some optimal criteria to evaluate model-robustness of
non-regular two-level fractional factorial designs. Our method is based on minimiz-
ing the sum of squares of all the off-diagonal elements in the information matrix,
and considering expectation under appropriate distribution functions for unknown
contamination of the interaction effects. By considering uniform distributions on the
symmetric support, our criteria can be expressed as linear combinations of B (d) char-
acteristic, which is used to characterize the generalized minimum aberration. We give
some empirical studies for 12-run non-regular designs to evaluate our method.

Keywords Non-regular designs - Fractional factorial designs - Robustness -
Affinely full-dimensional factorial designs - D-optimality

1 Introduction

The most commonly used designs for two-level factorial experiments are regular
fractional factorial designs. This is because properly chosen regular fractional fac-
torial designs have many desirable properties such as being orthogonal and balanced.
In addition, we can easily consider important concepts such as resolution and aber-
ration for the regular fractional factorial designs in applications. For example, under
the hierarchical assumption, i. e, lower-order effects are more important than higher-
order effects and effects of the same order are equally important, a minimum aberration
criterion by Fries and Hunter (1980) seems natural and widely used. As another reason
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700 S. Aoki

for using regular designs, an elegant theory based on the linear algebra over 5 is well
established for regular two-level fractional factorial designs. See Mukerjee and Wu
(2006) for example. The only drawback of using regular fractional factorial designs is
that its run size must be a power of 2. Therefore if the run size of the design is restricted
not to be a power of 2 by some cost or manufacturing limitations, we must consider
non-regular fractional factorial designs. See Xu et al. (2009) for recent developments
in non-regular fractional factorial designs.

One approach of optimal selection for non-regular designs is various extension
of the minimum aberration criterion to non-regular designs. For example, Deng and
Tang (1999) proposed a generalized minimum aberration criterion, which is a natural
extension of the minimum aberration criterion from regular to non-regular designs.
Tang and Deng (1999) also proposed a minimum G, aberration criterion, which is
a simpler version of the generalized minimum aberration criterion. To justify these
criteria, one approach is to evaluate these criteria from the viewpoint of model-robust-
ness. For example, Cheng et al. (1999) shows that the designs with the minimum
aberration have a good property of model-robustness. Similarly, Cheng et al. (2002)
also investigates the generalized minimum aberration criterion from the viewpoint of
model-robustness. In this paper, we follow these works and give a new criterion for
model-robustness. Our new criterion is obtained as an extension of the approach by
Cheng et al. (2002). We consider contamination of two- and three-factor interaction
effects for estimating the main effects, whereas Cheng et al. (2002) only considers
contamination of the two-factor interaction effects.

Another approach of choosing non-regular fractional factorial designs is proposed
recently by Aoki and Takemura (2009). Aoki and Takemura (2009) defines a new class
of two-level non-regular fractional factorial designs, called an affinely full-dimen-
sional factorial design. The design points in the design of this class are not contained
in any affine hyperplane in the vector space over F,. Aoki and Takemura (2009) also
investigates the property of this class from the viewpoint of D-optimality. However,
the arguments of Aoki and Takemura (2009) are restricted to the models of the main
effects, and the property of this class in the case of the presence of the interaction
effects is not yet obtained. In this paper, we also investigate the relation between our
new criteria and the affinely full-dimensional factorial designs.

The construction of this paper is as follows. In Sect. 2, we give necessary definitions
and notations for our criteria. We also review the generalized minimum aberration cri-
terion and the affinely full-dimensional factorial designs briefly. In Sect.3, we give
definitions of our optimal criteria. One of the important contributions of this paper
is to show the relation between our criteria and the generalized minimal aberration
criterion. For this point, we give a general method to handle this problem and evaluate
values for some cases. We also give empirical studies for 12-run non-regular designs.

