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Abstract Bayesian hierarchical models have been used for smoothing splines,
thin-plate splines, and L-splines. In analyzing high dimensional data sets, additive
models and backfitting methods are often used. A full Bayesian analysis for such
models may include a large number of random effects, many of which are not intui-
tive, so researchers typically use noninformative improper or nearly improper priors.
We investigate propriety of the posterior for these cases. Our findings extend known
results for normal linear mixed models to certain cases with Bayesian additive smooth-
ing spline models.

Keywords Generalized linear mixed models - Gibbs sampling - Linear mixed
models - Markov chain Monte Carlo - Multivariate normal - Variance components

1 Introduction

There is a large literature on the use of improper priors with Gaussian linear mixed
models. Beginning with Hobert and Casella (1996), a number of authors have shown
how the use of improper priors can lead to improper posterior distributions, with con-
sequent disastrous performance in Markov chain Monte Carlo simulations. The impli-
cation is that nearly improper priors can also give misleading results. Speckman and
Sun (2003) considered a special case motivated by nonparametric function estimation
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500 D. Sun, P. L. Speckman

using Bayesian smoothing splines. Among all inverse gamma type prior distributions
on the variance components, they characterized the ones with proper posterior dis-
tributions. The purpose of this paper is to extend the results to additive regression
models.

Consider regression on a function of r variables, y = f(#1,...,%) + e. In high
dimensions, the problem of estimating f without assuming a parametric form suffers
from the “curse of dimensionality,” a practical problem that has led to a large number of
methods. One common assumption, introduced by Stone (1985) and implemented by
Hastie and Tibshirani (1990) among others, is that the regression function is additive,

e.g.,

f ) = Bo+ D fildn), ey

k=1

where for identifiability f; is orthogonal to the space of constants for all k. In fact,
there is no need to restrict the variables #; to be univariate; fi(#;) itself may be a
function of several variables. Variations on this model include tensor product splines
(Wahba 1990).

A convenient way to put priors on the functions in model (1) is via Wahba’s (1983)
Gaussian prior equivalent to spline smoothing. Consider the single component non-
parametric regression model

vi=ft)+e, i=1,...,n.

One popular estimate of f is the smoothing spline, defined as the solution to the
optimization problem

f = argmin [Z{yi — gt +1 / {g<"”<r>}2dr} :
i=1

for an appropriate smoothing parameter 1 and order m (see, e.g., Wahba 1990; Green
and Silverman 1994; Eubank 1999). The smoothing spline is intuitively appealing
because it balances fidelity to the data as measured by squared error with roughness
of the fit in terms of the L, norm on g . The solution is a natural polynomial spline
of order 2m. In particular, the case m = 2 yields a cubic smoothing spline. Wahba
showed that the cubic smoothing spline arises as the limit of posterior means for suit-
able Gaussian process priors on the function f (). Fully Bayesian versions have been
implemented by Carter and Kohn (1994, 1996), and Nychka (2000) has a nice account
of the connection between spatial smoothing and nonparametric regression.

Wahba’s limiting prior on f = (f(¢1), ..., f(t,))’ can be shown to have the form
Lf 1 817 oc 8, "7 2em ST 100, @)
where A is a positive semidefinite matrix of rank n — m depending on #1, ..., f, and

m, and §; is a variance component that must be specified, estimated or given a prior
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distribution. A derivation of representation (2) is given in Speckman and Sun (2003),
for example. The null space of A is exactly the linear subspace generated by polyno-
mials of degree at most m — 1, i.e., the subspace spanned by the vectors (tlj e, t,{ Y,
j =0,...,m — 1. This prior is “partially informative” in the sense that the prior is
improper (and noninformative) on the null space of A and a proper Gaussian prior on
the range space of A. Specifically, suppose A has spectral decomposition A = T AT’
for A = diag(0,...,0, Apat, ..., Ay) and I'T = I,. Let I' = (T, X), where
T is an n x m matrix spanning the space of polynomials of degree m — 1, and X
is an n x (n — m) matrix orthogonal to T. Let & = (0, ..., 6,)" have constant
prior, and let u ~ N, _,,(0, §;diag(Ap+1, - - -, An)_l). Then prior (2) is equivalent to
f = T0 + Xu. Speckman and Sun (2003) termed this a partially improper normal
distribution with precision matrix 8; ' A, and denoted it by f ~ PIN(0, 5; ' A). If the
error terms ¢; are independent of f and iid N(0, 8p), the posterior of f is easily seen
to be N, (S,y, 80Sy), where n = 8p/81 and S, = (I + nA)~!. (In the smoothing
literature, S, is the smoother matrix.)

