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Abstract The main objective of this work is the nonparametric estimation of the
regression function with correlated errors when observations are missing in the
response variable. Two nonparametric estimators of the regression function are pro-
posed. The asymptotic properties of these estimators are studied; expresions for the
bias and the variance are obtained and the joint asymptotic normality is established.
A simulation study is also included.

Keywords Local polynomial regression - Missing response and correlated errors

1 Introduction

The local polynomial fitting is a attractive technique used for estimating the regres-
sion function. Many authors have studied the asymptotic properties of the local poly-
nomial fitting in a context of dependence (Masry 1996a,b; Masry and Fan 1997;
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86 A. Pérez-Gonzilez et al.

Hérdle and Tsybakov 1997; Hérdle et al. 1998; Vilar and Vilar 1998, etc.). A broad
study of the local polynomial modelling can be found in Fan and Gijbels (1996).

Most of the statistical methods are designed for complete data sets and problems
arise when missing observations are present, which is a common situation in biomedi-
cal, environmental or socioeconomic studies, for example. Classic examples are found
in the field of social sciences with the problem of non-response in sample surveys, in
Physics, in Genetics (Meng 2000), etc.

In the regression context, a common method is to impute the incomplete observa-
tions and then proceed to carry out the estimation of the conditional or unconditional
mean of the response variable with the completed sample. The methods considered
include linear regression (Yates 1933), kernel smoothing (Cheng 1994; Chu and Cheng
1995; Gonzalez-Manteiga and Pérez-Gonzdlez 2004), nearest neighbor imputation
(Chen and Shao 2000), semiparametric estimation (Wang et al. 2004), nonparametric
multiple imputation (Aerts et al. 2002), empirical likelihood over the imputed values
(Wang and Rao 2002), etc.

For dependent data, the problem of missing observations has been studied using
various techniques like the likelihood estimation (Pefia and Tiao 1991; Jones 1980),
least squares (Beveridge 1992; Chow and Lin 1976; etc.) and kernel estimation
(Robinson 1984), among others.

The objective of this paper is to introduce a nonparametric estimator of the regres-
sion function with correlated errors when observations are missing in the response
variable. The observations can be missed for various reasons, for example in a time
series: the fault of an equipment of measurement, the inability of to observe the series
at some instants, for example on holidays or due to a tempest, etc.

In this paper, we propose two nonparametric estimators when we have missing
observations in the response variable based on the local polynomial estimator for
complete data studied by Francisco-Fernandez and Vilar-Fernandez (2001) for fixed
design and correlated errors.

The first one is the simplified local polynomial smoother (SLPS), which only uses
complete observations. The second one is based on the techniques of simple imputation
already used by Chu and Cheng (1995) or Gonzalez-Manteiga and Pérez-Gonzilez
(2004). This estimator, that we will refer to as imputed local polynomial smoother
(ILPS), consists in using SLPS to estimate the missing observations of the response
variable Y'; then, the local polynomial estimator for complete data is applied to the
completed sample.

Let us consider the fixed regression model where the functional relationship
between the design points, x; ,, and the responses, Y; ,, can be expressed as

Yin=m(x ) &0, 15t =<n,

where m (-) is aregression function defined in [0, 1], without any loss of generality, and
€t.n» 1 <t < n, are unobserved random variables with zero mean and finite variance,
0"52- We assume, for each n, that {81 s E2ns e s sn‘,,} have the same joint distribution
as {eq, €2, ..., €,}, where {¢;, t € Z} is a strictly stationary stochastic process. In this
way, it is assumed that the errors of the model can be in general dependent.
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Asymptotic properties of local polynomial regression 87

The design points x; ,, 1 <t < n, follow a regular design generated by a density
f. So, for each n, the design points are defined by

Xt.n l—l
f)dx)=——, 1=<t=<n,

n—1

where f is a positive function, defined in [0, 1] and its first derivative is continuous.

For simplicity, we are going to avoid the subindex n in the sample data and in the
errors notation, that is, we are going to use x;, Y; and &;.

The response variable Y can have missing data. To check whether an observation
is complete ((x;, Y;) € R?) or not ((x;, 7)), a new variable § is introduced into the
model as an indicator of the missing observations. Thus, §, = 1 if Y; is observed, and
zero if Y; is missing forr =1, ..., n.

Following the patterns in the literature (see Little and Rubin (1987), etc), we need
to establish whether the loss of an item of data is independent or not of the value of
the observed data and/or the missing data. In this paper we suppose that the data are
missing at random (MAR), i.e.:

P& =1/Y1,x) = P& = 1/x1) = p(xr), ey

p being a positive function, defined on [0, 1] and its first derivative is continuous. We
suppose that the variables §, are independent.

In the next section we present the regression model with missing data, as well as the
nonparametric estimators used. The mean squared error and the asymptotic distribu-
tion of the estimators are shown in Sect. 3. In Sect. 4, a simulation study is presented.
The conclusions are shown in Sect. 5. And, finally Sect. 6 contains the proofs of the
asymptotic results.