2 Preliminaries
First we give necessary definitions and notations for our criteria. We use some of

notations by Cheng et al. (2002). We also review the generalized minimum aberration
criterion and affinely full-dimensional factorial designs.
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2.1 Definition of By (d) characteristic

Suppose there are m controllable factors with two levels. We represent an n-run design
dby X(d) € {—1,+1}"" an n x m matrix of —1’s and +1’s. The (i, j)th element
of X(d), x;j(d), is the level of the jth factor in the ith run. Let § = {ji,..., js} €
{1,...,m}. Let xg(d) be the component-wise product of the jith, ..., j;th columns
of X (d). The ith element of xs(d) can be written as [ | jes Xij (d). Note that for any
two subsets S, T C {1,...,m}, the component-wise product of xg(d) and x7(d),
say xs(d) © xr(d), is written as x5(d) © x7(d) = xsa7(d), where SAT = (S U
T)\ (SN T). We denote the cardinality of S C {1,...,m} by |S|. Then |S| = s
for S = {ji1,..., Js}. Define js(d) as the sum of all the elements of xg(d), i.e.,
jsd) =27, [1jcs%ij(d). Fors =1,...,m, we define

1
By(d)=— > (s)*,

S: |S|=s

{Bs(d),s =1, ...,m}is the key item in this paper. We call it B, (d) characteristic.

2.2 Generalized minimum aberration and affinely full-dimensional factorial designs

Now we give a relation between B;(d) characteristic and the generalized minimum
aberration criterion and affinely full-dimensional factorial designs.

First we note that the set of jg(d) values over all the possible S € {1,...,m}
has all the information of the design d. In fact, Tang (2001) shows that a design d is
uniquely determined by the set of jg(d) values. Another basic fact is relation between
Js(d) values and the coefficients in the indicator function of d defined by Fontana
et al. (2000). From the definition of the indicator function, js(d)/n = bs/by holds,
where bg and by are the coefficients of the term corresponding to S and the constant
term, respectively, in the indicator function of d. See Fontana et al. (2000) for detail.

On the other hand, B(d) characteristic has the information of the aberration of
designs. For example, if two levels are equireplicated for each factor of the design
d, B1(d) = 0 holds. For the orthogonal designs, B>(d) = 0 holds. If d is a regular
design, B3(d) = 0 holds for designs of the resolution IV, B3(d) = Ba(d) = 0 holds
for designs of the resolution V, and so on. Considering these facts and the hierarchi-
cal assumption, Tang and Deng (1999) defined the generalized minimum aberration
criterion as to sequentially minimize B(d), B2(d), ..., B, (d).

We also give the relation of the js(d) values and the affinely full-dimensional
factorial design. Note that, for regular designs, each js(d)/n is +1, —1 or 0. By def-
inition, |js(d)/n| = 1 implies an aliasing relation, whereas |js(d)/n| = 0 implies
an orthogonality. For non-regular designs, on the other hand, | js(d)/n| can be strictly
between 0 and 1, leading to a partial aliasing relation. The affinely full-dimensional
factorial design can be characterized as the design satisfying 0 < |js(d)/n| < 1 for
all S € {1,...,m}. See Lemma 2.2 of Aoki and Takemura (2009) for detail.

From these considerations, the relation between the generalized minimum aberra-
tion criterion and the affinely full-dimensionality is shown to some extent. Since By (d)
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characteristic is the squared total of js(d)/n for all S satisfying | S| = s, minimizing
B (d) coincides with minimizing each js(d) for |S| = s to some extent. The dif-
ference is that the generalized minimum aberration criterion considers sequentially
minimizing Bi(d), B2(d), ..., By, (d), whereas the affinely full-dimensionality con-
siders simultaneous control that each |js(d)/n]| is strictly less than 1. The aim of this
paper is to investigate this relation from the viewpoint of the model-robustness.

3 Optimal criteria for model-robustness

To evaluate the model-robustness of the designs, one approach is to consider the esti-
mation capacity defined by Cheng et al. (1999). Though the original definition by
Cheng et al. (1999) is restricted to the regular designs, this concept is generalized by
Cheng et al. (2002) to non-regular designs. In this paper, we generalize their works
and give general model-robustness criteria.

When we choose fractional factorial designs, we can rely on various optimal criteria
such as D-optimality based on the information matrix if the model to be considered is
known. On the other hand, if the model is unknown, which is more realistic situation,
we have to evaluate the model-robustness. In this paper, we consider the situation
where (i) all the main effects are of primary interest and their estimates are required,
(ii) the experimenters suppose that there are f active two-factor interaction effects
and g active three-factor interaction effects, but which of two- and three-factor inter-
actions are active is unknown and (iii) all the four-factor and higher-order interactions
are negligible. This situation is a natural extension of the setting of Cheng et al. (2002),
where the case of g = 0 for equireplicated designs. Another important caseis f = (’;),
meaning that (i) all the main and the two-factor interaction effects are of interest and
their estimates are required, (ii) there are g active three-factor interactions, but which
of the three-factor interactions are active is unknown and (iii) all the four-factor and
higher-order interactions are negligible. The aim of our model-robustness criteria is to
evaluate the influence of contamination of active interaction effects on the parameter
estimation.

