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Abstract The proportional hazards cure model generalizes Cox’s proportional
hazards model which allows that a proportion of study subjects may never expe-
rience the event of interest. Here nonparametric maximum likelihood approach
is proposed to estimating the cumulative hazard and the regression parameters.
The asymptotic properties of the resulting estimators are established using the
modern empirical process theory. And the estimators for the regression param-
eters are shown to be semiparametric efficient.
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1 Introduction

Survival models with a cure rate have received much attention in recent years
(Farewell, 1982, 1986; Kuk and Chen, 1992; Sy and Taylor, 2000; Peng and Dear,
2000, among others). These models are useful when a proportion of study sub-
jects never experience the event of interest. Applications of cure models can
be found in many disciplines, including biomedical sciences, economics, soci-
ology and engineering science. Maller and Zhou (1996) contains a list of such
applications.

Mixture modelling approach is commonly used to formulate a cure model,
which assumes that the underlying population is a mixture of susceptible and
nonsusceptible subjects. All susceptible subjects would eventually experience
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the event if there were no censoring, while the nonsusceptible ones are immune
from the event. Under mixture modelling approach, a decomposition of the
event time is given by

T=nT"+ 1 —n)oo, 1)

where T* < oo denotes the failure time of a susceptible subject and 5 indicates,
by the value 1 or 0, whether the sampled subject is susceptible or not. Thus, one
can model separately the survival distribution for susceptible individuals and
the fraction of nonsusceptible ones.

Parametric mixture models were explored earlier by a number of authors.
Berkson and Gage (1952) used a mixture of exponential distributions and a
constant cure fraction to fit survival data from studies of breast cancer and
stomach cancer. This parametric approach was extended by Farewell (1982,
1986) to Weibull regression for survival and logistic regression for the cure frac-
tion. Theoretical and empirical properties of the Weibull extension were fully
studied there via the parametric maximum likelihood method.

More recent attention has been focused on semiparametric mixture mod-
elling approaches. Kuk and Chen (1992) proposed the so-called proportional
hazards cure model in which the proportional hazards regression (Cox 1972)
models the survival times of susceptible subjects while the logistic regression
models the cure fraction.

The model is specified by the following two terms:

AtZ, X) = dlirr(l)+ Pt<T<t+dt|]T* >1,Z,X)/dt = L(t) exp(B'Z), (2)
—

exp(y'X)

)

where A(t|Z, X) is the hazard function for a susceptible subject with p-dimen-
sional covariates Z and g-dimensional covariates X, and A(¢) the completely
unspecified baseline hazard function, and 8 and y the unknown regression
parameter vectors of primary interest. Recall that Z and X may share some
common components and X includes 1 so that y contains the intercept term.
Furthermore, we assume that the censoring time C is independent of 7* and
n conditional on Z and X. Define T = min{T,min(C,7)} and § = I{T <
min(C, )}, where 7 denote the total follow-up of the study. Then the obser-
vations consist of (T,-,S,-,Z,-,X,-), i =1,...,n, which are independent copies of
(T, 8,7, X). And the observed likelihood function can be written as

n
~ ! T / i
La(A,0) = H[{n(y/X»A(Ti)e*“ Ziem ATy ewn@'2) |

i=1

= , 1-6;
x {1 — 7 (Y Xi) + 7wy Xpe~ MV exelB Zi)] ] 4)
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Maximum likelihood estimation in the proportional hazards cure model 547

where 0 = (B,y'), n(a) = exp(a)/{1l + exp(a)} for any real number a, and
At) = fot A(s)ds is the baseline cumulative hazard function.

As noted by Kuk and Chen (1992), if the cure fraction 1 — 7 (y'X) is not
equal to zero, the hazard function of 7 is no longer proportional and the simple
form of the partial likelihood function, like that for the usual Cox proportional
hazards model, can not be obtained here. To solve this difficulty, they proposed
to consider the following complete but unobserved likelihood function:

n
~ / 5 / 3ini
Luc(A,0) = H[{n(y/xi)x(meﬁ Ziem Ao’ Z) |
i=1

% ( {1 a W(V/Xi)}lim {JT(V/Xi)e_A(i‘)exp(ﬂ'Zi)}'7,']1_5ii|’

where 7;’s are only partially observed,i.e. when §; = 1,n; = 1, while when §; = 0,
n; is unobserved. Based on L, they developed a Monte Carlo simulation-based
algorithm for approximating a rank-based likelihood function, thereby enabling
them to perform maximum marginal likelihood estimation. The proportional
hazards cure model was further studied by Peng and Dear (2000) and Sy and
Taylor (2000) among others to obtain alternative methods for computing the
joint semiparametric likelihood function. Their approaches largely relied on
the semiparametric EM algorithm that computes estimates for both the cumu-
lative baseline hazard and the regression parameters. However, the theoretical
properties of the resulting estimators for the proportional hazards cure model
remain to be established. Fang et al. (2005) studied the large sample proper-
ties of the maximum likelihood estimators under the proportional hazards cure
model.

Recently, Lu and Ying (2004) proposed an estimating equations approach for
the semiparametric transformation cure models, where the class of linear trans-
formation models are used for the failure times of susceptible subjects and the
logistic regression is used for the cure fraction. Their approach was motivated
by the work of Chen et al. (2002) and used the martingale integral represen-
tation to construct unbiased estimating equations. The large sample properties
of the resulting estimators were also studied. However, the proposed algorithm
for solving the equations may not converge and the resulting estimators for the
regression parameters are not efficient, even when the model specifies the pro-
portional hazards cure model, i.e. the error term of the linear transformation
models follows the extreme value distribution.

In this paper, we propose to estimate the parametric and the nonparametric
components in the proportional hazards cure model by using nonparametric
maximum likelihood. The joint parametric/nonparametric likelihood approach
to semiparametric problems was pioneered by Murphy (1994, 1995) for the
frailty model and Scharfsten et al. (1998) for the generalized odds-rate class of
regression models, among others. Here, we apply and extend their techniques
to the proportional hazards cure model and make use of the modern empirical
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process theory, as elucidated in van der Vaart and Wellner (1996), to drive the
large sample properties of the resulting estimators. In addition, We show that
the maximum likelihood estimators for the regression parameters are semipar-
ametrically efficient (Bickel et al., 1993).

The paper is organized in a natural order. We first compute the semipara-
metric variance bound (Sect. 2). Then, in Sect. 3, we define our estimators and
show that they are consistent, asymptotically normal, and achieve the variance
bound. Consistent variance estimators are also derived here. Section 4 gives
some discussions on generalization of our approach to include time dependent
covariates and other semiparametric cure models. Some technical lemmas are
put together and proved in the Appendix.

2 Semiparametric variance bound

First, note that the log likelihood function for a single observation is

I(A,0) = 8[logl{n (v X)M(T)} + B'Z — AT exp(B'Z)1 + (1 — 8) log S(T, A, 0),
&)

where S(t,A,0) =1 — 7 (y'X) + 7w (y’'X) exp{—A(t) exp(B’Z)}. Then the semi-
parametric variance bound is computed via the semiparametric efficiency theory
of Bickel et al. (1993). To be specific, a parametric submodel corresponding to
a parameterization of A(f) is considered, say A(t,«), where A(f,ap) = A(¢) for
some .

