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Abstract We obtain marginal tail area approximations for the one-dimensional
test statistic based on the appropriate component of the M-estimate for both
standardized and Studentized versions which are needed for tests and confi-
dence intervals. The result is proved under conditions which allow the appli-
cation to finite sample situations such as the bootstrap and involves a careful
discretization with saddlepoints being used for each neighbourhood. These re-
sults are used to obtain second-order relative error results on the accuracy of the
Studentized and the tilted bootstrap. The tail area approximations are applied
to a Poisson regression model and shown to have very good accuracy.

Keywords Empirical saddlepoint - Relative errors - Studentized M-estimates -
Tail area approximation - Tilted bootstrap

1 Introduction

Let F be a class of distributions of X and let ¥ (x, 6) be a score function which
assumes values in NP for values of 6 € NP. Let O(F) be the solution of
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206 C. Field et al.

Ey(X,0) = 0. (1)

Consider Fyp C F such that the first element of 6(Fp), for Fy € Fy is equal
to a specified value 01y. Assume that we have independent, identically distrib-

uted observations X7i,. .., X, from a distribution Fy. Denote the solution of the
equations
n
> (X0 =0
j=1
as the M-estimate T of 6(F). We consider an observed sample xq,...,x,, an

observed statistic #, and we wish to test an hypothesis that the first component
of 6(F), 61, equals 61¢. Throughout the paper Py will denote a probability based
on some fixed distribution Fy € Fy and we will write 6y = 6 (Fp) for the corre-
sponding parameter. We are interested in finding accurate approximations to a
P-value for a test of the above hypothesis using 77, the first component of 7T, as
a test statistic.

If the distribution of 77 were known we could find Po(T > t1), where t; is
the first component of . In general, this is not possible but we can consider an
approximation of the Studentized statistic ps(a) = Po((T1 — 610)/S > a), where
S is a consistent estimate of o, the asymptotic standard deviation of /nTy, and
a = (t; — 610)/s will be used throughout the paper. A first-order approximation
gives the standard normal distribution. Higher order approximations can be
obtained by means of Edgeworth or saddlepoint techniques, where we need
to use empirical versions of these with estimated cumulants or an estimated
cumulant-generating function, respectively. Finally, since the distribution Fp is
often not specified, it is natural to consider bootstrap approximations to the tail
areas.

In this paper, we provide saddlepoint approximations to tail areas for the
bootstrap case. From a theoretical point of view, they can be used to analyse the
relative error properties of bootstrap approximations. We focus on saddlepoint
techniques because they provide approximations where the relative error can
be controlled. This allows us to go beyond typical results about absolute errors
already available in the bootstrap literature. From a computational point of
view, the saddlepoint approximation is an attractive alternative to the boot-
strap especially when the number of bootstrap replicates has to be large to
obtain a required level of accuracy. More specifically, our contributions to the
literature are as follows.

In Sect. 2 we state the two main theorems which give a saddlepoint approxi-
mation to the tail area when the underlying distribution does not have a density.
This opens up the application of the approximation in the bootstrap case (Sects.
3 and 4). In Theorem 1 we obtain a saddlepoint approximation to Po((T} —
610)/0 > y), where o is the asymptotic standard deviation of /nTy. This gen-
eralizes the result of Almudevar et al. (2000) which was obtained under the
assumption of existence of densities. The proof is not given as it is a simpler
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Approximations for M-estimates 207

version of the proof of Theorem 2, given in Sect. 6, in which we give a new
saddlepoint approximation for Po((T; — 010)/S > y), where § is a consistent
estimate of o. The approximation in Theorem 2 is not fully relative but the
absolute errors are kept exponentially small. These results are proved under
the weak conditions which enable us to use them in bootstrap applications. The
proof uses two essential ideas. The first is that the tilting necessary in the saddle-
point approach is performed on only some of the variables involved in the test
statistic. This is similar to the approach in Jing et al. (2002). The second idea,
which is an innovation in this paper, is that we need to relate the distribution of
the test statistic to the behaviour of a set of equations in a small neighbourhood.
Since we do not have densities, the saddlepoint is applied in neighbourhoods
and then aggregated.

