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Abstract The prediction problem for a multivariate normal distribution is consid-
ered where both mean and variance are unknown. When the Kullback—Leibler loss is
used, the Bayesian predictive density based on the right invariant prior, which turns
out to be a density of a multivariate 7-distribution, is the best invariant and minimax
predictive density. In this paper, we introduce an improper shrinkage prior and show
that the Bayesian predictive density against the shrinkage prior improves upon the best
invariant predictive density when the dimension is greater than or equal to three.

Keywords Bayesian prediction - Kullback—Leibler divergence - Multivariate
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1 Introduction

Let X(,) = (X1, ..., X,) be independent random vectors from a d-dimensional mul-
tivariate normal distribution Ny (u, 021;) where © € R? and o > 0 are unknown
parameters, and Y be another independent random vector from the same distribution.
We denote p(x)|u, o) and p(y|u, o) for densities of X,) and Y, respectively. We
assume n > 2.

Based on the observation X,y = x(,), we consider the problem of constructing a
predictive density p(y|x(,)) for Y. The Kullback-Leibler divergence

) pOlw, o)
. o) o)) = ,0)log ———
{1, 0), pClxn) ) /p(ym 7)log PIxm)
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532 K. Kato

is adopted as a loss function, and a predictive density p(y|x(,)) is evaluated by its
expected loss or risk function

R {(M’ 0)7 ﬁ} = /p(-x(n)“/l“’ G)L {(/JL, U)’ ﬁ(|X(n))} d'x(n)’

There are two major methods to obtain predictive densities. One is to construct the
plug-in density p(y|fi, &), where 1 and & are estimates based on x(,). Another is to
construct the Bayesian predictive density defined as

I pOlw, o) p(x@ylp, o) (i, o)dpudo
[ Py, o) (p, 0)dpdo

ﬁn (yIX(n)) =

with a prior 7 (u, o). It follows from Aitchison (1975) that for a proper 7, p, mini-
mizes the Bayes risk.

For prediction problems in general, many studies have recommended the use of
Bayesian predictive densities rather than plug-in densities (Geisser 1993; Komaki
1996). In the present problem, it can be shown from the arguments in Aitchison (1975)
that the plug-in densities p(y|ft, 5), where it = n~! Z;=1 xj and 6 is the square root
of the maximum likelihood estimate or the unbiased estimate of o' based on x ), are
dominated by the Bayesian predictive density pg defined below.

When a Bayesian procedure is used, the choice of a prior is an important problem.
Non-informative priors such as Jeffreys priors are often used to construct Bayesian pre-
dictive densities. The Jeffreys prior coincides with the left invariant prior 7y (1, o) =
1/0%% 1 in the present setting (Robert 2001). However, as shown in Liang and Barron
(2004), the best invariant and minimax predictive density is given by the Bayesian
predictive density pg based on the right invariant prior 7g(u, o) = 1/0. It will be
explicitly verified in the next section that pr dominates p;, which is the Bayesian
predictive density based on ..

Although pr would be considered as a good default procedure, it has not been
addressed whether pp is admissible. From analogous arguments in parameter estima-
tion, it can be conjectured that pg is inadmissible when d > 3.

For a d-dimensional multivariate normal distribution Ny (i, o21;) with unknown
© and known o, Komaki (2001) showed that when d > 3, the Bayesian predictive
density based on the improper shrinkage prior wg(u) = ||l,l,||_(d_2) dominates the
Bayesian predictive density py based on the uniform prior 7y (u) = 1, which is the
best invariant predictive density with respect to the translation group. George et al.
(2006) and Brown et al. (2007) have obtained several conditions for priors which
yield admissible predictive densities dominating py . Their results suggest fundamen-
tal similarities between the prediction problem under the Kullback—Leibler loss and
the problem of estimating a multivariate normal mean under the quadratic loss.