So the log likelihood for such parametric submodel is given by

l(,0) = 8[log{n (y' X)MT, )} + B Z — A(T,a) exp(p'Z)]
+(1 — 8)log S{T, A(-,a),6},

where A(t,a) = fé A(s,a)ds. The score for 6 is
al T
55 = | Wieacw.0aMiACa.0) (6)
0

where M(1,A,0) = N(1) — [; Y(s)g(s, A,0) exp(B'Z)dA(s) and W(t,A,0) =
(Z'[1 — {1 — g(t, A,O)}exp(B'Z)A(D)], X'{1 — g(t, A, 6)})’ with

7 (y'X) exp{—A(t) exp(B'Z)}
1—n7@'X)+ (' X)exp{—A@®) exp(B'2)}

gt A,0) =

By the usual counting process and its associated martingale theory (Fleming and
Harrington 1991; Andersen et al. 1993), M(¢, A, 0) is the F;-counting process
martingale, where F; is the smallest sigma-algebra generated by {N(s), Y(s), 0 <
s < t}. The score for « is
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ol [T [t I AR X CR))
2 _/0 W—{l—gu,me)}expw Z)/0 > d%dM{z,Ac,a),e}.
(7

Let 6y and Ag be the true values of # and A, respectively. And denote Sy and
S« to be the corresponding scores for 6 and « evaluated at the truth. Similar
to Scharfsten et al. (1998), we can define the following tangent set ® in the
nonparametric direction,

© ={f(T,8,2,X):f(T,8,7Z,X)
T t
_ /0 [a()) — {1 — go(0)} exp(£}2) /0 a(s)dAo(s)JdMo ),

where a(f) is any(p+q)—dimensional function of ¢, E[||f(T,6,Z, X)|12] < oo}.
Here go() = g(¢t, Ao, 0p) and My(t) = M(t, Ag,6p). Then the efficient score
Sett for 6 can be defined as Seip = Sy — [1[Sp|©], where I1[-|-] is the projection
operator.
To project Sp onto ®, we need to find the vector a(f) such that

T t
E( /0 [Wo() — a(t) + {1 — go()) exp(B42) /0 a(s)dAo(s)T'dMo o)
T t
« /0 [a*(t) — {1 — g0 () exp(B)2) /0 a*(s)dAo<s>1dMo<t)) —0, (@)

for all a*. Here Wy(t) = W(t, Ag,60). By some simple algebra, we can show
that the vector a(f) which satisfies (8) is a solution to the following Fredholm
integral equation of the second kind:

a() —/r K(t,)a()dAo(s) = f(1), te][0,1], )
0

where for0 <t, s <,

Elgo(s v {1 — go(s vV D} exp(2By2)Y (s V 1)]

K(t,5) = E{Y (1)go(1) exp(B{Z)}
5, El0@) (1 = o) exp(G352) Y (]1dAo )
- E{Y (1)g0(t) exp(B{Z)} ’
10 = EW00Y 000 exp(8,2))

E{Y (H)go(?) exp(By2)}
[ E[Wo()80(){1 — go(s)} exp(2B)Z) Y (s)1d Ao(s)
E{Y (1)go(t) exp(B)2)} '
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If the kernel K(-,-) satisfies sup;¢(o for |K(t,s)|dAo(s) < oo, then according
to Kress (1989), there exists a solution to this integral equation. Under mild
regularity conditions, which are given in the next section, we can show that the
kernel K defined above satisfies the above condition. Denote the solution by
acst(1). Then, the efficient score for 6 is

T t
Sett = /0 [Wo(t) — et (@) + (1 — go(0)} exp(B42) /0 et ($)dAo(s)1dMo )

Therefore, provided that the £ (SeffS/eff) is nonsingular, the semiparametric var-
iance bound, @, is {E(SeffS/eff)}_l. Furthermore, we can show that

T t
E(Seffsgfp:E( /0 WoO[Wo(t)— aetr(0)+{1— g0 (1)} exp(B42) /O et (5)d Ao ()]

x Y (D)go(1) exp(ﬁéZ)dAo(t)) :
since based on (8),

T t
E (/0 [Wo(t) — acte (1) + {1 — go()} eXp(ﬂ()Z)/O acfr(s)dAo(s)]

t
X[aeff(t)—{l—go(t)}eXp(ﬁ()Z)/0 defr($)d Ao ($)]Y ()80 (1) eXP(ﬂ()Z)dAo(t))=0-

3 Estimation and asymptotic

Nonparametric maximum likelihood method is used to estimate the regression
parameters and the baseline cumulative hazard function. For convenience, we
assume that there are no tied death times, but our results can be easily tailored
to accommodate tied death times.

The log likelihood function for observed data is given by

n

> (siltog(w (v X)) +log A(T) + B'Zi = A(Ti) exp(B'Z0)]
i=1

+(1 — &) log S(T;, A.6)). (10)

where §; is obtained from § by replacing Z and X by Z; and Xj, respectively. The
maximum of this function does not exists if A(-) is restricted to be absolutely
continuous. Thus, we allow A(-) to be discrete and replace A(¢) in (10) with the
jump size of A at time t, denoted by AA(¢). Then we maximize the following
modified log likelihood function to obtain our estimates:
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n

nly(A,6) = Z(Si[log{n(y/Xi)} +1o0g{ ANT)}Y + B'Zi — A(Ty) exp(B'Z))]
i=1

+1-6) logSi(Ti,A,G)). (11)

We observe that the maximizer A, of (11) must be a step function with jumps at
all the death times. Within the class of functions of this form, we can show that
the maximum likelihood estimators, A,, and 6,,, of (11) exist and are finite. Then,
we show that they are consistent and asymptotically normal. And the limiting
variance of 6, attains the semiparametric efficiency bound, ®. To establish our
claims, we need the following conditions:

Condition 1. The function Ag(¢) is strictly increasing and continuously differ-
entiable, and Ag(t) < o0.

Condition 2. 6 lies in the interior of a compact set C and the covariate vectors
Z and X are bounded in the sense that P (|Z] < m and | X| <
m) = 1 for some constant m > 0.

Condition 3. With probability one, there exists a positive constant ¢ such that
P(C>=T*>1|Z,X) > e.

Condition 4. P{Y(t) = 1|Z, X} is continuous in ¢.

Remark I The conditions 1, 2 and 4 are the usual regularity conditions needed
for establishing the large sample results for the maximum partial likelihood
estimators under the proportional hazards model. Condition 3 is for the iden-
tifiability of the proportional hazards cure model on the interval [0, 7], i.e. the
follow-up is sufficiently long for identifying A (¢) on the interval [0, T].

3.1 Existence

Theorem 1 Assume that conditiAonsAl—Z hold. Then the maximum likelihood
estimators of I,(A,0), (A,0) = (An,0,) exists and is finite.

Proof Since I, is a continuous function of 6 and the jump sizes of A, it is equiva-
lent to show that the jump sizes are finite (Scharfsten et al., 1998). To see this, let
b1,. .., by denote the jump sizes at the death times T(l) < T(z) <. < T(k(n)),
where k(n) is the total number of deaths. Then

k(n) i
1
be< =~ > | loglm (v X} + B Z) + {log bi — exp(B'Z) D by}
i=1 | j=1
1 k(n) i
< - Z log{m (y' X))} + B'Zi) + {log b; — exp(—My) ij}
i=1 | j=1

where My is a positive constant and Z;), X(;) are the covariate vectors cor-
responding to the ith death time, T;. The first inequality above holds since

@ Springer



552 W. Lu

0 < Si(T;, A,0) < 1 and the second inequality is due to condition 2. Therefore,
Iy diverges to —oo if b; tends to oo for some j. This implies that the jump sizes
of A must be finite. O

Remark 2 The maximization of /,,(A, #) in (11) can be carried out by the Nelder-
Mead simplex method. Such an algorithm is available in MATLAB software
with the build-in function “fminsearch”.

Remark 3 Since (f\,,,én) exists and is finite, the derivative of [, with respect to
the jump sizes of A should be zero. This leads to the following equation for A:

dN(s)

t
[\n(f)=/1 o = ——, O<t<r,
0 5 21 Yi() exp(BZp{j + (1 — 8)gj(Tj, A, 0)}

(12)

where N(f) = (1/n) > 1 Ni(t) and g; is obtained from g by replacing Z and X
by Z; and X, respectively.