3.1 Dy ¢-criterion and S7 ,-criterion

First we derive an information matrix in our settings. Let P be the set of all the (';’)
subsets of the size two of {1, ..., m}. Similarly, let Q be the set of all the (';’) subsets
of the size three of {1, ..., m}. We have

P={L2},{1,3},....,{m —1,m}},
Q={{1,2,3},{1,2,4}, ..., {m —2,m — 1, m}}

IPI=(’Z)=F, |Q|=(”3’)=c

and define
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Some optimal criteria of model-robustness 703

for later use. Let 7 C P and G C Q be f active two-factor interactions and g active
three-factor interactions, respectively. We write || = f and |G| = g. Though we
suppose that F and G are unknown, it is natural to restrict the models to be considered
to satisfy the following hierarchical assumption.

Definition 1 F and G are called hierarchically consistent if
(i1,12,i3) € G = (i1, 12), (i1, 13), (i2,13) € F.
For given F and G, we consider a linear model

y=uly + X(@)B1 + Yr(d)B2 + Zg(d)B3 + &,

where y is the n x 1 vector of observations, u is an unknown parameter of the general
mean, X (d) is the n x m matrix defined in Sect. 2.1, B is the m x 1 vector of the main
effects, Yr(d) is an n x f matrix consisting of the f columns xs(d), S € F, B is the
f x 1 vector of the active two-factor interactions, Zg(d) is an n x g matrix consisting
of the g columns xs(d), S € G, B3 is the g x 1 vector of the active three-factor inter-
actions and € is an n x 1 random vector satisfying E(e) = 0, var(e) = 021,. Let

Xrg=1I1, (X(d): Yr(d) : Zg(d)]. Then the information matrix for the observations
of d is written as

1
Mrg(d) = ~Xrg(d)XFg(d

1 11 x @) 11 Yr@) 11,25()

X@', GX@X@) X@Yr@)  X(d)Zgd)
YF@'L, JYR@'XA) LY YR Yrd) Zg(d)
226, Zgd)X(d) 1 Zgd)Yr(d) +Zg(d) Zg(d)

If {F, G} is known, we can rely on various optimal criteria based on Mr g(d) to
choose d. For example, D-optimal criterion is to choose the design that maximize
det M r g(d). For the case that {F, G} is unknown, it is natural to consider the average
performance over all possible combinations of f two-factor interaction effects and
g three-factor interaction effects. To clarify the arguments, we consider probability
functions over the set of all the subsets of, P, O, i.e., 27D, 29, and consider the expec-
tation of det M x g(d) with respect to this probability function. If we have no prior
information, it is natural to consider the uniform distribution

_ | Const, if F and G are hierarchically consistent
p(F.G) = 0, otherwise.
Consequently, we can use the expectation Dy, = E,[det M g(d)] to evaluate the
model-robustness. We call this a D ¢, ,-optimal criterion.

However, there is a problem that the calculation of det Mz g(d) is difficult. For
this problem, we follow the approach by Cheng et al. (2002) and consider minimizing
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E,ltr(Mr g(d))?] instead of maximizing E,[det M g(d)]. Note that the calcula-
tion of tr(M f,g(d))2 is considerably easier than that of det Mz g(d). It is also known
that minimizing tr(Mr g(d ))2 is a good surrogate for maximizing det Mz g(d). See
Cheng (1996) for example. In addition, since all the diagonal elements of M £ g(d)
are 1, minimizing E[tr(M ]—"g(d))z] is equivalent to minimizing the expectation of
the sum of squares of all the off-diagonal elements of M x ¢ (d). We write this value
as

S? g = E p[sum of squares of all the off-diagonal elements of Mz g(d)]

and define our criterion.

Definition 2 S} g—optimal criterion is to choose designs that minimize S} .

