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Abstract We consider the problem of estimating the covariance of two diffusion-
type processes when they are observed only at discrete times in a nonsynchronous
manner. In our previous work in 2003, we proposed a new estimator which is free of
any ‘synchronization’ processing of the original data and showed that it is consistent
for the true covariance of the processes as the observation interval shrinks to zero;
Hayashi and Yoshida (Bernoulli, 11,359-379, 2005). This paper is its sequel. Specifi-
cally, it establishes asymptotic normality of the estimator in a general nonsynchronous
sampling scheme.

Keywords Diffusions - Discrete-time observations - High-frequency data -
Nonsynchronicity - Quadratic variation - Realized volatility

1 Introduction
1.1 Background

Consider the case when two continuous diffusion processes are observed only at
discrete times in a nonsynchronous manner. We are interested in estimating the
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368 T. Hayashi, N. Yoshida

covariance of the two processes accurately in such a situation. This type of problem
arises typically in high-frequency finance. A popular approach for this is to compute

m

Vam) = Z (Pt,-l - Pfil—l) (Pr,2 - Pn{l) ’ M

i=1

which is often called the realized covariance (estimator) in the literature; see Andersen
et al. (2001), for instance. Here, Pl and P? are continuous semimartingales repre-
senting log-prices, 0 =ty < t; < --- < t,, = T are grid points for measuring their
respective changes with the mesh size w(m) := maxi<j<pm |t; — t;—1|, where T is a
given time to evaluate the quantity. The popularity of the estimator comes from its
consistency, i.e., as w(m) — 0, one has Vi@, — <P1, P2)T in probability, not to
mention from its ease of implementation. (, ) denotes the quadratic covariation. For
practical convenience it is standard to take equal spacing,i.e.,t; —t,_; = T/m (=: h),
i>1.

Actual transaction data are recorded at irregular times in a nonsynchronous manner.
This fact requires one who adopts (1) to ‘synchronize’ the original multivariate time
series a priori; choose a common interval length £ first, then impute missing obser-
vations by some interpolation scheme such as previous-tick interpolation or linear
interpolation (Dacorogna et al. 2001). Inevitably, the value of V), depends heavily on
the choice of 4 as well as an interpolation method adopted. By and large, most of the
existing approaches rely on the ‘synchronization’ of the original data, hence, suffer
‘synchronization’ bias (e.g., Hayashi and Yoshida 2005b ).!

In the preceding work, we proposed a new procedure which is free of ‘synchro-
nization’ hence of any bias due to it. In the case of diffusion-type processes with
independent random observation times, they showed that their estimator is consis-
tent for the underlying (deterministic) covariation as the size of observation intervals
goes to zero (in our 2003 paper, now Hayashi and Yoshida 2005b), which is not in
general possessed by the realized covariance estimator subject to nonsynchronicity of
observations.

This paper extends our previous work. Specifically, it demonstrates asymptotic
normality of the proposed estimator in a general nonsynchronous sampling scheme
of multivariate diffusion-type processes, as the observation interval shrinks to zero.
Central limit theories for the realized volatility/covariance and related estimators have
been discussed in the statistics literature for a long time (e.g., Dacunha-Castelle and
Florens-Zmirou 1986); however, nonsynchronicity has rarely been taken into account.
At the best of our knowledge, this paper is the first one in the literature to show
asymptotic normality in the case of nonsynchronous sampling.

! In the univariate case, volatility estimation problems in the presence of measurement error, or market
microstructure noise, have been actively studied recently (e.g., Zhang et al. 2005). Recognizing that non-
synchronicity is a fundamental, salient feature for the multivariate case yet has been rarely addressed, we
focus on it in this paper without the existence of additive microstructure noises taken into account. It is
deferred for future research.
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Nonsynchronously observed diffusions 369

1.2 The estimator (review)

Let T € (0, 0o) be an arbitrary terminal time for observation. On a stochastic basis
(R, F,{F:}, P), suppose that P! follows the one-dimensional continuous Itd process

dP! = pldt +oldW!, Pl=pl, 0<t<T, 1=1,2, )

where W', I = 1,2, are Wiener processes with d (W', W2) = p,dt, p. € (=1,1)
is an unknown, deterministic and measurable function of z, pé is a constant,? ;ﬁ isa
progressively measurable (possibly unknown) function, and o/ is a deterministic and
bounded (possibly unknown), measurable function of ¢.

Let ' := (I');=12... and T1% := (J%);—12... be random intervals reading from
left to right, each of which partitjons (0, T]‘. Let T := inf [iH! represent the ith
observation time of P!, and T2/ := inf Ji*! that of P2. Let n be the index that

controls the (random) size of T1! and I1%; see the Poisson sampling case below. The
length of an interval / is denoted by |/|. We assume (temporarily) that the sampling
intervals IT := (IT!, l'[?) satisfy the following:

Condition ‘(CO): (i) (Il). and (J') are independent of P! and P?; (ii) As n — oo,
E [maxi ’I" V max |JJ|] =o(1).

Remark (ii) is equivalent to either of the conditions: (ii") max; |I i | vmax; |J 7| = 0in
probability asn — oo; (iii) >, |1’ }z—i—zj |77 |2 — 0in probability asn — 0o. More-
over, for (ii) to hold it is sufficient that (iv) P [maxi |Ii| V max [J7] > n_q] =o(l)
for some g > 0.

Remark The independence condition (i), which may be too restrictive in financial
applications, is removed in a subsequent paper (Hayashi and Yoshida 2006).

Example (Synchronous sampling scheme): Notice that there is no assumption for
dependency between (I') and (J'). In particular, any perfectly synchronous sampling
scheme (deterministic or stochastic) with [ i — Ji for every i, is covered by the
framework so far as (/') satisfies (C0). See Sect. 3.1.

Example (Poisson random sampling scheme): Let N!' and N? be Poisson processes
with intensity A' := np!, p' € (0,00), n_€ N, 1 = 1,2. If T"" is the ith ar-
rival time of the /th Poisson process with 70 .= 0,1 = 1,~2, then~we construct
' := (I"=1.. and 1? := (J);=12.., by setting I := (T"=1, TN (0, T]
and J! = (Tz’i_l, Tz'i] N (0, T]. In this case, E [NIT] =AT = nplT, i.e., the mean
partition size of TT’ is proportional to n. This Poisson random sampling scheme is
covered so far as (CO)(i) is satisfied (note: (CO)(ii) is implied). See Sect. 3.2.

The parameter of interest is the (deterministic) covariation of Pl and P2,

T
<P1, P2>T =/ ololpdr =: 6.
0

2 In Hayashi and Yoshida (2005b), the authors assumed pf) > 0 (note: there they used the symbol pl

instead of pé)). However, the positivity was simply unnecessary.
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370 T. Hayashi, N. Yoshida

In finance, 0 is the integrated covariance (over [0, T']) of the logarithmic prices P!
and P2 of two securities. It is an essential quantity to be measured for risk management
purposes; T is set to 1 (day), for instance.

Previously, the authors proposed an estimator for 6 of the following form, which
is based only on the observations of P! and P2, and the times they were recorded at.

Definition 1 (Cumulative covariance estimator):

Uy = Z (P71"1,i - PTILi—l) (Pﬁz._/ - P72~2,j—1) 1{1imj.f7é(2j}- 3
iJ

That is, the product of any pair of increments (P}, , — P}, ) and (P2, , — PZ, )
will make a contribution to the sum only when the respective observation intervals I’
and J/ are overlapping. Observe that U, utilizes the information regarding not only
process changes but also the observation times—through the indicator functions—at
which they were recorded. The fact contrasts with the realized covariance estimator (1),
which discards the observation time information through synchronization. Besides, it
should be noted that the there is no serious increase in computational load; the number
of summation required in (3) is essentially of the same order as that of the realized
covariance regardless of its appearance as a double sum in i and j. Specifically, the
number equals to the number of grids in IT! plus that in IT2, minus the number of grids
that are common in both IT' and I1? (i.e., synchronous observation time points).

Theorem 1 (Hayashi and Yoshida 2005b) Suppose (CO) holds.
(1) Ifsupo<i<r |pul| € L%, 1 =1,2, then U, — 0 in L? as n — oo.

1,i

(2) Ifsupo<i<r ’u” < oo almost surely, | = 1,2, then U, is consistent for 0, i.e.,
U, — 0 in probability as n — oo.

(CO) alone is insufficient to derive asymptotic normality of the proposed estimator
U, . Indeed, we will overwrite (CO) with a stronger set of conditions (C1)—(C4) in the
next section.

2 Asymptotic normality

We are going to demonstrate asymptotic normality of our estimator in a general non-
synchronous sampling scheme of multivariate diffusion processes, as the observation
interval shrinks to zero.

We maintain the same set-up as stated in the previous section. For exploring
asymptotic normality of U, we need to elaborate conditions not only on IT but also
on the underlying processes. Let r, 1= max|<j<co |Ii| V max<;<co ‘Jj , the largest
interval size.

Condition (C1): (I') and (J) are independent of P' and P>.