3.2 Consistency

We apply the techniques used by Murphy (1994) and Scharfsten et al. (1998)
here for proving consistency. Specifically, define

A = /f dN(s)
T o L3 Yt exp(BZ s + (1 — 8)gi(Tj, Ao.60))

O<t<r,
(13)
which is a step function with jumps at each of the death times and converges

uniformly to Ag (see Lemma 2 of the Appendix).

Theorem 2 Assume that conditions 1-4 hold. Then

sup IAn(t) — Ao(®)] > 0 a.s. and ||én — 6|l = 0 as.
te[0,7]

The proof of Theorem 2 is given in Appendix.

3.3 Asymptotic distribution

We extend the approach of Murphy (1995) and Scharfsten et al. (1998) to
derive the asymptotic distribution of our estimators ([\n,én). Here we also
work with one-dimensional submodels through the estimators and the differ-
ence at the estimators. To be specific, set Ay(t) = fg{l + dhl(s)df\n(s) and
04 = dhy + 0,, where hy is a function and h; is a (p + ¢)-dimensional vec-
tor. Furthermore, write hy = (h),h,)’, where hy; is the p-dimensional and
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h, is the g-dimensional vectors corresponding to Z and X, respectively. Let
Sh (An, Gn)(hl, hz) denote the derivative of [, with respect to d and evaluated at
d=0.1If (An,en) maximizes /,,, then Sn(An,On)(h1,h2) = 0 for all (h,hy). We
observe that S, (A, 0,) (h1,h2) = Sp1(An, 0) (h1) + Sp2(An, 0,) (ha), where

A 1< /7 A . t .
Suthndom =3 [ [m(z) — (- gt Avdlexp(A Z) | h1<s>dA<s)}
i=1
x {dNi) = Yi0gi(t, An, ) exp(B ZDdA )]
A 1< [T PO
SnZ(An,Qn)(hZ) = ; Z/O h/ZWi([a Ay, 0p)
i=1

x{dN;(t) — Yi(t)gi(t, An,0y) exp(B' Zi)dA (1))

Let BV][0,t] denote the space of bounded variation functions defined on
[0, T]. We assume that the class of & belongs to the space H = BV[0, 7] Q) RPT4.
For h € H, we define the norm on H to be ||A||g = ||h1]|v + |h2|1, Where || ]|y
is the absolute value of /1 (0) plus the total variation of /#; on the interval [0, 7]
and |hy ]y is the Li-norm of hy. Define H,, = {h € H : ||h||g < m}. If m = oo,
then the inequality is strict. In addition, define (A, 0)(h) = fo hy()dA () + h,0
The (A, 0) indexes the space functionals

= i(A,O) :osup |(A,0)] < oo}

heH,,

Now V¥ C [*°(H};,), where [°°(H,;,) is the space of bounded real-valued functions
on Hy, under the supremum norm ||U|| = supjcp, |U(h)|. The score function
S, is a random map V¥ to [°°(H,,) for all finite m. Convergence in probability
(denoted by P*) and weak convergence will be in terms of outer measure.

Theorem 3 Assume that conditions 1-4 hold. Then
(Vn(An — Ao),V/n(@ —6p)) = G (14)

weakly in [°°(H,,), where G is a tight Gaussian process in [°°(H,,) with mean
zero and covariance process

Cov{G(h),G(h")} = / hy (t)o(l) (h*)(®)dAo (D) + hza(z) (h"), (15)
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where o = (01, 02) is a continuous linear operator from H, to H, with inverse

-1 _ -1 -1 o .
o7l = (0(1) 00 ). The form of o is given as follows:

o1(h) (1) = E(V(t, o) (W)Y (t)g(t, Yo) exp(By2)}
—E [/ V(s, To) (M) Y (5)g(s, Yo){1 — g(s, o)} eXp(Zﬁ()Z)dAo(S)} ,
t

and
o2(h) =E [/OT W, Yo)V(, Yo) (W)Y (1)g(t, Yo) eXp(ﬂ()Z)dAo(t)] ,
where Yo = (A, 6p) and
V(t,A,6) = hy(t) — {1 — g(t, A,6)} exp(B' Z) /Othl ($)dA(s) + W (L, A, 6).

The proof of Theorem 3 is given in the Appendix and follows the following
theorem from (van der Vaart and Wellner 1996, Theorem 3.3.1). In this theo-
rem, the parameter space W is a subset of [°°(H,,) and the score function is a
random map S, : ¥ — [*°(H,,). Let Y = (A,6) and Y, = (f\n,én). Further-
more, denote the asymptotic version of S, by S, i.e S(T) = E{S,(Y)}. Then we
have that Sn(fn) =0, S(Yg) =0and Yn — Yo = op«(1) as elements in [*°(H,;,).
The notation “lin” before a set denotes the set of all finite linear combinations
of the elements of the set.

Theorem 4 Assume the following:

1. (Asymptotic distribution of the score function) \/n{S,(Yo) — S(Yo)} = G*,
where G* is a tight Gaussian process on [°°(H,,).
2. (Fréchet differentiability of the asymptotic score)

VrIS(Tn) — S(Y0)} = —/nS(X0)(Tn — Yo) + op+ (1 + /al| Ty — Yol)),

where S(Yo) : lin{Y — Yo : Y € W} — [°°(H,,) is a continuous linear

operator.

(Invertibility) S(Yo) is continuously invertible on its range.

4, (Appfoximation condition) ||/n{(S, — (1) — (Sy — SH(Yo)H| = op«(1 +
s = TolD).

Then, Jn(T, — Yo) = S(Yo) "' G*.

e

Remark 4 From (15) of Theorem 3, we have

Var{G(h)} = /0 hi(Do ) (W@ dA@) + By (), (16)
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which provides the asymptotic variances of many quantities of interest. For
example, if we choose A (¢) = 0 for all t and /s, = e;, the ith unit vector, then
we obtain the asymptotic variance of the ith element of 6,,. Alternatively, if we
qhoose hi(s) = I(s < t) and hy = 0, then we obtain the asymptotic variance of
Ap(D).

Remark 5 A natural estimator of thg asymptotic variance of (ﬁ(é —6p), \/ﬁ([\n
— Ap))(h) can be given as fOT h1g1dAy + h,g2, where g = (g1,£2) is the solution
to hy = 61(g) and hy = 62(g), with 61(g) and 62 (g) defined as

- . . .
51O =~ > Vi, T @ Yilgi(t, Tw) exp(BZ)
i=1

1 — T - - - A A
- Z / Vi(s, Tn) (@) Yi(s)gi(s, Yn){1—gi(s, Yu)} exp (2B, Z1)d Ay (s)
i=17!
e [F . . . . .
02(8) = p Z /0 Wi(t, Tn) Vilt, Tn) (@) Yi(t)gi(t, Tn) exp(B, Zi)d A (1)
i=1

Here 61(g) and 62(g) are the empirical versions of o1 (g) and o (g) with the true
parameter values 6y and Ao replaced by the maximum likelihood estimators 0,
and A, respectively.

In the following theorem, we want to show that the asymptotic variance
estimator defined above exists and converges to the true value given in (16).

Theorem 5 Assume that conditions 1-4 hold, then for h € H,, the solution

g = 6 Y(h) exists with probability going to one as n increases. Furthermore,

[{OZﬁlgldAn + h}g> converges to for hy (t)aa)1 (h)(HdAo(t) + h/zo'(;)1 (h) in proba-
ility.