2 The regression model and the nonparametric estimators

Our goal is to estimate the unknown regression function m(x) and its derivatives us-
ing weighted local polynomial fitting. We assume that the (p + 1)th derivative of the
regression function at point x exist and are continuous. As indicated previously, two
nonparametric estimators are studied, the first (Simplified estimator) arises from using
only complete observations and is a generalization of the local polynomial estimator.
If we assume that the (p + 1)th derivatives of the regression function at point x exist

and are continuous, the parameter vector B(x) = (Bo(x), Bi1(x), ..., Bp(x))T, where
Bj(x) = mY(x)/(j!), with j = 0,1,..., p, can be estimated by minimizing the
function

W(B(x) = (Yu —XaB0))" W, (Y, — X, B(x)),
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88 A. Pérez-Gonzilez et al.

where
Y L —x) - (xp —x)P
=[] X=[: |
Y 1 (xp —x) -+ (xp —x)F
W = diag (n_lKhn (X1 — ) 814 s 1 Ky, (p — ) 5,,)
with Ky, (u) = h, 'K (h,'u), K being a kernel function and /,, the bandwidth or
smoothing parameter that controls the size of the local neighborhood and so the de-

gree of smoothing.
Assuming the invertibility of X!, WX,,, the estimator is

~ -1 _
Bs,(x) = (XIW)X,) XIW2Y, =S, 'T,, 2)

where S, is the array (p + 1) x (p + 1) whose (i, j)th element is s; j , = Si+j—2.x
with

1 n
Skn = — E (v — ) Kp, (v —x) 8, 0<k<2p
n

t=1

and Ty, = (fo.n, f1ns -+ Ipn) » being
1 - :
tin=— > (= x) Kp, (xx =) ¥i8;, 0<i<p. 3)
n t=1

A second estimator (imputed estimator) is computed in two steps. In the first step,
the Simplified estimator with degree g, kernel L and smoothing parameter g,, is used

N n
to estimate the missing observations. In this way, the sample {(x,, Y,)} is com-

pleted, where ?t =6Y,+(1—=56) fr?g,gn (x7), withig 4, (x) = et1 ﬁs,n(x) and e; is the
(p + 1) x 1 dimensional vector with 1 at the jth coordinate and zero at the rest. Now,

A n
the simplified estimation is applied to the data {(xt, Yt)} | with degree p(p > q),
=

kernel K and smoothing parameter /,. The expression of this estimator is
A -1 S _
Br.)=(X;W,.X,) XIW, Y, =U,'V,, )

where Y = (?1, - ?,,)T , W, = diag (n_lKhn x1—x), .., n_lKhn (x, — x)).

3 Asymptotic properties

In this section asymptotic expressions for the bias and variance/covariance array and
the asymptotic normality of the estimate defined in (2) and (4) are obtained. The
following assumptions will be needed in our analysis:
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Asymptotic properties of local polynomial regression 89

A.1. Kernel functions K and L are symmetric, with bounded support, and Lipschitz
continuous.

A.2. The sequence of smoothing parameters, {/,}, with [, satisfies that [, > 0,
I, | 0,nl, 1 oo, where l, = h, or g,.

A.3. Denote Cov (€;, €;4x) = a2 v (k), k=0,1,2...then > 32, k [v(k)| < oc.

3.1 Asymptotic properties of the simplified estimator

The following notations will be used. Let g, j = [u/ K (u) duand vk ;j = [u/ K*(u)
du and let us denote g = (UK, p+is-- - MK,sz)T and Sk and Sk are the arrays
whose (i, j)th elements are sx ; j = jig,itj—2 and Sk ; j = Vk i1 —2, respectively.

In the following theorem, expressions for the bias and the variance array of the
estimator f! s.n(x) are obtained.

Theorem 1 If assumptions Al, A2 and A3 are fulfilled, for every x € (h,, 1 — hy),
we have

A (p+1)
H, (E (Bs.(0)/8) - B()) = ”;)Tl()’?hﬁ“sg‘u,( +op, (D, ()
withl=(,..., DT and
. I L N P
Var (Hnﬂsn(x)/S) = e m % SKSK (1 +o0p (1)) , (6)
where H, = diag (1, hy, h2, ... hY), 8= (81,...,8,)" and

(&) = p(x)2c (&) + p()a(x)v(0)a2,

with ¢ (g) = ‘7@2 (v(O) + 22,211 v (k)) and q(x) = (1 — p(x)).
Remarks

e From expressions (5) and (6) it is deduced that the AMSE of the estimator
A () = (el Bsax) is

(p+ D!
GH: A (e
nh2 T P02 f (x)
j=0,...,p.

2
Ny GHmPD @) g o
AMSE (1), (1)/8) = (—hfi* Te 1Sk mk

T o1& o-l..
ejHSK SkSyejr1,

e The existence of missing observations has no influence on the bias but does on the
variances of the estimators ﬁi(sj Ln (x) through the term
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90 A. Pérez-Gonzilez et al.

A (e)
p(x)?

:( ) + E; (@aﬁ)zc(e),

which decreases as p(x) increases, and therefore, decreases the variance.

e Expressions (5) and (6) generalize those obtained by Francisco-Fernandez and
Vilar-Ferndndez (2001) for the case of complete data (p(x) = 1) under depen-
dence.

e If the observations are independent, considering that ¢? (¢) = p(x)v (0) 082, one
obtains

(p+ D!

JH? v(0)o? & el
T pCe) /(0 1Sk SKSK e
n

2
(j)ymP*D (x)
AMSE (m(S’L (x )/8) = (—h”“ TeT, Spl g

To establish the asymptotic normality of ﬁ 5.1 (%), the following additional assump-
tions are necessary:

A.4. The process of the random errors {€;} has a moving average MA (co0)-type
dependence structure, so

o0
g= ¢ t=12..
i=0

where {e;} is a sequence of independent identically distributed random vari-
ables with zero mean and variance O’ , and the sequence {¢;} verifies that

2209l < 0.