The complete Bayesian specification requires prior distributions on §y and é1. While
it may be possible to elicit prior information on g, the second variance component &1
appears to be more difficult, and consideration of noninformative priors seems natural.
Within the class of inverse gamma-type priors

.
[8k | @k, br] o« ——ge /%, 3)

a
k

k = 0, 1, Speckman and Sun (2003) were able to characterize the conditions under
which the posterior is proper. (Here and in the rest of the paper, we follow the Bayes-
ian convention where [8x | ai, bx] denotes the density of &; given ay and by.) This
model is closely related to the mixed models of Hobert and Casella (1996) and Sun
et al. (2001), but the fact that A has rank nearly equal to n necessitates new proofs.
The results of Speckman and Sun also pertain to CAR (Besag 1974) and IAR (Besag
and Kooperberg 1995) priors commonly used for discrete spatial models as well as
multidimensional thin-plate smoothing spline priors. One nice aspect of the priors
associated with spline smoothing is that they extend naturally to f(¢) for arbitrary
unobserved ¢ (Nychka 2000), so posterior inference involving f(¢) at points not in the
data set is easy to obtain. In this respect, the smoothing spline priors are comparable
to some of the priors used in kriging unlike the CAR prior.

This class of Gaussian priors on the function f is easily extended to the additive
model

vi=Bo+ D fultiw) +ei, i=1,...n, €

k=1

with iid normal errors e;, adding the identifiability assumption Z?=1 Sfr(tir) = 0. Let
Je = (f@w), - fw)), k= 1,...,r.Since fy L 1withl = (1,...,1), we
assume independent singular priors with improper densities of the form
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8[:(”*mk)/ze—fk,14kfk/(23k)’ fk/l =0,

0, F1#0, )

[fkl5k]<><[

k=1,...,r, where Ay is positive semidefinite with rank gx = n — my. The restric-
tion D7, fx(tix) = 0,k = 1,..., r, can be thought of as a projection onto the space
orthogonal to constants of the PIN(0, 5, ' A;) distribution. An explicit representation
is given in (9) below. By analogy, if the predictor variables #1, . . . , t, are all one dimen-
sional, this specification of priors corresponds to estimating model (1) by solving the
variational problem

min o [Z{yi —Bo—gi(tiy) —--- _gr(l‘ir)}2

i=1
+ 2 / g (tk)}zdfk]
k=1

with nx = 80/8; for k = 1,...,r. This model is commonly fit by the backfitting
algorithm (Hastie and Tibshirani 1990). The first Bayesian analysis of the additive
case of spline smoothing was given by Wong and Kohn (1996). Subsequent treat-
ments include Shively et al. (1999), Hastie and Tibshirani (2000), Fahrmeir and Lang
(2001), and Wood et al. (2002). These and other authors commonly use diffuse priors
on the variance components 8, k = 0, ..., r. However, the question of propriety of
the posterior under improper priors remains.

To precisely specify the prior (5) corresponding to additive model (4), it is neces-
sary to have an identifiability assumption. Clearly the model is not identifiable if there
is collinearity among the explanatory variables #;;. The model is also not identifiable
if there is a polynomial dependency among the explanatory variables (‘“‘concurvity”).
These notions can be made precise with the following model representation. Let T} be
an n x (my — 1) matrix such that 7)1 = 0 and (1, T}) spans the null space of A;. We

assume that the model is identifiable in the sense that the matrix X = (1, T}, ..., T})
has full rank
,
p=r(Xo) =1+ (m—1). (6)
k=1

In addition, throughout the rest of the paper, we assume that the data are not fit perfectly
by the implicit linear model of rank p, i.e., suppose

y (I, — Xo(X,X0) "' X})y > 0.
Finally, we assume the constant prior on Sy,
[Bol = 1. (7N
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Combined with the implicit constant prior on the range of T} for all k, this implies a
constant prior on the range of Xj.