The proof of Theorem 5 is given in the Appendix. Finally, we want to show that
the asymptotic variance of ﬁ(én — 6p) achieve the semiparametric efficiency
bound, &, established in Sect. 2. By the Cramer-Wold device (see Serfling
1980), it suffices to demonstrate that the asymptotic variance of a’</n(6, — 6o)
is equal to a’®a, where a is any vector in RP™4. To do this, we need to find an
h = (hq, hp) such that oy (k) (t) = 0 for all z and o, (h) = a. Consider the solution,
hy, = ®a and hy(t) = —aéff(t)A_l(BCD — Da, where

B=E ’/t W®2(1, 7o) Y (Hg(t, o) eXP(ﬁ(’)Z)dAo(l)] )
0
A= E(/o W (t, Yo)laep (t) — {1 — g(t, Y0)} exp(ByZ)
t
X/o e ($)dAo($)]'Y (g (1, To)exp(ﬁ(/)z)dl\o(f)).
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Note that with the 4 define above

oz (h) = E(/() Wi, T())I:—aéff(t)A_l(B@ —Da+ {1 —g(t,Yo)} exp(B,Z)
t
. / Ly ($)A™H(B® — DadAo(s) + W', To)cba]
0

x Y (£)g(t, o) exp(ﬂéZ)dAo(t))

=—AAT'B® —Da+Bda=a

and

t
o1 =E ([—aeff(l) + {1 — g, Yo)} eXp(ﬂ()Z)/O aeff(s)dAO(S)i|

x Y (0)g(t, Yo) exp(,B(/)Z)) A YB® - Da

+E{W(t, Y0)Y (1)g(t, Yo) exp(ByZ)} Pa

—E ( / [—aem) {1 — (5. Yo)} exp(B)2) /0 aeff<u)dAo(u)}
t

XY (5)g(s, Yo) (1 — g(s, Yo)) eXp(Zﬂ()Z)dAo(S)) A'Bo ~Da

-E [ / W(s, Y)Y (s)g(s, Yo){1 — g(s, Yo)} exp(Zﬂ{)Z)dAo(s)} ®a
t
If A=Y (B® — I) = @, then

o1 (h) () = (E ([—aeffa) + {1 — g(t, o)} exp(B)2) /0 t aeff<s>dAo<s>}
x Y(0)g(t, Yo) eXP(/%Z)) + E(W(t, Yo) Y (g1, To) exp(By2))
-E (/tr [—aeff(S) + {1 — g(s,Y0)} exp(By Z) /OS deff(u)dAo(u)}
x Y (5)g(s, Yo) {1 — g(s, Yo)} eXp(Zﬂ()Z)dAo(S))
—E [ [ "W, Yo Y ()65, Yoy (1 - 65, To)) eXp(ZﬂéZ)dAo(S)])dm

= {aeff(t)—/0 K(t,5)acgt(s)dAo(s) — F(OYELY ()g(t, Yo) exp(ByZ)} a
=0
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the last equality above holds since aep(f) is the solution to (9). To check
AYBO —1) = @, it is equivalent to show that B — A = &1, This easily
follows the definition of ® and some simple algebra. Therefore, we have proved
that the asymptotic variance of /n(6, — 6) achieve the semiparametric effi-
ciency bound.

4 Concluding remarks

We have developed in this paper the nonparametric maximum likelihood
estimators and their associated asymptotic properties for statistical inference
related to the proportional hazards cure model. And the proposed estimators
for the regression parameters have been shown to be semiparametric efficient.
Our methods and derivation rely on modern empirical process theory.

In this paper, a logistic regression is used for modeling the cure fraction.
Other parametric models, such as the probit model, can also be easily accom-
modated. However, the choice of such parametric models is difficult to test in
practice. In addition, the covariate vector Z in the Cox model (2) is assumed
to be time independent for convenience. This assumption can be relaxed to
include time dependent covariates by adding the following condition on Z(-)
(also see condition 1 of Bilias et al. (1997)):

Condition 2*. There exists a constant B such that || Z||, < B, where ||Z]|, is the
absolute value of Z(0) plus the total variation of Z on the interval [0, t].

Furthermore, the methods proposed here can also be applied to analysis
of other semiparametric cure models. For example, the class of transforma-
tion mixture cure models considered by Lu and Ying (2004), and the class of
semiparametric nonmixture cure models (Tsodikov 1998, 2001; Tsodikov et al.
2003). In particular, Zeng et al. (2006) studied a class of transformation non-
mixture cure models using the nonparametric maximum likelihood estimation.
The models are specified as

P(T > t|X) = Glexp(y' X)F (1)}

where F(¢) is a completely unspecified distribution function and G(x) is a known
monotone decreasing transformation function with G(0) = 1. The cure proba-
bility for a subject with covariate vector X is then P(T = oo|X) = G{exp(y’'X)}.
A main difference between the above nonmixture cure model and the propor-
tional hazards mixture cure model considered in the paper is that the parameter
y affects both the cure fraction and the underlying survival distribution of a
susceptible subject in the nonmixture cure model while it only affects the cure
fraction in the mixture cure model. The goodness-of-fit tests of different types
of semiparametric cure models need to be further investigated and warrant
future research.
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DMS-0504269.
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Appendix
Lemma 1 Assume that conditions 1-4 hold, then sup,, An(1) < 0.

Proof We prove this result by contradiction. That is, suppose that sup,, f\,,(r)
goes to oo as n increases. Then note that

0 = ln([\n, é) - ln([\nye())

1 n n(];/Xi) 1 n A
= —N 5 log L SN s p gy 7
”E T X +ni=21 i(Bn — o) Zi

(S AMNTY 2 s o . ,
+= Z 5 Ilog "= — An(T) exp(B, Zi) + An(T) exp(ﬁozi)]

AA(T)
S(Ti, An,6y)

+=3 1 =81 D
ZZ;( )OgS(T A, 60)

- 1< AA,(Th)
=0,()+-> 8 {lo — A(T; ' Z;
p( )+ni=l [ AA T 2(Ti) exp(B )]

. 1 [T 1& .
=0y + - > /0 log {; > Y exp(ByZpis; + (1 — 8)g(Tj, To)}} dN; (1)
i=1 j=1
1w [T 1 < 5 N
- ;/0 log - ,=21 Yj() exp(B,Z){s; + (1 — 8)g(Tj, Tp)} | AN;(D)
1< AN~ ~
—= 2 sihn (T exp(B,Z)
=1
. 1<, . . R
=0p(1) - ;amn(n) exp(B,Zi)
. 1< . - .
p(D) = = > 8ihn(T) Yi(r) exp(B, Zi)
=1
- N 1 R
< Op() = An(o)- gam(r) exp(B,Zi)

. A
< Op(1) — exp(—c))An(D)— > 8Yi(7)
i=1

where cg is a positive constant and 0,,(1) represents quantities, which are
bounded away from positive infinity with probability one as n becomes large.
Since the limit of 1 3" | §Yi(z) is E{n(nX)P(C > T* > t|Z,X)}, which is
bigger than 0 according to conditions 2 and 3. Thus, as n goes to oo, the right-
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hand side of the above inequality diverges to —oo with probability one, which
is a contradiction. O

Lemma 2 Assume that conditions 1-4 hold, then sup;¢ - [A,(t) — Ao(H)] — O,
a.e., and for each o € Q,

(i) A*is absolutely continuous.
. dAy
(i) supye(o.r ﬁ(z) — y(t)‘ — 0.

(i) sup,e(o.q |Ank @) — fO[ y(s)dAo(s)| — O.