3.2 Calculation of S]%. e values

To evaluate the S% P value, we have to calculate all the off-diagonal elements of
M r g(d). We consider each block in the partitioned matrix (1) separately. First we see
that the sum of squares of all the elements of (1/n)1,X(d) is > -, (j{,~}(d))2/n2 =
B1(d) by definition. Similarly, the sum of squares of all the off-diagonal elements of
(1/m)X ()X (d) is 2> gep(js(d))?/n* = 2B>(d) by definition. Since the calcula-
tions of all the other blocks depend on the probability function p(F, G), we have the
following expression.

1 1 <
S7,=2B1(d) +2B,(d) + 2E, [ﬁ Z(js(dnz} +2E, [ﬁ > Z(j{imd))ﬂ

SeF i=1 SeF

1 1
+Ep | —5 22D sar@)? | +2Ep | — > (js(d)’

S, TeF Seg
SAT
1 m

= ZZUU}AS(d»z 26, | Z > Usar (@)
i=1 SegG SeFTeG

1

+Ep | — 2. D (sar(@)? )

SeT

Now all we have to do is to evaluate the expectations of (2) for specific values of f,
g and p(F, G). In this paper, we only consider the cases that p(F, G) is the uniform
distribution on the symmetric support for the factors {1, ..., m}. For these cases, S%
is expressed as a linear combination of Bi(d), B2(d), ..., Bs(d). Note that Bﬁ(d)
only arises in the last term of (2) as the contribution of (jsar (d ))2 where S and T are
disjoint. Though the uniform assumption on the symmetric support is natural, there
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Some optimal criteria of model-robustness 705

are various important situations where the support of p(F, G) is asymmetric. For this
point, we consider shortly in Sect.4.
Unfortunately, it seems very difficult to derive S} P values for general f, g values.

One of the simpler problems, evaluation of S% 1» 18 also difficult. In this paper, we
obtain the results on some specific cases.

3.2.1 Calculation of szp,O
First we consider the situation that all the three-factor interaction effects are negligi-

ble. This situation is considered in Cheng et al. (2002) for equireplicated designs and
therefore our result is an extension of their result. In this case, the relation (2) becomes

1
S%O =2Bi(d) +2B>(d) + 2E, [n_2 E (js(d))z]
SeF

1 — 1
+2E, [H—ZZZUU}AS@))Z}MP — 2 2 Usar@) |, ()

i=1 SeF SS;ETf

and we consider the uniform distribution on P,

1
pF) = F-
(%)
The result is summarized as follows.

Theorem 1 S2 70 is written as S/ 0= Z;‘:l as Bg(d), where

a1=2(1+@), az=2(1+f+f(f )(m_z)),

F  F(F—
_6f C6f(f—1D
a3 =— and ag = ————.
F F(F—-1)

We give the proof in Appendix A. Note that the result except for a; is also given in
Cheng et al. (2002). From Theorem 1, we see the following result.

Proposition 1 The relation ay > ay > a3 > ay holds for m > 3 for Theorem 1.
We give the proof in Appendix B. Proposition 1 implies a consistency of the S2 o-crite-
rion and the generalized minimum aberration criterion. We see the optimal des1gns for

these two criteria can be reversed by empirical studies for 12-run designs of 5 factors
in Sect.3.3.
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3.2.2 Calculation of S%ﬁg

Next we consider the situation that all the two-factor interactions are active, i.e., the
case of f = F.In this case, since F = P, we consider the uniform distribution on Q
as

1
PO = .
(z)

The result is summarized as follows.

Theorem 2 S7. o I written as St ¢ = >0, ayBy(d), where

gm —1(m —2)

=2 e
ai m + G
2g(m —2)  g(g—1)(m —2)(m —3)
= 2 El
a m + G + GG-1
2g  6g(m —3)
—6+ 24 o 7
as + G + G
8g  6g(g—1(m—4)
=6+ — ,
as + G + GG -1
20
as = -8 and
G
_ 20g(g—1)
a6 = —————.
GG-1)

We give the proof in Appendix C. From Theorem 2, we have the following result.

Proposition 2 The relation a1 > ay > a3 > aq4 > as > ag holds for m > 5 for
Theorem?2.

We give the proof in Appendix D. Proposition 2 implies a consistency of the S % g-cri-
terion and the generalized minimum aberration criterion.

3.2.3 Calculation of S32’1

Next we calculate SZ%,I’ which means the situation that there are one active three-
factor interaction and three active two-factor interactions included in the three-factor
interaction hierarchically. In this case, the joint probability function and its marginal
probability functions are written as

1 . . . .
=, if F and G are hierarchically consistent
— G 9 1 b
p(F.9) [ 0, otherwise,

1
pG) = G

@ Springer



Some optimal criteria of model-robustness 707

and

é, if there exists G such that F and G are hierarchically consistent

pF) = 0, otherwise.