It should be pointed out that when o is unknown, the best invariant predictive den-
sity turns out to be a density of a multivariate ¢-distribution and hence does not belong
to the normal model, which is a difference from the case where o is known. It is thus
a substantially new task to show the dominance over the best invariant predictive den-
sity when o is unknown. Of course, from a practical point of view, it is a worthwhile
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challenge to derive an improved predictive density for a multivariate normal model
where both mean and variance are unknown.
In the present paper, we introduce an improper shrinkage prior of the form

oy (e, mydudn o |l =92 o~ dpdo,

where 7 = o2, which shrinks the mean vector toward the origin compared with 7.
We show that the Bayesian predictive density based on the introduced prior dominates
pr when d > 3. Hence pg is shown to be inadmissible. This prior was originally
considered in Lin and Tsai (1973) for estimation of a multivariate normal mean. It
seems interesting that the shrinkage method still leads to an exactly superior predic-
tive distribution when o is unknown. The method considered here is applicable to the
normal linear model.

The organization of this paper is as follows. In Sect. 2, we first summarize prop-
erties of the predictive densities based on the left and right invariant priors. The main
theorem, Theorem 3, is stated in Sect. 2.2. The proof of this theorem is provided in
Sect. 3. The proof uses a somewhat new technique, namely the star ordering of dis-
tribution functions. In Sect. 3.1, we briefly explain the star ordering and its related
notion, the dispersive ordering, prior to the proof of Theorem 3.

Although only the one-step prediction is discussed in the present paper, our result
holds when we consider to predict m random vectors Y,y = (Y1, ..., Y,), where
Y1, ..., Y, are independently distributed as N, (1, a2ld).

2 Main results
2.1 Prediction with the left and right invariant priors
We first consider the left and right invariant priors, and briefly summarize their prop-

erties. The predictive density based on the right invariant prior mg(u, o) = 1/o is
given by

_nd

A I (nd)2) ( n )‘2‘ P

R n)y) — ’
O R DI (- Dy \n+1 (1+7)s7

where ¥ = n~! Z;le xj and s7 = Z’}zl x; — X||>. Note that pg is a density of a
multivariate ¢-distribution with (n — 1)d degrees of freedom.

In this setting, a predictive density p(y|x(,) is said to be invariant if b pib(y —
a)|b(xpy —a)} = p(y|x@)) for any a € R? and b > 0, where the notation X(n) — a
denotes x; —a, ..., x, — a. The next theorem is given in Liang and Barron (2004).

Theorem 1 (Liang and Barron 2004) For n > 2, the Bayesian predictive density pr
is the best invariant and minimax predictive density under the Kullback—Leibler loss.

The left invariant prior 77 (1, o) = 1/0?*! coincides with the Jeffreys prior. The
predictive density based on 77y, is given by
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d 7()1+21)d
I'{(n+ 1)d/2} ( n ) - Iy — x|
72 (DT (nd/2) \n+1 (1+3) st

pL(ylx) =

which in turn is the density of a multivariate 7-distribution with nd degrees of freedom.
Although Jeffreys priors are widely used in Bayesian prediction, Theorem 1 implies
that py is not as good as pg since py is invariant. In fact, the dominance of pg over
pL is explicitly shown by a direct calculation as follows:
Let s3 = {n/(n + D}|ly — %[|°. Then,

d
0g PROYIX(n)) ~ log B(nd/2,d/2) o s? 2
PL(YXm) B{(n — 1)d/2,d/2} 2452

Since 57/(s? +53) is distributed as Beta{(n — 1)d /2, d/2}, Jensen’s inequality yields
that the risk difference R {(/1,, o), ﬁL} — R {(M, o), ﬁR} = E,o{log(pr/pL)} is
positive.

We summarize this fact as a corollary.

Corollary 1 py is dominated by pg under the Kullback—Leibler loss.

2.2 Improved prediction

We introduce an improper shrinkage prior w77 (1, ) defined as

-2
wl(m, &) ~ Ng O’Tn Ig ).

MmA~n22"2 1>00<ir<l,

where n = o2. Note that 777 (i, n)dudn o ||nl|~“~2o~'dudo. This prior was
originally considered in Lin and Tsai (1973) for estimation of a multivariate normal
mean.