Proof Note that My(t) = N(t) — fé Y (s) exp(ByZ)g(s, Yo)dAo(s) is mean zero
and E{Y (1) exp(B;Z)g(t, Yo)} > 0 for ¢ € [0, 7], we have

t
Aol = /0 E{Y(5) exp(By2)g(s, Yo)) " dE(N(s))

where E{N()} = E{; Y(s) exp(B,Z)g(s, Yo)dAo(s)}. Then

-1

- 1 & . _

An) = Ao(t) = / |:—ZY]'(S)CXP(/3(/)Z]'){5]'+(1—5j)gj(TjaA0790)}:| dN(s)
0 n

J=1

t
- /0 E(Y(s) exp(B}2)g(5: To)) " dEIN(5))

By the Glivenko-Cantelli theorem, % Z?:l Yi(s) exp(B)Z) {8+ (1 — Sj)g]-(Tj, Ao,

6o)} uniformly converges to E[Y (s) exp(8,Z){8 + (1 — 8)g(T, Ag,00)}] on [0, 7].
In addition,

E(Y (0 exp(B)2)8} = EU(C =  exp(ByZ)EI(t = T = O)|Z, X, C}]
= E(I(Cz0 exp(B) 27 (4 X)lexpl=Ao(0) exp(ByZ)) —expl-Ao(C) exp (B3 2)) )

and

E{Y (0 exp(ByZ)(1 = 8)8(T. Ao. )}
= E[1(C = ) exp(B)2)8(C. Mo, 60) EU(T > O)|Z, X, C)

= E[1(C = 0 exp(B) 2)7 (7§ X) exp{—Ao(O) exp(B 2}
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Therefore,
ELY (1) exp(B)Z)(6 + (1 = 8)g(T. Ao, 0)}]
= E[1(C = 1y exp(B)2)7 (i X) exp{—Ao(0) exp(£ 2! |
= E[1(C = 0 exp(B2)g(t. Ao, 00 EUL(T = 11Z.X)} |
= E(Y () exp(B 28t Mo, b))

Since infefo,r) E{Y () exp(ByZ2)g(t, Ao, 6p)} > 0,by Lemma A.2 of Tsiatis (1981),
we have sup;¢ (o 1 [A,(t) — Ao(t)] — 0, a.e.
For (i), let f be any non-negative, bounded, continuous function. Then

/O F(OAA* (1)

— /0 FOAA* @) — A (1))

4
T 1 &5 . A . _
+ /Of(f) |:n—k Z Yj(0) exp(By,, Z){8; + (1 — 8)g; (T}, A”k’enk)}j| dNp, ()
j=1
-1

/ FOAA* @) = Ap (D} + M / f(t)' ZY@’ ANy, (1)

where Nnk " = Zln:kl Ni(t) and M4 is a positive constant. The existence of such
constant My is because

exp(By, Z (8 + (1 — 8)g;(T}, Ay, On,))
= exp(—c0)7 (7, X)) exp{—An, (1) exp(co))
> ¢y exp(—co) exp{—cz exp(co)}
where ¢; and ¢; are two positive constants. By the Helly-Bray Lemma (p. 180

of Loeve 1963), for fOd{A*@) — f\nk ()} — 0as k — oo. Using Lemmas of A.1
and A.2 of Tsiatis (1981), we know that

-1

/ f(t)[ Zm)l AN, (1)
- /0 FOIEY @) E{Y () exp(ByZ)g(t, Ao, 00)}d Ao (1)

as k — oo. Since E{Y(¢)} is bounded away from zero for all ¢ € [0, 7], we know
that
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/0 fOdA™ () < M4/0 FOLELY N ELY (0 exp(By2)g(t, Ao, 60)}d Ao (0)

By choosing f appropriately, this inequality implies that A* must be continuous
at the continuity points of Ag. Since A is absolutely continuous, then so is A*.
For(ii), since

AR () ar 2 Yi0 exp(ByZ) (6 + (1 — 8))g;(T, Ao, 60))

dAn (0 5 3% V(0 exp(B, Zp(o; + (1 = )81 (Tj, Ay On,))

and we have already shown that
ng

1 ~
sup | — > Yi(0) exp(ByZp{8; + (1 — 8))g;(T}, Ao, 60)}

tef0,7] | Mk =1

—E{Y (1) exp(By2)&(t, Ao, 60)}

converges to 0 as k goes to co. Then we need to show
05

1 A - A A
sup | — D" Y0 exp(By, Zp1sj + (1 — 8)gj(Tj, Auyr )
tel0,7] | Mk =1

—E[Y () exp(B*'Z2){8 + (1 — 8)g(T, A*,6")}]

converges to 0 as k goes to co. In fact, the term in above supremum norm is
bounded above by

N

1 A ~ A A
o > Y0 exp(B, Z{8j + (1 — 88 (Tj, Any, )
j=1
1 & .
— DY@ exp(B Zpisi + (1 — 8)gj(Tj, Any, 6%)}
j=1

1 & ) -
+|— > Y0 exp(B*' Zp{8; + (1 — 8)g;( T}, A, 0%)}
ny ]_:1
1 & .
— DY exp(BY Zpis + (1 — 8))gj(Tj, A*,6%)}
j=1
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1 & ) 5
+|— D Y0 exp(B* Z){s + (1 — 8))g;(T;, A*,6%))
i
— E[Y() exp(B*' 2){8 + (1 — $)g(T, A*,6")}]

< M50, — 6%lloc + Mg sup || A (1) — A* (@)

te[0,7]
1 &
+ |7 D Y0 exp(B* Z)(s; + (1 — 8)g(Tj, A*,6%))
j=1

— E[Y(0) exp(B*'Z){8 + (1 — 8)g(T, A*,6")}]

where M5, Mg are two positive constants. The first two terms converge to 0 by
the uniform consistency of f\nk and é,,k. The third term needs to be handled
more carefully. As noted by Scharfsten et al. (1998), the space of absolutely,
bounded, increasing functions {A*(f)} is separable under the supremum norm.
Thus, the space has a countably dense subset. Let {A;“}, [ > 1, denote this set.

Then we have

1 <& -
sup | — D" Y1) exp(&p' Zp{6j + (1 — 8))gj(Tj A} . £9))
rel0] | 1k S

—ELY (1) exp(&p' 2)18 + (1 — 8)8(T, A}, €0)}]

converges to 0 as k goes to oo, for each rational & = (é/’g,é)/,)’ and [ > 1. The
third term can be bounded above by

1 & ) 5
o DYt exp(B* Zp)(s; + (1 — 8)gj(Tj, A*,6%))
j=1
1 & .
— DY) exp(Es' Zpis + (1 — 8))gj(T;, A%, &)}
j=1
1 & .
o > Yi(t) exp(ep Zp)(s; + (1 — 8))gj(Tj, A%, &)
j=1
1 & .
— DY) exp(s' Zpisi + (1 — 8))gj(T;, AT, &)}
j=1
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ni

Z Yj(0) exp(&p' Zp) (8 + (1 — 8))g; (T}, A}, &)}
] 1

— E[Y(®) exp(&p' 2)(8 + (1 — 8)g(T, A}, £0))]

< M7]10" — &plloo + Mg sup [[A™()) — Aj(D)]]

te[0,7]
N
Z Y;j(0) exp(&p' Zp1s; + (1 — 8)gi(Tj, AT, €0))
] 1

— E[Y(®) exp(&p' 2)(8 + (1 — 8)g(T, A}, £0))]

where M7, Mg are two positive constants. By appropriate choice of £ and /, the
right-hand side of the above inequality converges to 0 in supremum norm. So,
(ii) holds.

