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Abstract In maximum penalized or regularized methods, it is important to select a
tuning parameter appropriately. This paper proposes a direct plug-in method for tuning
parameter selection. The tuning parameters selected using a generalized information
criterion (Konishi and Kitagawa, Biometrika, 83, 875-890, 1996) and cross-validation
(Stone, Journal of the Royal Statistical Society, Series B, 58,267-288, 1974) are shown
to be asymptotically equivalent to those selected using the proposed method, from the
perspective of estimation of an optimal tuning parameter. Because of its directness, the
proposed method is superior to the two selection methods mentioned above in terms
of computational cost. Some numerical examples which contain the penalized spline
generalized linear model regressions are provided.

Keywords Cross-validation - Direct plug-in method - Generalized information

criterion - Kullback-Leibler information - Maximum penalized likelihood method -
Penalized spline - Ridge regression - Tuning parameter estimation

1 Introduction

Maximum penalized or regularized methods are widely used tools to stabilize
estimators, which are introduced in spline smoothing (Green and Silverman 1994).
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They include the ridge estimator, which is introduced to avoid multi-collinearity in
least-squares multiple regression estimation, but with a rather different motivation
from them. The efficiency of the penalization methods depends strongly on setting the
tuning parameter that controls the extent of penalization. Therefore, it is important to
select the tuning parameter appropriately. In the description in this paper, we consider
penalization in a maximum likelihood framework: the maximum penalized likelihood
estimator (MPLE; Good and Gaskins 1971; Green and Silverman 1994). Recently,
concerning the MPLE, Fan and Li (2001) proposed a maximum penalized likelihood
approach for automatic variable selection, similarly to the Lasso (Tibshirani 1996).

Several methods are useful to select the tuning parameter. They are established
through proposal of an appropriate selection criterion, where the selection is done by
minimizing them with respect to the tuning parameter, as typified by Marrows’ C,,,
cross-validation, generalized cross-validation and other methods in the least-squares
regression context. Information criteria, including AIC-type criteria (Akaike 1974;
Takeuchi 1976; Shimodaira 2003), cross-validation, BIC-type criteria and others, play
a central role in the likelihood framework. One AIC-type criterion for the MPLE is
a generalized information criterion (GIC; Konishi and Kitagawa 1996), which forms
the empirical log-likelihood with the correction term for the bias, derived analytically
with the influence function. The GIC can evaluate the models not only with MPLE but
also with a robust estimator, maximum weighted likelihood estimator, etc. Imoto and
Konishi (2003) and Nonaka and Konishi (2005) used GIC for selection of smoothing
parameters in nonlinear regression models estimated by regularization. Alternatively,
cross-validation (CV; Stone 1974) is applicable to choose the value of a tuning para-
meter in the maximum penalized likelihood method. The CV requires no analytic
calculations as in the GIC, although the computational cost for the CV is higher than
the GIC. This paper analyzes the properties of the tuning parameters selected using
the GIC and CV.

On the other hand, for BIC-type criteria, the penalization is interpreted as a Bayesian
inference with a corresponding prior density. Konishi etal. (2004) extended the BIC
to evaluate models with MPLE, particularly for radial basis function networks.

Existing methods of selecting tuning parameter are based on minimizing each cri-
terion. Finding the minimum is usually accomplished through a sequential search or
numerical optimizations; thereby, it is often extensive in its requisite computations. To
overcome computational problems, we derive an optimal tuning parameter in expected
log-likelihood, or equivalently, in Kullback—Leibler information, with an asymptotic
theory under model misspecification. In normal noise regression models, it coincides
with Wand’s (1999) optimal smoothing parameter in penalized spline regression. We
propose a direct plug-in tuning parameter by replacing unknown quantities in the
optimal tuning parameter by suitable consistent estimatorss. The direct plug-in tuning
parameter often comes to be simple under the parametric assumption that the model
includes the true distribution. We call it the parametric direct plug-in tuning para-
meter. The direct plug-in tuning parameter saves the computational cost relative to
existing methods because of the directness with analytical calculations.

This paper is organized as follows. Section2 describes the MPLE. Section3
proposes the direct plug-in method, through defining an optimal tuning parameter
with respect to the Kullback—Leibler information. Section4 shows that the tuning
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parameters selected by the GIC and CV are asymptotically equivalent to that with
the direct plug-in method, in the sense that the tuning parameter selection is a point
estimation. Section5 discusses the behavior of Kullback-Leibler information when
using our direct plug-in method or existing methods, GIC and CV, for tuning parame-
ter estimation. Some numerical examples are described in Sect. 6. Section7 presents
simulations for the penalized spline generalized linear model regression.

2 Maximum penalized likelihood estimator

This section describes the maximum penalized likelihood estimator (MPLE). First
assume 7 i.i.d. observations X, = (Xi, ..., X,) from an unknown true distribution
G(x). Then, let {f(-;0) : 0 = (64, ..., QP)T € O} be a model with a parameter
vector @, where © is an open subset in R”. Using a penalty term k(6), the penalized
log-likelihood and the MPLE are given, respectively, as

> log f(Xa: 0) — 1k(®) and 6, = argmax {Zlog f(Xq: 0) — Ak(O)} , (D)
0 a=1

a=1

where A is a scalar tuning parameter controlling the extent of the penalization. The
MPLE is used widely for stabilization of the estimators, such as the MLE. It is impor-
tant to discuss the selection of the tuning parameter A because the performance of
MPLE depends strongly on the value of the tuning parameter A.