Theorem 2 The Bayesian predictive density based on wyr(d > 3) is given by

R Ir'{n+1)d/2 -1} n
pLr (Y|xmy) = ( )

73 ()2 (nd/2—1) \n+1
_ _ (n+Dd
L, noly—i2 G+D)sERR T
/ﬁ‘ 1+ 3 + 5 t dr
0 n+1 s th
’ ! e |7
d nix
/t22[1+ 5 t] dr
0 S
(D
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Proof We write p(x@)|i, n) and p(y|u, n) in place of p(x(u)lu, o) and p(y|u, o),
respectively. The Bayesian predictive density based on 7 7 is given by

[ PGl ) p(xay i, M7Lr (1, n)dpdn

PLr(Ylxm)) =
" I PGyl mmrr (e, mdudn

2

and we calculate the denominator and the numerator of (2).
First, the denominator of (2) is

// pPxuylp, Mmrr (e, n)dpdn

1 ihd o d —d = I(sPnlE—pl?+ 25 wl?
B 2 )4<rl+1)d ///77 TR0 - e 2<A' SRR )d)»dﬂdﬂ~
2

Qr
3)
Making the transformation A/(1 — A) = nt/(1 — t) with dA = ndt/{1 + (n — D)2
and using the relation
_ t 1 - -
1% =l 4 T el = Tl = (1= 0F > + 1171,

we can rewrite the right-hand side of (3) as

=242 =4 = F (T nlEIR)
()1+1)d ( t) ¢
Rd

X e 2(11 7 lln—=(1— N[ dudndt

_ / / 024426~ 35T +nlEP0) g, g
n(27r)2

I'(nd/2 -1 _ o
- /nd D ﬂiz(slz+n||x||2t) 2 +ldr. )
2nmw 2 0

Next, note that

L2
N\ 25 —%|s%+#1|\y—2||2+<n+1>Hu—”,;‘L’ H ]
pOI, mpxmlp, n) = (E) e .

Then, the numerator of (2) is similarly calculated as follows:

r'{(n+d/2 — 1)}

(n+l)d

2n + Dm

// PO, mp oy, mmpr (w, n)dudn =

(n+1)d

2 - +1
t} dr. (5)
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Combining (4) and (5) gives the expression (1). O

Now, we state our main theorem of this paper. The proof of the theorem is given in
the next section.

Theorem 3 Forn > 2 and d > 3, the inequality
R{(w.0), pr} — R{(1,0), prr} >0

holds forall u € R? and o > 0, i.e., pg is dominated by py 1 and hence inadmissible.

2.3 Simulation studies

It is of interest to investigate the behaviors of the risk differences between prr and pg
for several values of d and n. The risk differences R {(u. o), pr} — R {(1, 0)., prr}
ford =3,5,7and n = 5, 10 are given in Fig. la and b.

It can be verified from these figures that the risk gain of py 7 is larger when d is big
or n is small. The proposed predictive density prr is thus especially recommended in
these situations.

3 Proof of Theorem 3
3.1 Star and dispersive orderings

In this subsection, we introduce some notions of stochastic orderings, known as star
ordering and dispersive ordering, which will be used to prove our main result. For a
distribution function F on R, F~! denotes its left continuous inverse function.

Definition 1 Let F' and G be distribution functions on R. Then,

e F is star-ordered with respect to G (written as F <, G) if G_l(p)/F_l(p) is
nondecreasing in p € (0, 1),

e Fislessdispersedthan G (writtenas F' <gisp G) if FY(B)—F (o) <G 1(B)—
G Na)forall0 <a < B < 1.

When U and V are random variables with distribution functions F and G respec-
tively, we also write U <, V if F <, G, and U =<gisp V if F =<qisp G. The next
lemma states a correspondence between the star ordering and dispersive ordering for
positive random variables.

Lemma 1 Suppose U and V are random variables positive in probability 1. If their
distribution functions are continuous with their supports being intervals, then,

U=,V & —loglU <gisp —log V. (6)

Proof Define W = —logU. Let Fy and Fy be the distribution functions of U
and W, respectively. Then since Fy(w) = P(—logU < w) = P(U > e™") =
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n=5

(a)

0.4

o o o
[Tl
N oW

0.3

differences
0.2

0.1

0.0
|

noncentrality parameter

(b) n=10

0.3
I

o o o
[Tl
N oW

differences
0.2
1

0.1

noncentrality parameter

Fig. 1 Risk differences R {(},L, o), ﬁR} — R {(;,L, o), f’LT} ford =3,5,7 and n = 5, 10. ‘noncentrality
parameter’ denotes || ;LII2 / o2