For(iii), since

t
Ap, (D) — /0 v (8)dAo(s)

-1

1 N . A . B
/0 [n—k Z Yj(s) exp(B,, Zp1d; + (1 — 8)g;(T;, Ank79nk)}] dNy, (s)
=1

t
- /0 v (s)dAo(s)
-1

1 45 . A . B
/0 [”_k Z Yj(s) exp(B,, Z1d; + (1 — 8)g;(T;, Ank,enk)}] dNy, (s)
j=1

! - -1
— [ (O e 26+ 1 - () dEN)

t 1 nj . o A .
= /0 ’ [ﬁ 2 Vi) exp(y, Zpio; + (1 — 8)g;(T;, Ank,enk)}}
j=1

t - —1 _
- / (ELY ) exp(8” 216 + (1 = 8)g"(D}1) ]dNnkm

—1
‘ / (E Y (s) exp(B*' 2){8 + (1 —8)g*<T>}]) d{Ny, (s) — EN(s)}

1 & A oA A -
[n_k Y;(0) exp(By,, Z){8; + (1 — 8)g;(T}, Ank,enk)}i|
j=1

< sup
te[0,7]
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-1
- (E[Y(t) exp(B*'2){8 + (1 — 5)g*(7)}])

t - -1 _
+ ’ /O (ELY 6 exp(B”2)(6 + (1 = 8)g" (DY) d(Nig(5) — EN(9))

the first term was shown to converge to 0 in (ii) and the second term converges
to zero by the Helly-Bray Lemma. In addition, pointwise convergence can be
strengthened to uniform convergence by applying the same monotonicity argu-
ment used in the proof of the Glivenko-Cantelli Theorem (p. 96 of Shorack and
Wellner 1986). ]

Proof of Theorem 2 We first show that (Any6) converges to (Ao, 6p) a.s. To
do this, we need to show the following three things: (i) sup, A,(t) < oo (ii)
there exists a convergent subsequence of (f\n, én), say (Ank, énk) — (A*,0%)a.s.;
(iii) (A*,6%) = (Ao, 6p). The proof of (i) is given in Lemma 1 of the Appendix.
For (ii), since every bounded sequence in R’™9 has a convergent subsequence,
there exists a 6* such that émk — 6*. By Helly’s theorem (Ash 1972), there

exists a function A* and a subsequence {f\nk} of {f\mk} such that f\nk — A* for

all r € [0, 7] at which A™* is continuous. Therefore, ([\nk,énk) must converge to
(A*,0%).

For (iii), we show in Lemma 2 of the Appendix that A* is continuous at the
continuity points of Ag. And we know that

0 = lnk (Ank ) énk) - lnk ([\nk > 90)

1 & /[ - .
= Z/o log{ X i (OHAN; (1) — Yi(t)gi(t, Any.,00) exp(ByZi)d Ay, (1))
i=1

1 & [t . .
o2 /0 [10€{ Xy i (0} = Oty (0 — VY i(0)gi(t, Ay, 60) exp(ByZi)d A, (1),
i=1

where

A (D8i(Any0n,) exp(Bh, Zi)
AR, (08i(An.00) exp(BYZi)

Xnk,i(t) =

The second term on the right-hand side of the above inequality is less or equal
to zero since for x > 0, log(x) — (x — 1) < 0. Using the results and techniques
of Lemma 2 of the Appendix, the first term can be shown to converge to zero
and the second term converges to

! g () exp(B*'Z) ] { g (1) exp(B*'Z) H
E 1 A —— _ o VWA 7 -1
(/0 [Og[ w002 '] T L owep@z P

x Y(1)go() eXp(ﬁ(’)Z)dAo(t)), (17)
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where g*(t) = g(t, A*,0%) and

_ ElY® exp(By2)18 + (1 = $)go(T)}]
EY (1) exp(B*'Z)(8 + (1 = )g*(D)]

40 (18)

Note that (17) is the negative Kullback-Leibler information, E[I(A*,0%)] —
E[l(Ag,6p)]. Due to the above inequality, the Kullback-Leibler information
must equal zero. Thus, with probability one, we have

/0 log{1* (1) exp(B*' Z)g* () }dN (1) — /0 Y () exp(B*'Z)g* (dA* (1)
= /0 log{1o(t) exp(B)Z)go(t) }AN (t) — /0 Y (1) exp(B)Z)go(Hd Ao (t),

where A*(f) = dA*(¢)/dt. This equality holds for the following two cases: (i)
Y(t)=1,N(r) =0,and (ii) Y(z) = 1, N(t—) = 0,and N(r) = 1 for V ¢ € (0, 7].
The difference between the equalities from these two cases entails that

(1) exp(B*' 2)g" (1) = Mo (1) exp(BpZ)g0(1), ¥ t € (0,7].
After integrating form 0 to ¢ on both sides of the above equality, we have
log{S(t, Ao, 00)} = log{S(z, A*,6%)},
which implies

1 — exp{—Ao(!) exp(By2)} _ m(y*'X) Vie 1]
L —exp{=A*(exp(B*'2)}  7(ryX)' T

Since the right-hand side of the above equality is independent of ¢, we have
that A*=A¢p and B* = pBp. This further implies that y* = jyy. Therefore,
([\nk,énk) must converge to (Ag,6p) a.s. By Helly’s theorem, we know that
(A, é,l) must converge to (Ag, fp) a.s. Furthermore, the point-wise convergence
can be strengthened to uniform convergence by applying the same monotonic-
ity argument used in the proof of the Glivenko-Cantelli Theorem (Shorack and
Wellner 1986). ]

Proof of Theorem 3 To prove Theorem 3, we validate each of the four condi-
tions of Theorem 4. First, note that S = S; + S», where

T t
S1(7) = E(/O [/h(t) —{1 —g(t,T)}eXP(ﬁ’Z)/O h1(S)dA(S)}
x{dN () — Y(0)g(t,Y) exp(ﬂ’Z)dA(t)}),
SH(Y) =E [ /0 ByW (1, YI{AN (1) — Y ()g(t, 1) exp(ﬁ’Z)dA(t)}] .
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For Y — Yy € I*°(H,,), we need the following bounds on || T — Yy|[:

ml|0 — 6oll1 vV ml|A — Aolleo = [IT — Yoll =m0 —6oll1 v 2m||A — Aol

Step 1. We want to establish condition 1 for all finite m. To do this, we show
that the class of score function $* = {S*(Yy)h : h € H,,} is Donsker, where
S*(M)h = SA () (hy) + h,Se(Y), with

T t
Sa(0)(h) =/0 [hl(t)—{l—g(t, T)}€XP(/3/Z)/O h1(S)dA(S)}
x{dN () — Y (0g(t, V) exp(B'Z)dA (1)}

. _ T
— sy (T) — (5 + (1 — $)g(T. 1)) exp(B'Z) /0 I (OdAQ),

So(T) = /T wi(, T)[dN(t) —Y(®)g(,T) exp(ﬁ’Z)dA(t)]
0

Conditions 1 and 2 imply that Sy(Yp) is a uniformly bounded function, which
implies that {#,Sg(Y0) : h € R, |hy|; < m}is Donsker (see Example 2.10.10
of van der Vaart and Wellner 1996). Since the sum of bounded Donsker classes
is Donsker, the class {Sx (Yo)(h1) : by € BV][0,1],||h1]|], < m}is Donsker if the
following two classes

Fi = {8h(T) : hy € BV[0,7], |lhlly < m},

. T
fz={{3+(1—5)g(T, To)}exp(ﬂéz)/o hi1()dAo(0) - hy € BV[0, 7], ||h1||v§m}

are Donsker and uniformly bounded. The class F; is uniformly bounded and
Donsker since /1 varies over bounded variation functions (see Example 2.5.4 of
van der Vaart and Wellner,~1996). In addition, F, equals a uniformly bounded

function times the class {fOT hi(t)dAo(t) : iy € BV[0,1],||h1]]y < m}, and this
class is Donsker because Ag is a monotone function (see Example 2.10.27 of
van der Vaart and Wellner 1996). Also F; is uniformly bounded because /;
varies over bounded variation functions. Thus, we conclude that S* is Donsker,
so the first condition holds.