A5. Ele|*T" < oo forsomey > 0
A6. hy = O(n~1/CPFI)
A.7. The sequences of smoothing parameters {/,} and {g, } are the same order, this
h
is, lim — = A.
n—od gn

Theorem 2 [f assumptions A1-A6 are fulfilled, for every x € (hy, 1 — hy), we have
the asymptotic normality of B ,(x) conditional on §:

A (p+1)
b, (Hn ((Bsa0)-Bw) - ’?Tf)’?hﬁ“sk " )4 Nipn) (0, Zs) ()

3
#(fg)() EIS S_ and N(p+1) (0, X g)denotes a multivariate nor-
x x

mal distribution of dimension p + 1.

where YXg =
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Asymptotic properties of local polynomial regression 91

The asymptotic normality conditional on § of the individual components r?zgj Ln (x) =

Gh /f?s,j(x) is directly derived from Theorem 2. We have, for j =0, ..., p,

- ) “mP+D
) . . —im (x) . - L
nhi ((mg{;,nm =mD ) —hi* ’—(J!>e,T-+1SK1ﬂK) — N

(p+ D!
(07).

A o

1S -1
p(x)2f (x)ej+l Kk SkSk €jt1.

where O’% = (j!)2

The condition of dependence given in assumption A.4. is very general and a large
class of stationary processes have MA (oco) representations (see Sect. 5.7 of Brockwell
and Davis (1991)). This condition is taken on to be able to use a Central Limit Theo-
rem for sequences with m (n)-dependent main part of Nieuwenhuis (1992). A different
strategy can be used to obtain the asymptotic normality of the estimator }§ s.n(x). For
this, assuming that the process of the errors {g;} is strong mixing (¢ -mixing) and
imposing bound conditions on the mixing coefficients, following a similar approach
to thatemployed in Masry and Fan (1997) or Francisco-Ferndndez and Vilar-Fernandez
(2001) one can obtain the asymptotic normality of f! s.n(x) using the well known a
“small-blocks and large-blocks” method.

3.2 Asymptotic properties of the imputed estimator

Considering that
Y =8 (Vi —m (x) + (1= &) (is.q, (x) —m (x1)) +m (xi)
where g, o (Xi) = n%gi)gn (x;) , the following basic decomposition is obtained

31 (Y1 —m (x1))
Bra(r) = B() = (XIW,X,) ™ XIW, :
Sn (Yn — m (xp))

(1 = 8y) (is,g, (x1) —m (x1))
+(XIW,X,) T XIW, :
(1 =46, (”’A'lS,gn (xp) —m (xn))
m(x1)

+(XEW,X,) TXEW, | = XEAG)

m (xp)
=TI +TI2+Ts. (8)
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92 A. Pérez-Gonzilez et al.

Using it as basis, the conditional asymptotic mean square error of ,3 In (x) is obtained

as follows. The following notations will be used. Let LG,q (v) = e SL (1,...,v)T
Lg, (v)and Aj 4, (v) = gn fqu(u)LG,q (h;, (v — u))du, andletus denoteZandZaS
the arrays whose (i, j)thelements,i, j =1,..., p+1,arez; ; = f Ai—1qWAj_14

(vydvand z; ; = f v"_lK(v)Aj_Lq(v)dv, respectively.

Theorem 3 Let us suppose that assumptions Al, A2, A3 are verified. Then, for every
x € (rp, 1 —ry), with r, = max {h,, g,}, we have

H, (£ (B1,(0/8) - () = %h”“ K b
+q.(x) m(;q:i)l(;)gﬁ“sglﬁz( eiS. 1,
+o, (1™ +4™) ©)
and, if hy, and g, verify A7, then
o (Ho1(0/8) = =5 ((x; K
x (S'K + AQqE ;ZZ n 2)\282) S¢' (140, (1), (10)

where Ly = (,LLK’(), ey [,LK’I,)I .
Remarks
e From expressions (9) and (10) it is deduced that the two smoothing parameters
used to calculate the estimator 7 ,(x) have influence in the expressions of the
bias and asymptotic variance. The conditional AMSE of the estimator m(J ) LX) =
) e/.+1,B,yn (x) is the following:
ARG P TR ’
Whn ej+1SK L+

GYm@th () gt
PERT q(x) :zf el Sg'ixeS  ny

(Y &) o gl
ah D f () THITK

R2q()% . hyq(x) 4 )
Sk +— 7+2——7 S e s
( g2 p(x)? gn p(x) i+
i=0,....p

AMSE (mﬁf,i ) /s) -

e The existence of missing observations has influence in the bias and the variances
of the estimator m(j ) (x) The expressions (9) and (10) generalize those obtained
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Asymptotic properties of local polynomial regression 93

by Francisco-Fernandez and Vilar-Ferndndez (2001) for the case of complete data
(p(x) = 1) under dependence.

e The dependence of the errors influences the variance of the estimator m(’ ) (x)
through the term c® (¢) . If the observations are independent one obtains that

(jHm@+h (x)hp+l g
(p+ 1) €1
(j!)m(q-H) (x) ) gZJrl
G+ T
(Y% ¢ p)a? ; -
T [y K

h? q(x)? n q(x)
(S + —zp(x)2Z+2g—n@Z)S e/+1

4 Sl g+
AMSE (ﬁzg{,)ln (x) /8) -

3‘+1SK ”'K e]SL 1193

This expression generalizes those obtained by Gonzdlez-Manteiga and Pérez-
Gonzélez (2004) who used local linear regression (p = g = 1) for the case of

incomplete data under independence.