While the mixed effects models here are closely related to models considered by
Hobert and Casella (1996), Sun et al. (2001), and others, there are several impor-
tant differences that make new proofs necessary. First, as customary in applications of
additive models, we do not include a separate term for an “error sum of squares.” In the
applications we have in mind, additive models are not used for designed experiments
and there are no repeated measurements. Secondly, the dimension of the random effect
terms is large, and there typically are more than n random components. For example,
with a simple additive model with two smooth terms and no fixed effects, the prior
corresponding to cubic spline smoothing has m| = my = 2. The random effect vec-
tors for f1 and f, both have n — 2 components, so previous results designed for fixed

length random effects do not apply. Note that the priors on fi, ..., f, are always par-
tially improper since a flat prior is used for the range of X(. The first two results treat
propriety in terms of the prior on the smoothing parameters ny = 8o/dx, k=1, ...,r.

Theorem 1 Under the priors given by (5) on the fi assuming the full rank condition
(6) and the constant prior (T) on By, suppose the priorony = (91, ..., n,)" is proper.
If the prior on & is proper and satisfies ESO_("_”)/Z < 00, then the joint posterior

distribution is proper.

Remark 1 This result covers many interesting priors. For example, if any proper prior
is used on 7, a lognormal or (proper) gamma or inverse gamma prior may be taken for
80.

This theorem is much weaker than necessary. The prior moment condition on §y is
sufficient for propriety but far from necessary. In fact, the prior on 8y need not even be
proper. An important special case is the invariance prior, where we have a complete
characterization.

Theorem 2 With the priors given by (5) assuming (6) holds, the constant prior (7) on
Bo, and the invariance prior [8o] o< 8 ! the Jjoint posterior distribution is proper if
and only if the prioron g = (1, ..., 1) is proper.

Following Hobert and Casella (1996), our next results concern independent im-
proper inverse gamma-type priors on the §; of the form

e bx/dk
[60,61,...,«»|ak,bk,k=o,...,r]=]'[W, ®)
k=0 “k
where ar € Rand by > 0,k =1, ..., r. In the general case under priors on the §; of

the form (8) with by = O for all k, we have the following characterization.

Theorem 3 With priors given by (5) assuming (6), (7), and (8) withbg = - -- = b, =
0, the joint posterior distribution is proper if and only if

@ a<0,k=1,...,r.
b)) n—p+2>_yax > 0.
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The final result gives a sufficient condition for propriety when by > 0 for all k.

Theorem 4 With priors given by (5) assuming (6), (7), and (8) with by > 0 for
k=0,...,r, the joint posterior distribution is proper if

,
n—p+2> min0,a) > 0.
k=0

The paper is organized as follows. A small simulated example is presented in Sect. 2
illustrating the potential effects of running an MCMC algorithm with an improper pos-
terior distribution. The model is developed further and proofs of the main results are
presented in Sect. 3.

2 Simulation results

From the theory suggested in Theorem 1 and the proofs in the next section, the prob-
lem with improper priors of the form (3) with by = 0 is that there is a spurious
mode in the posterior at O for the variance components §. To illustrate the potential
harmful effects of the wrong chioce of noninformative priors, we conducted a small
simulation with n = 30 observations and two components. We sampled (¢, #) from
a bivariate normal distribution with means zero, variances set to one, and correlation
0.7. We chose fi(t1) = sin(2t1) and fa2() = 122. The observations were taken to be
vi = fi1(ti1) + f2(ti2) + e; with independent, normally distributed error terms with
mean zero and standard deviation 0.4. For the first MCMC chain, the priors for the
variances were [§;] & (Sk_l, ie.ar = by =0, for k = 0, 1, 2. Part of the output from
an MCMC run of 90,000 cycles following 10,000 burnin cycles is shown in the left
panels of Fig. 1. Trace plots are shown for simulated draws from the posterior distri-
bution of §; sampled once every 10 iterations, k = 0, 1, 2. Note that the simulation
for 6, is trapped in the spurious mode at zero for roughly the first 50,000 cycles. (This
behavior depends on the initial seed for the pseudo random number generator.) Trace
plots from a second run of 100,000 cycles with ax = —0.5, k = 0, 1, 2 are shown in
the right panels of Fig. 1. These plots show no such instability.