We define (signed) measures by, for each I € Bjg 1}, where Bjo, 7] is the Borel

o-field on [0, T],

2
v (1) =" (1) :=/ollat2,otdt; ol (1) :=/(o,’) dr, 1=1,2.
1 1
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Nonsynchronously observed diffusions 371

Condition (C2): There exist a sequence of positive numbers (b,) C (0, 1) and some
constant ¢ € (0, 00) such that, asn — oo, b, — 0 and

b;l Zvl (Ii) 02 (]j) Lizingisa) +Zv (Ii)z

ij i

+Zv(]f)2—zv(1fmﬂ)2 £ &)
7

i,j

This condition postulates the (asymptotic) connection between the observation
intervals IT and the variance—covariance structure of the given processes, '), v2 (),
v(-)). The constant c in (4) serves as the asymptotic variance of the (rescaled) proposed
estimator. In fact, when there is no drift in the underlying processes, one can show that

ol [Uﬂ _ zvl (Ii) ) (Jj) Lringi <o) +Z,~:v (Ii)z_g_;v (Jj)z

i,j

“S(rns) ve )
)

and E™ [U,] = 6 (see Appendix); hence, the 1.h.s. of (4) is exactly equal to b, ' Var™
[Uy,] so far as u! = 0,1 = 1,2. Here, E'[-] and Var™ [-] denote respectively the
conditional expectation and variance, given the partition IT. In case the drift is non-
zero, the condition (C4) below guarantees that, for sufficiently large n, the Lh.s. of
(4) well approximates the (rescaled) conditional variance. The rescaling factor b, 1
may be interpreted as the ‘average number’ of the observation times (i.e., the size
of the partitions IT' and IT%), or equivalently, b, may be the ‘average length’ of the
observation intervals.

The reader may wonder if the condition (C2) is mild enough to cover practical,
meaningful cases. A non-trivial, example that satisfies (C2) will be studied later, i.e.,
the Poisson observation times case in Sect. 3.2, where b, is (set to) n~! and ¢ is found
concretely.

Remark (C2)looks rather complicated to check and apply in practice. An alternative,
slightly more stringent but amiable condition is explored in a subsequent paper by the
authors, Hayashi and Yoshida (2005a), which accordingly draws a stronger result than
Theorem 2.

Next, we allow the random mesh size r,, of IT to tend to zero slowly relative to the

(deterministic) by, but not too slowly.
Condition (C3): There exists some a € (0, 1/4) such that
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372 T. Hayashi, N. Yoshida

Now, for a continuous stochastic process X, we define, for each w € Q2 and A > 0,
the modulus of continuity on [0, T], by

§(X(w); A) :i=sup{|X; (@) — Xs(@)|; [t =s| <A, 0<s,t <T}.

The following is a condition stating that the (random) drifts of the underlying
processes are sufficiently smooth so that their contribution to U, in (3) would be
asymptotically negligible and that asymptotic normality for the zero drift case would
be generalized to the non-zero drift case.

Condition (C4): For [ =1, 2, /Ll is continuous and adapted, such that

5 h) = Op (hk) ash 0

1 1
Jor some k € (5, 7).

Remark Clearly, (C4) holds for processes with the same Holder continuity as Brown-
ian sample paths.

An alternative condition, whose appearance is slightly artificial, is the following.
Condition (C4'): For [ =1, 2, ,ul is continuous and adapted, such that

Ly
Sl r) = O (rébn (i )) ©)

for some o’ € (0, a), where a is given in (C3).

Remark Suppose (C4) holds with some k € (JT, %), which is slightly stronger than
stated. Let N,, := # (I1y) Vv # (1), where # (A) counts the number of elements in
a given set A. Assume that £ [N,] 1 oo and that b, = «, (E [N,,])_1 for some
positive, bounded sequence (k,), i.e., loosely speaking, b, ! represents (a multiple of)
the average interval size (cf. the Poisson sampling example of Sect. 4.2). Then, (C4’)
is implied. See Appendix A.2 for details.

Remark The condition
—(4+a
d(u'srn) = Op (r}?b,, ( )),

for some B € (1/2, aB/4+a) !+ 1/2), together with (C3), implies (6) of (C4").
Here is the main result of the paper.

Theorem 2 Under Conditions (C1) through (C3), together with either (C4) or (C4'),
asn — 09,

bW, —0) 5 N, o).
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Remark The case of random volatility: When ol 1l =1,2, are independent of wl
and W2, then, by conditioning, o! become deterministic, hence the argument in this
paper essentially carries over. In particular, asymptotic mixed normality will be ob-
tained. On the other hand, when o/, [ = 1, 2, are depending on w1l and W2, e.g., when
they have feedback from P! and P? (cf. Hayashi and Kusuoka 2004), establishing
asymptotic (mixed) normality will be a rather challenging task. Nevertheless, it can
still be shown; we will write on it in a separate paper.

3 Proof for the main theorem

Preceding the proof, we need to prepare some technical Lemmas. For this, we introduce
auxiliary symbols as follows.

Put K;; = l{lim‘]j#@}, i,j > 1, for ease of writing. We define a sequence of
positive numbers (a, ) by

1
5+2a
. 2
a, = b,

for o specified in (C3). That is, (a,) goes to zero faster than (b,l,/ 2) but slower than

(by). Note then that

2 2
rn

T r, T 1o
=—2—=o0p(l) and —=-—"—=—"b =op(l).
anbn b2+2a ay bZ-‘rZOI bg-l-ﬁt

So, the deterministic (a,) is chosen so that it is likely to go to zero slower than the
random (7). To sum up, (C3) implies the following.
Condition (C3'): As n — o0, (i) r2 = op(ayby), and (ii) ry = op(ay).

Let us define, for each I € Bjo, 7.

T
AP :=/ 1,(0oldw!, 1=1,2.
0

Define a (random) set function u : Bjo, 77 % Bjo,7] X £ — R by

u(A, B)(®) := AP'(A)(w)AP*(B)(@) —v(ANB), A,BeBypr, weQ.
@)

(Notice that u is ‘bilinear.”) Then, the quantity of interest is expressible as

W, i=by (U —0) =5, (AP‘(Ii)APZ(Jf) —(I'n Jf'))
i
Kij=b."2 > u (1, 07) Ky,
i
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374 T. Hayashi, N. Yoshida

owing to the fact that (I' N J/) partitions (0, T]and 6 = i v(I'NJI)K;j. Accord-
ingly, because Varl[p,] = b;l Var'[U,], in the case of zero drift (C2) may be
restated as:

Condition (C2'): There exist a sequence of positive numbers (by,) and some constant
c € (0, 00) such that, as n — oo, b, — 0 and

Varll [W,1 i c,

provided that /! =0,1=1,2.

In what follows, the first four Lemmas 1 through 4 are prepared to show asymptotic
normality in the zero drift case. The last two, 5 and 6, are to deal with the non-zero
drift case.

Throughout the paper, for sequences (x,,) and (yy), x, < ¥, means that there exists
a constant C € [0, co) such that x,, < Cy, for large n; x, ~ y, means that x, < y,
and y, < x, at the same time.

~

Lemma 1 Suppose u! =0,1=1,2. For A, B € Blo, 71,
E [u(A, 3)2] — o1 (A)3(B) + v (AN B)?.

Proof Because o! and p. are deterministic, the random vector

T T
( /0 o) dw}, /O f2(t)o,2dw,2)

is jointly normal for any deterministic and bounded, measurable functions f! and f2.
Therefore, putting f1(r) = 14(¢t) and f2(r) = 15(t), one has

Eu(A B)] =E [APl(A)APz(B)] —v(ANB)=0
and
E [u(A, B)Z] —E [API(A)ZAPz(B)z]—v (AN B)2=v! (A)v? (B)+v (AN B)>.

We have used the fact that, for any jointly normal random variables X and X, with
the respective mean and variance, 0 and vi, k = 1,2, and with covariance v 7,
E[X3X3] = 20122 + viva. o

Fix n € N. Define the intervals of size a, by A’,‘l = ((k — Day, ka,], k € N.
Put K(n) := min {k € N; ka, > T}, the smallest number of intervals (Aﬁ) needed
to cover the whole observation period (0, T']. For convenience, we re-interpret the
setup on the two-dimensional plane. We furnish the (x, y)-coordinate system in an
obvious manner. Once IT is fixed, any pair (I iJi ) of intervals is representable as
a rectangle I’ x J/, the overall aggregation of which amounts to the square S :=
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Nonsynchronously observed diffusions 375
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Fig. 1 Active rectangles (associated with a realization IT) on the total square S := (0, 7] x (0, T']

0, T] x (0, T]. A pair (Ii, Jj) that intersects each other (K;; = 1) and hence con-
tributes to the sum U, in (3) forms a rectangle / i x JJ that intersects the 45° line
connecting (0, 0) and (7', T'). We call active rectangles the rectangles with K;; = 1
(Fig. 1). Besides, we refer to points {(ka,, ka,),k =1,..., K(n) — 1} as markers,
which are vertices of any of the squares A% x AX situated in a row on the 45° line.
We will refer to such squares A := U,f:(’ll) {AX x Ak} N S diagonal squares, which
will serve collectively as a ‘filter,” being utilized on constructing an approximation
to W, as explained in the following paragraph (Fig. 2). Notice that equipping A on
the two-dimensional plane corresponds to setting the regular intervals with size a,
on the one-dimensional time axis. The remaining area, S \ A, will be referred to as
the residual region.
For the proof of the theorem, we propose to approximate W, by

K (n)
@, = D 1k,
k=1
where ' _
nk=by P> (1’ n Ak, Jin A’,;) Kij. k=1,....K(@). ®)

ij
The usefulness of this approximation for proving the asymptotic normality stems from
the fact that {nﬁ, k=1,...,K (n)} are independent conditionally on IT. Notice that
®,, collects contributions only from 7/ N J/s in the diagonal squares.
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376 T. Hayashi, N. Yoshida

Fig. 2 The diagonal squares A := Uf:(rll) {A],‘, X Aﬁ} ns

Let us define the approximation error of ®,, relative to W, by
Ry =V, —,.