e In the case gn 0, the expression of the bias is that given in (9) although note

n
that if ¢ = p, the second summand is asymptotically null with respect to the first
since g, = o (h,) . With respect to the asymptotic variance, its expression is the
following

1 A =
i b2 7 0 0K SKSK (14 0p (D).

Var (H,, B1 ) /3)

This expression coinciding with that obtained for the variance of the Simplified

estimator ﬁ s.n(x) (see 6), hence, if ¢ = p, the estimators, Simplified r?tg’ ;, (x)

and Imputed 1?13’ ,)l (x), have the same asymptotic mean squared error. Butif g < p,

the second term of the bias of the Imputed estimator can be dominant, and there,
the bias of estimator r?zsj ,)M (x) is greater than that of rhgj ;1 (x) and also has greater
AMSE.

e In the case of z—" — 0, again, the expression of the asymptotic bias is that given

in (9), but in this case because ¢ < p, the second summand on the right side of
Eq. (9) is the dominant term of the bias. To obtain the expression of the variance
of the estimator, let us denote R and R as the arrays whose (i, j)th elements,
i,j=1,...,p+1, are

rij = ( / v"+~"‘2L2<v>dv) ( / vf—lmv)dv) ( / vj_lK(v)dv)
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94 A. Pérez-Gonzilez et al.

and

Py = ( / v”K(v)dv) ( / vf'lK(v)dv),

respectively. Then, the expression of the variance, in this case, is the following

R 1 ¢8
Var (HnﬂI,n(x)/3) = ; ((3 Sy!
(s +—”282 +2g—"%RL (o)) ' (140, (1)
1 )~
o f(x)sklsKsK‘ (1+0, (D).

In this case, the imputed estimator provides better asymptotic variance than the
simplified estimator due to the oversmoothing of the bandwidth parameter g;. But
the bias for the imputed estimator is bigger than that for the simplified one.

e From the above, it is deduced that the imputed estimator gives good results if
h, = &g, is chosen. A selection method of these parameters consists of to find

h,, and & that minimize the AMSE (n%gj ,)1 x)/ 8) . For example, using p = ¢ and

considering h, = gn~—1/2P+3) a5 the usual selection one obtains

AMSE (i}, (x)/8) = AMSE (¢, &)

(HmP+D (x)
= (p+ 1!
(2, ,Sx i +a (&7 el K g e )

P el il |
pH1=jy2p13

p+1—j)

2C()2+17T 1
(0/ 2p+3 e+ls

VAEY)

_ 2
X (SK +§ gixiz 26 %Z) Sx'ej+1- (11)

+ Y

e From expression (11), plug-in selections of ¢ and £ can be obtained as values that
minimize one estimation of the previous function, AMSE (¢, &). This estimation
is obtained when substituting in (11) the values m P (x) , ¢ (¢) , p(x) and f (x)
for estimations of these.
Taking into account p(x) = P(§ = 1/x) = E(8/x), this function can be estimated
from sample {(xl, 8[)?:1} by a nonparametric regression method. The estimator
of c(e) = D00 o E (&1, 84k) = D pe_o ¥ (k), and therefore, the estimation
of ¢ (¢) can be obtained in several ways. In any case, we will use the completed

n ~
sample { (xr, 77) "}, where 7, = 8¥; 4 (1= 8,5 gpitor (1), and s gpitor(x1)

was computed W1th pilot bandwidth gpilot. Using this sample, several procedures
can be used to estimate ¢ (¢) .
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Asymptotic properties of local polynomial regression 95

Miiller and Stadtmiiller (1988) suggested an estimator for y (k) based on first order
differences of sequence &; , = 17; — I?,,r, t=1,...,n,withlagr (r > 1). Sup-
posing that &; is an m-dependent process, Miiller and Stadtmiiller (1988) proved
the asymptotic properties of the proposed estimator, pas(k). Now an estimator
Ccus(e) for c(e) is defined as follows:

r(n)
us(e) = D Pus(k),

k=r(n)

where r(n) is a sequence of positive integers, with r (n) — oo asn — oo.
Under more general conditions of dependence, ¢; is « —mixing. Herrmann et al.
(1992) used second order differences of Y;, defined as

Yivp —

Nt,a,p = Yt - mf’t—a,

a+p
and they proposed estimators pugx (k) for the covariances of the process ¢, based
on these differences 7, o g. Again, an estimator ¢ugk (¢) for c(¢) is defined as
follows:

r(n)
Cnk () = D Pk (k).
k=r(n)

The consistency of this estimator is proven in Herrmann et al. (1992). Also, Hall
and Van Keilegom (2003) suggested a new difference-based method for estimating
error autocovariance with time series errors.

The asymptotic normality of the estimator [9 1.n(x) is established in the following
theorem.

Theorem 4 Assume A1-A7. Then, for every x € (rp, 1 —ry), we have the asymptotic
normality of B; ,(x) conditional on §:

ity (B ((Bra(0) = B)) = Br) =5 Npiry 0,21).
where

(p+1)( )
m X 1 ~—
By = ——hl" Sk +a(x)

_ SliigelSTing,
(p+1)' (C]+1)’ 8n Kk Mk €15, Ky

and

A (e) oy (~ 5q(x)? q(x)~) .
Y, = S Sk + A —=Z+22—7Z)S,".
B R S Ye Y pr) ) K
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926 A. Pérez-Gonzilez et al.

The asymptotic normality of the individual components n%gj })ln x) =Uh ,3,, ()
is directly derived from Theorem 2. Moreover, the considerations made in Theorem 2
with respect to the dependence structure of the errors process are also valid for this
estimator.