We should point out that this simulation study agrees with the results in Lambert
etal. (2005), who demonstrate the instability of the posterior estimates in linear mixed
models with inverse gamma (¢, €) prior for variance components when ¢ is a small
value such as 0.01, 0.001, etc.

3 Bayesian additive models
Consider the additive model for y = (yq, ..., yu)’,
r
Y= fite e~N,(0.8W),
k=1
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Fig. 1 Left panels: trace plots of §; from MCMC run of 90,000 cycles sampled every 20 iterations for
simulated data described in text and improper priors [§;] Bk_l, k = 0,1, 2. Right panels: similar trace

plots with priors [8] 8;0'5, k=0,1,2

where W is a known positive definite matrix and f; ~ PIN(0, (Sk_lAk). As stated
above, the model is typically not identifiable since each component fj includes a con-
stant term. However, with n; = 80/8, the full conditional distributions of the f; are
proper normal:

(S 1y, S0.m, fj, J #k)

~NAW+mA) ™ W [y =" fi | oW + A ™
J#k

Here n = (n1,...,n,). To compensate for the lack of identifiability, Hastie and
Tibshirani (2000) suggested projecting fj onto the space orthogonal to constants after
each MCMC iteration. This is standard practice and justifiable in the Gaussian case
(e.g., Besag et al. 1995; Gelfand and Sahu 1999). Shively et al. (1999) and Hastie and
Tibshirani (2000) have efficient algorithms for sampling from the full conditionals.
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For our purposes, we need an alternative approach with an explicit representation
for each of the partially informative terms, conditioning on the subspace orthogonal
to constants. For each k, let A, = XkAkX,/C, where Ay is diagonal, Ay > 0, and
X,’( Xy = I,—p, . In addition, let Ty be an n x (m; — 1) matrix that spans the null space
of Ay and is orthogonal to the space of constants. Then

S = 1,8k + Ti0r + Xjuy

is a unique representation. Assuming independence, the PIN prior implies that 6 has
constant prior and

indep 1
up ~ Ny—m, (0, SkAk ). )

Collecting constant terms with By = >_;_; Bk, we have the model

,
y =180+ D _(Tibi + Xswp) +e.
k=1

Without loss of generality, we assume that W equals I,,, the n-dimensional identity
matrix. The linear terms in the equation can be collected in a single full rank component
of the form 1, 8y + 22:1 T:.0r = X00, resulting in the reduced model

,
y=Xob + D Xiup+e. e~ Ny(©, &ly). (10)
k=1

An interesting and broad class of models related to model (10) is Bayesian P-splines
(see Lang and Brezger 2004). One essential difference between the models treated here
and P-splines is that the rank of X} is fixed at some dimension r; < n for P-splines,
so results obtained here do not apply.

It is not hard to show that the full conditionals of # and the u; are multivariate
normal. For a fully Bayesian model, assume inverse-gamma-type priors (possibly
improper) (3) on the variance components. Then the full conditional distributions of
the & are again inverse-gamma. These distributions form the basis of a straightforward
MCMC algorithm. In our notation, Hastie and Tibshirani (2000) suggested priors of
the form (3) with ap = bg = 0, ar = 1 for k > 1, and by very small.

From a practical standpoint, the most difficult part of the implementation is choos-
ing parameters of the hyperpriors for the § ;. In his discussion of Hastie and Tibshirani’s
article, Gelfand questioned the uncritical use of nearly improper priors for the variance
components. The results of Speckman and Sun (2003) for the one component case
show that the limiting posterior under Hastie and Tibshirani’s prior when b; = 0 is in
fact not proper.

