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Abstract The symmetric derivative of a probability measure at a Lebesgue
point can often be specified by an exact relation involving a regularity index.
Knowledge of this index is of practical interest, for example to specify the local
behavior of the measure under study and to evaluate bandwidths or number of
neighbors to take into account in smoothing techniques. This index also deter-
mines local rates of convergence of estimators of particular points of curves and
surfaces, like minima and maxima. In this paper, we consider the estimation of
the d-dimensional regularity index. We introduce an estimator and derive the
basic asymptotic results. Our estimator is inspired by an estimator proposed
in Drees and Kaufmann (1998, Stochastic Processes and their Applications, 75,
149-172) in the context of extreme value statistics. Then, we show how (esti-
mates of) the regularity index can be used to solve practical problems in nearest
neighbor density estimation, such as removing bias or selecting the number of
neighbors. Results of simulations are presented.
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1 Introduction
1.1 Motivations

The subject of this paper is related to the general problem of derivation of
measures (see Rudin 1987, Chap. 7) and finds its motivation in a paper by
Berlinet and Levallois (2000). In their paper, Berlinet and Levallois address the
problem of the asymptotic normality of the nearest neighbor density estimator
(Loftsgaarden and Quesenberry 1965; Moore and Yackel 1977; see Paragraph
2.1 below) in cases where the density has bad local behavior (e.g., it is not contin-
uous or has infinite derivative). These authors point out that what is important
is the local behavior of the probability measure associated with the density, and
more exactly the rate at which the local value of the density is approximated
by the ratios of ball measures. More precisely, let B(R?) be the Borel o-field of
R?, d > 1, and let u be a probability measure on (RY, B(R?)). We denote by A
the Lebesgue measure on R? and we equip R? with a norm denoted |.|. Let x
be a point in R 8 a positive real number and B(x, ) the open ball with center
at x and radius 8. To appreciate the local behavior of M(B(x, 8)) with respect to
A(B(x, 6)) one can consider the ratio of these two quantities. If, for fixed x, the
following limit

f(x) = lim (B, 9)

510 A(B(x,8)) &

does exist, then x is called a Lebesgue point of the measure . It can be shown
(Rudin 1987, Chap. 7) that A-almost all points of (Rd R ||) are Lebesgue points
of ;. Moreover, if i is absolutely continuous with respect to A, then the Radon—
Nykodim derivative of u and f coincide A-almost everywhere. Thus, in this
case, one can select among the versions of the density of p a particular one,
still denoted f, satisfying (1) at any point where the limit exists. The notion of
Lebesgue point plays a key role in the study of functional estimators and allows
to state elegant results with few restrictions on the functions to be estimated.
In this context, Berlinet and Levallois (2000) define a p-regularity point of the
measure p as any Lebesgue point x of u satisfying

1(B(x,8))
By W] =00, @)
where p is a measurable function such that lims o o (8) = 0. Roughly, the func-
tion p isintended to specify the convergence of ball ratios towards f (x) in (1). For
example, if d = 1 and the measure p has a density f with derivative f” bounded
by some constant Cy on a neighborhood of x, then p-regularity holds with
p(8) = (Cy/2) 4. It is also clear that if f satisfies a local Holder condition at the
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Higher order estimation at Lebesgue points 653

point x with exponent «,, then we have p-regularity with p(§) = Cx/(ax+1) §*.
However, it is easy to exhibit examples of measures with p-regularity but bad
local behavior of the density such as a discontinuity of second kind, see example
f3 below. It can also be verified that the proposed techniques will continue to
work when p is in some more general class of regularly varying functions at
0, i.e., which satisfy p(§e)/p(e) — 8% as ¢ | 0. As observed by Berlinet and
Levallois (2000), the notion of p-regularity actually involves measures rather
than densities and is much more appropriate to specify properties of estimators.

Clearly, the function p in (2) need not be unique and may depend on the
underlying norm on R<. In the present paper, we assume that a more precise
relation than (2) holds at the Lebesgue point x, namely

n(B(x,9))

mzf(x)+cx6t+0(6 ) as<3¢0 (3)

where Cj is a non-zero constant and « is a positive real number. It is straight-
forward to show that (3) implies p-regularity at the point x with p(§) ~ §*. Note
that the constants C, and «, of model (3) (provided they exist) are uniquely
determined. In order to justify the relevance of this model, some examples and
an application to mode estimation in the multivariate case are discussed in the
next paragraph. The index « is a regularity index that controls the degree of
smoothness of the symmetric derivative of u with respect to A. Roughly speak-
ing, the larger the value of oy, the more regular the derivative of y is at the point
x. The knowledge of this index is of practical interest, for example to specify
the local behavior of the measure under study and to evaluate bandwidths or
number of neighbors to take into account in smoothing techniques (Bosq and
Lecoutre 1987). In fact, the behavior of nonparametric density estimators such
as the nearest neighbor estimator at a given point x does strongly depend on
this local behavior, and with a smaller index «, fewer nearest neighbors should
be used. See for instance Devroye (1997), Lepski et al. (1997), and Picard and
Tribouley (2000) for other references which include the situation where the
degree of smoothness is not known in advance. Such consequences are worked
out in the second part of the paper. To situate the present work in the related
literature it is important to note that we do not assume any local Hélder prop-
erty. The first objective of the paper is to provide a consistent estimator of the
index «, from a sample of multivariate observations. This study is somewhat
related to the study of the fractal dimension of u (see Cutler and Dawson 1990;
Davies and Hall 1999; Ferraty and Vieu 2000).

