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Abstract In this note we propose several characterizations of the Sibuya
distribution. A related distribution we call the semi-Sibuya distribution is intro-
duced and studied.
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1 Introduction

Sibuya (1979) introduced the discrete distribution with probability generating
distribution (pgf)

Pz)=1—-(1-2)7, (1)

for some parameter y € (0,1]. This distribution is known as the Sibuya
distribution with exponent y. A random variable (rv) with a Sibuya distri-
bution can be represented as one plus a variable with a special generalized
hypergeometric distribution (see Sibuya 1979). Devroye (1993) offered a simi-
lar distributional representation of the Sibuya distribution by way of a Poisson
mixture. Christoph and Schreiber (2000) introduced and studied a more gen-
eral distribution called the scaled Sibuya distribution with exponent y € (0, 1]
and scale parameter A € (0, 1], and referred to as the Sibuya(y, A) distribution.
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460 N. Bouzar

Its pgf is
Pz)=1-11-2)". 2)

The scaled Sibuya(y, 1) distribution results from a mixture of a Sibuya(y, 1)
distribution and a distribution concentrated at zero; with weighing factors A
and 1 — .

In this note, we show that the scaled Sibuya distribution arises as the solution
of some functional equations. We also introduce a related discrete distribution
we call the semi-Sibuya distribution. We establish several properties of the
semi-Sibuya distribution, including characterizations in terms of its pgf. Results
that relate the class of Sibuya distributions with the classes of semi-Sibuya
distributions are also given.

We recall the definition of the binomial thinning operation ©

X
xOX =) X 3)
i=1
where X is a Z-valued rv, ¢ € (0,1), and {X;} is a sequence of independent

identically distributed (iid) Bernoulli(«) rv’s independent of X (see Steutel and
van Harn, 2004).

2 The semi-Sibuya distribution
We show that the scaled Sibuya distribution arises as a solution of some

functional equations. This results in several new characterizations of the
distribution.

Theorem 1 Let X be a Z.-valued rv with pgf P(z) and with P(0) < 1. The
following assertions are equivalent.

(i) For every integer n > 1, there exists ¢, € (0,1] (with ¢; = 1) such that
1 1
PA—cytet)=1——+-P@) O0=z=<l). 4)
(i1) There exists ¥ > 0 such that for every real number x > 1,
-1/ -1/ 1
PA—x""4+x" ) =1--+-Pz) (0O=<z<1). (S))
X X

(iii) There exists y > 0 such that for every « € (0, 1),

Pl—a+az)=1—a"+a’P(z) O0O=<z<1). (6)
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(iv) There exists y > 0 such that for everyn > 1,
7 oxLx, (7)

where [, is Bernoulli(1/n), X, 4 X and I, and X, are independent
(v) X has a scaled Sibuya(y, A) distribution for some 2,y € (0, 1].

Proof (i)=-(ii): we use an argument due to Steutel and van Harn (2004) in their
proof of a similar result on discrete stability (Theorem V. 5.1, p 263). By (4),
(cn,n = 1) is nonincreasing. Let c¢(x) = ¢, for x integer, x > 1. Moreover, again
by (4), we have for all integers x,y > 1,

c(xy) = c(x)c(y). ®)

The function c(x), as well as Eqs (4) and (8), can be shown to extend to all ratio-
nals x > 1 by letting c(x) = ¢, /ci for x = n/k, n > k. A limiting argument leads
in turn to the extension of c(x), (4), and (8) to all reals x > 1 (see the reference
above for details). By (8) and the fact that c(x) < 1, we have c(x) = x~ /7 for
some y > 0. Thus (5) holds. (ii)=(iii) is immediate by letting x = &~ in (5).
Assuming (iii) and setting z = 0 and then « = 1 — z for z € (0,1) in Eq. (6)
yields P(z) = 1 — A(1 — z)¥ for all z € [0,1], where . = 1 — P(0). Since P(z)
is a pgf, P”(0) > 0 implies ¥ € (0,1] and hence (V) holds. The representation
(7) follows from (2) and (3) for every n > 1, and thus (V)=(iv). Finally, if (iv)
holds, then (4) results from (7) by letting ¢, = n=/7. O

It is of interest to study the solution of the functional Eq. (6) if the latter
is restricted to hold for a single value of @ € (0,1) (or, equivalently, when (5)
is restricted to hold for a single value of x > 1). This leads to the following
definition.