Recall that X has rank gy = n — my and nx = 80/, k = 1, ..., r. In addition,
define

u=l,....u), By,=dagn;'Ar,....n'A,),

r
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and ¢ = q1 + - -- + gr. Then (9) is equivalent to
(u | 80, m) ~ Ng(0, 50 By). (11)

Without loss of generality, we assume that X X is idempotent, that is, (X X 12)2 =
X kX,’(. If not, take the singular value decomposition Xy A,lc/ 2 P, Dy, Q;(, where P
and Q, are suborthogonal matrices and Dy is a positive definite diagonal matrix. Then
(10) and (11) hold with X;, replaced by Py, u replaced by Dy @ A; ' uy, and Ay
replaced by D,%. Let X = (Xy,..., X,). We can rewrite (10) and (11) as follows:

1
[y160,u,d]= —%(y—XOO—Xu)/(y—XOO—Xu) s

1
Qs 2 P [

1
S0 ] = ——————— —— uB 'ul.
[u | 30, n] 2750772 B, 112 exp[ 280u . u]

To be consistent with the prior specification in the introduction, we assume indepen-
dent priors for 6 and §p with the form

(0] o 1, (12)

[80] o ebo/%, (13)

ap+1
80

A popular prior for § is the so-called “invariance prior” corresponding to ag = by = 0.
If there are no random effects uy, the likelihood is a scale and location family, and the

invariance prior is a commonly used objective prior. See, for example, Berger (1985).
By assumption, X has rank p (full rank). Define

Hy = Xo(X(X0) ™' X;,
G, = B,jl + X'(I, — Hp)X, (14)
R,=1,—Hy— (I, - HO)XG;]X/(I — Hy).

Lemma 1 Consider the linear mixed model (10) and (11).

(a) Under prior (12), the marginal likehood function of (8o, 1) is given by

L1<60,n>s/ / Ly | 8. 1, Sollu | S0, 7]d6 du
R? JIR?

1 "Ryy
= T ieXp{_ 26 } (15)
(2780) 271X X0|2 | By|2|Gyl2 0
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(b)  Under prior (12) and (13) withn — p 4+ 2ag > 0, the marginal likehood function
ofnis

o) efﬂ()/‘s()
L () E/o L1 (o, n)‘SSOTd(SO
2d0 [0 ”_[7+
= n—p 1 1 ( 21 aO) L= . (16)
77| X Xo|? [By|? |Gy |? (¥ Ryy +2bo) = 7

Proof Note that (y — Xo0 — Xu)'(y — Xof — Xu) can be decomposed as
(y — Xu) (I, — Ho)(y — Xu) + (6 — 6)X( X0 (0 — 6),

where § = (X( X)X} y. Then

1

| X5 Xol™

2
[l 10, 0] dp = 00 e

1
- (y—Xuw)(I,—Hy)(y—Xu)!.
P p{ = 55 0= Xu) (= Ho)(y—Xw)|

It is easy to verify that

(y — Xu) (I, — Ho)(y — Xu) + u'B; 'u
=w—0)Gyu—c)+y U, — Hyy— Gy,

where ¢ = G;lX’(I,, — Hp)y. Thus

exp | = ok (v = Xu)' (1, — Ho)(y — Xu)
0

L1(50,27)=/q = —

R @r80) 71Xy Xo

1

| X Xol|™2

[u | 80, n]du

_ 1 / /
" o a0yl
n n

Because
¢Gye =y I, — H)XG,'X'(I, — Hy)y,

we have y'(I, — Hy)y — ¢'G,c = y'Ryy, and (15) holds. Part (b) follows from part
(a) immediately.

In the following, we use the partial ordering on m x m matrices A; < A if and
only if A» — A is nonnegative definite. We need the following condition.

Assumption A (I, — H) X X; =1, — Hyfork=1,....r.
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Note that Assumption A is satisfied automatically for the additive models con-
sidered here since, foreach k = 1,...,r, H, = X; X ,/( is a projection matrix with
null(Hy) C range(Hp).

Remark 2 This assumption does not hold for typical linear mixed models and seems
characteristic of the mixed models associated with smoothing treated here. In partic-
ular, the assumption does not hold for P-splines.

We will write Ay = diag(Ak1, ..., kg), kK =1,...,r, and define

Amin = min(Ag, k=1,...,r, j=1,...,qx),
Amax = max(Agj, k=1,...,r,j=1,...,q0).