If f is three times continuously differentiable in a neighborhood of x € R?, a
Taylor series expansion shows that

1(B(x,8))

_ 2 2
A(B(x,S)) =f(x)+Cyd“4+0(°) assl0
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654 J. Beirlant et al.

where

Vﬁ/d 24 (4 4 92

“=gra+n " (2 + 1) ; 725 Y “
with V; denoting the volume of the unit ball in R? and I" the Gamma function.
See Fukunaga and Hostetler (1973) or Bosq and Lecoutre (1987) for calculation
details. Therefore, in this case, formula (3) holds with «, = 2 and C, given by
(4), provided Zf; 3f(x)/8%x; # 0. The optimization of the number of nearest
neighbors has mostly been studied in this restricted context, see for example
Fukunaga and Hostetler (1973).

In Sect. 2 we define an estimator &, of o, based on nearest neighbor density
estimators and derive weak consistency and asymptotic normality. This esti-
mator is inspired by a proposal by Drees and Kaufmann (1998) which itself is
a generalization of a Pickands (1975) type estimator, a basic tool in extreme
value statistics. (For additional references, see Dekkers and de Haan 1989;
Embrechts et al. 1997). The estimation problem under study has some sim-
ilarity with the following extreme value problem. Consider for instance the
estimation of the second-order parameter p < 0 in univariate Pareto-type tail
models where the quantile function Q satisfies the so-called Hall condition (see
Hall and Welsh 1985)

00 —-p)=Cp7(1+Dp~"+o@p~) asplo0, (5)

with y > 0, C > 0, D # 0. Drees and Kaufmann (1998) introduced a Pickands’
type estimator for p based on extreme order statistics from an univariate i.i.d.
sample. Recently, Gomes et al. (2002) considered the estimation problem of
p in more detail and proposed more sophisticated estimators. Note also that
although our problem is clearly connected to tail index estimation, one can
prove that any attempt to reduce it to such a procedure comes up against the
non-knowledge of «, itself. The analogy (already observed in Hall 1990) and
differences will be further explored in Sect. 3.

In Sect. 3 indeed we provide a regression model for scaled differences of
successive nearest neighbor estimators in the spirit of Feuerverger and Hall
(1999), and Beirlant et al. (1999), where a similar representation was intro-
duced in the context of estimation of the Pareto index y within model (5).
In this way, we hope to clarify the similarities and differences between non-
parametric methods in density estimation and extreme value methodology. We
show how (estimates of) the regularity index can be used to adapt the nearest
neighbor density estimator so that its behavior becomes much more stable as
a function of the number of nearest neighbors. This is obtained by estimating
the density from this regression model. Alternatively, the regularity index can
also be of use when selecting the optimal number of neighbors when using the
classical nearest neighbor density estimation in the general model (3). Results
of simulations are presented in Sect. 4. Section 5 is devoted to the proofs of
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Higher order estimation at Lebesgue points 655

some technical results. In subsequent work extensions to kernel, wavelet based
techniques and nonparametric regression will be explored.

1.2 Examples

Throughout this paragraph, the underlying norm is the standard Euclidean
norm.

— Let f be the probability density defined for ¢ € R by

1
fi = 5 e .

This density is continuous but not differentiable at the point O and one
easily obtains

11(B(0,8) 1
A(B(0,8)) 2

8
I +0(8) ass | 0.

Thus 0 is a Lebesgue point of 1 satisfying (3) with Co = —1/4 and ap = 1.
— Let f> be the bivariate generalization of f; given by

1 _/p.p2
fZ(tl’tz) = ge t1+t2 s (tlaIZ) € Rz-

This density is continuous but not differentiable at the point (0,0) and a
similar calculation as in the case f; leads to

w2(BO,8) 1
—A(B(O,S)) =5 §+0(8) asé | 0.

—  This third example proves that the existence of «, in (3) does not imply any
pointwise Holder property. The following density model, defined on [—1, 1],
has neither a left or a right limit at the point 0, but satisfies condition (3)
with Cp =2/cand o9 = 1/2.

A = [/1f] — cos(1/t) + 2tsin(1/t) +2]/c  fort e [-1,1],t #0
B0 = 2/c fort =0,

where ¢ = 4 4+ 4/3 + 2sin(1). The term cos(1/¢) is responsible for the dis-
continuity of second kind at 0. The part — cos(1/t) 4+ 2¢sin(1/¢) leads to a
development of the measure at 0 of the form 6 sin(1/3). On the other hand,
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the term +/]¢] yields the regularity index ap = 1/2:

w(BOS) 2 2 qp 8 (1)
A(B(0,8)) _c+3c3 TG

2 2
= E+§81/2+0(31/2) as § 1 0.

1.3 Application to mode estimation in non-smooth case

In two recent papers Abraham et al. (2003, 2004) study a simple, but quite
efficient, estimator of the mode of a multivariate density. Supposing that the
unknown density f has amode at 0, they consider an estimator 6,, of § introduced
by Devroye (1979). This estimator is obtained by maximizing a kernel estimate
(based on an i.i.d. sample) not over R but only over the observed sample. In the
smooth case (f twice continuously differentiable in a neighborhood of 6), they
prove that this estimator behaves asymptotically as well as any maximizer of the
kernel estimate over R and derive its asymptotic normality. In the non-smooth
case (no differentiability condition imposed on f around the mode), they prove
strong consistency and give asymptotic bounds for the probability of deviation
of 6,,. However, as they say themselves, their result is useless in practice in the
non-smooth case. Indeed, the rate of convergence of the estimator of the mode
is shown to depend on some constant k measuring the sharpness of the density
around the mode 6. Abraham et al. (2003) call this constant the peak index of
the density, defined as follows: for any ¢ > 0, consider the level set

As) = {x eRe: f(x) > f(0) — e}
and its diameter
D(e) = sup { [lx — yll 1 x € A(e),y € A(e)}.