The result is summarized as follows.

Theorem 3 S%,l is written as Si] = Z?:l as By (d), where

9
a1=2(1+—),
m

2 (¢ 1)_i_4(m—2)
= m — _—
az G b

2(3m —5)
a3 = —— and

G

8
as = —.
‘TG

We give the proof in Appendix E. From Theorem 3, we have the following result.
Proposition 3 The relation ay > a; > a3 > a4 holds for m > 3 for Theorem3.

We give the proof in Appendix F. Proposition3 shows quite different tendency
against Proposition 1 and Proposition 2, i.e., a; < as holds. This fact implies an essen-
tial difference between the S32’ |-criterion and the generalized minimum aberration cri-
terion, i.e., the Si |-criterion puts more importance on the orthogonality between the
columns of X (d) than the equireplicateness of two levels, which is mostly emphasized
in the generalized minimum aberration criterion. Consequently, we can suppose the
optimal designs for two criteria can be reversed. We investigate this point by empirical
studies for 12-run designs of 5 factors in Sect. 3.3.

33 S]% g-optimal designs for 12-run designs

To clarify the relation between the S% -criterion and the generalized minimum aberra-
tion, we consider fractional factorial 12-run designs of 5 factors. We are also interested
in the affinely full-dimensionality of the optimal designs. Note that all the fractional
factorial designs with n > 2"~! are affinely full-dimensional since these designs
cannot be a proper subset of any regular fractional factorial designs. See Aoki and
Takemura (2009) for detail. Another reason that we consider 12-run designs is related
to the existence of Hadamard matrix of order 12. Since the run size n = 12 is even,
it is clear that the generalized minimum aberration criterion prefers the designs with
equireplicated levels. It is also clear that we can easily construct orthogonal designs
by choosing the columns of Hadamard matrices of order 12. See Deng et al. (2000)
for example. From these considerations, we see that the optimal designs with the
generalized minimum aberration satisfy Bi(d) = Ba(d) = 0. In fact, all the 12 x 5
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Table 1 SJ% - and S2 1-optimal
12-run design of 5 factors

-1 1 1 -1
-1 1 —1

—1 1 —1 1
-1 -1 1 1
—1 —1 1 —1 —1
-1 -1 -1 1 -1
—1 —1 -1 —1

1
1
-1 1 1 -1 1
1
1

Table2 S7 . f=1,....5and 53 values for two deigns, dj and ds

2 2 2 2 2 2
Sl,O SZ,O S3,0 S4,0 SS,O S3,1
dy 0.5556 0.9074 13333 1.8333 2.4074 1.7778
dy 0.6667 1.4074 2.2222 3.1111 40741 2.6667

designs constructed from five columns (except for 117) of Hadamard matrices of order
12, say dp, satisfy

Bi(dy) = Bo(dp) =0, Bs(dp) = 11111, Ba(dy) = 0.5556.

We compare the By (d) characteristics of the S% _-optimal designs with this value.
We enumerate all the fractional factorial desiéns of 5 factors with 12 runs and obtain
52 70 o-optimal designs for f = 1,...,5 and S; ,-optimal design. We have confirmed
that all the optimal designs are equlvalent to the design shown in Table 1 by permuting
factors or levels and changing signs. This design satisfies the Sf’0 ,f=1,...,5and

S32’ |-optimality simultaneously. The B (d) characteristics for this design, say d;, are
Bi(ds) = 0.138889, Ba(ds) =0, Bz(ds) =0.27778, Ba(ds) = 0.5556.

Since Bi(ds) > Bi(dp), ds; does not have the generalized minimum aberration. We
also see that ds is an orthogonal design and B4(ds) = Ba(dj). The difference between
the two designs in view of B (d) characteristics lies in By (d) and B3(d). We see that
the generalized minimum aberration criterion puts the importance on B (d), whereas
the Sj%’ g-criteria consider the overall values. Table 2 shows the S%O, f=1,...,5and

S?%’l values for dj, and d;.