The above described MPLE includes the ridge-type estimator, which is frequently
used in practice. Consider a multiple regression model y = B1+x282+- - - +x, 8, +¢,
where ¢ is a normal random variable with mean 0 and variance o 2. Also, B2, ..., By
are coefficients of covariates x2, . . ., x; B1 isanintercept. Let 8 = (81, B2, . . ., ,BP)T.
Presuming that we have n independent observations Yi, Xi12,...,X1,), ...,
Yn, Xn2, oo X p), letY = (Yq,..., Y,)T be an n-dimensional observation vector
and let X be the n x p design matrix. The ridge-type estimator of B is written as
Bi = (XX 4 11,)"' XTY, where I, is a p x p identity matrix, and A is a scalar
tuning parameter, which controls the penalization. In a view of likelihood framework,
/§;L maximizes the penalized log-likelihood

tog {4 exp (— 5 1v - xgi) | - 2 L2
Qo2 202 202
with a penalty ||8]]?/(262). Here || - || denotes the Euclidean norm. The ridge-type

estimator could stabilize the ordinary least-squares estimator.

3 Direct plug-in tuning parameter
In this section, we define an optimal tuning parameter and propose the direct plug-in

method. We define the optimality with the goodness of the resultant MPLE 0, in the
sense of expected log-likelihood:
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0(0) = n(8: G) = / log f(x; 0)dG (x). @)

It equals the Kullback-Leibler information ignoring the constant term, which is inde-
pendent of the model. The model is better if its expected log-likelihood value is larger.
Therefore, we define the optimal tuning parameter Aop as

Jopt = argmax E{n(6,)}.
A

Using the notation in (2) and assummg that the penalty term k(@) in (1) does not depend
on X,, the MPLE is rewritten as 0A argmaxg {nn(0; G) — Mk(6)}, where G is the
empirical distribution function corresponding to the observations X,,. Analogously,
we define

0, = argmax{nn(0; G) —  k(6)}.
0

We also define 6y = argmax,{nn(@; G)}, which is the nearest point to the G in the
model {f(-; ) : 6 € ©}. Here, 0y coincides with the true parameter vector if the model
includes the true distribution G. We designate it as the model under a parametric
assumption. We assume that both the MPLE and MLE converge to the 6y as the
sample size increases. We further assume that the penalty function k(-) is independent
of n. Alternatively, Konishi and Kitagawa (1996) deal with a penalized log-likelihood
function X", {log f(X«; @) — 1k(8)} instead of (1). In their assumption, the MPLE
does not necessarily converge to the 6 as the sample size increases.

The following result reveals the effect of tuning parameter A for the mean expected
log-likelihood.

Theorem 1 Assume that the assumptions provided in Appendix hold. Let 63,\ be the
MPLE defined by Eq. (1) and 0 be the MLE. Then the difference of the mean expected
log-likelihood between the models with 8) and 0 is given as

. . 1
E{n6,) —n@)) = —m{a(eo))»z —2b(B0)A} + o(n™?), 3)
where
k() - ak(o)

a®) = — )"
and

92k (0)

b(d) = tr I 29307 V(O)] +q(0)7d®) +290)"e8).
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Here, q(0) = {J(0))'9k(0)/30, J(0) = —3°1(0)/30007,

1(0>=/alogf(x;o)alogf(x;o)dG(xx V) = (7)) 100 0)) ",

Y 00T
r 3
9°n(0)
d: () = 2 — V(6
;(0) = 96:30,30; ik(0)

and

L 321og f(x; 0) dlog f(x; 0)
, _ jk ’ ,
¢i(0) = %1 77%(9) / o 22460,

where J' () denotes the (i, j) element of the matrix {J(0)} ™.

Since J (6p) is positive definite, the first term in the right hand side of Eq. (3) attains
amaximum at A = b(6y)/a(fp), asymptotically, unless dk(6y)/36 = 0. Consequently,
the optimal tuning parameter Aop is given as

b(6o)

= m +o(1). 4)

opt

Then, the MPLE OAAOPI optimally dominates the MLE @ in mean Kullback—Leibler
information, asymptotically. When A = b(6p)/a(6y) + o(1), the mean expected log-
likelihood attains the asymptotic maximum of n=2b(6p)> /{2a(6p)} > 0 with error
o(n=2).

It is a direct consequence from (4) that

b(6)
ad)

(&)

ADPI =

is a point estimator of Aop, where a(-) and l;(-) are suitable consistent estimators of

a(-) and b(-), and 6 is a consistent estimator of 6y such as the MLE 6. We call iDPI
a direct plug-in tuning parameter. The Appr is obtained directly, whereas the existing
methods for selecting A relies on some sequential search, or numerical optimization.
Consequently, the suggested method reduces computational costs drastically, with
some analytical effort. For instance, 5»])]3] can be calculated by substituting the empi-
rical distribution G(x) instead of the unknown distribution G (x) in (4). Alternatively,
the calculation of )A»Dpl is often easier under the parametric assumption that the true
distribution G is included in the model, where the true parameter is fy. Then we use
the specific functional forms of a(#) and b(@) directly. The quantities under the para-
metric assumption are simpler than those under misspecification because J (6) = 1(0)
and V() = {J(0)}~! hold. Accordingly, we obtain the corresponding estimator by
substituting 6 into a(#) and b(0) under the parametric assumption as
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. b(6)
ApDPI = —=. (6)

a(@)
We designate Apppr as the parametric direct plug-in tuning parameter. The method
(5) is a consistent estimator of Aopt. Therefore, the mean and mean squared error of
(5), respectively, equal Agpe +0(1) and o(1). Implementation of (6) is often easier than

that of (5). In the following, we present some examples of ):prI.