The constant « > 0 is called the peak index of the density at its mode if we have

D
0 < timinf 2 < Jim sup 2
el0 gk €10 ek

< X

When « does exist it is unique. In the non-smooth case (no differentiability
condition or even no local Holder property assumed) any attempt to build
confidence intervals for the mode from the results of Abraham et al. requires
estimation of the peak index. Up to now no estimator has been proposed for «.
Actually the parameter « appears to be in most cases the inverse of the regularity
index of the measure associated with the unknown density f, leading to another
application of the estimation procedure considered in this paper. To be more
precise, let us particularize to the easy case d = 1. Then we have the following:
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Higher order estimation at Lebesgue points 657

If D(¢) tends to O with ¢, and the density f satisfies
fx) =£O)+aplx — 0 +o(lx —01°) as|x—6]]0,

where p > 0 and a, < 0, then, at the point 0, the density f has a peak index « , the
associated measure has a regularity index o and we have

To understand this, note that if the measure associated with f has regularity
index « at 6 then £(6 + 8) — £(0) is of order 8%. It follows that (6 4 &!/%) — £(8)
is of order ¢. Therefore, D(e) is of order £!/% and f has a peak index 1/« at its
mode 6.

2 Estimation of the regularity index
2.1 Definition of the estimator

In order to estimate the regularity index o, in model (3), we consider a sequence
(Xn)n>1 of multivariate independent random variables defined on some proba-
bility space (§2,.A, P) with common probability distribution p. The probability
w is assumed to have a density f with respect to the Lebesgue measure A on R
Let (k,)n>1 be a sequence of positive integers. The nearest neighbor estimator
of f at the point x is defined by

ky,
- " 6
Jiu @) ni (B, (x)) ©

where Ekn (x) is the smallest closed ball with center at x containing at least k,
sample points. Fkn (x) is random through X7i,..., X},. The integer k, plays the
role of a smoothing parameter (oversmoothing when k;, is chosen too large,
and undersmoothing in the opposite case). In discriminatory analysis, Fix and
Hodges (1951) introduced the classification rule based on nearest neighbor
(see also Devroye et al. 1996). As to the nearest neighbor density estimator, it
was studied by Loftsgaarden and Quesenberry (1965), and Moore and Yackel
(1977). For additional results and references, see Collomb et al. (1985), Bosq
and Lecoutre (1987), and Berlinet and Levallois (2000).
The estimator (6) may be rewritten as follows:

kn
nVa | X g, () — x||4

T, (x) =

where X )(x) is the kj,-nearest neighbor of x. In case of a distance tie, the
candidate with the smaller subscript is said to be closer to x. The key to the
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estimation of the index «y is contained in the following proposition. It provides
a way to isolate «, from (3) based on a combination of the relative measures
(/1) for three open balls with radius 8, 8 and 728 for some > 1, and § > 0.
This idea can already be traced in Pickands (1975).

Proposition 1 Let x € RY be a Lebesgue point of ju satisfying condition (3).
Then, forany T > 1,

X

lim ©25(X) — @r5(x) _ o

810 @rs(x) — @s(x)
where we denote

n(B(x,8))
A(B(x,9))

@s(x) =
Proof of Proposition 1 In accordance with model (3), we can write
0225(0) — rs(x) = Cy (T2 — 1) 8% + 0(8™) asd | 0. (7)
Similarly,

Prs(X) — @s(x) = Cx (x% — 1) 8 +0(8*) asé | 0. (8)

Since C, # 0, we deduce from (7) and (8) that

X

025 () — Qs () _ Ce (T —1*)
510 @es(0) —sx) Gy (r — 1)

m}

Motivated by the estimator (6) and Proposition 1 we now define an estimator
Qp x of ay as follows:

P d o fix2k,) ) = flek,) ()
" log T C fiekn @) — fio, (1)

©)

if [fi224,) ) = flekn) @]/ [fiekn) @) = fi, )] > 0 and @, = 0 otherwise. The
notation |.] stands for the integer part function. This estimator is analogous
to the estimator proposed in Drees and Kaufmann (1998) estimating p in (5),
which itself is reminiscent of Pickands’ estimator (1975), well known in the
theory of extremal events (Dekkers and de Haan 1989; Embrechts et al. 1997).
In fact Pickands considered r = 2. Recently, more sophisticated estimators of
p were proposed in Gomes et al. (2002). It is not clear however how those
estimators can be transformed to the setting of density estimation.
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Higher order estimation at Lebesgue points 659

2.2 Asymptotic results

The first theorem implies the weak consistency of &, towards «,. We recall
that, throughout the paper, the probability measure p is assumed to have a
density f with respect to the Lebesgue measure A on R and that f is a version
of the density that coincides with (1) if the limit exists.

Theorem 1 Letx € RY be a Lebesgue point of ju satisfying condition (3). Assume
that f(x) > 0. Then, under the conditions

ax+d/2
lim k, =00, lim = =0 and lim -2 =00
n—00 n—-oo n n—oo pn%
we have
24, () = flrk,) (X) . .
Tl Jick) — t%/4 iy probability.

flekn) ) = [, ()

Remark I The unknown parameter o, appears in the asymptotic condition

lim;,— o kf‘,“er/ 2 /n% = oo. This is to give minimal conditions. Of course, another

condition on the model could be given, for example lim,_,  k, logn/n = oo.
Note also that the condition lim,,_, k%ﬁd/ 2 /n** = oo is comparable to condi-
tion (2.11) in Gomes et al. (2002). It states that the number of nearest neighbors
to be used in the estimation of «, should not be too small. This will be confirmed
by the simulations in the final section.