Step 2. To check condition 2, it suffices to show that ||S(Y) —S(Y) + S(Yo) (T —
Yo)l| is o(||T — Yp)|| as |[|T — Yo|| goes to 0. To do this, write S(Y) linearly in
d(A — Ap) and 6 — 6. To be specific,
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S () = (0 — eoyE( / W, Yol 0 — (1 — gt To)) exp(Bs2)
<[ A1V (08, To) eXp(ﬁéZ)dAo(t))
+E( /0 ") — {1 - g, o)) exp(By2) /0 m©dA©)]
x Y (0)g(t, To) exp(ByZ)d{A(t) — Ao(t)})
—E( /O “[hy@) — (1 - g, o)) exp(B)2) / m©dA©)]

x{A() — Ao(O}Y (D8t To) {1 — gz, Yo)} eXp(Zﬂ()Z)dAo(t))
+ errory(Y)(h),
S$2(N)(h) = (6 — 90)’E[/0 W, Yo)h,W(t, To)dAo(t)]
+E[ /0 hy W (2, Y)Y (g (t, Yo) exp(ByZ)d{ A (1) — Ao(l)}]
| [ W T0180 - 00}
xY(0)g(t, Yo) {1 — gz, Yo)} eXP(Zﬁ()Z)dAo(I)} + error2(T)(h).
And the error terms can be very easily shown to satisfy
|lerror; () ()|

sup -0
heH, 116 —0oll1 V [IA — Aolloo

as [|60 — 6pll1 V [|A — Aolleo — 0, where i = 1,2. This follows from the bound-
edness of Z, X, N,Y,6 and A. Furthermore,

[1S(0) — $(X0) + S(X) (T = Yo)| _ llerrori (O] + |lerrora (V) (M|
[T = Yol - m|lf = 6oll1 vV m|[A = Aolleo

Since m||0 — 6o|l1 V m||A — Aolloc — Oas [|T — Yo|| — 0, we conclude that
[1S(Y) = S(Y0) + S(Yo) (Y — Yo)ll is o(||T — Yo)|| as [|T — Yol| goes to 0. Note
that S(Yp) = 0, combining S; and S, we have

S(Y0) (T — Yo)(h) = /0 o1 (W) (O d(Ay — M) (D) + By — 60) o2(h).  (19)

Step 3. To check condition 3, we need to show that S(1p) is continuously invert-
ible. Following Scharfsten et al. (1998), we need to show that o (k) is invertible
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everywhere due to the discreteness of Ap. To do this, we first show that o (h) is
one-to-one map on Ly(dAg) @ RPH, ie.

/0 o1(h)(th (A Ao(t) + hhoa(h) =0 (20)

implies that 4, = 0 and /1 (f) = 0 almost everywhere (dAg). Plug o1 (h)(¢) and
o7 (h) into the above equation, we have

0= E( /0 e [V(r, TO)Y (002, o) exp(F)2)
- /, Vs, Y0 Y (0505, To) (1 — 65, o)) exp(2ﬁaz>dAo(s>]dAo<r>)
+ WyE /0 ' {W(t, Yo)V(t, Yo) Y ()g(t, o) exp(,B(’)Z)dAo(t)}
- E[ /0 (1) + W YOIV (L Y0) Y (0g(2. Yo) eXP(ﬁéZ)dAo(t)}
- E[ /0 ' /0 I )dAo(s)V (. To) Y (080, To) (1 — (2, Yo)) GXP(ZﬂéZ)dAo(I)}

=E [/T VE(1,7)Y (1g(t, Yo) eXp(ﬁ(’)Z)dAo(t)} .
0

Since Y (1)g(t, Yo) exp(ByZ) > 0 a.e. on [0, 7], it implies V' (¢, Yp) = 0 a.e. (dAo).
Therefore, for almost all w € €,

hy (1) + {1 — g(t, T0)} [hp X (@)

t
—explB)Z(@)) /0 (I, Z(@) + 1 (9)}dAo(s)] = —Hy Z(w)

a.e. (dAg). From this, ; must be zero. It further implies that

hi (1) , ! /
m - eXp{ﬂOZ(a))}/o h1($)dAo(s) = —hpX(w)

a.e. (dAo). Similarly, i must be zero. With hy = (h},,h5,)" = 0, we have
hy(t) — {1 — g(t,Y0)} exp(ByZ) fot h1(s)dAg(s) = 0 a.e. (dAp). This is a Volterra
integral equation of the first kind. It is easy to show that the solution, /1(-), to
this equation must be zero a.e. (dAg). Now based on the fact (20), we want to
show that o is one-to-one everywhere, i.e. set o = 0 and show that 4, = 0 and
hi(t) = 0 for all t on [0, 7]. If o1 () () = O for all t and o2 (k) = 0, from (20) we
have iy = 0 and s () = 0 a.e. (dAo). Then
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0= o1(h)(®) = E{V(t, Y)Y ()g(t, Yo) exp(ByZ)}

—-E [/ V (s, Y0)g(s, Yo){1 — g(s, Yo)} eXp(Zﬁ()Z)dAo(S)} .
t

Based on the fact 41 (£)dAo(f) = 0 for all  on [0, 7], we have
o1 (W)@ = hi (VE{Y (Dg(t, Yo) exp(By2)} = 0.

Since E{Y (1)g(t, Yo) exp(ByZ)} > 0 for all £ on [0, 7], we conclude that A (t) = 0
for all z. Therefore, o is one-to-one everywhere.

Then, we want to show that o, as a continuous linear operator from Hy, to
H, has a continuous inverse. Note that H,, is a Banach space, if o is invertible,
then the inverse will be continuous (see p. 149, Luenberger, 1969). To show that
o isinvertible, since o is one-to-one, we only need to show that it can be written
as the difference of a bounded, linear operator with a bounded inverse and a
compact, linear operator (see Corollary 3.8 and Theorem 3.4 of Kress, 1989).
To do this, we define the following linear operator

Ho = (hl(‘)E{Y“) exp(B)2)g(t, To)),

This is a bounded linear operator due to the boundedness of Z, X, 6y, Y () and
Aq(?). In addition, under conditions 1-4, E{Y (¢) exp(ﬁ(’)Z)g(t, Yo)} > € on [0, 7]
for some € > 0 and W®2%(z, Yy) is positive definite a.e. on [0, t], which implies

E[ /0 WE2(t, Y0) Y (1) exp(By 2)g ¢, To)dAo(t)]
is a positive definite matrix. Hence, the inverse of X () (¢) exists, which is given by
R IGES (hl(oE{Y(t) exp(By2)g(t, Yo)} ",
. -1
hE [/0 W (1, Y)Y (1) exp(By2)g(t, Yo)dAo(?) ] )

and it is also a bounded linear operator.