We see that both dj, and ds are affinely full-dimensional, and therefore not proper
subsets of any regular fractional factorial designs. This fact implies that the simple
strategies such as choosing 12 rows from regular 2! fractional factorial designs
to construct a 12-run design can cause a design of bad performance, in view of the
generalized minimum aberration and model-robustness.

@ Springer



Some optimal criteria of model-robustness 709

4 Discussion

We propose a general method to evaluate model-robustness for non-regular two-level
designs. Though we suppose, in this paper, the four- and higher-factor interactions are
negligible, which is considered to be a natural assumption in actual situations, we can
easily generalize our method to incorporate higher-factor interactions.

It is also possible to calculate S%  values for small £, g such as S4 1 55 | or S52 9
Though the calculations will be rather complicated, they are indeed based on a simple
counting. It is true that the assumption that the experimenters only have an informa-
tion on the number of the interactions in the true model seems unnatural in actual
situations. However, we think that the S%_ ¢ values for small f, g can be used to eval-
uate the model-robustness. Here we regard f and g as the degree of contamination of
interactions.

Though we only consider the cases that p(F, G) is the uniform distribution on the
symmetric support for the factors {1, ..., m}, there are various important situations
where the support of p(F, G) is asymmetric. One of the examples for asymmetric
cases is that (i) there are m controllable factors and m — m noise factors, (ii) all
the main effects and two-factor interaction effects between the controllable factor and
the noise factor are of primary interest and their estimates are required, (iii) all the
two-factor interactions between two controllable factors are negligible. all the three-
and higher-factor interactions are also negligible, and (iv) among the two-factor inter-
actions between two noise factors, there are f — m(m — m) active interactions.
For this situation, it is the important problem to investigate the model-robustness of
designs for the contamination of the two-factor interactions between two noise fac-
tors. However, for such asymmetric situation, szc’ values cannot be expressed as a
linear combination of By (d) characteristic. We postpone this attractive topic to future
works.

Appendix A: Proof of Theorem 1

We evaluate the terms of (3) separately. First we have

Ep| 5 X Us@) z > (B0

SeF ]—'CP SeF

F
1 () f is(d)
ZT(fg 5 (m( )) L ba

() sep N "

Next from

S\i, ifies,
{i, S}, otherwise

UMS:[ (4)

for § € F, we have
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710 S. Aoki

1 < ) 1 - Jias@) )
[—ZZZ ,}md))} = ZZ(—)
i=1 SeF

SeQ

_ % 1)2( {z}(d)) S (]S(d))
S

= ((m — 1)Bi(d) + 3B3(d)).

Similarly, for distinct i, j, k, £ € {1, ..., m} we have

(&)

[t forS={i k)T = {j.k}
SAT = [{i,j,k,ﬂ}, for S = {i. j}. T = {k. €}.

Then it follows

: - =D @
n2 Z Z(JSAT(d))z FF-D Z Z (]SAT )

S, TeF S, TeP
ST S£T

_JSU=D

= m(z(’" —2)By(d) + 6B4(d))

by simple counting. From the above calculations, we have the theorem. O

Appendix B: Proof of Proposition 1

For m > 3, we have

0 —a _2f(m—2)(F—f)>O
e )

and

az —a _YE=D >0
e A

From the relations

2
ag—a3=F(F—_l){(m—Z)fZ—(ZF+m—4)f+F(F—1)}
and
QF +m —4)? —4F(F — 1)(m —2) = —(m — 2)>(m> —m?> —5m — 4) < 0,

we have ap > a3 for all f. Therefore we have shown the proposition. O
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Appendix C: Proof of Theorem 2

From F = ‘P and simple counting, we have

1 2
2E, |:n_2 Z(/g(d))z} = = 2 Us(@)’ =2B:(d),
SeF SeP

1 < 2 —

2E, [; 2. Z(j{ims(d»?} =23 2. 2 Uinas(@)’
i=1 SeF i=1 SeP

= 2((m — 1)B1+3B3(d))

and

E, nl—z D> Usar(d)?

S, TeF
S#T

1
= — 2. 2 Usar(@d)? =20m = 2) B>(d) + 6B4(d).
S, TeP
S£T

Therefore (2) becomes

1
§% , = 2mBi(d) + 2mBa(d) + 6B3(d) + 6Bs(d) + 2E, | — § (js(d))?
f.e n2
Seg

+2E), %ZZU{MM))Z +2E, ni2 > > Usar(@)?

i=1 SeG SeFTeG

VEp | 2 3 S Gsar@)?