Let us now state some technical results that are used in the proof of con-
sistency. For clarity, proofs of these results have been postponed to Sect. 5.
Throughout, we denote by supp u the support of w.

Proposition 2 Let x € R%,

(A)  Assume that x belongs to supp u. If

. n
Iim — =0
n—oo n

then
I Xk () — x| > 0 P-as.

(B) Assume that x is a Lebesgue point of . and that

k
lim k, =00 and lim — =0.
n—00 n—-oo n

Then
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(i)  fk,(x) is a weak consistent estimator of f(x), i.e.,

fk, (x) = f(x) in probability.

(ii) Denoting by — the convergence in distribution and N the Gaussian
distribution, we have

ke
J';_(; _ M(Bkn(x))) BN, ).

(iii)  Suppose that f(x) > 0. Then, for any 11,7 > 1,

1 X (|2 0) — Xl N (Tl

1/d
— in probability.
X (|72, )y (0) — Xl rz) Y

(iv)  Under the additional condition that

kozx+d/2
lim —
n—oo pn%

= X .
we have

kn/n — pu(By, (x))
“ = 0p (I Xk, (¥) —x[|**) asn — oo.
Va1 X k) () — x4 (1 X )

Proof of Theorem 1 Note first that the assumption f(x) > Oforces the Lebesgue
point x to belong to supp w. We shall assume, without loss of generality, that
x = 0. Note also that since u is absolutely continuous with respect to A, one has

1(Bk, (0)) = p(Br, (0)),

where By, (0) is the (random) open ball with center at 0 and radius || X, (0)]|.
We can write, using condition (3) and Proposition 2 (A),

Kn
T O = Xy O
_ kn/n — (B, (0)) + 12(By, (0))
a Va Xk, (0)[14
_ kn/n — u(By, (0)
VX, 014

+£0) + Co I X k) OV 1% + 0 (11 X,y () [|*°) - P-as.

as n — oo. Applying Proposition 2 (B)(iv) leads to
Jin(0) = £(0) + Co 1 X, () |1° + 0p (1 X x,,) (0)[|*)
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Higher order estimation at Lebesgue points 661

as n — oo. We finally obtain

S22k, ) O) = flek 0 11X (24, 1y O = 11 X (2,1 (O
Fiekn] O = fi, 0 1 X[k, O 1%0 — [ Xk, (0) ]| %0
+0p (I1X 22k, ) O 1%0) + 0p (1 X |2k, 1) (0)[*0)
+0p (I Xt ) (0)120) + 0p (|1 X (1, (0)[|20)

as n — o0o. Proposition 2 (B)(iii) leads to the desired conclusion. O

We now turn to the discussion of the asymptotic normality of the estimator
dnx. To this end, we will make use of the following proposition which com-
pletes Proposition 2 (A) and (B)(if). The first part of this proposition follows
from the combination of the corresponding approximation result for the tail
uniform empirical process (see for instance Mason 1988) with Vervaat’s lemma
(see Shorack and Wellner 1986, p 659). This then leads to an approximation
for the tail uniform quantile process {U lhp)ns 0 < £ < 1} with U;, denoting
the ith order statistic from a uniform (0, 1) sample of size n. Since the process
{i(B |k, ;) ; 0 <t < 1} is equal in distribution to this tail uniform quantile
process, the first statement follows via a special construction. The second part
of Proposition 3 follows from a direct application of Theorem 1.2 in Einmahl
and Mason (1992) on generalized quantiles being defined here as the Lebesgue
measure Vg [| X (m)) (x) — x| of the smallest ball with center at x which contains
at least |tn] observations. Under (3) the theoretical quantile function is then

given by U (1) = (t/f(x))[1 — Cx V;ax/d ~Lar/d (/)

Proposition 3 There exists,on an appropriate probability space, ani.i.d. sequence
(Xn)n>1 with density f and

(i) asequence of standard Wiener processes (W)(C"))nzh such that

sup
0<t<1

— 0 in probability

\/E[[ _ np (B, (x))] + W ()

kn

as

k
ky — 0o and -2 —>0;
n

(i) a sequence of Brownian bridges (B,(Cn))nzl, such that

—- 0

\/ﬁf(x)[Vd 1X (Lo () — x| = Ux(t)] +B" ()

sup
O<t<1

in probability as n — oo.

@ Springer



662 J. Beirlant et al.

In the sequel, we write

O, (1) := Vkn [r - W(B,L{’—“(x))} (10)

Next we specify condition (3) to

11(B(x,3))

— Ox B B
HBG5) =f(x) + Cx 8% + D, 8P + 0(8%) as § | 0, (11)

where C,, D, are non-zero constants, and «,, B, are positive real numbers
satisfying o, < fy.