3.1 Examples of )A\prl

Example I We deal with the ridge-type estimator described in Sect. 2, where we note
that the i.i.d. framework is extended to regression settings (see, e.g., Fan and Li 2001).
We consider a quadratic polynomial regression model in which o2 is known,

(y — B1 — Box — B3x?)? }

202

1
fOlx; B) = WGXP[—

with a parameter vector § = (1, B2, ,33)T R3. Let (Y], X1), ..., (Y, X;) be the
n observation pairs. The penalty function is k(8) = ||B]|*/ (202) For the true para-
meter vector f8p, the expected log-likelihood is r;(ﬂ G)=—||X (ﬂ Bo)lI?/(202) —

n/(202) —(n/2) log(2na2), where X is the n x 3 design matrix whose (i, «)-element
is X/, The optimal tuning parameter Aopi = b(B0)/a(Bo) + o(1) in (4) is calculated
asa(B) = BT (XTX/n)"'B/o? and b(B) = tr{(XT X/n)~'}. Accordingly, we have

o2tr{(XTx)™ 1)
BT(XTX)~18

where /§ is the ordinary least-squares estimator. The optimal tuning parameter in this
example is a special case of Wand’s (1999) Aamasg,1 whenm = XB, D = I, in his
notation.

APDPI =

Example 2 The model used here is the normal distribution model, {N (i, 02) : u € R,
o2 € R} with a penalty k(u, 02) = u?/(20%). The MPLE for (i1, o) is the maxi-
mizer of

w? o
nn(u, 0% G) +k(u, 02) = —10g(2na )+Z— + Ao
= 202 202
They are given explicitly as /:L)\ = X/(1+A/n)and 8A => (Xq /:LA) /n+A /fci/n.
For the true parameters (i, 00) the expected log-likelihood is 1 (jt, 6 6%, G) = —(a—
Mo)z / (262 — 02 / (26% — log(Znaz) /2. The optimal tuning parameter Aop is calcu-

latedusmga(,u, 0?) = p?/or+u*/2o*) and b(u, 0%) = 14+3u?/o?. Accordingly,

(%)% + p*)(26%)
1+ 342/62

APDPI =

where ({1, 6) is the MLE.
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Example 3 Here we consider a re-parameterized exponential density: f{x; u(0)} =
w(@)e *Ox where 1(0) = ¢, 0 € R and x > 0. The penalty function is k() =
62 /2. For the true parameter 6, the expected log-likelihood is n(é :G)=0—¢ /e,
The optimal tuning parameter Aqp is calculated as a(0) = 6% and b() = 1 + 6.
Accordingly,

A

APDPI =

)

02
where 6 is the MLE.

3.2 A numerical differentiation approach in estimation of b(-)

It is often cumbersome to implement (5) since estimation of b(6p) in (4) requires
third-order tensor computation. Here we propose a method to avoid the difficulties
by using a numerical differentiation as used in DiCiccio and Efron (1992, 1996) and
DiCiccio and Monti (2001). The motivation comes from the facts that

3 n(0) d 9°n{6 +€q(8))
T _ i . — _ .
q(0) dw)—Zq,w)—agiaejagkvjk(o)— > G 0,70 _ Vi®
i,j.k j.k €
d
=-— w6 +eaonve]| . (7
€ e=0
and, similarly,
29(6) e®) = Jf'"% jk{0 +€q(60))
j,k e=0
d
= V@) 110 +eq0) ] ®)
€ e=0

The right-hand sides in both (7) and (8) enable us to use a numerical differentiation
approach, in which we use suitable consistent estimators i (-) and J () of I(-) and
J (+), respectively. Lastly, we substitute a consistent estimator 6 of 0 into @ in both (7)
and (8). The method is advantageous to avoid the difficulties caused by the third-order
tensor quantities in b(-). See also Sect. 7 for practical implementations.

4 Tuning parameters selected using the GIC and CV

The previous section presented a description of a direct plug-in method for tuning
parameter selection. Although the method is useful, it sometimes requires complicated
analytic calculations. In such cases, it is valuable to implement some existing methods,
e.g., a generalized information criterion (GIC; Konishi and Kitagawa 1996) applied
to MPLE, BIC-type criteria, cross-validation (CV; Stone 1974), and others. In tuning
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parameter selection for the MPLE, it remains a noticeable problem that seems not
to have been investigated: ‘How well does the selection method perform using these
selection criteria?” This section analyzes the properties of A selected with GIC and
CV through the result (4).

First, we consider the GIC. According to the fact that the MPLE is an M-estimator
(Konishi and Kitagawa 1996), the GIC applied to the selection of A is given as

GICG) = =2 log f (Xai ) + 2 [(Ru@:)) ™ 0200 .

a=1
where
. 1 = 0%{log f(Xa: 0) — 2k(60))
R’ ) = _EQZ:; 300607 ’
s 1 oflog f (Xe: 0) — 2k(0)) 8 log f(Xa: 0)
.0 = E; 30 907

Define ):GIC = argmin, GIC(A).

Theorem 2 Suppose that the assumptions provided in Appendix hold. Then AGic isa
consistent estimator of Aopt.

Second, we consider the CV, which uses the leave-one-out method:

CV() = — D log f(Xa: 6 ).

a=1

In that equation, é)(:“) is the MPLE with the observations (X1, ..., Xqg—1, Xg+41s -
X;,). Define icv = argmin, CV(}).