Definition 1 A nondegenerate distribution on Z. is said to be semi-Sibuya if
its pgf P(z) satisfies the functional Eq. (6) for some y > 0 and o € (0,1). We
will refer to y (respectively o) as the exponent (respectively, the order) of the
distribution.

It follows easily from the definition above that a semi-Sibuya distribution
with exponent y = 1 is necessarily a Bernoulli distribution.
A few additional properties are listed below without proof.

Proposition 1 (i) Ifthere exists a semi-Sibuya distribution with exponent y >
0 and order o € (0,1), then, necessarily, 0 < y < 1. In addition, if this
distribution has finite mean, then y = 1.

(i) If (pn,n > 0) is a semi-Sibuya distribution with exponent y € (0,1) and
order a € (0,1), then p, > 0 for every n > 1.
(ili) A Z-valued rv X has a semi-Sibuya distribution with exponent y € (0,1)

and order a € (0,1) if and only if it satisfies the equation o © X 4 IX,
where I is a Bernoulli(a” ) rv independent of X.
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An example of a semi-Sibuya distribution is presented next.
Leta,y € (0,1) and B8 € (0,1]. We define

2mInx

PZ)=1-— ,Bc/oo(l - e_(l_Z)x)x_l_V‘s' ‘dx (zel0,1]), (9)
0

where ¢ = (fooo(l _ e—x)x—l y’Sln 2 lnx

dx) . P(2) is the pgf of (pp,n > 0)

given by
o0 2r1
po=1—-8 and p,= %/ e fsin 28 nx‘dx (n>1).
- JO
A simple change of variable argument leads to
271 Inx

)
Pl—a+4az)=1— ayﬂc/ 1- e_(l_z)x)x_l_y‘s ‘dx 1—a¥ +a¥P(2).
JO

Therefore, (p,,n > 0) is semi-Sibuya with exponent y and order «.
with ¥ (In x)
where ¥ (x) is a continuous bounded nonnegative and peI'IOdlC function (with
period — In ).

Semi-Sibuya distributions can be characterized via their pgf’s, as the next
result shows.

27 lnx

Note that example (9) can be extended by replacing ‘sm

Theorem 2 A distribution on Z is semi-Sibuya with exponent y € (0,1] and
order a € (0,1) if and only if its pgf P(z) admits the representation

P)=1-(1-2"h(z) O<z<), (10)
where h(-) satisfies h(1 — a + az) = h(z) for any z € [0, 1), or, equivalently,
P)=1-(1-2"g(lln(1—-2)) O0=<z<1), (11)

where g(-), defined over [0, 00), is a periodic function with period — In «.

Proof Clearly, if (10) holds for some y € (0,1] and « € (0, 1), then P(z) satisfies
(6) for all z € [0, 1), and hence, the distribution is semi-Sibuya. Conversely, if (6)
holds for P(z) forsome y € (0,1]and« € (0,1),thenh(z) = (1—2)"V(1—P(2))
satisfies

h(l—a+az)=(@1—-2)"7"0—-P1—o+az))
=a (1 —2)7a"(1 - P(2)) = h(2)
for all for z € [0, 1), which implies (10). We conclude by showing that (10) and
(11) are equivalent. If (10) holds, define g(r) = h(1 — e~ ") for = > 0. Then
g(|In(1 — z)|) = h(z) for any z € [0,1). Moreover, g(t —Inw) = h(l —ae ") =
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h(l—a+a(l—e" 7)) = h(1—e~ ") = g(r), which implies that g(-) is periodic with
period — In« and thus (11) is proven. If (11) holds, define A(z) = g(|In(1 — z)|)
forz € [0,1). Thenh(1—a+az) = g(—Ina+|In(1—2)|) = g(|In(1—2)]) = h(z),
implying (10). O

Simple calculations show that the example of a semi-Sibuya distribution with
pef (9) admits the representation (10) with

27 In(x/(1 —

h(z) = /Sc/oo(l - efx)xflf”‘sin 2l ) dx (z €[0,1)),
0

—Ina

and the representation (11) with

g(l—):’gc/oo(l_e—x)x—l—y‘s' M‘d}c (r = 0).
0

We recall (Bouzar 2004) that a nondegenerate distribution on Z is said to be
discrete semistable with exponent y, y necessarily in (0, 1], and order « € (0, 1)
if its pgf H(z) satisfies for all |z| <1, H(z) # 0 and

InHA —o+az) =a’ InH(z). (12)

Proposition 2 A function P(z) over [0,1] is the pgf of a semi-Sibuya distribution
with exponent y € (0,1] and order « € (0,1) if and only if

P(z)=1+4cln Hiz) 0<z<1), (13)

where H(z) is the pgf of a discrete semistable distribution with exponent y and
order a, and 0 < ¢ < —1/1n H(0).