Theorem 2 Let x € RY be a Lebesgue point of  satisfying condition (11).
Assume that f(x) > 0. Then, under the conditions

k kax—i-d/Z
lim k, =00, lim — =0, lim —= =00
n—00 n—-oo n n—oo p%
and
Bx+d/2 20+d/2
lim 2 =0, lim —= 5 0,
n— 00 nPx n—o0 n<%x
we have
1/2+40x/d
k . D
— g G — ) > N (O, 0),
where
2
d yex/d
2 _ d 1+ay/d 1420y /d _
Oy = (Cx lOgT -[1+C\lx/d(-[01x/d _ 1) f (x) (1 +7 ) (T 1)

Proof of Theorem 2 We consider for simplicity x = 0. The proof runs in two
steps. First, we derive the asymptotic normality of

1/2 d
T(l) 3 k”/ +ap/

nkn = paojd (@n0 — @np)

where

a4 P22k, (0) — 2k, (0)
0= Jogt g Dk, (0) — @y, (0)
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with

(B, (0))

¢, (0) = —= .
K +(Br, (0))

Secondly, we will show that under the given conditions

1/2 d
T(Z) B kn/ +ag/

ndn = aojd (@no — ap) — 0 in probability. (12)

In order to apply Proposition 3 we consider Tr(izkn P Using the delta method

(second derivative terms can be shown to be asymptotically negligible when
K/ 2reold jpeo/d o) we find that

log 1420 /d (1)
t T hu2)

has the same asymptotic distribution as

e 2 o0l [ fn (0) — ¢, (0)
no/d | ¢r, (0) — @k, /71 (0)
1 1
— 1(0) — 10
Uika21(© = P11, ) (%(O) PRSI\ S PR () S (0>)
+f Uen/72) (0) = D14, /221 (0) }
¢Lkn/rj ©0) — ¢Lkn/1;2J 0) ’

or, equivalently, as

Vgo/d |: Qs (1) k’11+ot0/d 1
CO 1+0{0/d 1+Ot()/d d+ag ’ ( _ M)
n v, 11X (ko) (O L= X O
O (1) KsH0/d 1 N 1
rag/dy oo/ | 0y fdteo \ IXwn O 4 T Xy 02, OO
n a X ke O] Xkor ) O 1 TX (/21 O
Qn,kn (1/1_2) k}l+a0/d 1
1+ag/dy/L+eo/d dtay (M — ) '
eV X (22 O X 2, OT0 1
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Using Proposition 3 (i), Proposition 2 (B)(iii), and the consistency of the nearest
neighbor density estimator, we can approximate this by

VZO/d f1+oto/d (0)

7o0/d 11
Co )

ag/d
(n) _ (n) 14ag/d
[WD @ roo/d — Wo (/mye (rao/d -1

200 /d
+W 1/ ¢ T—_J

This leads to the asymptotic Gaussian distribution given in the statement of
Theorem 2.
Using Proposition 3 (ii) we now find that for some constant M

k, \/¢ Ky \@0/d
X, O] = (W) [1 +M(7) "1+ 0p(1)) +o.,(1)]

Hence, using (11), we have that (with M, M>, My, M, denoting some constants
that can change values from line to line)

i d {(rzkn/n)ao/d — (thy /)@ 1+ My (12K, Jn)?0/d

~ logt (thn/n)e0/d — (ky/n)?0/d + My(tky/n)?0/d
— M (ki /n)**0/ % 4 Mo (ki /1) P01 — My (ki /)P0
—M (kn/m)?0/d + My(hn /n)Po/d — My (ki /)Po/d
+op ((kn /r)Po/d)
+0p ((kn/n)ﬂ()/d)
o /d(l + My (ky /m)*/ 4 4 My (ky, /) Po—e0)/d
= log | 7% ~ =
log T 1+ M (k,/n)20/d 4 My (k,, /n)Po—e0)/d
+0p ((kn/m)Po=e0)/4) )
+0p ((kp /n) Po—e0)/d)
ky\«o/d ky\ (Bo—ao0)/d o) /d
= ap + Ml( ) + Mz(f) + 0p (ki /m) P00/
So,
k,11/2+a0/d - kn 200/d 1/2 kn Bo/d 1/2
i (@0 —o0) = 3 (SR 40 ()
kn Bo/d 172
+ Op ((7) kn ) >
from which (12) follows. ]
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Remark 2 Specifying M and M> in the last formula of the above proof with
the help of Proposition 3 (ii) one finds that

d [(ki\*" C D .
Qp0—0p = (—n) :0 0 (1—T2a0/d)+—0(f(0)Vd)( 0—Po)/d
logt n d vgo/ F14200/d ) Co
k, (Bo—a0)/d (7:/30/(1 _ 1)(1.(/30—010)/d -1
) (7) To/d — 1 (1+0r(D)

as n,k, — 00, and k,/n — 0. In the important case where g = 2« we find that
the asymptotic bias equals

d (kp\%? ) C
)@ D(FoVa) | - i) |,
logz \ n Co d

whose absolute value increases with 7 € (1,2]. Consequently, the bias is smaller

when t is smaller than the original value T = 2 proposed by Pickands (1975).
Note that however then the asymptotic variance increases.

3 Optimization of the k,-nearest neighbor density estimator

3.1 The asymptotic mean squared error

Here, we are interested in a functional form of &, in (6) that will essentially
indicate how k, should depend on the number of sample points » and the regu-

larity index a,. To obtain this, we optimize k, with respect to the mean squared
error criterion

Ay = E(fi, 0 — f(0)°

where the expectation is over the sample set X1, ..., X},. This theorem, proved
in Sect. 5, generalizes the results presented in Fukunaga and Hostetler (1973).