Theorem 3 Suppose that the assumptions provided in Appendix hold. Then Acvisa
consistent estimator of Aopt.

Comparing Theorems2 and 3 implies an asymptotic equivalency between AGic
and Acvy.

5 Behaviors of mean Kullback-Leibler information with )tDpI, XGIC and XCV

The goal of selecting the tuning parameter is not to estimate the optimal tuning
parameter, but to improve the performance of estimation. Therefore, it is more impor-
tant to analyze the behavior of mean Kullback-Leibler information. Here we study the
behaviors with the direct plug-in tuning parameter and the tuning parameters selected
by the GIC and CV.
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Theorem 4 Assume that the assumptions provided in Appendix hold. Then the expec-
ted log-likelihoods with ADPI, AGIC and )LCV are given as

14
n@;,,) =n@) - °§‘ > gic ki +op (™),
i,j
n(éiclc) =( )»DPI) +op(n 3/2) and
n@; ) =nl; )+o,n?),

Acv ADPI

respectively, where c and kij are defined in the Appendix.

It is noteworthy that )ALDPI, )ALGIC and icv possess equivalent performance asymptoti-
cally.

6 Numerical results

In this section, we provide some numerical results for Examples 1-3 in Sect.3. We
compare the proposed method, the direct plug-in tuning parameter, with the tuning
parameters selected by the GIC and CV. The settings for simulations are as follows:

Example I (continued). Artificial data are from the model with a true parameter
Bo=(-3/4,1,1)T and 0> = 1, in which we employ the fixed design that the 1 cova-
riates are spaced equally on [—1, 1]. In selecting A with GIC and CV, the candidates
of A’s are (0,0.1,0.2,0.3,...,99.9, 100).

Example 2 (continued). The artificial data are from the model with a true parameter
(10, 03) = (2,22). In selecting A with GIC and CV, the candidates of A’s are (0, 0.1,
0.2,0.3,...,19.9, 20).

Example 3 (continued). The artificial data are from the model with a true parameter
6o = 2. In selecting A with GIC and CV, the candidates of A’s are (—1, —0.99, —0.98,
—-0.97, ..., 2.99,3).

We repeat the numerical experiments 1,000 times for two cases: n = 20 and n = 50.
Table I shows the summaries of the tuning parameters selected by each method in 1,000
simulations. Figures 1, 2, and 3 show the boxplots for estimators APDPI, AGIC, and ACV,
together with the dotted horizontal line, which indicates the optimal tuning parameter
Aopt given by Eq. (4), where only Fig. 1 displays the results for log(A + 0.1) because
of the large variability relative to Examples 2 and 3. The simulation results illustrate
that AGIC, ACV and Aprl converge to Aqp as n increases. Notably, there are large
difference between the mean value of DPI and those of GIC and CV in Example 1
when n = 20. This observation was caused by some cases that the criteria diverged
as the tuning parameter gets larger. This might mean that the sample size n = 20 is
somewhat fewer than the sample size enough to get stable selections with GIC and
CV in Example 1. Apparently, the proposed method APDPI performs better than the
other methods because of the smaller mean squared errors (Table1) and the minor
variations (Figs. 1, 2, 3). In all simulation results, AGIC is more stable than ACV
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Example 1, n =20 Example 1, n =50
o 8 o - o
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PDPI GIC cv PDPI GIC cv

Fig.1 Example 1. Boxplots for three estimates of Aopts forn = 20 and n = 50, in 1,000 simulations, where
log(A + 0.1) are displayed. The dotted horizontal line indicates log(Aopt + 0.1)

Example 2, n = 20 Example 2, n = 50
< - o o © o
o]
o o]
w0 _J ® o
°
° °
o o © — 8
ol 3 é
- o o
° é ;

T ——

PDPI GIC Ccv PDPI GIC Ccv

Fig. 2 Example2. Boxplots for three estimates of Aopts for n = 20 and n = 50, in 1,000 simulations. The
dotted horizontal line indicates Aopt
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Table 1 Summaries of numerical experiments in Examples 1-3

Example n Aopt b/a PDPI MSE GIC MSE CvV MSE

Mean mean mean

1 20 0.9 0.77 1.45 4.63 3.56  218.21 5.85 381.84
50 0.8 0.78 1.11 1.69 1.09 1.60 1.33 2.28

2 20 2.7 2.67 2.72 1.25 2.41 2.46 3.05 4.49
50 2.5 2.67 2.70 0.39 2.54 0.72 2.84 1.20

3 20 0.76 0.75 0.76 0.01 0.64 0.09 0.75 0.13
50 0.75 0.75 0.75 0.01 0.70 0.04 0.76 0.06

In the 1,000 simulations, for n = 20 and n = 50, Aopts b/a in (4) and the mean and MSE with respect to
Aopt, for iPDPI, XGIC and }A»CV, are shown

Example 3, n = 20 Example 3, n = 50

o 0 | o
8 oi
0 o
0
e [e]
o e
o
" —
=) o o) o °© °
7 8 0
§ o
8
o)
o
o | 2 g 2 g ;
o | E ! 3 o | E 1 1
0 1 ‘
o R | © —t T ;
l l o l !
I I I I I I
PDPI GIC Ccv PDPI GIC Ccv

Fig. 3 Example 3. Boxplots for three estimates of Aopt, for n =20 and n = 50, in 1,000 simulations. The
dotted horizontal line indicates Aopt