According to (C3')(ii), r,,, the maximum length of any edge of rectangles, is asymp-
totically negligible compared to aj,, the length of each edge of the diagonal squares,
hence, the (conditional) variance of the approximation error R, namely, the ‘energy’
on the residual region, should vanish eventually. This conjecture indeed leads to the
following claim:

Lemma 2 Suppose u! =0,1=1,2. Asn — oo,
EN [(Rn)z] £o.

Proof Beforehand, observe that, if r, < “7", then one can see easily that no active
rectangle except for the ones covering any of the markers crosses more than one edge
of the diagonal squares, because the length of each edge is a;, while the maximum edge
length among all the rectangle I’ x J/ is r,. In this case, we divide all the elements
of R,, into four groups in light of the direction (relative to the corresponding markers)
in which each element is positioned. Inevitably any active rectangle that contributes
to R, must intersect with at least one edge of the diagonal squares; however, when
ra < %, those rectangles (except for the ones covering the markers) intersect exactly
once. (Recall that R, is the aggregate contribution from the residual region, S\ A.)
Let G, := {rn <%}

@ Springer



Nonsynchronously observed diffusions 377

A0 5 4 XE)

l\\\\\\\\\\\'\.\\\\\ ’/
o sovbanand s
BN &\\\#\\\\
l\\\'\\\ RS BN E

| \\\\\\\\\\\] \K\\I
w\w\ww RET
l <. P,
I\\\\\\\-e’ \\l.\\\::l
"if"'}f‘;%".ﬁm_I-‘
B SO0 M B (ka,,?ca,,)
IVQEJ
<7€>‘><?€>‘:l<a(}‘:l
k & /f' et
A X Aﬂ I"f"’ﬁg"fﬂ’:"j
] i [2iaisiatatdss’s
S Basanasiy
i |=’f’<’<’<"’|<’:"’j
V4 pHHHGG0E
[ iy,
/ -.I.'_=_>__>._a.:_'_;_»_= =
4 i
_f( 1
-~
fﬁ\
// .
",
e N
P 5 (1)t (- D)t)
e

Fig.3 Active rectangles intersecting with the kth diagonal square A]; X Af‘l in the “North-South” direction
of the kth marker (kay, kay)

Define index sets, fork =1, ... K(n) — 1,
0" = {(i. j) e N: Kij = 1. kay € I kay € 7},
_ {(i,j) e N Kj; = 1 kay € I' kay ¢ Jf'},
- {(i, N eENZ K =1.kay ¢ I' kay € JJ'}.

O corresponds to the unique active rectangle that contains the kth marker, V¥ to
those (except the one in 0k crossing the line x = ka, (stacked in the ‘North-South’
direction), while H corresponds to those (except the one in OX) crossing y = kay,
(‘East-West’ direction); see Fig. 3.

By construction, {OF, VK, H* k =1,...K(n) — 1} are mutually disjoint.
Moreover, forr, < %, {V¥,H*, k = 1,... K (n) — 1} represent all the active rectan-
gles in S that intersect with any edge of the diagonal squares exactly once. Thus, for
n < % one can decompose R, = Rpu.s + Ru.n + Rn,E + Ruw, Where

K(n)—1
Ru.s == Z bn_l/2 Z u (IiﬂAﬁH, JjﬂAI,‘l)(‘South’ region rel. to Ok),
(i, j)eVFUOK
K(n)—1
> b2 > u(li NAk, Jin Aﬁ“) (‘North’ region rel. to OF),
(i, j)eVKUOK

&
g
i
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378 T. Hayashi, N. Yoshida

K(n)—1
Rk = Z b,;l/z Z u (Ii N Aﬁ“, Jin A],‘l) (‘East’ region rel. to 0",
k=1 (i,j)eHk
K(n)—1
Row = Z bn_l/2 Z u (Ii N A’,‘l, Jin Alle) (“West’ region rel. to Ok).
k=1 (i,j)eHk
Consider now R, s = ,f:('ll)_l er‘l)s, where

Rhg=b"" > u(limAﬁﬂ,meAﬁ), k=1,....K@m—1.
(i,7)eVFUOK

Fixke{k=1,..., K(n) — 1}. Let i T (k) be the index i € N such that ka,, € I’ and
JT (k) :={j : (T (k), j) € VK U OF}. Then,

bi*REs= > (1"“") N Ak Jin A’,‘,)
JEIT (k)
—u (1"*(’0 N A+ (uj€J+(k)JJ') n A’;) ,

because u is ‘bilinear’ and {J/, j € J*(k)} are disjoint.
Because by assumption ,ul =0,/ =1, 2, by use of Lemma 1, on G,,, one has

2 . .
bnEH |:(Rl:l,5) ] = Ul (Il+(k) N AE—H) 1)2 ((Uj€J+(k)Jj) N Aﬁ)

+v (Ii+(k) n Aﬁ+1 n (UjeJJr(k)Jj) n Aﬁ)

<r vrlnax - 3r,v

2
max’

. 2
noting that AX*!' N Ak = . Here we have put vfnax ‘= maxo</<T (otl) =12

Now, observe that, conditionally on II, {R’,‘l ok=1,....,K(n) — 1] are
independent. Also, 1¢, is deterministic on I1. So, for some constant C < 0o,

K(n)—1

2 2 r2 172
EM[(Rus)*16,]= D ET [(Rﬁ,s) ]1G,,§C(K(n)—1)ilcy,“'ailcn,
k=1

whenever 7 is sufficiently large. However, the r.h.s. goes to zero in probability as
n — oo by (C3)(1).
The same argument can apply to R, v, Ra g, and R, w. Therefore,

EN [(Rn)2 1(;”] L0 asn— oo
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so that
n 2| P
E [(Rn) ]—)0 asn — 0o
because 1, £> 1 as n — oo according to (C3')(ii). O
Next, observe that, conditionally on I, {y%,k =1,..., K(n)} are independent,

and that ET [9X] =0,k = 1,..., K(n), hence
K (n)

> Var" [n',i] = Var [®,].
k=1

Moreover, the previous Lemma 2 (the vanishing property of the residual energy) will
imply the asymptotic equivalence of the conditional variances of ®, and W,,. Specif-
ically,

Lemma 3 Suppose /,Ll =0,1l=1,2.Asn — oo,
Var™ [,] 5 c. ©)
Proof By definition,
Varl [@,] = Var™ [W, — R,] = Var [¥,] + Var" [R,,] — 2Cov [¥,,, R, ],

where Cov!! [-, -] is the conditional covariance, given I1. Note that, for every fixed IT,

1 1
|Cov™ [W,,, Ry 1| < {Var™ [, 1} % {Var™ [R,1}2 .
Therefore, Lemma 2 and (C2’) implies the assertion. O

The following Lindeberg-type condition will be used later when invoking the central
limit theorem.

Lemma 4 Suppose u! =0,1=1,2. Asn — oo,

K (n)

2]

k
M

2
1{|n§|>f}} >0 (10)

forany € > 0.

Proof Put J(i) :={j > 1, K;; = 1} for each i > 1. First note that, for any p > 2,

E“[ p],

k
M

k
Mn

2 <L gnm
{Ink|>€} — ep—2 [
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hence it suffices to show that

K(n) p1 p
z EN [ ’7];; ] -0
k=1
for some p > 2.
To this end, observe that, from (8) and ‘bilinearity’ of u, fork =1, ..., K(n),

bk =S u (1" N4k, Jin A’;) Kij

ij
=S (1" n Ak, (u,ej(i)ﬂ) N Aﬁ) =S u (B", C") ,
: .

1

where B! := I'NAX and C' := (Ujej(;)J/)NAX. It should be noted that U | BY = A%
and U2 C" = Ak
By definition (7) of u,

=< + . (1D

Zu(Bi,Ci)

i

Zv (Bi ﬂCi)

i

> AP'(BHAPHCH

Because B NCi =1 N Aﬁ = B!, the second term on the r.h.s. of (11) is evaluated

as, by putting vélzax ‘= maxo</<r |at10,2p,

)

max

Zv (Bi ﬂCi)

1

= ‘v(Aﬁ)’ < 12 - ay.