Now we want to show that X (k) — o (h) is compact. Let {h,} be a sequence
in H,,. Then it only needs to show that there exists a convergent subsequence
of X(h,) — o(hy;). Since hy, is of bounded variation, we can write /,, as the
difference of increasing functions (see Lemma 2.3.3 of Ash 1972). In addition,
both of these increasing functions are bounded in absolute value by 2m.This
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implies that there exists a pointwise convergent subsequence according to Hel-
ly’s theorem. Let {h,, } be the convergent subsequence with limit 2*. We must
prove that X(hy,,) — o (hy,) converges to X(h*) — o (h*) in ||h||y norm. To do
this, note that (k) — o (h) can be written as

(E(H 1—g(, To)] exp(BoZ) /0 t hy(s)dAo(s)—h,W(t, To)] Y ()g(t, Yo) exp(ﬂ(’)Z))
+E [ /t ‘ V(s, To) Y (s)g(s, Yo){1 — g(s, Yo)} eXP(ZﬁéZ)dAo(S)}
—£( [ weer [m(r) - g Tl exp552) [ [ h1(S)dA0(S)}
x Y (H)g(t, To) exp(ﬁéZ>dAo<r)))

Therefore,
12 (hny) — o (hp) — Z(R*) + o (W)

t
E(101 - (. Yo} exp(B52) /0 (1 = HD($)dA(S)

S ‘

(o, — W5 W, Y0)IY (080, Yo) exp(B2))

+E( /0 (i — H5)() — (1 — (5. )} exp(B)Z) /0 (i, — D@ dAow)

+(hzn = 5 W5, To)Y (985, To) {1 — g5, T0)) eXp(Zﬂ{)Z)dAo(S)) I,

+ \E( /0 Wt Xo) (i — B0 — {1 = g6, Yo)} exp(B32)
t
[t = @RIV 050 To)eXP(ﬂE)Z)dAo(t))HV

Due to the boundedness of Z,X,6p, Y(t) and Ag(?) and the fact that 0 <
g(t,Yo) < 1 on [0, 7], the right-hand side of the above inequality is bounded
above by

T t
My lhon, — h§||1+/0 {Ma|(h1p, — RD O] + Ma/o |(h1ny — hD)()|dAo(s)}d Ao (1)

where M1, M, and M3 are some positive constants. Then applying the dom-
inated convergence theorem, we can show that this sum converges to zero.
Hence, X (h) — o (h) is a compact linear operator from H,,, onto its range for
all finite m. Now following the similar steps (14) and (15) of Scharfsten et al.
(1998) , we can show that S(Yp) is continuously invertible on its range.
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Step 4. To check condition 4, it suffices to show (by Lemma 1 of van der Vaart
1995) that F = {S*(Y)(h) — S*(Yo)(h) : h € Hy,,||T — Yol|| < €} is Donsker
for some € > 0 and sup,cpy E[{S*(Y)(h) — S*(To)(h)}?] converges to 0 as T
converges to Yo. We can write F = F3 + F4, where

T T
Fi= [h/z{/ W, T)dM(t, ) —/ W (t, Yo)dM(t, To)}Ihz €RPY | |ha||y <m,
0 0

6 € [—e,€]PT9, A nonnegative, increasing with A(t) < 2A0(r)]
. T
Fy = [{5 +0 - 3)g(T,T)}€XP(,3/Z)/O h(D)dA ()

_ T
—{8+ (1 —0)g(T, T)}eXp(ﬂ/Z)/O h(OdA©) = by € BVI[O, 7], [[hy[ly =m,

6 € [—€,€]PT9, A nonnegative, increasing with A(t) < 2A()(‘L')]

We want to show that F3 and F4 are Donsker with uniformly bounded enve-
lopes. Using the result from empirical process theory, that classes of smooth
functions are Donsker (see Theorem 2.7.1 of van der Vaart and Wellner 1996),
we know that the following two classes

{SW(t, Y):6 € [—€,€]PT9, A nonnegative, increasing with A(r) < 2A0(r)}

and

[/T W, MY (0)g(t, V) exp(B'Z)dA(1) : 0 € [—€,ePT9,
0

A nonnegative, increasing with A(t) < 2Ao(r)]

are Donsker. In addition, both classes are uniformly bounded due to the bound-
edness of Z, X, 60, Y (¢) and A(¢f). Hence, according to the result, that classes of
Lipschitz transformations of Donsker classes with integrable envelope func-
tions are Donsker (see Theorem 2.10.6 of van der Vaart and Wellner (1996), 73
is Donsker with uniformly bounded envelope.

Theorem 2.10.6 of van der Vaart and Wellner (1996) also implies that the
class BV, of all real-valued functions on [0, r], which are uniformly bounded
by a constant M and are of variation bounded by M, is Donsker. Since

7
H / hy(HdA )
0

=< llhillee X [|Ally < 00,

v
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the class

T
[/ hi(OdA@) = hy € BV[0, 7], [ ]ly < m,
0

A nonnegative, increasing with A(r) < 2A(7)

is Donsker and uniformly bounded. In addition, since {§ + (1 — 8)g(7’, )}
exp(B’'Z) is uniformly bounded, F4 is also Donsker with uniformly bounded
envelope (see Example 2.10.8 of van der Vaart and Wellner 1996). Thus, we
have shown that all the four conditions in Theorem 4 hold. Then, we know that
for all finite m

—8(Yo)/n(Yy — Yo)(h) = — /0 o1 (W) () d(WnA, — Ao)(t) — /1By — 6) o2(h)

= Vn{S(Tu) — S(Yo)} + op+(1)
= /{8 (Tn) — Sn(Y0)} + ops+ (1)
= —/n{Sy(Yo) — S(Yo)} + op+(1)

uniformly in & € H,,, where the last equality in the above equation holds since
S, (T,) = S(Yo) = 0. Hence, \/ﬁ(ﬁ, — o) = S(Yy) LG Following the similar
steps of Scharfsten et al. (1998), we can show that S(Y0)"1G* = G, where G is
defined in Theorem 3. O

Proof of Theorem 5 Since o is continuously invertible on its range, & is con-
tinuously invertible on a set of probability going to 1. According to Scharfsten
et al. (1998), it suffices to show that supy, =1 116 (h) — o (h)||z converges in
probability to 0.

The most difficult part in the proof is to deal with the terms in 6 (h) — o (h)
involving A1. For example, one such term can be written as

N . R . ) )

; ZA I:hl(t) —{1- gi(t, Tn)}exp(ﬂ,;Zl)/O hi(s)dA,(s)
i=1 |
x Wil(t, Yn)Yi([)gi([, '?‘n) eXP(B;;Zz)dIA\n(I)

T p _
_E</o |:h1(t) — {1 —g(t, To)}exp(ﬂéZ)/O hy(s)dAg(s)

xW(t, Y0)Yi(H)g(t, o) eXp(ﬁ()Z)dAo(I))
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The variation of this term can be bounded by the variation of

1< T A ) , )
n Z(/o [h1 ® — {1 —gi, Tn)}exp(ﬁ,;Zi)/O hy (S)dAn(s)]
i=1

xWi(t, Tn) Yi(0)gi(t, Tn) exp(BLZi)d A, (1)

T t
- /0 [m(r)—{1—gi<r,ro)}exp<ﬂaz> /0 h1(S)dA0(S)}

x Wi(t, Yo) Yi(1)gi(t, Yo) eXP(ﬂ()Z)dAo(l))

plus the variation of

1 < v .
n Z[/O [hl(t) — {1 — g, To)}exp(ﬂéz)/o hl(s)dAO(s)]
i=1
x Wi(t, To)Yi(l‘)gi(t, Yo) eXP(/%Z)dAO(t)
! t
_E(/O [hl(’) —{l—g@, To)}CXP(ﬁ()Z)/O hl(s)dAO(s)}

x W (t, Y0)Yi()g(t, Yo) exp(ﬂ()Z)dAo(t)) ]

Uniform consistency of Y implies the first term converges to zero. The variation
of the second term is bounded by

[

—E{W(,Y0)Yi(Dg(t, Yo) exp(By2))

T
/
0

—E[W(t,T0) Yi()g(t, To){1 — g(t, Yo)} exp(26,2)]

1 n
~ 2 Wilt, Y0)Yi(0gi(t, Yo) exp(F(2)
i=1

dAo(®) x [lhlly

v

1 n
~ 2 Wilt, Y0) Yi(0gi(t, Yo) {1 = gilt, Y0)} exp(2f2)
i=1

dAo() x [lh1llvAo(T)

v

The integrand converges to zero by the strong law of large numbers. Thus the
term converges to zero by the dominated convergence theorem, since || ||, <1
and Ao(7) is finite. All other terms in 6 (h) — o (h) can be handled similarly. The
details of the proof is omitted here. O
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