7 Tuning parameter selections in penalized spline regressions

This section demonstrates the direct plug-in tuning parameters in more practical cases
of smoothing problems, “penalized spline generalized linear model regressions”. See
Wand (1999) for a penalized spline least-squares regression. The degree p penalized
spline uses a transformation of the univariate covariate x into a (p+ K +1)-dimensional
vectorp(x) = {1, x,x2, ..., xP, (x—k), (x—k2)?, ..., (x—kg)}}, where () =
max{0, y}, and «;’s are called the knots. Suppose that we have n pairs of observations
(Yy, Xq)a=1,...n and define X be an n x (p + K + 1) design matrix whose a'th row is
¢(xy). Now we consider a penalized spline generalized linear model regression. The
method models the conditional distribution of ¥ given x by f{y; u(x)}, where f is a
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Fig. 4 Example4. One random sample example (n = 100) of the penalized spline with A using PDPI
(bold), GIC (dashed) and CV (long dashed) together with the true curve p(x) (dotted)

member of an exponential family,

yE(u) — u{é(n)}

f(y;u)=f(y;u,¢)=e><p[ 7

+v(y, 1//)],

where £(i) = u’~! () represents the natural parameter, u(-) is the cumulant function,
v is the normalizing factor, v is an unknown scale parameter and u(x) = E(Y|X =
x) is the conditional expectation of ¥ given x. The expectation function w(x) is
approximated by a transformed linear combination #{¢(x)} by a link function A(-),
where B is a (p + K + 1)-dimensional coefficients vector. We take £~! as a link
function & (canonical link) hereafter. The MLE for § often results in an over-smoothed
estimation. A penalized method then works successively. To estimate 8, we maximize
the following penalized log-likelihood criterion about S,

“ A
D log f1Ye1 &' ¥ (xe)B)] — 58" DB. ©)

a=1

where D = diag(0,1, 1) isa (p+ K +1)-diagonal matrix representing a roughness
penalty, in which 0y and 1; denote k-dimensional vectors of, respectively, zeros and
ones. Denoting the above MPLE by ﬁk with a tuning parameter A, we obtain an
estimate of pu(x) by i, (x) = f’l{db(x)Bx}. One can see that the first term of (9) is
the criterion in the familiar generalized linear model regression with design matrix X
and a coefficient vector 3.

In what follows, we apply our DPI method. Notably, the estimation of b(fp)
in the DPI method requires a complicated third-order tensor computation. Thus,
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we use a numerical differentiation approach presented in Sect.3.2. From the fact
that there appears no y in the expression of 8 log f[y; &~ {¥ (x)B}1/3B; B = —
W OB OV 0/, we can find that 9%A(-)/3B: ... 9B = °n()/
9p;, ... 0p;, fork > 2, where “hat” means that the empirical distribution is substituted,
and that e(ﬂo) is zero. Consequently, we apply the numerical differentiation to com-
pute ¢(B )Td (ﬂ ), where ﬂ is the MLE. In addition we use the parametric assumption,
then I = J. Then (7) becomes

d
§B)dB) = — [ 1B +eq BB (10)

e=0

In this setting, J (/§ y=XxT WX /n where Wisa diagonal matrix whose (¢, ov)-element

is u” (Y (xa) B/,
aB) =BT DXTWX/n)"' DB,

and

A ~ d A A A
b(B) = (DX Wx/m™) = —u[ 1B +eq BB ]

e=0

Using these quantities, ApDPI = b(ﬁ) /a (ﬁ). We examine the following simulations
or Apppr, where we employ the Fisher scoring algorithm to compute the MPLE
(e.g., Green and Silverman 1994; Konishi etal. 2004). We employ “grad” function
of “numDeriv” package (Gilbert 2006) in the statistical software R to carry out
the numerical differentiation. Throughout our simulations, we use n equally spa-
ced design points in [—5, 5], i.e, xy = =5+ 10(¢ — 1)/(n — 1), ¢ = 1,...,n1,
eight fixed knots x; = —5+10//9, (j = 1,...,8) and the degree p = 2. In
addition, we compare the selections using GIC and CV, in which the candidates of A
are (0,1,4,9,16, ..., 502)/100. We took the simulations 500 times for two cases of
n = 50 and 100. We also set Xprl be zero if iprl takes negative value.

Example 4 (Penalized spline Bernoulli regression) We consider a Bernoulli regression
model: f(y; ) = (1 — p)*, u(§) = log(l + %), ¥ = 1 and v(y, ¥) = 0. We
take the data from the model f{yy; ;t(xq)} with pw(x) = 1/[1 + exp{sin(1.5x)}].
Figure4 illustrates one random sample example (n = 100) of the penalized spline
with A using PDPI (bold), GIC (dashed) and CV (long dashed) together with the true
curve (x) (dotted). One can imagine how the penalized spline method with tuning
parameter estimators behaves. Figure 5 shows the boxplot of the estimated A’s by each
method, where log(k + 0.1) is shown. F1gure6 dlsplays values of the true expected
log-likelihoods ’7(/3;) for each estimate ﬂx where 2 represents the selected A. The
average expected log-likelihoods are —22.1, —21.5 and —24.9 for PDPI, GIC and CV
when n = 50, and —44.1, —44.2 and —47.6 for PDPI, GIC and CV when n = 100.