Now, regarding the first term on the r.h.s. of (11), because
. . N2 . \2
+£2> AP'BHAPAC) <> (APl(B’)) +> (APZ(CI)) ,
i i i

one has, for p > 2,

2EN [

p} < g™ HZ (API(Bi))Z]p:|

i
+E“{

[Z (Apz(ci))z}p]

i

ZAPI(Bi)APz(Ci)
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Recalling that Pl = 1,2, are martingales, the Burkholder and Doob’s maximal
inequalities imply that
2pi|

14
N2
gD “Z(API(B’)) } } < Ky E" [sup
2p \? || pi !
Ssz(zp_l) E )Pka”_Pw—l)an

i IEAﬁ
where K3, is the Burkholder constant. Because P,gan — P(lk—l)a,, ~ N(0, vl(a,,)),
[ =1, 2, one has

o[ orony] e (2) e tvs)”

i

I pl
Pl = Py_ 1,

where C, = 1-3----(2p—1) (Note: incase of [ = 2, ‘BP” should be read as ‘C?” in the
left-most hand side of the preceding two inequalities.) Noting that v/ (a,) < v/

max
one has
p
EN [ ] < Cal

1

“dn,

> AP'(BHAPHC)

for some C > 0.

Because K (n) ~ a, *, one can conclude that

K (n) » K (n) 1 p ap—]

ol «P1_ mn i i n_ o 2ap—20—1/2
> E [77,, ]—E _h”/ZE [E M(Bt,cl) }gcbm by -0
k=1 k=1 Yn i n

provided that p > 1 + %. In fact, because ¢ > 0 under Condition (C3), one can
always choose such p > 2 at his / her disposal. O

The lemmas established so far are valid only in the zero drift case. Now, we need
to derive additional results that will deal with the non-zero drift case. For an interval
I let J(I') := UjeJ(i)Jj, the minimal, combined interval of (J/) that covers I'. Let
Al = Jo uldt, M" := Jo oldW!,1=1,2,and

Bo:= > AM'(I")AM*(J/)Kij. By :== > AM'(I")AA*(J7)Ky;,
o . . o 4 . (12)
By := Y AA'I")AM*(J))Kij. By := D AA'(I")AA*(J)Kjj,
iJ i,J
where AA!(-) and AM! () are defined similarly to APL().
For every realized IT, we construct the reduced design with respect 1o T1' = (I'),_

in the following manner. For each j = 1,2, ..., collect all / s such that I' ¢ J/ and
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combine them into a new interval; if such 7' does not exist, do nothing. Collecting
all such intervals and re-labeling them from left to right yield the most ‘economical’

partition of (0, T'], denoted (Ti) . Let K5 g and J (lT) be defined as before with the

i>1

obvious amendment. Analogously, we denote by J (71) the minimal covering of a

A ;
given I' with (J/)jzl.
The following observations are useful: due to ‘bilinearity’ U, is invariant under
the ‘T1!-reduction’; i.e.,

i i

moreover, the resulting By, k = 0, ..., 4, are invariant as well. By construction, r,,

. . . —i ; .
also remains intact, that is, r, = max; ; _. (I | V maxXi<j<co |Jf | Besides,

Lemma 5 For every fixed T1, the corresponding T1'-reduced design ((Ti) ,
i>1

(‘Ij)jzl) satisfies

Proof Tt should be noted that under the IT'-reduced design ((7) ) (J J ) =1 ), for
i>1 -

each fixed j, J J intersects with at most three 7is. Therefore, Zi 1 K5 ;< 3 for each
fixed j.

By definition of J (Ti),

M2

) B 0 ad - =
Z J(Tl)' :Z‘Ujem)]j‘ - Z‘Jj‘K?j :Z}Jj‘ ZK’V =37
i=1 i=1 /=1

1 Jj=1 i=1

Then, we claim:

Lemma 6 As n — oo,

b B =op(1), k=1,2,3.
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Proof Consider B first. We exploit the invariance property of Bjunder the I1'-reduc-
tion. In particular, without loss of generality, we may assume that IT!-reduction will
be made immediately after IT is fixed (note: this assumption will be used when Bj »
defined below will be evaluated). However, for notational simplicity we write as (I i)l.

for (Ti _ throughout the proof.

Once i'[ is fixed, then, because, for every fixed i,

o0
> AA DK = AA% (Ujeyin ) =/ it =g I + R,
= Jh
with
R; :/ _ (M? - Mle,i—l) dr,
J(h)
one may decompose
Bi=> (> aa’uhHki; | aM' (') = Biy + B, (13)
i=1 \j=1
where
Biyi= > why [JUD|AM I Bioi= D RiAM! ().
i i
We are going to show that
by ?Bry = op(1). (14)

To this end, suppose for now that sup o<;<7 |u12| € L?. Observing that, for fixed IT,
Bq,1 is a sum of (Lz-)martingale differences, one has

1

<9 E" [Z (10)° vl(lf)} (J7a)

EM[(B11)’] = E" [Z (. ]J(I")j)zvlal')}

< 3r,,). (15)

Now, because

Z (:u'%"l,i—])z Ul(li) = Z (“%‘1,[—1)2/11, (th)z dr =Supo</<T

1 1

2
pil v, 1),
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the r.h.s. of which is independent of IT, the r.h.s. of (15) is dominated by

i

2 2 1
9r, E | supo<;<7 v (0, T],

so that

b ED [(31,1)2] <cr 2 Lo

for some C. Therefore,

which implies that

Pl (B11) = €| = EET [1{”;1(31,1)2*}} o0

Relax the L? assumption for ;12; because 112 is continuous, the usual stopping-time
argument can apply. Specifically, for e > 0 and K > 0,

IA

P [b;‘ (Bi1)” = e] P[Tx <T)+P [b;l (B11)? = e Tg > T]

IA

2
P[Tx <T]+P [b;l (817) = e] ,

where Tk is the first time of } w? } to hit the given level K and Bfﬁ) is the corresponding

value of B based on the stopped process ,u_ZATK. Letting n — oo then K — oo,
(14) is obtained as desired.
Next we are going to show that

by '*B1a = op(D). (16)

Recall that IT!-reduction has been made prior to obtaining Bj 5. One has

|Bi | = AM(IY)

ZRiAMl(Ii)

< D IRi]
i

fmax‘AMl(Ii)
1

D IRl
i

Obviously, max; |AM1(Ii)| <34 (Ml; max; ‘Ii |) <34 (Ml; rn). On the other hand,
because |J (Ii)| < 3r,,
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>R < ,Z/m ORI GIING
) S0

by Lemma 35, therefore,

<5 (;ﬂ; 3r,,) 3T

’Bl‘2| < 3T$ (Ml; rn) ) (uz; 3rn) .

Notice the fact that 8 (M'; r,) = Op(r,/> %) for any & € (0, 1/2) (this is a direct
consequence of local Hilder continuity of Brownian paths with exponent parameter y,
for every y € (0, 1/2), cf. pp.53-54 of Karatzas and Shreve (1991), along with the
facts that M is a time-changed Brownian motion and that o' is bounded).

In case (C4) is assumed, if one puts  := 1 —k € (0, 1),

—1/2 L l_g 1y —1 -~
by |Bi2| = Op (bnz'rnz Ty =op by 2 1) Y

—3+(1=E+) 3+
=op (bn ’ (4 ) ’

together with (C3). Notice that the exponent can be made as
1 3
Z+a(l—($+k))—z($+k) > 0,

because % (€ + A) < 1/4 so far as one chooses & sufficiently small.
If instead (C4’) is assumed, then, by the same token, one has

(L _g(3
b;l/z |B]’2| — OP (b;é . rn%_é’: . Fn%bn (4“"0‘ )) =op (bn E(4“"0‘)"'7’) 7

where n := o —a/(> 0) is a fixed constant, determined from (C3) and (C4). It follows
that, by taking & sufficiently small, one can always make the exponent of b, strictly
positive. In either case (16) is shown, as desired.

Secondly, b, 172 By = op(1) can be shown by symmetry. Finally, regarding B3, by
a similar argument, it can be shown that

By=> (D aa2(hHK;; | aalahy =>" aa*u (Ii))AAl(I") =0, ().
i=l1

i=1 \ j=I

hence, that b,:]/zB3 = OI,(b;l/zrn) = op(1) due to (C3'). This completes the proof.
O
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Now we are ready to prove the main theorem.