Lemma 2 Under Assumption A,

ro gk r n—
Mei 1 P
(H H _)» ki )(1+)\max _)
k=1 j=1 /-max =1 Tk
ro gk )ij r 1 n—p
<1G, 1By < []]1 I+imin ) —) (17)
k=1 j=1

Ao
_ 1 Amin =1 Nk

1 1
- (I — Hy) < Ry = . (I, — Hp). (18)
1+ Amax zkzl ,’lk " ! 1+ Amin Zk=l nlk !

Proof Write X = (I, — Hy)X. Then
G,=B;' +X'X.
Let B, = diag(n%lql, s ,]Lrlq,). We know that
B '+ X'X < Gy < 00 B+ XX (19)
Using a well-known formula (e.g., Christensen 2002, p. 416), for any ¢ > 0,
"B+ X'X)"' =cB, — *B,X'(I, + cXB,X)"'XB,,. (20)

Noting that

~— —~ 1 1
XB, = (I, - H)XB, = (I, - Ho)(axl, e n—xr),
r
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we have

p

- ~ 1

XB,X =, - Ho)(z %XkX,L>(In — Ho)
k=1

"

_ (Z%)(ln _ Hy). @1

k=1

The last equality follows from Assumption A. Thus for any ¢ > 0,

.
- - 1
I, + cXB,X' = Hy+ (1 + CZ n_)(ln — Hy),
k
k=1

- -l "o\ 7!
(1, +cXB,X) =H0+(1+c§j—) (I, — Ho), 22)
k
k=1

and

r n—

~ ~ 1 p

I, + cXB,X'| = (1 +CZ—) .
k=1 Mk

The last two equalities hold because H is a projection matrix. If two positive definite
matrices satisfy A| < Aj, then |A| < |A»|. (To see this, note that Al_l/zAgAl_l/2 >
1.) Moreover, for any invertible ¢ x ¢ matrix A and n x ¢ matrix X, |A + X'X| =
|A||I, + XA~'X'| (e.g., Harville 1997, p. 188). Thus, from (19),

Gyl = B, ' + X'X| =

max

I+ hma X B, X'

)

Ahax| By

Gyl < Ay B+ X'X| = I + omin X B, X'

min

)\’q

min ! 1

Since |By|/|B,| = [1i—, ]_[{]”‘:1 Aij, inequality (17) holds.
From its definition (14) and the first inequality of (19),

R,=1,-H - XG,'X'
~ ~ ~ ~\—1_
<1, - Ho - X(ign B+ X'X) X\
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Using (20) and (22),

Ry<I,—Hy—X [AmmB —2 B, X', + xmin)?iz',,)?/)—l)?ﬁ,,] X’

= I, — Hy — AminX B, X’
r -1
1 o o
330 X B, X[ Ho + (1 + Amin Y n—) (I, — Ho) | XB, X',
k
k=1

Finally, because Ho =0and (I, — HO)X X, equality (21) implies

r

1
Ry < I, — Hy — hmin »_, — (I, — Ho)
=1 "k
r 1 2 r 1 -1
+)“%1m(z _) (1 + )‘min Z _) (In - HO)
= =

2
(1 + Amin ZZ:] nLk) (1 — Amin ZZ:] nlk) m1n (Zk 1 m)

= (I, — Ho)

1+ homin Xk o
1

= (I, — Hp).
1+ Amin 25— 1

This proves the righthand inequality of (18). The other inequality can be shown simi-

larly.

Proof of Theorem 1. Applying the last lemma, the term | B, G| is bounded below by

a positive constant.

Lemma 3 Consider the linear mixed model (10) and (11) under priors (12) and
(13) with n — p 4+ 2ag > 0, and suppose Assumption A is satisfied. Then for all

n:(nlv,nr)Wlthnk>O,

n—p
2

K (@0, Jin) (14 min i 1)

[ y' - Ho)y +2b0] 2"t

I4+Amin Zk 170 ”k
_";/’
K (ao, Amax) (1 + Amax ZZ:I nLk)
= Lx(n) = ETE—
y' (I, —Ho)y 2
Hts gy
|:1+)Lmax Zk 1 ’7k 0
where K (-, -) is the positive function
2a1—v n—p + a r o gk 2 %
K(a,k)z(—Z])( A_) , a,eR.
oXol2 \pZp = MK