Theorem 3 Let x € RY be a Lebesgue point of 1 satisfying condition (1.3).
Assume that supp p is compact and f(x) > 0. Then, under the conditions

. . n
lim k, =oc0 and lim —
n—00 n—oo n

=0,

the following asymptotic developments hold:

Cy Ky \ /4 1 kyyex/d
EBfi, () — f = T 4 ot (_) o (— () )
n de n
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666 J. Beirlant et al.

and

2
Varfy, (x) = fk(:c) +o0 (kin) asn — oo.

Consequently,

An () = E(fi, (¥) — f(0))

P G o (ke 2e/d 1 kN 2e/d
= ke +V§ax/df @(5) o k_n+(7) :

Corollary 1 Under the assumptions of Theorem 3, the value of k,, that minimizes
the asymptotic mean squared error is

) nZax/(d+2ax)

dV2otx/d .,
* ( d f2+2 /d (x)

d/(d-+2ay)
20y C% )

and the associated mean squared error is

fZax/d (x) n*ZaX/(d+2aX) +o0 (nfzax/(d+2ax)) )

d + 20y ( 200, C2

)d/(d+2ax)
dvael

Remark 3 The optimal £}, is seen to depend upon the dimension of the obser-
vation space and upon the characteristics of the symmetric derivative of u at
the point x, namely f(x), C, and «,. The coefficient C, can be interpreted as
a measure of the variation of the underlying distribution. Thus, if C, is large
(indicating f(x) has large second derivatives when f is sufficiently smooth, and
is therefore changing rapidly in the region around x), we see that the optimal
ky is made smaller to compensate for this fact. We also observe that the optimal
number of nearest neighbors is increasing with «,, as expected.

Remark 4 The choice of a bandwidth in non-smooth cases has been considered
for instance in van Es (1992), who explored cross-validation bandwidths for
kernel estimators. Below we present a new approach based on the regularity
index discussed here.

3.2 A regression model and selection of the number k,, of nearest neighbors

In this paragraph, we construct a regression model which allows to reduce
the bias of a k;,-nearest neighbor density estimator. This enables to construct
diagnostics for selecting the number &, of nearest neighbors. We consider the
following scaled differences of consecutive nearest neighbor density estimators
at a given point

Zj=jfi0) — = Dfia), j=1,
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Higher order estimation at Lebesgue points 667

setting Ofp (x) = 0. From Proposition 3 and the basic condition (3), the following
expansion can be derived for the variables Z; (one can justify this in a formal
way as will be seen in the proof of Theorem 4)

. _—
Zj = \/k>n |:Qn,kn (kL)f](x) - Qn,k,, (]k_)f]_l(x)i|
n |: 1(Bj() —G—1) :U«(Ej—l(x))i|

A(Bj()) A(Bj—1(x))
N J =1
~ JITnf(x)[Wx(k—n) - )]
Hilf ) + Ce I1X () = x| ] = (G = D[f () + Cy 1Xj—1) () — x1|**],

where Oy, x, is defined in (10). On the other hand, using the mean value theorem,
we obtain that

JIX Gy o) = x[* = (G = 1) [ X(j—1)(x) — x[|*
—ay N \ ox/d . —oy j— 1\ ox/d
vt (7~ g (]

~ V;ax/dffax/d(x) (1 n %) (f_'l)ax/d

Hence, we are led to approximate Z; by

; ay/d
Z]:f(x)+bkn (kL) +f(x)8j7 ]=1,,k}’l7 (13)
n
where
— —oy/d p—ay/d & ﬁ ax/d
b= e 1+ %) ()
and

g = \/E[Wx(i) - Wx(j_ 1)} N0, 1),

ky kn

Representation (13) yields a regression model with covariates j/k,, j =
1,...,kn. Note also that by, /(1 +ay/d) is the factor which dominates the bias of
the nearest neighbor estimator as given in Theorem 3. Further, the regression
model (13) can be exploited directly to propose an estimator for by, using a
least squares method, after replacing «, for instance by the estimator & . In
Feuerverger and Hall (1999), and Beirlant et al. (1999) a representation sim-
ilar to (13) was introduced in the context of estimation of a Pareto index y
within model (5). More precisely, denoting the order statistics of a sample by
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668 J. Beirlant et al.

Xip <+ < Xnpand Zj == jlog Xy ji10 —10g Xn_jn),j = 1,... kn, with k, /n
small, these authors considered the model:

- I\ —P B
Zi=vy+by, (kL) +vE, (14)
n

where by, is of order (n/k,)”. Comparing (13) and (14) we observe the simi-
larities between the estimation of a density f at a point x and of the extreme
value index y. Observe further that when estimating f(x) (for instance by least
squares) from the simple location model

Zi~fx)+fe, j=1,...,kp,

(obtained by setting by, equal to 0 in (13)), we are led to
1 &
. > Zj = fr, .
j=1

Comparison of (13) and (14) is quite instructive in understanding the similarities
between estimation of Pareto-type tails and density estimation:

— the role of f(x) is taken over by the tail index y in extreme value method-
ology;

— the nearest neighbor estimator k;; 1 Z]/.Zl Zj = fi,(x) of f(x) is the ana-
logue of Hill (1975) estimator k! Z}lzl Zj = k! Z]].Zl (log X,—j10 —
log X,,—, ») of the tail index y;

— the bias of the Hill’s estimator is strongly influenced by the second-order
parameter p, while for fj, (x) the regularity index ay is predominant.

By virtue of this analogy, methods that have been worked out recently in
extreme value statistics can be carried over to density estimation. Here, we
illustrate this with two techniques: the adaptive choice of k, when using the
nearest neighbor estimator, and secondly, the proposal of a density estimator
which reduces bias. Both techniques are based on a consistent estimator &, .
In accordance with Theorem 1, we let the number of nearest neighbors l~cn used
PPN . gax+d/2 , o
in &, x satisfy &, /n% — oo.