S, Teg
S#T

Now we consider the expectations above separately. From simple counting, we have

1 . 1 & Js@\* g
Ep n—zséus(d))z =5S€ZQ( . ) = ;B @.

S | “ 0. 2
Er % > D Guas@)* | = %Z > (J{I}ATS(‘Z))
S8
G

i=1 Seg
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from (4) for S € Q,

E, 2 Z Z(]SAT(d))Z _8 Z Z (JSAT(d))

SeFTeG SGP TeQ

(m —1)(m —2)
s (e

+3(m — 3)B3(d) + IOBs(d))

from
{i1}, for § = {ix, i3}, T = {i1, 2, i3}
SAT = q {i1, 12,13}, for § = {i3z,is}, T = {i1, 02, i4}
{i1, 12,03, i4,15}, for S ={ig,is}, T ={i, iz, i3}
for distinct iy, ...,i5 € {1, ..., m} and
1 . glg—1 ]SAT(d)
Ep|— D 2 Usar@)’ | = 22— >
n GG-1
S, TeG S, TeQ
S#T S#T
glg—1
= -2 —3)By(d
= GG )(( )(m — 3)B(d)
+6(m — 4)B4(d) + 20Bs(d))
from
{i1, 12}, for S = {iy, i3, ia}, T = {iz, i3, 14}
SAT = 1 {i1, 2,13, i4}, for § = {i1, 12, is}, T = {i3, i4, is}
(i1, 02,13, i4,15,16}, for S ={i1,i2,i3}, T = {is, is, 1}
for distinct iy,...,ig € {l,...,m}. From the above calculations, we have

the theorem. |

Appendix D: Proof of Proposition 2

For m > 5, we have

gm —2)(m —3)(G —g)

> 0,
GG-1)

a —ay =

6g(m —4)(G —g)
GG — 1)

>0

ay —ag =
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and

_ 208(G —g)

—ag = 0.
as ag G(G—l) >

For the relation between a; and a3, we have

m—3

_ el _ _
_G(G_l){(m 2)g2 — (4G +m — 6)g +2G(G — 1)}

ar — as

and

(4G +m — 6)> —8G(G — 1)(m — 2)
= —8(m —4H)G* + 16(m — 4)G + (m — 6)°
< —(m—4BG(G —2) — (m—4))

m2(m — 4)
< —(m—4) (ST(G —2)—(m —4))
A2
_ Y 26— -3
2
S 34) 4-52.8-3)<0

since G > m2(m — 4)/6 holds for m > 5 and m?%(G — 2) is a monotone increasing
function of m. Similarly, for the relation between a4 and as, we have

6
as —as = e (= 4g” = 26 +m —6)g + G(G — 1)

and

2G +m —6)> —4G(G — 1)(m — 4)
= —4(m — 5)G* + 8(m — 5)G + (m — 6)°
< —(m—5)(AG(G —2) — (m —5))

2(m —
<—(m-5) (4M(G —2)— (m— 5))
&2
Z_Q(zm%c—z)—a
&2
<—Q(2.52-8—3)<0

since G > m?(m — 5)/6 holds for m > 5 and m?(G — 2) is a monotone increasing
function of m. Therefore we have shown the proposition. O
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Appendix E: Proof of Theorem 3

In this case, we write G = {U} € Q and Zg(d) = xy(d). Then (2) becomes

1
S3, =2Bi(d) +2B:(d) + 2E, [n—z > (js(d))2:|
SeF

1 m
+2E, |:n_2 Z Z(j{i}AS(d))2:|

i=1 SeF

1 . 2 ju@)’
—5 2 2 Usar@)* | +2E, | (=

S.TeF

S£T
1 — 1
+2E,, [n—Q Z(j{i}AU(d>)2} +2E, [,Tz Z(jw(d))z} . ®
i=1 SeF

We consider all the terms of (6) separately. From simple counting, we have

@Y _ 2m—2)
Z( " ) = =B,

SeF SeP

2E, [ 5 > Us@)’ }
:

1
2E, | = Z(j{i}AS(d))2:|

i=1 SeF

2 (m=1\ < (@) B
_G(z( 5 );(—n )+(3+3(m 3))

_ 20m — 1c);(m —2)Bl(d) L 60m—2)

> (%))