(23)

(24)
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Proof Inequality (18) implies that

y' (I, — Ho)y / y' (I, — Hy)y

<Ry < . (25)
14 Amax Z]Zzl ,]_lk I+ Amin ZZ=1 %

Applying (17) and (25) to (16), we have

I (*5% +ao) (H2=1 (jk:l prvs

P _
) D)
La(p) > — =P 4 q (1 i Z %)
721X Xo|2 Yy 4 op, 2 -
0 1+Amm Zk 1y
n—p Amax 12 C B
F(T+ao)(ﬂk1 j= ”kf) ;)
Ly(n) < = Lo 2 o
—p i (I, —Hp) 2[]"'”0 k=1 b
=P <y & )
T2 |X0XO|2 1+Amax2k lnk +2b0i|

This proves the lemma.

As an immediate consequence of the lemma, we have the following characteriza-
tion.

Theorem 5 For the linear mixed model (10) and (11) together with priors (12) and
(13) and Assumption A, if ag = by = 0, the joint posterior of (0, u, 8o, ) is proper if
and only if the prior of y is proper.

Proof Noting that if ay = by = 0, (23) becomes

K (ap, Amin) K (ag, Amax)
wpz = L) = =2
[yt~ Hoy] [t~ Hoy]

Because the upper and lower bounds do not depend on 7, the result holds.

Theorem 2 follows from Theorem 5 as a special case.
We now restrict consideration to independent inverse gamma-type priors for the 8y
of the form (8). Note that (8) is equivalent to (8o, ) having joint prior

e—bo/do T L b /s
a —
[80. 7] = 51+“+ ||n" Kie/%o, (26)
0

where a; = > _ ax. The following conditions will be needed.

Condition Cl1. n — p+2ay > 0.
Condition C2. ap <Ofork=0,1,...,r
Condition C3. n— p +2%_,min(0, ar) > 0.
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Lemma 4 (a) Under Condition Cl, we have

o0
/0 L1 (S0, 1150, 11 o

200 I ("3 + ay) [Ty mt ™
PP v 12| R |2 3 (v r “Stay
w7 | X Xo|? | By|?|Gy|? (v Ryy + 2bo +2 3 bink)

(b) If Assumption A and Condition C1 hold and by = - -- = b, = 0, we have

K (ay, Amax)8& (Amax, 1)

K (a+, Amin) g Amin, ) <
u+a+ ’
[y, — Hoyy] ?

< [ LaGo mtso. nidbo <
[yt~ Hoy] ’

5 tay
where K (-, -) is given by (24) and

r r 1 a+
g(c,n)=(HnZkl)(l+cz—) , ¢>0, g >0.
k=1

= Tk

(c) If Assumption A and Condition CI hold, by, > 0 fork =0, ...,r, and y' (I, —
Hy)y > 0, there exist positive constants 0 < K1, Ko < 0o such that

Kih(m) < /0 L1 (o, IS0, 71dSo < Kah(n),

where

g(1,m)
[1 + (1 + 30, ,;—k) A+ m)

h(n) = nk > 0.

](n—p)/2+a+ ’

Proof Integrating out the product of L1(8p, ) in (15) and the prior (26) with respect
to &g, we get part (a). Parts (b) and (c) follow from (25) as in the proof of Lemma 3.

The following result contains the assertions of Theorem 3.

Theorem 6 Consider the linear mixed model (10) and (11). Assume that [0] = 1, and
let the prior for (8¢, 81, - . ., 8k) be specified by (8).

(@ Ifby = --- = b =0, then Condition CI is necessary for the existence of the
posterior of (0, u, 8y, ).
(b) Under Assumption A, if b = --- = b, = 0, then Conditions Cl and C2 are

necessary and sufficient for the existence of the posterior of (0, u, 59, ).
(¢c) Under Assumption A, if by > 0, k = 0, ...,r, then Condition C3 is sufficient
for the existence of the posterior of (0, u, 8y, ).
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514 D. Sun, P. L. Speckman