Proof Assume P(z) is the pgf of a semi-Sibuya distribution with exponent
y € (0,1] and order « € (0,1) and let H(z) = exp(P(z) — 1). H(z) is a pgf (of a
compound Poisson distribution) which satisfies (12). Therefore, (13) holds with
¢ = 1. Conversely, if H(z) is the pgf of a semistable distribution with exponent
y and order «, then the infinite divisibility of H(z) (Bouzar 2004) and the con-
dition 0 < ¢ < —1/1n H(0) imply that P(z) of (13) is a pgf. It follows easily from
(12) that (6) holds for P(z). O

We denote by Sb the class of scaled Sibuya distributions and by SSb(«),
a € (0,1), the class of semi-Sibuya distributions of order «. It is easily seen that

ﬂ SSh(a). (14)

O<a<l1
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An additional assumption leads to the following stronger result.

Theorem 3 If oy and oy in (0,1) are such that In oy / In o3 is irrational, then
Sb = SSb(ay) () SSb(ez). (15)

Proof Let P(z) be the pgf of a semi-Sibuya distribution. Note by (11) that P(z)
is defined for all z < 1. Let Ap the set of all « € (0, co0) for which (6) holds for
some y > 0. Since P is the pgf of a semi-Sibuya distribution, Ap N (0,1) # @.
We prove that Ap is a closed multiplicative subgroup of (0, 00). Clearly, 1 € Ap.
If « and o’ belong to Ap with respective exponents y > 0 and y’ > 0, then
P —ad +aa'z) = 1—a’a” +a”a? P(z). Therefore, aa’ € Ap with exponent
ln(oﬂ’oe”,)/ln(ozoe’). Let @ € Ap with exponent y > 0. Solving for P(z) in (6)
yields P(z) = 1—a ¥ +a~7 P(1—a+az), which implies that P(1—a ' +a~12) =
1—a~ " +a 7 P(z). Therefore,a™! € Ap (with exponent y). To show that Ap is
closed in (0, 00), let (o, n > 1) in Ap such that lim,,_, o o, = @ for some « > 0.
Let y, be the exponent corresponding to «, through (6) and let zg € [0,1) be
such that P(zo) < 1. It follows by (6) applied to («y, y,,) that

. 1 1-P(1— o+ azo)
y = lim y, = —1 >

n 0
n—00 Ina 1 — P(z0)

and that « € Ap with exponent y. Let a9 = supAp N (0,1). Using the same
argument as the one in the proof of Theorem 13.11, p. 73, in Sato (1999), it can
be shown thatifag = 1,then Ap = (0,00),andifap < 1,then Ap = {aj : n € Z}.
To establish (15) we only need to show that SSb(«y) N SSH(az) C Sb. Let P(z)
be the pgf of a distribution in SSb(x1) N SSb(ez). Since Inay/Inay is irratio-
nal, «; and «y cannot be written as powers with some common base ap > 0
and integer exponents. It follows by the first part of the proof that Ap =
(0, 00). Therefore, P(z) satisfies (6) for every a € (0,1). The conclusion follows
by (14). O

Acknowledgments The author wishes to thank a referee for comments that led to a significant
improvement of the paper.

References

Bouzar, N. (2004). Discrete semi-stable distributions. Annals of the Institute of Statistical Mathemat-
ics, 56, 497-510.

Christoph, G., Schreiber, K. (2000). Scaled Sibuya distribution and discrete self-decomposability.
Statistics and Probability Letters, 48, 181-187.

Devroye, L. (1993) A triptych of discrete distributions related to the stable law. Statistics and
Probability Letters 18, 349-351.

Sato, K. (1999) Lévy Processes and infinitely divisible distributions. Cambridge: Cambridge Univer-
sity Press.

Sibuya, M. (1979). Generalized hypergeometric digamma and trigamma distributions. Annals of
the Institute of Statistical Mathematics, 31, 373-390.

Steutel, F. W., van Harn, K. (2004). Infinite divisibility of probability distributions on the real line.
New York: Marcel Dekker.

@ Springer



	The semi-Sibuya distribution
	Abstract
	Introduction
	The semi-Sibuya distribution
	Acknowledgments
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