Proof of Theorem 2 Suppose ! = 0,1 = 1, 2 for the time being. Recall that b, 12

U, —0) =V, = o, +R,. Because Lemma 2 implies that R, —P> 0asn — oo, to

get the desired result one only needs to prove that ®,, £> N(0, c¢) asn — oo in light
of the Slutsky theorem. In particular, if one can show that, for every fixed u € R, as
n — oo

c,2

onla) i= EM [0 ] 5 o757, (17
then the bounded convergence theorem will imply
E [ei”d’”] e

thus asymptotic normality of &, is obtained.
To this end, recall that, conditionally on IT, {nﬁ k=1,...,K (n)} are independent,

and that ETT [n,’i] =0fork =1,..., K(n). According to the standard subsequence
argument, the convergence results (9) (in Lemma 3) and (10) (in Lemma 4),

. . .. P
(asymptotic variance condition) o, = Var!! [®,] = c,

2 P
l{lnﬁ|>6}] s

K (n)
(Lindeberg condition) B, = Z EN |: n,];

k=1

imply that an arbitrary subsequence {a,, B,7,n’ € N'}, N C N, contains a further
subsequence {a,,7, B, n” € N}, N C N, that converges to the same limit almost
surely.

Then, the Lindeberg-Feller central limit theorem implies that

@n”(”) — 67%1,42’ I’l” S N//y (18)

almost surely. Because, for every fixed u € R, every subsequence {¢, (1), n’ € N}
has a further subsequence {¢,~ (u), n” € N”} with the almost sure convergence to the
unique constant in (18), (by taking the reverse direction of the subsequence argument)
the original sequence {¢, (1), n € N} must tend to the same limit in probability, i.e.,
(17) is obtained.

Finally, we relax the restriction of the zero drift, more specifically, assume that
w1 = 1,2, satisfy (C4). Then, because W, = b, /> (U, — 0) = by /> (By — 6) +
by '/* (Bi + By + B3), where By, k = 0, 1,2, 3, are defined by (12), the Slutsky
theorem and Lemma 6 imply the conclusion. O

4 Case study

Two important examples are considered in this section. Another example—a deter-
ministic, nonsynchronous case is treated in Hayashi and Yoshida (2005a). To invoke
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Theorem 2, the set of Conditions (C1) through (C3) and either (C4) or (C4’) needs
to be checked. The main difficulty is to check (C2), which is stated in a general way.
In this section, we will impose a supplementary condition as follows, which will be
utilized in identifying the constant ¢ appearing in (4) of (C2). Recall that ¢ serves as
the asymptotic variance of the (rescaled) covariance estimator.

Condition (C5): ¢!, 1 = 1,2, and p are continuous in t.

4.1 Synchronous sampling

Suppose synchronous and equidistant sampling, I' = J', |I'| = L_(C1) is trivially
satisfied. (C3) holds automatically. Then, without difficulty we can show that, if either
(C4) or (C4), and (C5) hold, then, as n — o0,

T
L 2
n2 U, —0) 5 N (0,/0 (o,laf) 1+ ,olz)dt) .

(Recall that 6 = fOT olo?pde.)
In this synchronous case, the estimator U, reduces to the realized covariance. The
asymptotic distribution has been known in the literature.

4.2 Poisson sampling

Consider the Poisson sampling case (Poisson random sampling scheme), together with
the additional assumption that the Poisson processes N! and N? are mutually inde-
pendent. For simplicity of notation, throughout the section we denote as 7"/ in place
of T“, where T' is the ith arrival time of the /th Poisson process, [ =1, 2.

We have the following result.

Theorem 3 In the Poisson sampling case with N' and N? mutually independent, if
(C1), either (C4) or (C4"), and (C5) hold at the same time, then, as n — 0o,

a2 W, —6) 5 N, o),
where
(2+2)/T(12)2dt+(2+2 2 )/T(” )zdt
P olo S ololp) dr.
pt o p?) )y VT pl " p2 plapr) )y VT 19

Special case: If Pls are standard Brownian motions with constant correlation, i.e.,
P :=W' 1=1,2 withd (W', W?) = pdt, we have the asymptotic variance of the

form
(2T+2T)+ 2(2T+2T 2T )
c=—+— pPl—+——-——7-).
pl P2 pl P2 pl+ p?
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Remark Notice that even in this simple case—independent Poisson sampling—the
result, as well as the proof provided below, is not straightforward. The reader may be
convinced of the difficult nature of the nonsynchronous sampling problems. At the best
of our knowledge a result of this kind is new in the literature. Continual efforts should
be made to upgrade the conditions and results obtained in this paper; see Hayashi and
Yoshida (2005a, 2006).

4.3 Proof for the Poisson sampling case

Preceding the proof of Theorem 3, we are going to demonstrate the following propo-
sition.

Proposition 1 Under the assumption of Theorem 3, as n — 00,

(a)niv(Ii)zii]/oT(otlatzpt) ds, (b)nz J/ £ —/ ool pt dr,

i=1 p

o X 4 N2 p 2 T 2
(c)nZZv(I’ﬂ]’) %ﬁ/o (ol]cr,zp,) dt, and

i=1 j=1 p tp

@3 (1) (1) ki B (20 2) [ oler)

i=1 j=1 P p
Leto,l = amT for0 <t <oo,l =1,2. Accordlngly,v()andv (),1=1,2,
are to be defined on the Borel o-field on [0, 00). Let n' .= {T] I > 0}. Preceding
the proof we are going to introduce the auxiliary notation as follows. The rationale
behind this is to deal with the fact that ‘I i ] and }J J ’ are not i.i.d. (exponential) due to
the truncation at time 7'. (Notice that some were defined previously but are re-defined
here to be the same just for the readers’ convenience.):

=t rtino, 1, J= 1L 100, T,
Kij = 1{]imjj#® i,j>1.
I'= (@ T T = (1 T K= L Gin gy i = 1
JUY = Vjegiy !, T =U,g5u 075 360 = = L Kij =1},
Jiy={j>1LK;;=1},i > 1.

i = min{i >1,Th > T}, { 1, 7% > T}.
Ji() :=maxJ(i), j_(i):=minJG), i>1.
rp = max |I'| v max ‘JJ‘, Ty = max I v max J~J’
I<i<oo I<j<oo I<i=(A(n)vi*) 1<j<jr((m)vi*)
2
vk = sup (a,l) Jd=1,2; vl2 = sup |o)o’p|.
0<t<oo 0<t<oo
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We have put A(n) := (np1 T—|, where [x] denotes the largest integer that does not
exceed x. Recall that, for sequences (x,) and (y,), x, < y, means that there exists a
constant C € [0, co) such that x, < Cy, for large n; x,, ~ y, means that x,, < y, and
yn < xp at the same time. Besides, for random sequences (X,,) and (¥y), X, >~ Y,

P
means that X,, — Y,, > Oasn — oo.
The following simple facts will be used later:

1. (a) ]1 (i), the index associated with the first jump time of N2 after and including
the ith observation time 7'/ of N'!, is a discrete-time stopping time with respect
to the filtration {Gy; k > 0} defined by Gy := o (Sz'/; 1<j< k)\/o (ﬁl), where
§%k .= 7%k — 72k=1 jid. exponential random variables. In fact, for every
k>0,

{]7+(l.) =k} = {Tz,kq < Tb T2k > Tl,i} € G

Similarly, j—(i), the index associated with the first jump time of N? after the
(i — 1)th observation time 71=1 of N1, is a (discrete-time) {Gr}-stopping time.

2. (a) (i* — 1) is a Poisson random variable with intensity AT = np'T.
(b) Since, for every k > 1,

{7+(i) =k} = {N2 jumps exactly (k — 1) times prior to T”} ,

(]1(1') — 1) is Poisson with intensity 27" = np?T"?  conditionally on mn'.
Similarly, (j_(i) — 1) is Poisson with 227 "=! = np?T =1, conditionally on
n'.

3. (a) (Tl'i - T) is an exponential random variable with intensity A! = np'. (b)
Conditionally on I, both (Tz’;'*(") —Tl'i) and (Tz'fi(") — Tl’i_l) are exponen-
tial with intensity A2 = np?. Similarly, conditionally on ', (sz+ () —li *)
is exponential with intensity A% = np?.

4. (TI'H‘Z -1l ) = Z;;ll 41 |T¥|isa gamma random variable with shape parameter
[ and scale parameter (Al)_l = (npl)_l, which may be denoted as I" (l , (Al)_l)
by convention.

We are going to derive some technical lemmas as follows, which will be used in
the proof for Proposition 1 provided later. Let PT' denote the conditional probability
measure given I1'.

Lemma 7 Foreveryi > 1,

J-ir

fod HY(T‘)

2 1 .
+—5 — —5exp {—nple”_l} .
np np
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NI N () B TR O s ) |5 TG
Proof Because ‘J(IN’)‘ = Z-/j:]*(") |77| = > |J7| - > |T77| + ‘JJ @1,
Facts 1 a~nd 2 (i.e., j4+(i) and j_(i) are {G}-stopping times~with finite expectations

under PT1") and the fact that |J7|(= §>7) are i.i.d. under P imply

g0 (|7 = M 7o) - T@) BV [|P|] + T [| 70

I

by means of the Wald identity.
From Fact 2 one can evaluate as

EM [Fe@)] =np?TH 1, ET [L0)] = np?TH =" 41,

while £’ [177]] = (npz)_l. We now claim that

s 2 1 ‘
ot HJJ,(z)H _ W _ WeXp {_nPZTl,z—l} ,

from which the assertion will be obtained. To this end, notice that

‘ Fi-0)

_ (Tz,f,(i) _ T],ifl) + (Tl,ifl _ Tz,f,(i)fl) )

The conditional expectation of the first term (elapsed time from 7' ~! to the corre-
sponding first observation time of N?2) is found easily from Fact 3 above, while that
of the second term (elapsed time to 7'~! from the corresponding last observation
time of N2) can be evaluated with, for instance, the Eq. (2.2) of Hayashi and Yoshida
(2005b) (p. 365). O

Lemma 8 Foranyq € [1, 00),
E [?;,1] =om™%) foranya € (0, q).
Proof Let g € (0, co) be fixed.