Proof To prove (a), we note that in part (a) of Lemma 4, L1 (80, )[80, 1] is integrable
with respect to §y only if Condition C1 holds. To prove (b), we need only show that

oo oo
JCE/ / g(c,)])dﬂl-~-dnr<00, C>O,
0 0

if and only if Condition C2 holds. In fact, by the transformation #; = c¢/nx, we have

1 t t, aptai+---+ar
J, _ca1+ +ll;/ / d+n+---+u) dey -+ - dt,.

a1+1 ar+1
N

Make the transformation sy = t1 /(1 +1t1), 520 = to/(1 +t1+12), ..., 8 =t /(1 +11 +

--+1t.). Itiseasy tosee thatsy € (0, 1) and (1+4#1 ---+1#) = 1/[(1—s51) - - - (1 =sp)],
forallk = 1,...,r,hence t; = s1/(1 —s1), 0 = s2/[(1 —s1)(A —s2)], ..., 8 =
sr/[(1 —s1)--- (1 —s,)]. The Jacobian of the transformation is

1 1
C (1 —s1)? g I =s1)-- (1= s = 50)?

’a(tlv3tr)
a(s1, .. 8r)

r

1
= H — ) —k+2
iy (L=s1)"

After some simplification,
r 1
Jo =t tar H/ sk_ak_l(l — ) " (aotartta-D=l g
470

But J. clearly is finite if and only if Condition C2 holds, i.e., if and only if a; < O for
all k.
To prove (c), define

VE/ / h(n)dy.
0 0

Using Lemma 4 and Condition C1,

00 00 ap—1
V</ / - 1;{1;21'7 -~ dy
—p)/2+
0 0 (1‘*‘22:1 %) (1_'_22:1 77k)(n p)/2+ay
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For an ordered subset J C {1, ..., r}, define
Hk nak 1
_ eJ
wn—A =73 dn
<nr<l,keJ (1+ZkeJ )
Mk

1
v, (J)—/ [Tees mi~

o(J) =

1<ng<oo,keJ (1 + 3 ke Uk)(n p)/2+a,

d)]j.

(The notation dn; means dny, - - -dng; when J = {ki, ..., k;}.) Then

V< D Vo(D)Veo(J9),

allJ
where the sum is over all ordered subsets J of {1, --- ,r} including the empty set.
Without loss of generality, consider J = {1, ..., r}. Using the transformations from

the proof for part (b) above,
00 oo T 1 nep
V{1, ...,rH =/ / Htk_a"_ (A+n+---+8) 2 dy---dyy
1 1 =

/ / /LHSkak IH(l sk) Y- ldsl . ds,
T k=

Clearly, Vo(J) is finite if (n — p)/2 + Z;zk aj > 0fork =1,...,r. Considering
all subsets J, if

(n—=p)/2+ > a >0 forall J C{l.....r}, (27)
keJ

then Vy(J) < oo forall J.
Similarly, using the transformation s; = /(1 + 1), 52
sp=n /0 +n+---+n),

r r
r+1 k=1 k=1

n2/(+n1+n2), ...,

which is finite if (n — p)/2 + Zl;:l aj > 0fork=1,...,r. Thus Voo (J) < oo for
all subsets J if

(n—p)/2+a0+2ak>0 forall J C {1,...,r}. (28)
keJ

Taken together, conditions (27) and (28) are equivalent to Condition C3.
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Remark 3 Consider the special case of independent priors of the form [§;] o< 8 a=1

If (0, &o) has joint prior [8, §p] = 1 /(SSOJrl and Assumption A holds, Theorems 5 and
6 imply that there are exactly two choices for ag:

(a) Ifag = 0, one must use a proper prior for . Consequently, the joint posterior of
@, u,bo,b1,...,6;) (or (8, u,dp, n)) is improper for any prior of (&1, ..., 95,)

of the form
ol
[31,--',3r]=Hw~ (29)
k=1 "k
(b) Ifap < 0, then one can choose priors for (81, ..., §,) given by (29) as long as

ap <Oforeveryk=1,...,rand(n — p)/2+ao+a+---+a, > 0.

Remark 4 As one of the referees pointed out, the prior [§o] = 1/§ is also the limiting
case when & follows a log normal (1, 002) prior as o9 — oo. Thus, under a limiting
log normal prior for &y, the prior for » must be proper for the existence of the posterior.
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