1 — Fy(e™™), we have Fy,'(p) = —log F;;' (1 — p) for p € (0, 1). Also, define
Z = —logV and let Fy nd Fz be the distribution functions of V and Z, respectively.
Again, it follows Fz_l(p) = —log F;l(p) for p € (0, 1).
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Now, by the definition of the dispersive ordering, W <g;isp Z is equivalent to

—logFljl(l —,3)+logFl;](1—oe)
<—logFy'(1—p)+log Fy' (1 —a) for0 <a < B <1,

which is equivalent to

Fla=p _  Fyld-a

for 0 < L. 7
OgFlj](l—ﬁ)_ gFljl(l—a) or0<a << @)

Since the condition (7) means that Fy, ! (p)/ Fyy ! (p) is nondecreasing in p € (0, 1),
we obtain the equivalence (6). O

For every function f with domain / C R and for every ¢ € R, we define the
function f. by fc(u) = f(u —c),u € {v+c; v € I}. The number of sign changes of
f in [ is defined by

ST(H)=sup S {fup), ..., flum)} ®)

where S (ay, ..., an) is the number of sign changes of the indicated sequence, zero
terms being discarded, and the supremum in (8) is extended over all setsu; < - -+ < uy,
such thatu; € I and m < oo.

The next theorem given in Shaked (1982) provides a useful tool for proving the
dispersive ordering between two distribution functions.

Theorem 4 (Shaked 1982) Let F and G be two absolutely continuous distribution
functions with support [0, 00) and let f and g be the corresponding densities. If

S (fe—8) =2 ©)

for every ¢ > 0, with the sign sequence being —, +, — in case of equality, and if
F) > G(u) forallu > 0, then F <g;5p G.

The next lemma, which will be used in the proof of Theorem 3, is a slight extension
of Lemma 1 of Jeon et al. (2006).

Lemma 2 Let U ~ Beta(w, y1) and V ~ Beta(w, y2) witha > 0and 1 < y1 < y».
Then, U <, V.

Proof From Lemma 1, we need to show that
—logU <gisp —log V. (10)

The densities of —log U and —log V are
fu) = ;e_‘“‘(l —e ) g(v) = ;e_"“’(l —e !
B(a, y1) ’ B(a, y2) ’

foru > 0 and v > 0, respectively.
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First, since

& x (1 —e yrn

is nondecreasing in u > 0, F(#) > G(u) holds for all u > 0.
Let ¢ > 0. For u > c, the sign of f.(u) — g(u) is the same as the sign of

log fe(u) —logg(u) = A +ac+ (y1 — Dlog(l —e‘e™) — (y2 — 1) log(1 —e™),
where A = log{B(«, y2)/B(c, y1)}. Define
h(w) = A+ ac+ (y1 — Dlog(l —e‘w) — (2 — 1) log(1 — w)

for 0 < w < e~ ¢ and differentiate / to obtain

eC

1
h(w)y=—@1 -1 =Dy

1 —ew
It is seen that the equation 2’(w) = 0 has at most one root in 0 < w < e~ ¢ and

h(w) — —oo as w — e ¢ since y; > 1. Then it is seen that the conditions of
Theorem 4 are satisfied. Therefore the ordering (10) is established. O

3.2 Proof of Theorem 3

We here provide the proof of Theorem 3. For notational convenience, we write X, as
x and X,+1 as (nx + y)/(n + 1). Then,

PLT (VX))
PROYIX(n))

d n-+1 d s%
=(=-1)1 —(==1)10gf1+2
(5= 1) ee() - (5= 1)1 +5)
_ 7(n+l)d+1
(n+1>||xn+1||2t} 2

1 1,
+ o /ﬂ_z 1+
EBW/R—1,nd)2) ) { 2+ 52

| 1 R s
~ log /t%—2 p g dr. (1)
B{d/2—1,(n—1)d/2} Jo 57

dr

(n+D) | Znp1 I
s12+s%

Applying the change of variables s =
right-hand side of (11), we obtain

t to the second integral in the
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1 5 7(n+21)d+1
NT:
/ -2 fy 4 O DIl i
0 Sy + 85

K. Kato

o D2 | 7Y

n X d (n+1)d

- AL T2 52 4 s, (12)
57+ 85 0

Making the transformation s = u/(1 — u) withds = (1 — u)2du to the integral in
the right-hand side of (12), we have