First, based on (13), one can propose a procedure to estimate k. Indeed,
one easily checks that

d

d/(d+2ay)
_ Dot/ (d+20ty ax\2 d
k;kl — (bk()) 2d/(d+201x)k00‘ /(d+2e )|:f2(x)(1 + _x) _Za i|
X
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Higher order estimation at Lebesgue points 669

for any preliminary value ko. An approximate least squares estimator of by, is
then given by

~ ~ ko A
- (A 4 @ /d)? (A + 24, /d) 1 ( J \Gn/d 1 )
bry = e : —> 7 (-~ -—)
o @ /)2 C ko= (%) 1+ Gne/d

We find an estimator for k; replacing by, o, and f(x) by their respective esti-
mators by, &nx and fi, (x)

]AC*

n.ko

R R ~ d/(d+2a, x)

_ (b \=2d/(d+26x) 1,200/ (d42000) | 2 dnx\2 d

= (biy) K [fko(x)(1+ - ) T .
(15)

Let us now prove the consistency of this method.

Theorem 4 Letx € RY be a Lebesgue point of u satisfying condition (3). Assume
that f(x) > 0. Then as ko — oo, ko/n — 0 and ka‘+d/2/(n"‘x log ko) — oo, we
have
7%
n ko

o = =1+ o0p(1).

n

In particular, f;,, ko (x) has the same asymptotic efficiency as fisx (x).
e

Proof of Theorem 4 The result will follow if we show that, under the condition

kaXer/Z/(n(xv log ko) — oo, we have

bko

T 1 in probability. (16)
ki

0
We consider x = 0. To derive (16) note that

1 ko=l

. 14 @no/d)? (1 + 2é0/d no/d i\ éno/d
bk0=(+a,0/)(+a,o/)[ ao/ fko()+k Z(( ) 0

(6!}1,0/d)2
+ 1yano/d
()" o]

which is asymptotically equivalent to

ko—1

(A + &no/d)* (1 +2850/d) [ [, (0) 1 J \dnord
; [1 Tano/d ko E (%) f’(o)}‘

an,O/d
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As in the proof of Theorem 3, we find that

R o ag/d
bry (14 dno/d) (L +2d0/d) [W ko) 0/ (1 (B, 0))

br, (1 + ap/d) dno/d 1+ éno/d
ko—1 PN .
1 j \ano/d , a/d=1 pn \ao/d |
“ le (k—o) (n(B/0)) (k—o) ;] +op(1)
]:
A+ Gno/d)? (1 +280/d) ( n coldr 1
B (1 +ao/d) no/d (k_OM(EkO (0))) [1 + @no/d
ko=l o a B0 ap/d—1
1 £ Ml (—“(__’( ))) }+o.,(1).
niu (B, (0)) ko <= Vko 1(By (0))

Denote by B(a, b) the beta distribution with parameters a and b. Using the
consistency of &0, nu (Eko (O)) /ko =1+ 0,(1), and the fact that

ko=l , .\ Guo/d+1 B0 ap/d—1
w2 () (ae) oo
0 S \K0 /,L(Eko (0)) 1+ 2a9/d
since
1 (B;(0)) . . .
———— ~ B, ko—j+ 1), =1,...,kp—1,
(B0 (sko—J J 0

(Wilks 1962, p 239), the first result now follows.
The second assertion in the statement of Theorem 4 follows from Hall and
Welsh (1985), Theorem 4.1. a

Let us now discuss the least squares estimator of f(x) based on (13) after sub-
stitution of o, by the consistent estimator ¢, based on an appropriate number
of neighbors as indicated in Theorem 1. This estimator takes the form

d
d+any’

£ = fio, ) — by,

Theorem 5 Letx € R? be a Lebesgue point of ju satisfying condition (3). Assume
that f(x) > 0. Then as k,, — oo, k,/n — 0 and kn“"+d/2/n°‘x = 0O(), we have

Vi@ — 1) B (0L (TEY,

X
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Proof of Theorem 5 Again let x = 0. First one shows using Theorem 2.1 and
the mean value theorem that

(@) 7 _
1O = (Fia O = iy ) = 0n(D),

where

S (4ag/d> (A +2a0/d) 1~ (] \eold 1

Pl = (a0/d)? " Fn Ez’((k_) N 1+ao/d)'
Then
. 3 d+ ap (d + o) (d + 2a0)
i ©) = by o = i O = =) + g
1Rt Newd )
. dy—
X ]:Zl (c51) 2 alxXoO1) ™" +onm.

Using the method of proof of Theorem 2 with the help of Proposition 3, one
shows that

Ve (e © = b, +da0) ~j0]
- (oo - (FEE ) e ()

j=1
+op((%)a0/d).

The limit distribution is now obtained from this linear combination of W((J") (G/kn)
(j=1,...,ky) taking k;, — oo. O

4 Simulations

To illustrate the results, we present now some simulations. For the probability
density f; defined in the first section, we estimated the regularity index o at
the point 0 using the estimator & .

First, for n = 1,000, in Fig. 1 we plot single typical trajectories of fi, (0),
,E? (0), &np (With v = V/2) and log lAc:,kO on the same k;,-scale. Note the stability
of the plots of &, ¢ and log i(;; ko in the region k;,, kg beyond 150, while the density

estimates fi,(0) and f,ﬁ:) (0) coincide closely up to k, = 150 beyond which the
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Fig. 1 Results for fj, (0) (top, solid line),flgz) (0) (top, dotted line), &y, () (middle, with T = +/2), and
log lAc;; ko (bottom) for a sample of size 1,000 from f;

stability of f,gz) (0 is striking. Here, we took &, as the median of «-estimates
obtained for k, between 150 and 500.