SeQ

B3 (d)

from (4) for S € F,

1 is(d)\>
— 2. 2 lsar@)? | =2m=2) 3 (”,5 )) =2(m — 2)B,(d)

S, TeF SeP
ST
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from (5) where SN T # @,

iv(d)\> 2 v\ 2
2E, [(’Un( )) } =52 (JUT()) = ZBi(d),

UeQ

S 2 Js@)\? is@)\>
[_QZ]{I}AU(d))z:|=E (m—2)Z( p ) +4 Z ( . )

SeP S:|S|=4

2m—-2) 8
=G By(d) + GB4(d)

from (4) for § = U € Q and
1 , 23G & (@) 6
2E) [72 S%]E(JSAU(d»z} === ; (T) = —Bi(d)

from § C U and SAU = U \ S. From the above calculations, we have the
theorem. o

Appendix F: Proof of Proposition 3

For m > 3, we have

2
ar —a; = — ((m*> = 2m — 9)G + 4m(m — 2))
mG

_ m—2(m3

C —3m?> = Tm+33) >0,

2
ay —az = E((m +9G —m@Bm —5))

1
=£(m3+6m2—28m+23)>0
and
2(3 9) >0
a3 —d4q = —(om — > U.
3 4 G

Therefore we have shown the proposition. O

Acknowledgments The author would like to appreciate valuable comments by two referees.

@ Springer



716 S. Aoki

References

Aoki, S., Takemura, A. (2009). Some characterizations of affinely full-dimensional factorial designs.
Journal of Statistical Planning and Inference, 139, 3525-3532.

Cheng, C. S. (1996). Optimal design: Exact theory. In S. Ghosh, C. R. Rao (Eds.), Handbook of statistics
(Vol. 13, pp. 977-1006). Amsterdam: North-Holland.

Cheng, C. S., Steinberg, D. M., Sun, D. X. (1999). Minimum aberration and model robustness for two-level
factorial designs. Journal of Royal Statistics Society Series B, 61, 85-93.

Cheng, C. S., Deng, L. Y., Tang, B. (2002). Generalized minimum aberration and design efficiency for
nonregular fractional factorial designs. Statistica Sinica, 12, 991-1000.

Deng, L. Y., Tang, B. (1999). Generalized resolution and minimum aberration criteria for Plackett-Burman
and other nonregular factorial designs. Statistica Sinica, 9, 1071-1082.

Deng, L. Y., Li, Y., Tang, B. (2000). Catalogue of small runs nonregular designs from Hadamard matri-
ces with generalized minimum aberration. Communications in Statistics—Theory and Methods, 29,
1379-1395.

Fontana, R., Pistone, G., Rogantin, M. P. (2000). Classification of two-level factorial fractions. Journal of
Statistical Planning and Inference, 87, 149-172.

Fries, A., Hunter, W. G. (1980). Minimum aberration 2k=p designs. Technometrics, 22, 601-608.

Mukerjee, R., Wu, C. F. J. (2006). A modern theory of factorial designs. In Springer series in statistics.
New York: Springer.

Tang, B. (2001). Theory of J-characteristics for fractional factorial designs and projection justification of
minimum Gj-aberration. Biometrika, 88, 401-407.

Tang, B., Deng, L. Y. (1999). Minimum G;-aberration for nonregular fractional factorial designs. Annals
of Statistics, 27, 1914-1926.

Xu, H., Phoa, F. K. H., Wong, W. K. (2009). Recent developments in nonregular fractional factorial designs.
Statistics Surveys, 3, 18-46.

@ Springer



	Some optimal criteria of model-robustness for two-level non-regular fractional factorial designs
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Definition of Bs(d) characteristic
	2.2 Generalized minimum aberration and affinely full-dimensional factorial designs

	3 Optimal criteria for model-robustness
	3.1 Df,g-criterion and Sf,g2-criterion
	3.2 Calculation of Sf,g2 values
	3.2.1 Calculation of Sf,02
	3.2.2 Calculation of SF,g2
	3.2.3 Calculation of S3,12

	3.3 Sf,g2-optimal designs for 12-run designs

	4 Discussion
	Appendix A: Proof of Theorem 1
	Appendix B: Proof of Proposition 1
	Appendix C: Proof of Theorem 2
	Appendix D: Proof of Proposition 2
	Appendix E: Proof of Theorem 3
	Appendix F: Proof of Proposition 3
	Acknowledgments
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