4 A simulation study

In this section, we compare the performance of the simplified estimator (2) and the
imputed estimator (4). For this purpose, we use the complete data estimator as ref-
erence. The simulation study was carried out using a local linear smoother (p = 1),
considering p = g = 1 for the Imputed estimator.

We consider a fixed design model in the interval [0, 1], with equispaced data and
with random errors following an AR(1) process

& = p&—1 t e

with N(0,0 = 0.3) distribution. The regression function considered is m (x) =
5(x — 0.5)3, and the missing data model (1) is p (x) = 0.8 exp (—x2) . The kernel
functions used (K and L) were the Epanechnikov kernel.

To study the influence of the dependence of the observations, different degrees of
dependence were considered, specifically, the following correlation coefficient values
were considered for p : p = —0.8, —0.5, —0.25, 0, 0.25, 0.5, and 0.8.

In the first part of the study the global smoothing parameters needed for the three
estimators were estimated. For this, the mean integrated square error, MISE, was
considered as error criterion. Three hundred samples, of size 100, of the previous
model were generated, and the MISE value was approached by Monte Carlo for each
smoothing parameter value taken over a grid of size 100 of interval (0, 1). For the
Imputed estimator the minimization process was carried out using a double grid for
the smoothing parameters used (%, and g,). Table 1 shows the values obtained for the
optimal global smoothing parameters for each correlation coefficient (p) value.

Observing the values obtained for the case of complete data and the simplified esti-
mator, itis apparent how the missing data imply an increase in the smoothing parameter.
For another hand, for the three estimators, we can observe that when the dependence
of the observations increases, that is, the value of p increases, then, the variability of
the data increases, and therefore, the optimal smoothing parameter also increases.

Table 1 Optimal global bandwidth

o
-0.8 -0.5 -0.25 0.0 0.25 0.5 0.8
Complete 0.17 0.19 0.20 0.23 0.26 0.35 1.00
Simplified 0.38 0.32 0.31 0.32 0.36 0.47 1.00
Imputed
g 1.00 0.51 0.49 0.51 1.00 1.00 0.49
h 0.21 0.17 0.17 0.19 0.22 0.28 1.00
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Asymptotic properties of local polynomial regression 97

Table 2 Approximated MISE for 500 samples

o
—-0.8 —0.5 —0.25 0.0 0.25 0.5 0.8
Complete 0.0018 0.0024 0.0031 0.0045 0.0070 0.0133 0.0503
Simplified 0.0127 0.0084 0.0079 0.0086 0.0110 0.0177 0.0576
Imputed 0.0103 0.0078 0.0076 0.0084 0.0107 0.0164 0.0555
Eff. (%) 18.765 6.987 4.306 2.389 2.583 7.439 3.583
1.4

o 1.2 /

=

2]

= -

]

S os ~—

% \/

= 0.6 Corr=-0.25

’ Corr=0
——Corr =0.25
0.4 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0
X

Fig. 1 Quotient between mean squared errors for imputed and simplified estimators with p = —0.25,

0 and 0.25

Once the optimal bandwidths are obtained, the estimation of the regression func-
tion was carried out on another 500 different samples. For these samples, the mean
squared error and the MISE were estimated. To compare the simplified and the imputed
estimators we computed the efficiency of the latter in the following way:

Eff.(%) = MISEgsivp — MISEpvput « 100
’ MISEsivp ’

obtaining the values observed in the last row of Table 2.

The results show better behavior for the imputed estimator than for the simplified,
with a benefit above 2.5%. Just as in the case of complete data, we see that as the
correlation coefficient increases, the value of the MISE increases drastically.

Figure 1 shows the quotient between the mean squared errors, MSE, for imputed
and for simplified estimators for three correlation coefficient values (p = —0.25,0
and 0.25). It is apparent that at certain points the simplified estimator is better than the
imputed. This finding, along with the fact that when using global measures such as
the MISE, the imputed estimator is better, justifies that selection of a local bandwidth
(for each point) would substantially improve the results.

Figure 2 shows the boxplots of the MSE for the three estimators with p = —0.25,
0 and 0.25.
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Fig. 2 Boxplots of MSE for the complete (red), simplified (green) and imputed (blue) estimators with
p =—0.25, 0 and 0.25

It is observed that as the correlation coefficient increases, the MSE also increase.
Moreover, the good behavior of the Imputed estimator is apparent compared with the
Simplified in the three cases.

4.1 The effect of strong dependence

We were interested in studying the behavior of the estimators under strong dependence
for different sample sizes. For this reason, we performed more simulations using larger
sample size for this value (p = 0.8). Tables 3 and 4 show the optimal bandwidth and
the MISE obtained for several sample sizes.

We can see that as the sample size increases, the MISE decreases and the behavior
of the imputed estimator is better. The bandwidth for the imputation of the imputed
estimator (g, ) is very big because when the correlation is big, the variance is big also.

Table 3 Optimal bandwidth with correlation p = 0.8

100 200 300 400 500
Complete 1 1 0.55 0.46 0.37
Simplified 1 1 0.56 0.47 0.39
Imputed
g 0.49 1 1 1
h 1 0.44 0.34 0.34 0.3
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Table 4 Mean integrated squared error with correlation p = 0.8

n

100 200 300 400 500
Complete 0.0503 0.0303 0.0235 0.0188 0.0161
Simplified 0.0576 0.0334 0.0258 0.0205 0.0174
Imputed 0.0555 0.0325 0.0244 0.0193 0.0163
0,251 (a) 0,251 (b)
0,20 0,20
0,15 4 0,15
0,10 0,10
0051 | — - l 0,051 fmm—
T ? 1
0,00 0,00
T T T T T T T T T T
Sn100 Sn200 Sn300 Sn400 Sn500 In100 In200 In300 In400 In500

Fig. 3 Boxplots of MSE for simplified (a) and imputed (b) estimators with p = 0.8 and n = 100,
200, 300, 400 and 500

In the asymptotic results we can see that if we choose % — 0 the variance for the
imputed estimator is lower than that for the simplified estimator. The oversmoothing
tends to decrease the variance.