For fixed n, the value of k, in the estimator (9) should depend on 7 so that
k, — o0, k,/n — 0 and kz”d/z/n"‘x — oo as n — oo. In Fig. 2, we consider,
for each k, separately, the sample distribution of 100 independent results of the
estimator &, o using v = 2. These different sample distributions are summarized
using the mean, median, first and third quartiles of the 100 outcomes.

The obtained results essentially enlighten the consistency of the estimator
under study, as well as the importance of a good choice of k, with respect to n.
In this example consistency is obtained when k,, /n*/®> — oco. The results in case
of f» turned out to be of similar nature.

A drawback of the selection criterion based on lAcl’;’kO is that it involves the
use of a primary guess ko that has to satisfy the conditions outlined in Theorem
4 for the selection criterion to be asymptotically efficient. However, as can be
derived from (15), lAc;“l’kO /k;, approximately behaves as a realization from a nor-
mal distribution centered at 1 for values of ko smaller than the values indicated
in Theorem 4. Hence also for smaller k( values, kj;’ ko is still median unbiased.

Thus, in order to set up an automatic method, from a practical point of view we
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2.5 : . . T 2.5
2l
151
1

05| 7 P
0| -

500 1000 1500 2000 2500 0 05 1 15 2 25
s k, x10°

Fig. 2 First quartile (dashdotted lines), median (dotted lines), third quartile (dashed lines) and
mean (solid lines) of the estimations of g obtained from 100 repetitions for each kj, ranging from

1 to |n/4] [n =100 (top left), n = 1,000 (top right), n = 10,000 (bottom left) and n = 10° (bottom
right)] for the density f;. We also show the true value of o (horizontal solid line)

propose to use the median of the first n/2 k values as an estimate for K

k = med {/Ac;:,ko;ko =5,... ,n/2} .

Figure 3 summarizes the results of the nearest neighbor estimates of f;(0)
based on k neighbors through a boxplot based on 100 independent repetitions
of this adaptive technique, for samples of size 500, 1,000 and 5,000. Of course,
the typical under-estimation of the nearest neighbor density estimator of f; (0)
remains present.

5 Some proofs
Proof of Proposition 2 Proof of (A) can be found in Devroye et al. (1996),

Chap. 5. Proof of (B)(i) and (B)(ii) is due to Loftsgaarden and Quesenberry
(1965) and Moore and Yackel (1977). With respect to (B)(iii), we know from
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++

0.8 - 4

0.75 - q

++

06 | ! _ i

05 | | E ]

0.45 - I i

04 | ! !

0.35 - — 1

n=500 n=1000 n=5000

Fig. 3 Boxplots based on 100 estimates f;,(0) when estimating f; (0) = 0.5 from samples of size

n = 500, respectively n = 1,000 and n = 5,000. We also show the true value of f;(0) (horizontal
dashed line)

(B)(i) that

Lt1kn]
Vi | X (k) @) — x|

— f(x) in probability,

and, similarly, that

L2 ki)
Vi | X (\rak, )y ) — x4

— f(x) in probability.

Since f(x) > 0, it follows that

1 X (|2 ) — x| N (2

Ve babili
ty.
1X (o, 1) () — x| Tz) 1 probabiity

To prove (B)(iv), observe that, according to (B)(ii),

% — (B, ) = OP(@) asn — oo.

Further,

n

vk

which tends to co in probability according to the conditions on k&, and (B)(i). O

Va 1 X g, () — x| =

1/24ay/d x
_ R Vg (X g 0 — x|\ e
(nVg)%/d ’

kn
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Proof of Theorem 3 Again, without loss of generality, we assume that x = 0.
By definition

ky :U«(Bk" (0))
n (B, (0)) Va I X, O)lI4

Using (17) and Proposition 3 (ii), we obtain

fr, (0) = (17)

kn k, C 1 1-ao/d
fien (0) = ———f(0) + —a—oMf‘“‘)/d(O)(—) (I+o(D)
oy (B, (0))

nu(By, (0)) By, (0)

P-as., as n — oo. But M(Bk,, (0)) is known to have a beta distribution B(k;,n —
kn + 1) (Wilks 1962, p 239). Therefore,

1
E(M(Bkn(o))) B knn—l

and

1 —ao/d —ao/d
E(M(Bkn(o)))l M= () o)

(see Fukunaga and Hostetler 1973 for details). Clearly, the o(1) function is
bounded on compact sets. Moreover, by assumption, supp u is compact. Con-
sequently, the Lebesgue’s dominated convergence theorem entails

B 1 Co ooy {(Kn Y
Efe, 0 =10) (14 ) + ol ™ O (%) (4o

and thus

_ f(O) Co —ap/d kn ap/d 1 kn ap/d
Efk"(O)_f(O)_k_n+Wf 0 (0)(7) +O(k_n+(7) )

With respect to the variance term, we use (17) and Proposition 3 (ii) to obtain

kn

0= —"
N O = B, )

fO)(14o0(1)) P-as.
as n — o0o. According to the distribution of u(By, (0)),

k n
Efy, (0) = 7" o
—

fO)(1+o0(D)
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and
Eff (0) = ﬁ—%%ﬂ(m (1+o(D)).
As a consequence,
Varfi, 0) = L z(f) (1+0(1)).

The end of the proof of Theorem 3 as well as the proof of Corollary 1 are
straightforward. O
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