(i) Let k(n) > 1 be an integer-valued, positive function of n, with at most polynomial
order of g. For any § € (0, 1),

E|: max ’Ivl qj| < FE |:1{ ) % _(1-s max F q] +n*q(1*5)
1<i<k(n) = max<i<kn |11 [2n= 0}y 50
k(n)
<D E I:l{|1~i|2n*(175)} )F ’q] 47919
i=1
< k(zn‘i E [‘7: ”*q} pP(1=8) | p=a(1=9)
i=1
= Ck(n)n P9 4 p—4(1-9) (20)
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for any p > 0, with C a constant. The last equality holds because |7i ‘ are i.i.d.

exponential with intensity np', hence E [|I~’ |p+q] =I'(p+qg+1 (npl)_(p+q).

Note that, for any given g € (0, 00), forany « € (0, ¢g), one can always choose small
enough 6, € (0, 1) and large enough p, € (0, 00). In particular, in case K(n) ~ n
andg = I,choose § <1 — oo and p > /2.

(i) Now, for the purpose of evaluating E I:maX]SiSi*

I |q], a simple application
of (20) together with the law of iterated expectation (with respect to i*) will not
work (note that {i* =k} = {Tl’k > 7T, ThH1 < T}, which indicates that |7’| =
Tf, —Tli _1, are no more i.i.d. once i* is conditioned on). To deal with the situation,
one may alternatively evaluate as, for g > 1,

q q q
]SE max +E max ;i*>’r3nplT—‘ .
1§i§|—3nplT-| |—3np1T-|+1§i§i*

The first term on the r.h.s. is bounded (up to constant) by n' ~78=4 4 =719 from (20)
(put k(n) = [3np' T (~ n)). For the second term, via the Hélder inequality

~ 4
E max I’) it > |73nplT—‘
[3np!T]+1<i<i*

<[ [ PP oL - Pt}

= (r 1)+
T with (Tl’i* — T) being exponentially distributed with intensity A' = np!). The

second term may be evaluated as, according to the argument in the Appendix of
Hayashi and Yoshida (2005b), for constant C’,

E|:max i 7i i

1<i<i*

Clearly the first factor on the r.h.s. is bounded (in fact, max<;<;*

1 I 1 - IT("plT)k
P [i* > [3np T” <p [NT > [3np T” = > e
k=[3np!'T]
[ 1\k
g (np'T)
s 2 N
k=[3np'T]
7 ad np'T ¢ 7
<e > N o—=¢) =ce . @D
[3np!'T|
k=[3np' T

which goes to zero exponentially fast as n — oo. Here, we have used the fact that
k! > kke=* for all k > 1. Therefore,

I

E | max ! < pl=pé=a 4 p=9(1-9)
1<i<i* ~
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(iii) We will now evaluate E [max15 <) J |q] . The same argument as (ii) can
apply with slight modification. That is, first note the inequality

~. |9 ~ |9
Jf‘ <E max Jf‘ (22)
1<j<[3np2T "]

E max
[B3np2 T |41 <) <Jy (%)

E max
1=j<j+ ()

~14 ~ .*
J/‘ sy (%) > (3np2T1v’ ﬂ
Recall that TT' = {7!/; i > 1}. Noting the independence of [1' and J/s, one can

apply the same argument as (20) to the first term to obtain
~.1q = ~.19
Jf‘ = EET max J-/)
1=<j<[3np2T "]

< CE [{3np2T1’i*—|] n~Pd=4 4 p=2(1-%)

< plmPi=a 4 a9,

E max
1<j<[3np>T1i"]

To evaluate the second on the r.h.s. of (22), apply the Holder inequality

01 |

1

2P} el fswere Ty

E max
[Bnp?THi" | +1<j<ji (i*)

<{F max
[3np? TV [ +1<j <4 (i)

Following (21),

pi' [L (i*) > [3np2T1»"*” < pft’ [N%,y,,* > [3np2T1~"*”

, k

. 0 21,i*

fe_n[)ZTU E B — d ——e

. |'3np2T1,z "I
k=[3np2T1i*]

2ot 2
SC/e np-T SC/e np T’

for every fixed ﬁl, where C’ is a constant. Hence, P [;+ i*) > {3np2T1*"*—H
< e m’T,
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~.12q
E max J/ ‘
[3np2T17" | 4+1<j <3 (%)
T . 2
<E |:(TJ+(’*)) q]

<SE [(T2’7+(i*) - Tl*"*)zq + (Tl'i* - T)2q + TZq] ~ T4

because (Tz’j+ () — Tl*i*) is exponential with intensity A> = np? conditionally on

! (Fact 3) so that its 2gth moment equals to I'(2g + 1) (np2) _2q.

It follows that the second term on the r.h.s. of (22) tends to zero exponentially fast,
thus the whole r.h.s. is bounded as

E| max fj‘q Sn!TPe g a9,
1<j<j4(*)

(iv) The inequality
E max }fj‘q ;i <) | < nl=Pé=4 4 5 —q(1=0)
l<j<j+(A(n))

can be derived analogously to (ii) and (iii). It is left as an exercise to the reader. (Hint:
replace i* with A(n) in the argument in (iii).)

Putting all (i)—(iv) together, one can confirm that, forany g € [1, oo) anda € (0, g),

E [na";'nq] < not+l—p5—q + na—q(l—é).

Inparticular, one can choose § and p arbitrarily within the region —(¢ —)4+¢8 < Oand

—(q—a)—pd+1 < 0, thatis, choose any 6 € (0, 1 — %) and p € (# v 0, oo)
The lemma is proved. O

For a given € € (1/2,1), let Qf := {|A(n) —i*| < n}. We claim that it will
eventually fill up the whole space. Formally,

Lemma 9 Asn — oo,
PlQj]=1-0().

Proof Recall that i* = min {i > 1; T"' > T} and N} = 3772 1{71ig}, 1 = 0. So, i*
satisfies the equation

i*(a)) = N%(U)) + 1{w;T1,i*(w)2T}(w), w e Q.
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394 T. Hayashi, N. Yoshida

Note also that np! T — 1 < A(n) = [np'T] < np'T. Hence, for every € > 1,

P [i* - {np‘T] > rﬁ]

IA

P [N} + l{TU*>T} — nplT +1> ne]

IA

P[N}—i—Z—nplT >n€]

NL —nplT 3 -3

-2
Ji' T T T
p p p

as n — 00, by use of normal approximation to the Poisson distribution. Filling in
details is an easy exercise. Similarly,

N]—n lT e—1
P[i*—’rnplT—‘<—né]§P|: r _ P <=z :|=0(1),

b
Vnp!T Vp'T

as n — 00. The assertion follows. O

[N]

It should be noted that we have additionally imposed € < 1, which will be used in
the proofs for the next Lemma 10 and for Proposition 1.

Lemma 10 It holds that n> 22, |I'|” = 0p(1), nZ?il|Jj’2 = 0p(),

n > 2 NJi[* = 0p(1), and that n Y2, S| Kij = 0p(D),
asn — oQ.

’2

Proof First we claim that

as n — oo. To this end, we compare
i*
7i

2 i) 2 an 2
:nZ)I’ ~ny |

i= i=

2

I I

00 5 i*
ny |1 =n2.
i=1 i=1

1) ’£0 eval}late the absolute difference of the second and third terms, recalling that
I'=Iforl <i<i*-—1,

2
n ( ) < Zn?'g,

the r.h.s. of which goes to zero in probability as n — oo, according to Lemma 8.
(ii)) The absolute difference of the last two terms is evaluated as

o|? |

An)vi* 2
TR S e
i=((n) AP )41
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on 528, € € (1/2,1). Thus, Lemma 8 implies that as n — oo, A(”)IQS —P> 0,
therefore AU 5 0 by Lemma 9, as desired.

Now, because|ﬁ| arei.i.d. exponential with intensity ' = np!, in light of the weak
law of large numbers,

A(n)

[\

A _ A | 1 %( 7
=— 11— n
n A(n) —

)2PT
—_ —
p

as n — 00. Therefore, the first assertion n Z?il ‘Ii ]2 = Op(1) is obtained. The
second assertion can be shown by the same way.