(4|41

sy+s3 (nt

$572(1 4 5)” " H g

0
(n+D) | Znpr I

n+1)|x 2452452 d_ nd _
Z/( Wi P+sisd | 429 _ g 4—1q,
0

Again, applying the changes of variables to the third integral in the right-hand side of
(11) in the similar way, we finally obtain the expression

HLT (VX)) d - -
log L2000 (— - 1) {log (1% 1) ~Tog (%411}
PRYIX(m)  \2

(4D | %p1 11

+ 1og;/mﬂwmnus%ﬂg 42 pg,
B(d/2—1,nd/2) Jo
1 n_H)EIleZ .
— log n|[xpl1>+s7 t%_2(1—t) (n_ZW_ldt.

Now, define

! - u_
Fo(u) = 2721 -2 “lar,
B(d/2—1,nd/2) Jy

and F,_1 in the same manner. Then, the risk difference is expressed as
R{(n.0). pr} — R{(1.0). pr1}
= E;/,,J {log(ﬁLT/ﬁR)}

_ (g _ 1) [Euo [lo1%01D)] = B {loa1 K11}

2
X 2/.2
N E[loan( i d, ()|l /o i )]
X3 Dlul/o? T Xnd

X2 2752
_ E [log Fn—l( . d.nlplz/o . )} ’
Xdnul2/o2 T Xn—1)d
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where Xlzs is a random variable having the noncentral x2-distribution with [ de-

grees of freedom and noncentrality parameter &, Xr%z is a random variable having
the y 2-distribution with m degrees of freedom independent of Xzz,g-
From Lemma 1 of Komaki (2001), it follows that

Euo {k’g(”}_(n”z)] —E s {10g(||)_(,,+1||2)] >0

forall © € R? and o > 0. Hence it is enough to show

X2 2/.2
E[IOan( NN AN )]
X3 D)lnl2/o? T Xnd

2
X 252
—F [log anl ( 5 d,n|p| /02 )} > 0. (13)
Xa /o> T Xn—1)d

Since F;,(u) is a nondecreasing function, it is seen that

X3 x2
E{IOgF ( d,(n+ D)2 /02 )} - E[logF ( dnlpl?/o? )}
n 2 2 — n 2 2 ’
X3 Dlul/o? T Xnd Xa /o2 T Xnd

which implies the inequality (13) holds if
2
X 2 /52
E [log Fn( . d.nl|ul*/o . )]
Xa /o2 T Xnd
X2 2752
d,
—E [log Fn—l( 5 n||M|\+/U . )] > 0.
Xanlpw2/o> T Xn—1)d

Since this difference can be written as

]

T/ +j— 1 nd_q
Ze |:B(d/2+] nd/Z)/ {log F,, (u)}u2 —u)2 'du
j=0

1
S B{d/2+ j,(n— 1)d/2)

1 _
/ {log Fy_1 ()} =11 — )" Zl)d_ld”]
0

where © = n||u||>/202, it suffices to show that

1

B(d/2+ j,nd/2)
1

CB{d/2+ j, (n — Dd/2}

1
/ {log F(w)}us =1 (1 — u)® ~du
0

1 d . (
/ {log oy ()} u$ 7101 — u
0
(14)

for each j.
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Making the transformation p = F;,(u) with

d
4y ndy

du = B(d/2 — 1,nd/2) {Fn_l(p)}_ ? {1 - Fn_l(p)}_ dp,

we rewrite the first term of the left-hand side of (14) as

B(d/2 — 1,nd/2)
B(d/2 + j.nd/2)

! . j+1
| e {£t o) ap.
Similarly, we can see that the second term of the left side of (14) is expressed as

B{d/2 —1,(n — 1)d/2}
B{d/2+ j, (n— 1)d/2}

1 j+1
[ toen {Fm} " e
0

B(d/2—1,nd/2) -1 Jj+1 B{d/2—1,(n—1)d/2} —1 j+l
Note that both W/,::d/Z) {Fn (p)} and W(Z—l)d/Z} {anl(p)} are

probability density functions on (0, 1). From Lemma 2, Fn_l( p)/ F,,_,]l (p) is nonde-
creasing in p € (0, 1). Since p +— log p is nondecreasing, we obtain the desired
inequality. Therefore, the proof of Theorem 3 is completed. O
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