Example 5 (Penalized spline Poisson regression) We consider a Poisson regression
model: f(y:p) = e “u?/yl, u) = €5, ¢ = 1and v(y, %) = —log(y!). We
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Fig. 7 Example5. One random sample (n = 100) example of the penalized spline with A using PDPI
(bold), GIC (dashed) and CV (long dashed) together with the true curve p(x) (dotted)

take the data from the model f{y,; 1 (xy)} with u(x) = exp{x exp(—x2/2) + log 3}.
Figure 7 illustrates one random sample example (n = 100) of the penalized spline
with A using PDPI (bold), GIC (dashed) and CV (long dashed) together with the
true curve w(x) (dotted). Figure 8 shows the boxplot of the estimated A’s by each
method, where log(k + 0.1) is shown. F1gure9 dlsplays values of the true expected
log-likelihoods n ([3 5 ) for each estimate /3 5> where A represents the selected A (in which,
model independent constant is removed). The average expected log-likelihoods are
33.7,33.7 and 32.1 for PDPI, GIC and CV when n = 50, and 62.6, 62.7 and 61.7 for
PDPI, GIC and CV when n = 100.

Figures 5 and 8 tell that estimated 1’s behave as in the previous Examples 1-3. It is
important to emphasize the expected log-likelihoods for comparison of each method’s
performance, in which large expected log-likelihoods is preferable. Figures6 and 9
state that the PDPI method is useful. Moreover the performance with the PDPI method
is near to that using the GIC.

8 Concluding remarks

In this paper, we propose a direct plug-in method for selecting a tuning parameter in
maximum penalized likelihood methods. The use of our asymptotic result for a tuning
parameter reduces the computational cost in seeking the minimum that the existing
methods require. It also gives a guide for the selections using some existing methods,
even if it is subtle that the regularity conditions for the direct plug-in method hold.
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Example 4, n=50 Example 4, n=100
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Fig. 8 Example 5. Boxplots for three estimates of Aopt, for n = 50 and n = 100, in 500 simulations, where
log(A 4 0.1) are displayed
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Fig. 9 Example5. Boxplots for the resulting expected log-likelihoods with three estimates of Aopt, for
n = 50 and n = 100, in 500 simulations
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Appendix A: Proofs
Assumptions

Here, we provide the following regularity conditions resembling those described in
White (1982). The model f(-; @) is sufficiently smooth. It has the same support as
that of the true distribution function, G (x), for all #. The parameter vectors 6, é, 0,
and 0} lie in the interior for all A. In addition, J (@), the Hessian matrix of —n (@), is
positive definite at 6. Finally, the penalty function k(@) is sufficiently smooth.

Preparations and useful results

The arguments to be described work mainly with the functions S(x1, ..., x;), which
depend on the data X1, X», ... only through the implied arguments x, ..., x;, such
as

/S(xl,...,xj)dG(xr)=0 for 1<r<j. (11)
We assign a superscript (/) to a function S satisfying (11) as U (xp, ..., xj). Then

wenotethatn'E {3 | SV (X,)} = 0,n%E {Z’;’ﬁzl S@ (X, Xﬂ)} =0mhH

and, for ] > 3, n_jE {Zgl ..... aj=1 S(])(qu R onj)} = 0(’1_1), fori.i.d. Samples
X, = (X1,...,X,) from a distribution G (x).
Before proving the theorems, we prepare some notations:

" log f(x; 0) "k (6)
0 1 0) = , - 0) = ,
i (6 0) = =g Vi @)= 500
3" (0) 1 —
Kiy..ip (0) = m, Li..i,(0) = ;;Eilmim (Xa3 0). (12)
Here note that «;;(0) = —J;;(#). For brevity, we omit 6y in A(6y), where A is a

function evaluated at 6; that is, we write A(OQ) as A.
Under the regularity conditions, the MLE @ satisfies that

0 1 1 1 2 —1
0 — 6y = ;c,(l)+mc,(l)+o,,(n ), (13)

where ¢\ = > TW(Xy; 6)) and e = Zg!ﬂzl TP (X, Xg; 0p). The vector
valued functions 7'V (x;0)and T @ (x1, x2; @), which satisfy (11), are called the first
and second compact derivatives, respectively (Konishi and Kitagawa 1996, 2003). The
specification of their exact expressions is given in Appendix.
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Lemma 1 Assume that the conditions given in Appendix hold. Then,

1

A M 1(2) A )
01—0_—— g+ AV + AP ) + 5B 4 op(n 7).

where A = 30| AD(Xy: 00), AY = 30 4 AP (Xa, Xp: 00), and AD (x: )
and A® (x1, x2; 0) are the functions which satisfy (11). In addition, g = q(8o) is defi-
ned in Theorem 1 and B = B(0y) is a quantity that is independent of the observations.

The proof of the above lemma and the specifications of A and A® are given in
Appendix.