To show the third, one only needs to recall that (Ti ) and (.7-’ ) are, respectively, the
inter-arrival times of the independent Poisson processes N! and N2, and hence that
(I' N J7) form the inter-arrival times of the aggregate Poisson process (N! + N?).
Thereafter, a similar argument to the first can apply.

Finally, note that

>3 JJ1Ku— 20 Z\J Kij i |Jf|}+Z\J’\Z)’\Kul (121 <1031}
i=1 j— i=1
2 2
I +32‘J" .
j=l1
Hence, the first two assertions imply the last. O

Proof of Proposition 1 Consider (d) only. Proving of the other cases is simpler; it is
left to the reader as an exercise. Put () := ( ) I (o) ) dt. Recall that

2 . .
Vhax = MaXo<i<oo (0{)”, 1 = 1, 2. The basic strategy for proof is to approximate as

o (1) v (1) Ki
o
Z( Orti- 15%11 1)

o
V, :=nz

i=1j

Mz

~
I

(A)

M8

1’( J/‘K (= VA
i=1 j=1
ir 2 e |~ ~
(é) n (0'71*1,[—10'72“1,i—1) ‘ Kij
i=1 j=I
i* )
= nZ( ;l,i—IU%l,i—l) )F (= V,,(B))
i=1
() ) ~| |~ ~
: Z( Tlr |GT11 I) Il‘ ! (:: Vn(C))a
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where (A), (B) and (C) mean that the difference goes to zero in probability, as defined
earlier. Thereafter, we will show that

(D) : v© £ p©

to obtain the conclusion.
(A): We are going to show

AN = ‘v,, - V;A)) £o.
To this end, note first that, for each i,
) 2 2 . 2 2
()= @ = b 1 (0 - b))
I Ii
where the second term of the r.h.s. is bounded by
N . N
()5 ) | =5 () o)
In the meantime, for j € J(i) = {j > 1; K;; = 1} withi given,
. 2 20 . 2 2
2 ()= [ (o) o= () [+ [ (@) - (o)) o
Ji Ji

Although it may be possible that Thi=1 ¢ JJ, it is always true that T"=1 e J(I')
and J/ C J(I') for j € J(i); therefore, the second term of the r.h.s. is bounded by

() <3 (0 ]

Il I

J(Ih

Thus,

2 . . 2
AN<pyl 5 ((02) ; 3rn)z 1” J/’ Kij+nvl,.8 ((01) ;r,,)Z

+né ((01)2 : rn) 5 ((02)2 : 3r,,) ,Z]: )11‘

which goes to zero in probability by the continuity of o/, I = 1,2 ((C5)), and from
Lemma 10.
(B): We are going to show

./j‘K,'j

Jj‘Kij,

AB = [y —v®] L o,
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Nonsynchronously observed diffusions 397

For economy of space we put s(i) := 0;11,_, O'%U_] throughout the rest of the proof.
Note that

oo 00
VA =n > s |1
i=1 j=1

Il )Jj}Kij.

i* ]*
‘ Kij = HZZS(Z)Z
i=1 j=1

Also, notice the fact that K;; = I?,-j forl <i<i*andl < j < j51 =1,
l<i<i*—1,Ji=Ji,1<j<j*=1;I" DI, JI" > J/". Hence, always
V,,(A) < Vn(B), and the difference is made up of the terms involving either i * or j*, or
both.

Now we put J(I = U,GJ(,)JJ and 1(J7) := U,el(,)l Note that ](1’ ) is the
sub-collection of {J/,1 < j<j }that covers’ I'" and that its length is bounded

by ‘J(Il | + |17 < 37,. Similarly, ‘I(]l )‘ < 37,. Because
s(i)? < v}mlX Viax fOr alll one has
AB = VB — v < ol [T [TO7)] < 90022,

Therefore, A® % 0 by Lemma 8.
(C): We are going to show

C) . B C !
To this end, note that
An)Vi*

Z s T

_(A(n)Ai*)+1

i*
A© =p Zs(i)2 Il
i=1

A(n)Vi*
1.2 Z
S n Umax vmax

i=(.(n)AF)+1

Because |I’| <Trpand ‘J ( )| <3r,fori <A(n)vi*and (A(n)Vi*—A(n)Ai*) <n€
on €23, one has

0<AO1g <3v] @250

max IndX

in light of Lemma 8. Together with Lemma 9, one has A(©) £ 0 as intended.
(D): We are going to prove that

2 2\ /T 2
VO £ g© —( 1+—2)/ (oo?) ar
p' o p*) )

asn — oQ.
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398 T. Hayashi, N. Yoshida

To this end, first recall that, according to Lemma 7, for 1 <i < A(n),

T 21 1l 2
ET [ ! ]:‘11 +W7—WGXP{—HP2T1J 1}2 Il)"‘W_Qi»
where Q; := # exp {—np>T "~} for ease of notation.
(D1) Let
c An) .
Vfl):znzs(i)2 I (EH H ! ]—I—Qi)
A(n) An)
—nZs(z) I —i—Zs(z)2 ' =, and
M) = V,f“ -vO
An) . An)
=n > s@?* || (|7aD] - E™ [|TAH]] - 0i) =n X hio),
i=1 i=1
where
el 0|5 )] -0)
~ ~ ~ 2
= 5()?|T' ( l —(11 ——2).
np

We claim that M, —> 0 so that V(C) ~ V;C) as n — oo. For this, for an arbitrary

¢ € (0, 1) (which can be different from € defined for Lemma 9), decompose

A(n) An)
2 . .
E[)]=n3 X E[rOR)]

i=1i'=1:|i—i'|<n®

A(n) A(n)
+n? Z Z E [h()h(i")] =: E1 + E>.
i=1i'=l:|i—i'|>nf
Regarding E1,
() (i+[nF 1) AL(n) () i+ AL(n)

nRIEN=Y. > E[honallsY. > E[R]

i=1 i'=i—[n]Vv1 i=1 i'=i—[n]Vv1

Recalling that A(n) = [np T, one has

|Ey| §n2-n(2ng+l)-E[7r‘l‘] =0
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Nonsynchronously observed diffusions 399

asn — 00, by Lemma 8.
Next consider E». Let H;jr := {rz'i < Tl’i/_l} (recall that >/ = T2J/+0),
Decompose

r(n) A(n)

—Ez_nzz > E[hh()1,]

i=1i'=1:i'"—i>n¢
An) A(n)
2> > E [h(i)h(i/)lH_q/] — Er_y + Eas.

i=1i'=1i"—i>n®

We claim that E>_» is negligible. By Holder’s inequality,

£ [romang ]| = E [monar?]) (p sl < (e [R]) - 1 1Ha])

For i and i’ with i’ — i > n®, it should be noted that t2/ > TLi'=1 > L1+ o
HS, = {rz’i > Tl*i/_l} since i’ > [n®]+i + 1, thus, using the Markov property at T 17,

P [chl ] P[ 20 > Tl,i’—l] <p I:_L,Z,i _Thi > LIt 1+ _ Tl,i]
-l oo (00

Since (T]’[”SH" — Tl’i) ~T ((nﬂ , (npl)_l) (Fact 4),

E [exp [—np2 (T“””*" — T”)” =yl

where y := It follows that

[71+ 2

1
72 [7¢]
Exal S22 E[R]Ty7 T -0

because y € (0, 1) and by Lemma 8. _

We are going to show that E,_; is also negligible. Recall Fact 1, i.e., j1 (i) isa
discrete-time stopping time relative to {Gy; k > 0} where Gy = o (S*/;1 < j <k)V
o (ﬁl) and $2% = T2k — T72k=1 Hence, the o-field G5, (i) is well-defined in the usual
manner. Notice that H;;/ is Q7+ (i)—measurable, sois h(i).

Note at the same time that, whenever i < i’, 2 = T2’7+(i) < Tz’fi("/)_1 on
Hy = {tz’i < Tl”'/’l},i.e., the interval J(I'') has not ‘started’ yet by time 7 = 72+
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400
Accordingly, fori < i’,
E[h()h(p, |
= E[h0)10,E [10)] 65,
E [‘f(ﬁ,)‘ — g Hf(ﬁ,)” - 0Oy gﬂ(i)]]

1 2 1,i'—1 2,i
n—zexp{—np (T SR 4 ’)} .
p

= E [, 56 T
fIVi/

- _E [h(i)lH”,s(i/)2

The last equality is due to the fact

2 1 y .
+— exp {—np2 (Tl" - rz")}) Iy,
np 12

E[|70)| 9| 1h, = ()7

which can be shown analogously to Lemma 7. Moreover,
1

<o E[7]

‘E [h(i)h(i’)lyﬁ,; i n—1+%]

-E [exp {—2np2 (Tl”‘,_1 — tz’i)} 1H,-[/; T > n_1+2:|

D=

as well as
B [h@hG 570 < nm 48] S 30

-E [exp {—np2 (Tl’i/fl - Tz’i)} g, Fo <n” '