Figures 3 and 4 show the boxplots of the MSE for the estimators for incomplete
data, and for five sample sizes.

The two estimators have similar behavior with respect to sample size, as long as n
grows the MSE decreases.

If we compare the three estimators (complete data case, simplified and imputed
estimators) for various sample sizes, we see the following graphs.

The complete data case has the best behavior, and the imputed estimator performs

better than the simplified estimator.

5 Conclusions

In this paper we have proposed two nonparametric estimators of the regression
functions with correlated errors and missing observations in the response variable.
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0151 (a) 0,151 (b)
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Fig. 4 Boxplots of MSE for the complete (boxplot on the left), simplified (middle) and imputed (right)
estimators with p = 0.8, n = 200 (a) and n = 300 (b)

The MSE and the asymptotic normality of the estimators have been studied. We ob-
served that the performance of the estimators depends on the bandwidth parameters.
The imputed estimator needs two bandwidth parameters, and when a suitable choice
of these parameters is made, the behavior of this one is better than that of the simplified
one. In the case of the imputation and the estimation bandwidth verify i—’; — 0, the

simplified estimator is better than the imputed estimator. In the case of }gﬂ — 0, the
imputed estimator has a smaller variance but the bias can be bigger. Nevertheless, if
the bandwidth parameters are of similar order (h,, = &g, with & > 0) , the imputed
estimator can be better than the simplified estimator.

6 Proofs

In this section, we sketch proofs of the results presented in Sect. 3.
First, the convergence for arrays S,, and T, are established.

Proposition 1 Under assumptions Al and A3, for every x € (hy,, 1 — hy), we have

lim H,'S,H, ' =p(x)f (x)Sk (140, D). (12)

n— 00

Proposition 2 Under assumptions Al, A2 and A3, for every x € (h,, 1 — h,), we
have

n— 00

lim nh, Var (H;lTn/S) =p0) f )8k (140, 1)).
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Using Taylor’s expansion and following a similar approach to that employed in
Francisco-Ferndndez and Vilar-Ferndndez (2001) we can deduce Propositions 1 and 2.

Proof of Theorem 1. LetM,, = (m (x1), ..., m (x,))" . Performing a (p + 1)th-order
Taylor expansion of function m in a neighborhood of x, we obtain

E (Bsn () /8) = B () = (XTWiX,) " XIW) (M, — X; )

Sp+1.n

_ mP () -1

TG

+o, (h,’,’+ l1)
$2p+1,n

Using Proposition 1 we obtain the bias of B s.n (x) givenin (5).
Again, using (12) we have

1 —1 1 1
———H, 'SgH,'Var (T,/) H, 'Sk H, ' (1+0, (1)).
@@
plo=f 13)

From (13) and Proposition 2, we deduce the expression of the conditional variance

of Bs., (x) (6).

var (Bs. () /8) =

Proof of Theorem 2. First, we study the asymptotic distribution conditional on § of
the vector «/nh, (H;1 (Tj;)) , where (T;) = (T,) — E (T, /). Forit, let Qs , be an
arbitrary linear combination of

H;' (TY), Qs, =4a" ( ) Zal o' ((tin) = E (ti.0/8))

witha = (ag, ai, . ..,a,) € RPTL.
So

n
vV nhy QS,n = th,m
t=1

where

hn
§in = . Wy, (x; — x) 818,

with

P
W) =Kw Y qu/ and W, ) = hillj (hl) .
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Using Proposition 2, the variance of Qs , is obtained

0B = lim Var(Qs,,/8) = lim nh,a" Var (H;1 (T;/s)) a=p(x) f (x) Sk < co.

(14)

It remains to prove the asymptotic normal distribution conditional on § of Qs , =

> "1 & .n. For it, we will use the following central limit theorem for sequences with
m(n)-dependent main part of Nieuwenhuis (1992).

Theorem A.5. Suppose that the array {X in, 1 <i < q(n)} has an m(n)-dependent
main part {)}i,n} and a residual part {)_(,‘,n} . Set bﬁ = Var (Z?Ln]) X,‘,n) . Assume
that the arrays (X in /bn)and ()_( in /bn) satisfy the variance conditions C| and C%,

respectively, and that both arrays satisfy the (2 + §)-moment condition Cy for some
8 > 0 withm(n)**?/% /q(n) — 0. Then

(n)

1 q

=D (Xin — E(Xi) Lo NO.1)  asn— oo
=1

The above conditions are:

. 1 o Xin 1

Condition C;. max ——Var{ > — )1=0(—) asn — oc.
i<j<qm) j —i t=it1 bn qn)

Condition Cy.  max

1 D’¢ 1
—Var{ > Ln =0(—) asn — oo.
i<j<q@m) j —1i k=i+1 bn qn)

Condition C,.  max E(|Z,,n|2+y) = O(q(n)_l_(y/z)) asn — oo,
1<t<q(n)

Xin Xin
Dy or by -

with Zt,n =

Here an array Z; , is called m(n)-dependentif foralln € Nandk € {2,...,g(n)—
m(n)} the random vectors (Z,,n 1 <t<k-— 1) and (Z,-)n k+mn) <i < q(n))
are independent. The sequence m (n) verifies m(n)/n — 0 as n — oo.