Proof of Theorem 1

Taylor expansion around 6y and (13) yields
5 (1 & 1 M . -1
k@) =2 (~cjn+ 5 ) ki 00) + 5 Z —5CnChnkijk 0 +0p (71,
J

(14)

where we use the fact that «;(fp) = 0 fori = 1, ..., p by definition of 6y. Applying
Lemma 1 and (14), we have

1 1 A2 .
n(6,) = n(6) +Z [—— (q +-A + A@) + ;B,-] ki (0)

1 AZ A _2
+5 Z -74i9jkij(0) +0p(n7)

! m LE) ) )
_n(e)——qu[( 5 ) ki + 3 ,ankmk
M) IV 5
Z 3Atn jon lj‘*‘zz‘,ﬁqz‘qjkij—i-op(n ). (15)
i,J
Taking expectation for (15) over X,,, we obtain

. - Al
E(n@)) = Em@) + 5 > | snEx(17 (X, X))

1 < 1 1
—54i 2 Ex (T} 0T 00kije
Jik
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P )\2 B
+;EX{A§”(X)TJ.<”(X)}J,~,~ — 57000 +o(n™%),  (16)

where we adopt —«;;(0) = J;;(0), yi = 2?21 Jijqj and (11). By (29) and (30), the

second term in the right-hand side of (16) reduces to

PR P N
5 20| v 2 Exta0aOO Y TN + EAP 00T 00V | A7)
ij k.l

Moreover, according to (28) and (29),

P
> Ex{A )TV (X}
ij

p p
= Z (Vij Vii+qi Z [Ex{fij(X)ﬂk(X)}ij + Kijk ij])~
i,J

k

Consequently, (17) equals Ab(p)/n>, which proves the assertion.

Proof of Theorem 2

Using the notation (12), the GIC is rewritten as

1 . LA A A A .
ZGIC(?») =—L() + Z{Rx(ax)}fjl [Qij,O(ok) - ;J/iLj(ax) , (18)
L]

where {Iék(())};jl and Q,-j,o(0) are the (i, j) element of the matrices {I@;L(ﬁ’)}_1 and

Qk(0)| =0, respectively. Noting that Li(é) =0G{=1,..., p)and Lemma 1, the first
term of GIC is expanded around € as

—L(6y) = —LO) - 1ij<é,» = 00@jn = B)Li;0) + 0p(n?)
2 Y ’ ’
R A2
=L@ +5a+ 0p(n72), (19)
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where k;;(0) = —J;;(0) is used. On the other hand, it follows from the notation (12)
and the Taylor expansion for R, around A = 0 that

A A A s a A
(R0} = (R0 — = D RO va )[R0} + 0, (n71)
k.l

O WL o ~
= {Ro(0x)}ijl - ZszJ'kJﬂ +op(n7h).
k.l

Therefore, the second term of GIC is

P A . . 2 R
> [{Rowx)},.,-l [Qi,-,o(ou - nl ,-((m]

i,j

P G oA A _
== 2 vad "0 0@ | +o0p(n7h. (20)
k,l

Observing the result of Lemma 1, OAA =0+ Op (n~1), it holds that L; (0}) =0, (n=h
and 0;j.0(0,) = 0ij.00) + 0,(n~"). In addition, by

P
A A A A A A A A A A
(Ro@)};' = (Ro@17;" — > il Ro@)}; {Ro®)},, Liam 0) + 0 (™)
k,l,m

and Q;,0(0:) = 0:j.00) — 237 2q430;;,0(8)/36k + 0,(n~"). Therefore,

P p p

oA A N A o N .
D RoBDY; Qijo @) = Co— =~ > ax | 29" Lium Qijo + 2Mik, ;17
ij i,j.k I,m

+0p(n71)7

where Cy is a constant that is independent of A and M ; = %ZZ:] Lir( Xy 0p)
£;(Xq; 6p). Combining the results described above, (20) equals

P P

| . . ’

Co—~ Z}ﬂk IZ:J”J/mLklinj‘o+2MikJJ”
i,], »1m

P
+ Z vied ® T Q10 t + o, Y.
il
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Substituting (19) and (20) into (18) and observing a > 0,

p
~ 1 . A
kol
Agic = " E Y d "I Qijo
i,j.kl

P P
+ g | DI Lim Qijoo + 2Mir ;7Y ) 4 0,(1). 21)
i,j,k I,m

Thus, we have that
E(hGIc) = hopt + 0(1) and  E(igie) = Aoy + o(1),

which prove the assertion.

Proof of Theorem 3

Lemma 1 implies that

S A A A 1
@7 =0~y = =P g A - AV )
A 1
+- (q + r—lAi,”) +0,(n7%)
A ) -2
=—5lg AV X)} +0p(n7). (22)
Analogously, (13) implies that
0 —0 =0 —0)) — (0 — 60)

1[1

where C is a constant vector independent of A, of order O, (n~?). Combining (22)
and (23),

P A 1[1 -
6,7 b=~ —lg - AV X)) + - [;c,ﬂ” - T“><Xa>] +C2+0,(n72).
(24)

On the other hand, Lemma 1 yields that

. AL 1 o A _
0i(Xa; 05) =€, (Xo: 0) — - Z (Qj + ;Ai,)z) 6ij(Xe:0) +0,(n7 . (25)
J
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Summarizing (24), (25) and (19), the following is obtained.

CV() = = D U(Xa: 6%

a=1
~ n p A A~ A~
=—nL®B)— D> > 65" = 0i3) ti(Xa: 6) + 0, (n™")
= —nL(6,)

—ZZ[——{%—A(D(X )+ — [ o T“>(X)]+C,2}

a=1 i

p

~ A 1 1 A _
X ei<xa;0>—zz(,+ Sy )ei,»(xa;o) +op(n~")
J

= —nL() + Z Z{q, — AV (X))} £i(Xa: 0)

o= l

+ZZ [ W _ ~“)(Xa)]

a=1 i,j

A L m ) -
n q;+;A,~,n lij(Xa: 8) + C3+ 0y ()