%]_

Therefore,
|Exo1| S Ex-1-1+ Ex1-2,
where
%A(n) A(n) ) . . %
Ey 11 :=nkE [Fﬂ‘ Z z E[exp{—anz (Tl,:—l _Tz.l)}lH“/;;n >n_1+5] ’
i=li'=1i'"—i>n®
, Mmoo A
Ey_y_p = n 2tae Z z E [exp {_npz (Tm -1 _ _[2,1)} L, T < n—1+§]'
i=1i'=l:i'"—i>n¢

) o )
Since —np? (Tl” I tz”) < 0 on H;;s, one has

E [exp {—an2 (Tl”t1 —rz’i)}lHii,; Tn >n71+%] <P [7,1 >n71+%] <E [7n]n17%
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by Markov’s inequality. Pick arbitrary o’ € (0, %) Then, the last inequality implies
that

1
2

1 '
Er-iy S nE [7]" 2 - {E (70"~
1

~ (n"—“'E [7‘3]5) : (E[?n]nl—%-m’)f o

as n — oo by Lemma 8.
In the meantime, since t2 < TV +7,, aswellasi’ —1 > i + [n®] fori’ —i > n®,

< Efexp {=np? (147" = T = 7))} 1y, 7 < 075
< exp (Pzn%) E [exp {—np2 (Tl'i,*l - T‘*")H
<exp (p2n%) E [exp {_npz (Tl,rns1+i _ Tl,i)}] — exp (p2n§) il

where y (€ (0, 1)) has been defined as above. Therefore,

Exo1o2 S 0723 ) - exp (Pzﬂ%) M
< b oxp (08 -y 0,
as n — oo. Notice that by taking the logarithm of the second factor,

3 e
Eslogn + p*n? + [nf]logy — —o0

as n — oo because logy < 0.
It follows that E,_; — 0, as n — oo, which in turn implies E> — 0. Therefore,

M, N 0 so that Vn(c) ~ V;C), as claimed.
(D2) Let

A(n)
‘F, W,§C> ::rz-Zs(i)2 I'| ,and

(71-55):

Then, since |I~’| are i.i.d. exponential with intensity npl,

~ 2
-3 )-

where g,l =0 {|7’| 1l<i< k}, hence, (M,/{) is a (g,l)-martingale with mean 0.

(C) Z (1)2

W(C) w, nZs(l)

Il

7i
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Accordingly,

An)

E[ (M) ]—nZZE[s(z)“’

()

which implies that W ~ W, asn — oo.
It follows that

A(n)

V(C) wio 4 Z — > W(C) + 25(1)2

A(n) ) An)
Zs(l) I —+ZS(1)

Tl A(n) Tl )»(n)

—/ Ullatz dt+—/ Ut G, dt

2 2 2
-0 = (—1 + —2)/ (olatz) dr,
p p 0
as desired.

The whole proof of Lemma 1 is completed. O

1’)—

| l

Now we are ready to prove Theorem 3.

Proof of Theorem 3 Toinvoke Theorem 2, Conditions (C2) and (C3) are to be checked,
whereas (C1) and either (C4) or (C4’) are hypothesized. (C3) holds since b, = n-!
and r, = Op(logn/n).

Showing (C2) demands one to identify the limit c that will serve as the asymptotic
variance of the quantity of interest, ¥, = /n(U, — 6). This can be done simply
by recalling the equality (5) and applying Proposition 1 with the additional condi-
tion (C5). O

5 Concluding remarks

This paper is a sequel to Hayashi and Yoshida (2005b), which proposed the covari-
ance estimator (3) for two diffusion-type processes when the processes are observed
at discrete times in a nonsynchronous manner. Specifically, we have demonstrated
asymptotic normality of the estimator as the observation interval shrinks to zero,
when the variance/covariance structure is deterministic and the observation times are
independent of the processes. As a non-trivial example, we have studied the case when
observation times are independent Poisson arrival times; we have found the explicit
limiting distribution of the estimator.

From practical viewpoints it is important to have joint asymptotic normality of the
proposed estimator with realized volatility estimators, which has been treated in a suc-
cessive paper, Hayashi and Yoshida (2005a). In the same paper, asymptotic normality
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Nonsynchronously observed diffusions 403

of correlation estimators is discussed. Besides, in order to improve applicability of
asymptotic normality, the paper introduces a more convenient (but more stringent)
condition than (C2), which also leads to a stronger result.

Itis also of practical importance to find a way to estimate the asymptotic variance ¢ of
the (rescaled) covariance estimator, which depends on the variance—covariance struc-
ture of the underlying processes and hence is unknown. It can be done, for instance,
with bootstrapping.

Hayashi and Kusuoka (2004) extended Hayashi and Yoshida (2005b) to the gen-
eral case where underlying processes are continuous semimartingales and observation
times are stopping times, which is also of practical importance. They showed that con-
sistency is preserved. Limiting distribution under this general case has been studied
by the current authors (Hayashi and Yoshida 2006).

Acknowledgment We are grateful to Professors Chris Heyde, Jean Jacod, Shigeo Kusuoka, Per Mykland,
and Zhiliang Ying for helpful comments. The core portion of the study was carried out during the first
author’s stay at The University of Tokyo, Graduate School of Mathematical Sciences, in the spring and
summer of 2004. The stay led to the previous version of the paper, Hayashi and Yoshida (2004). He is
grateful to Professor Shigeo Kusuoka for his hospitality. Financial support from the twenty-first Century
COE Program at the University of Tokyo (Hayashi), the Research Fund for Scientists of the Ministry of
Science, Education and Culture, Japan, and the Cooperative Research Program of the Institute of Statis-
tical Mathematics (Yoshida) is gratefully acknowledged. This manuscript was completed using computer
facilities supported by The Department of Statistics RTE Fund at Columbia University, and by Grants for
the Advancement of Research at the Graduate Schools of Keio University.

A Appendix

A.1 Derivation of (5)

We are going to provide a sketch for the derivation of (5), following the argument
in the proof of Theorem 3.1 in Hayashi and Yoshida (2005b). See the reference for

details.
Suppose p! = 0,1 = 1, 2. To verify (5), one may decompose first as

EN [U,f] = > E" {AP‘(Ii)APz(Jj)APl(Ii’)AP2(Jj/)} KijKi

iji',j’

= > 4+ > 4+ > 4+ > =D +Dy+Ds+Dy
AR AR LN A N L0 LSRN 0 00 LR Y N 109 1
i'=i,j'=j i'=i,jl#]  i'Fi =] EL AT

Using the orthogonality of the increments repeatedly, one finds that

. . . N 2
py=>"u' (1) ? (47) ki +2 X 0 (11 0 7) K,
i

i,j

D> =2Zv(li)2—222v(liﬂJj)2Kij,
i i J
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A 2 . A2
D3=2ZU(J/) —2zzu(1’mﬂ) Kij.
: — £
P A 2 A 2
Dy=0 +Z (Ilﬂjf) Kij—> v (1) =X v(47)
j

i

Putting all together, one obtains

ol [Unz] _ Zvl (Ii) 2 (Jj) Kij + Zl.:U (n)Z + Zi:v (Jj)z

1]

. A 2 2
—Zv(ﬂ mJJ) Kij +6
i,j
as desired.

A.2 Supplement to page 10

We are going to show that (C4) implies (C4’) if (C4) holds with some k € (}T, %), in
the case where b, = «,, (E [Nn])_l for some positive, bounded sequence (k,) and
E[N,] 1 oo. Recall that N,, = # (I1y) Vv # (I1»), where # (A) counts the number of
elements in a given set A.

First note that, for some ¢ € (0, %), for almost all w € €2,

5 (1 (); ry (w))

f(w) =S
n rn(w)2 ¢

Then, since r, > 15 , one has, for almost all w € €2, for all n,

5(t! (@): (@) < (@) K (@) < ra(@)2 NS (@)K (),

~ ~ —(1+o
where K'(w) := T~°K (). Now, if we put G,, := [N,f <b, (4 )] for arbitrary

a’ € (0, ), then Markov’s inequality implies that

Y v 1 ’
PGyl = P [N,f < ) [Nn])(”"‘)}

n = E R
EN,] < kpn (E[Ny]) ¢

1 /
P ol Lig/

>1—k,° (EIND T 41,

asn — oo,since%+o/ > ¢ and E[N,] 1 oo.
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Moreover,
1 ~
PGyl =P [a(ul; p) < r,,ZN,fK’] N Gni|

1 —(1+a) <
st =i Vel g

IA
v

n

IA
~
1
|
—~
IS
+
Q\
SN
=

1
S(Ml;rn) = rnzbn

which implies that

1 —(14a) -
1 <liminf P S(Ml;rn)irnzbn(4 )K/
n—oo

Finally, for arbitrary constant M < oo,

I L (1)
liminf P | 8(uls ) < r2by, M
n— o0

P l. 3 _(%—W’) oo
>liminf P | S(u'; ) < ryby, K. K' <M
n—0oo

1

1 —(34+d") ~ ~ ~
> liminf P | 8(u'; rp) < r2 by (4 )K’ —P[K'>M]=1-P[K'>M].
n—oo
Letting M 1 oo leads to (C4’), as desired.
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