In our case, using assumption A.4. we have

m(n)

00 00
& = Z¢iez—i = Z¢iet—i + z pier_i = & + &.
i=0 i=0

i=m(n)

Then, taking into account that the kernel K has bounded support, changing the
indices and without loss of generality, it can be written as

[hnn| [hnn| _
vV nhy QS,n = Z %‘t,n = Z (St,n + ";’_t,n)v
t=—|hyn| t=—|hpn|

@ Springer



Asymptotic properties of local polynomial regression 103

where g(n) = 2|h,n| (Je| denotes the integer part), & , is a triangular array with
m(n)- dependent main part é,,,, and residual part £ ,,, obtained when substituting in
& .n, & for & and &, respectively.

In the following, we shall prove that our array verifies the conditions of Theorem
AS.

Condition Cy. Under A.1, A.3 and using (14) we obtain

J ";:t n 1 1 J J
Var Z - < Z Z E(gt,ngk,n)

. . . . 2
J—i i1=it1 bn J—iby i kit

C 1 j—=G+D
2. G—i=Ishvs)l

T ik (i

=0 ! =0 !
B (”hn) B (M)’

where C is a positive constant (notation that will be used from here on). Therefore,
{&1.1/bn} verifies C;.

Condition C7. Reasoning in a similar way, it is easy to show that

. . 2
Jj—i J =iy S k=it

1 &, 1 1 J J -
N .Var z ét’ =< ') z z E (%t,nék,n)
i=it1 bn

c J=G+h

E (&1 08

nhn —Cinn) ( t,n l+s,n)
C Jj—@+1)
= > 2 9 2 dE(e—jex—j)

nhy s=—(j—i—1) j>m®n)  k>m(n)

2
C C
Sl X ¢idjes Joo < > 9
nhy s j>m(n) e nhy Jj>m(n) ’

~ (i) = ()

Condition C,. We want to prove (2 + y)-moment condition for the arrays &; , /b, and
&:.n/bn. This is done for the first one, but for the second, an similar approach is used.
Taking into account the form of the function W}, (1) , assumptions A.1. and A.5. and
using (14) we obtain

IA

24y
E

24y 1 2+y
=0 (—) = 0(q(m)~ 1=/,
nhy,

Sn
by

1
=CFE|——¢
‘\/nhn '

Therefore, we have proven the asymptotic normality conditional on § of
~ _ L
Qs = \/nhpa® (H,,1 (T:)) L5 N, o))
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Now, using the Cramer-Wold Theorem we obtain the asymptotic normality condi-
tional on & of

N (H,;1 (T;)) £5 Nips1 (0. Bs). (16)
Finally, taking into account
VB, ((Bs. ) = B )
— Jnhy, (H;lann—l)_] H; ' (T%) + /nh,H, (E (Bs,n (x) /6) - B (x))

from (5) and (16) and using Proposition 1, the asymptotic normality of the estimator
Bs., (x) conditional on § (given in (7)) is established.

Proof of Theorem 3. To obtain the bias of [Ai 1.0 (x), from ( 8) it follows that

H,E (B, () /6) — B () = H,E(T2/8) + H, T3, a7)

because I'; is no random term.

From (5) and using Proposition 1 it is easy to obtain that

mt () 4

— S -1~ —1 q+1
H,E(T>/8) = q(x) R gn Sk hgelS; pmp+1g; . (18)
Again, using Proposition 1 we have
m(l’+1)(x) | |
H,E(T3/8) = ———h}"'s¢! 1nl* 19
nE(T3/8) (p+ 1! n K/LK‘I' n (19)

From (17), (18) and (19) it folloyvs 9).
With respect to the variance of 8, (x), we have

Var (B,,n (x) /5) — Var (T /8) + Var (T2/8) + 2 Cov(TT»/8).

Using the same kind of arguments as those used in the proof of (6) we obtain

8
) 1S I8, (14 0, (1) (20)

Var(Fl/S)znh 7o

With respect to the variance of I';, we have
-1 - -1
Var (I'»/8) = (XZW,,X,,) Var(T,,/d) (XZWan) ,
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A ~ ~ ~ T .
where T, = (fo.n, 1,0, .. 1p,n) , being

. | « ; . ,
fin =~ D (i =07 (1= 8) Kn, (x; = x) (s g, () =m (1), 0<j < p.
i=1
2D
Using the approximation of the local polynomial estimator by equivalent kernels
(see Sect. 3.2.2 of Fan and Gijbels 1996) 715 ¢, (x;) can be written as

. . X5 — X 1 =,
mmﬂmpZDW( )&Ufmwu»zy%ﬂm_M&na+%a»'

s=1 8n s=1
(22)
From (21) and (22) it follows that
Cw(ﬁ”f h=*3, M):——L—EZKj(r—xﬂl—&ﬂx—xﬂ
n Js.n» n n n4h¥l+k . " 1 1 1
l
DK, (= x) (1= 8) (= x)
t
1 1
X
fx)p () f () p(xr)
LY s —xi) 8 D Lk (= x;) 8¢ (Is — 1)
S r
= A1+ Ay + Az + Ay, (23)

where we have split Cov (h a7 f jos By kfk, ,,) into four terms: in A; we have considered
thecases =randi =+¢;in Ay, s =ri #t;inA3, s #ri =t;and,in Ay, s £ r
and i #£1.