= —nL@®) + —a -5 ZZA“(XC,)Z (Xo)

a=1 i

A - -
Y T Xeg 4 (Xa) + €+ oplan),

a=11i,j

where Cs is a constant independent of A. Because a > 0,

1

3 M M
Aoy = E El E A7 (X))l (Xy) + E q;T; (Xa)lij(Xo) ¢ +o0p(1)
o i J
I < (1 () (1
= — E E T (Xo)vij +2qilij(Xo) + qi E T (Xa)kiji t T; 7 (Xa)
na .
a=l1 i,j k
+aidiy T} (Xe) | + 05 (1), 26)

where we use (28). The same argument in the proof of Theorem 2 proves the assertion.
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Proof of Theorem 4
Using the fact that iDPI = Aopt + 0p(1), Eq. (15) where A = iDpl becomes

N )Lopt+0p(1)
) =n(8) B —

M I o (1> (1)
x Zq’ {(_C 12 Cj,n) Kij + _C ch nKle]

3 Z Aopt + Op(l)Aa) W,

i
n3 thn]

(0

ADPI

i,J

12 {hopt + 0 (1)) .
+§Z—n2 qiqjkij +op(n~"). 27)

Using the fact that the quantities which possess super-script of (j) are O (ni’?)
for j =1, 2, we have the first assertion. Similarly, the second and third assertions in
Theorem4 follow from the consistency results in Theorems 2 and 3.

Proof of Lemma 1

Leté = 0} — 0. The Taylor expansion around 0 yields that, fori =1, ..., p,
A A A
0=—L;i(6)) + —Vi(ak)

14 14
~ A ~
=>¢ [ i — 5}11(0)] 5 2 &Lk @) + =y () + 0p(n 7).
J

Jk

where v} (8) = %_ v{ (X1 0) and v} (x18) = £;j(x: 0) + Jyj, where v ()

a=1"Y ij.n
satisfies (11). Furthermore,

P
Z%jfij = Zé‘/ ,1) ) + - ZS;&LW(")
J

A P . _
—= 10 + 2 & 0) t +o0p(n )
J
L LR SIS B PN I DRI T
= ==y @) + > T =y @) + > Evy, 0) v )
1

ik

1< N p R -
+§ jzkéjSkLijk(a)_;;éj)/ij(e)—i—op(n 2)
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= ——V, 0 - = z Ty @) )

- > Jikgim 2 ¥ m @), O @)
J.k,,m

)\2

P
+2 > TRy 0) v B) Liji(9)

Jik,,m

2, R R
- J7* (0 (0 -2
+n2 jEk Vk(0)yij(0) +op(n"7)

S A A A2 22 s
= _’_lli,l - ;Ii,2 —=lLiz+-— o Ii 4+ n—2[i,5 +op(n~7).

In what follows, we shall compute I; 1, ..., I; 5 specifically. By (13),

1 2 1 1 —
zl-Vt‘i‘Z( ()+225,)1)%] 22ZC5r)lc/(<zlyljk+0P(n 1).

Putvl(jllznw):ZZ v f},ﬁ(xa,o) andv ) (x; 0) = £k (x; 0) — K,/k,wherevljkn(O)

satisfies (11). Then /; » equals
ik I 1oy, ~ M @
ZJ yk+z_clnyk[ t]n+z ncln+_ln Lijl
1
Zc(l) (O3 +o (n—l)
2 52 1,nCmntijlm 14
1
—Zﬂk(yk+z—cl(”)yk1)
1 1 1
) (1) 2 (1)
l]n+Z( _2111)( l]ln+Kl]l)
Zc(l) K +o0 (n_l)
2 52 1,n CmnKijlm 14 .
Similarly,

P
Ii,3 = Z J]k.]lm S/E;)nsl(jl)n +0P(7’l_1),

J.k.L,m
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where sV = (D 4 >0 c,(( ;K,jk which satisfies (11), and

ij,n l] n
P ) P )
> Ty ki + 0p (D, Lis =D T i+ op(1).
J.k,,m j.k

The Lemma is obtained by summarizing each term that has a superscript of (1) or (2)
or double (1)’sin /; 1, ; » and [; 3:

)4 P

M
> A JIJ—Z(MV’J““% un+quck”K”k)
j j

and

P
@ @) a (1
D ASndij = Z%n”w +5 ZC/ nCh.nVijk
J
w0 1 1 <1> o)
+Zq1 CrnVijin + Ecl nkijl + Z Cm nKijim
1 l u 1 1
# 3% e+ Skl )+ 3 st
Jj.l.m J.k,1

where ¢; = Z;’ Jyj is used. On the other hand, I; 4 and I; 5 derive that Zf BjJij =
3 20 e diawkije + 25 47

It is straightforward from the above to specify the functions A" (x;#) and
AD(x; 0) satisfying (11): A (x; @) satisfies

P
> A (x:0)7;(0)

p

P
=> { TV (x: )i (0) + i (O)v (x: 0) + :(8) D T (x; 0)K,~,,~k(0>} :
i k
(28)

Here, A® (x; 0) is derived similarly.

Expressions of c,(, and c(z)

Analogous arguments in the proof of Lemma I show that

p

1 1 1 1 1 i j

o) = 2 JILY and ) 2 c<>(2v§k)n+§ c;,g,c]k,)w, (29)
l

j Jik,1
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where L = nL;(0p) = 3"_, €;(X,; 8p) which satisfies (11). The relations (29)
are also obtained from the compact derivatives (Konishi and Kitagawa 1996) for the
M-estimator applied to MLE. By (29), we have

P
Ex{T? (X, X0} = X [20M Ex{ti (Ot 0} + Vi | 17, (30)
J.kil

where Ex (T (X)T;" (X)} = Vi is used.
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