Developing each of these four terms, we obtain that

1
smo(ih).
n2g?

f ) a0 hy
np(x) g2

1
veo()
ng?

1 2 2 hn
Ay = - (c (&) — ogc(O)) q(x) g_2f (x)/Aj,q () Akq (V) dv (1 +0, (D).

Ay =02c(0) /A,-,q (V) Agg W) dv (1 +0, (1),

Therefore,

q(x)?
p(x)?

deﬂ&=’%f@) A (@)L (1+0, (D). (24)

ng
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From (24) and Proposition 1, we deduce that

he 1 q()?
g2 £ () p ()

Var (I/8) = ¢ () H; 'SP ZS H, (140, (1).  (25)

Finally, we study the term Cov(I'{T'»/§),
Cov(T T2/8) = (X, W, X,,) " Cov(T,T!/8) (X, W,X,) ", (26)

where T, is given in (3) and T,, = (fo,n, s eens fp,n)t , being

N 1 « : . .
fin =~ > 0 =) Kn, (6 = x) (is.g, (v) —m () (1 =8), 0<i<p.
t=1

Using (22) we can expand the terms of matrix Cov(T, 'i‘; /8), and we have

_ia N 1 .
Cov (h Ty i 6 /8) = T Z Kn, (x; —x) (x; = x)7 8 > Kp, (x;—x)
n-np i t

G — 0 (1—8>Z\If3(x‘; )Cov[e,,es]

= A1+ A,

where in A1 we assume that i = s, and in A| we consider i # s.
Simple algebraic expansions allow us to obtain that

aﬁc(om(x)f( )

A = ng * /K @) v/ Agg ) dv (140, ().

Using Taylor expansions we have

—02¢(0 1 :
Ar= Mp MA@ ) ( / K (v) (0)! Arg () dv) (140, (1)) .

Hence,
Cov (h;ffj,n,h;kfk,n/s) qE ; (e )/K () v/ Ay 4 () dv (140, (1)),
" Cov(H; T, H; ' T/8) = — 1 (0) L2063 () Z(1 + 0, (1) 27)
no ngn” " p(x) e
From (26), (27) and using again Proposition 1, we conclude that
Cov(T' T2/8) = —f( )EE ; S @H 'S ZS Hy (140, (1)
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By substituting (20), (25) and (27) in it follows ( 10).

Proof of Theorem 4. The same method as that used in the demonstration of Theorem 2
is followed,

~ -1
iy (Bra @) = B0) = ok, (B;'UHY) B
where X = (X0, X1.0» ...,xp’,,), with
1 n
Xj,n = ; Z ('xl’ - x)J Khn (x[ - x)
t=1

x (860 + (1 — &) (s g, (x;) — E (is,q, (x)/8))) 0=<j<p.

Using Proposition 1 it is sufficient to prove the asymptotic normality conditional on
d of term «/nh,H,; 1 X . Forit, let Q; , be an arbitrary linear combination of H, 1 Xns

p
L i L s 1
Qin=2a"H'%, = E aihy' Xip. with a=(ag,ai,...,ap) € RFT.
i=0

Using the approximation given in (22) we have
P
V nhy, Ql,n = nhy Zai (ui,n + Ui,n) = nhnﬁT(ﬁn +Vu),
i=0
where U, = (Uo,n, ..., Up )" and ¥, = (Vo.n, - - ., Vp,x)T With
I (X —x
L —
Uipn = —
w=a ("
1 < (x, — x)i
— Ky, (x; — x)
n ; hy, !

1—s &
— L* Xy —Xx1) 0585 ), 0<i<p.
(nf(x,)p(xl) Z 8n-q ( s I) s s) p

s=1

i
) Kp, s —x)&, 0=<i<p,

&
e
Il

First, we compute the variance of Qy,. By (20), (25) and (26) and using the
assumption A.7. we obtain

ol = lim Var(Qy,,/8) = lim_ nhy,a Var (@ + V) (@ + V)" /8) a

(o) ., (~ 5 q(x)? q(x) ~) 3
= — S A 7+ 2\ V4 28
Fos KT T e 28)

®
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Expanding the term Q; , we obtain

n
v nhy Ql,n = Z Nt,n

t=1

[ 1-8 <
=,/ —V¥ - d —_— L} —Xx) 6
n hy (Xr — X) | Scs + nf (e)p(xr) Z 2n.q (x5 — X1) Og&s

s=1

Again, taking into account the form of functions ¥y, (1) and L;m p (u), that the
kernels K and L have bounded support, reordering the sums and if A = 1, we have

[hnn| [hnn|
V nhy Ql,n = Z Ctn = Z ({t,n + ;t,n)s
t=—|hyn| t=—|hyn|

with

h 1 s |hpn|—t

n - Or

=,/ —V -6 |1+ — E L% —Xj s
Cton N hn (x; — x) & + nf )p(x) ; an.q (xf x]) €t

=—|hpn|+t

where g(n) = 2 |fz,,n| , {;.n 18 a triangular array with m(n)-dependent main part Em
and residual part ¢; , obtained when substituting in ¢; ,, &; by &; and &, respectively.
Under assumptions A.l. and A.7. we have

hn
Cton Z\/;‘Ijhn (xr =x)8 (1 +C)er =&,n(14+0). (29)

Using (28) and (29) and reasoning in a similar way as that in the proof of Theorem 2,
it is easy to prove that the arrays ¢; , and ¢; , satisfy the conditions of Theorem A.S5.
Now the proof of Theorem 4 is complete.
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