In Sect. 3 we consider the Studentized bootstrap and use Theorem 2 to show
that its relative error is Op(y/na®> v n=1) for a < n~1/3. This implies a rela-
tive error of order Op(n~!) in the normal region and a relative error of order
Op(n~1/2) in a region beyond the normal region up to a ~ O(n~'/3). These
results extend similar results for smooth functions of means obtained in Jing
et al. (1994), Feuerverger et al. (1999), Robinson and Skovgaard (1998), and
Jing et al. (2002).

An alternative bootstrap approach is to use a tilted bootstrap with P value
pia) = P*((Tf —11)/s > a), where s is a consistent estimate of ¢ computed in
the original sample and the tilde indicates that we have used a bootstrap sample
which has been tilted in order to satisfy the null hypothesis 8; = 6. In Sect. 4
we describe this approach and use Theorem 1 to show that its relative error is
O(na* v n~ 1) for a < n=1/3. This is similar to the result for the Studentized
bootstrap in the normal region but not quite as good beyond that.

Finally, we illustrate the theoretical results with an example in Sect. 5 where
we consider Poisson regression with three covariates. We compute the P-values
using the Studentized and the tilted bootstrap and illustrate the accuracy of
the tail area in Theorem 4 to the tilted bootstrap results. The computations are
performed using Splus and avoid coding of complicated derivatives by using
accurate numerical derivatives.

The proofs of the theorems are given in Sect. 6.

2 Two saddlepoint approximation theorems

In order to state the tail area results, we need to set up the notation. We write

Loy=n"1) v(X;.0),

j=1

My =n"" D v/ (X;,0),

J=1
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Os =n"' D> y(X.0v" (X),0),

j=1
and
M), =n"'9My/80, Q) =n"'904/30,
where / denotes the derivative with respect to 6. Define
Lo =M, L,

whenever det(Mp) # 0. For M-estimates, the asymptotic standard deviation of
/nTyis o, where

0’ = [(EGMG)_lEGQG (EMQ)_1]11

with estimated standard deviation S, where

§* = (M;lQTM;l)n '

Denote the cumulant-generating function of ¥ (X1, 6) by

Kk(t,0) = 10g/exp(fT1/f(x,9))dFo(X) (2)

and define t(0) as the solution to

ok (t,0) .

=0, 3)

We will obtain results on the distribution of the standardized and the Stu-
dentized version of 77. First we state a result on the standardized version under
the conditions given in the Appendix (Sect. 6). For this standardized version
we obtain an approximation with relative error O(1/n).

To state the result for Studentized 77 we need some further notation. Let
Uy = (Ljp,Vjo,Wjy) be independent identically distributed random vectors
with positive definite covariance matrix such that all elements of My and Qy are
linear forms of the sum of (L;js, Vjy) and all elements of ]\_/1’9 and Qg are linear
forms of the sum of Ujy. Let the dimensions of the components of Ujy be p, g,
and r, respectively.

Let Fy be the distribution of Ujy under Fj and define the tilted variable
U' = U;(g)p to have distribution function

Frt,v,w) = / eT(G)Te/_K(r(B),Q)dFU(z/’v/,w/)'

v wH=(y,w)
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Let ¥; = covU?", and let u, = EU?, where p; has 0 in the first p components
and 6 = (¢, n) where ¢ is scalar.

Theorem 1 Suppose conditions (Al)-(A3) of Sect. 6 hold. Then
Po((T1 — 610) /0 = y) =1 — <I>(x/EWI(y))][1 +O0d/m], 4)

where WIO’) = wi(y) — logw1 (G () /H{ () /nw1(y), wi(y) = /2H1(y), and
for ¢ =ay + by,

Hi(y) = irr;f{—K(T(C,n), (&,m)} = —«(@(&,0), (&, Mm),

and if tilde indicates that values are taken at 1,

ol
Gi)=———7
de:‘[231/2d63t1<1/2
where ELT = COV Lr(g)g = ET((;)QQ,
%k (t(C,m), (&,m)
Ky = ¢ 772 &,n
an
|k, 0)  9%k(x,0) (0%k(z.0) 1 52%(z,0)

B 962 909t 972 9790 ’
T T(@) 22

where the subscript 22 indicates the part of the matrix corresponding to 1, and J
is the expectation of the Jacobian of the transformation (¢,v) = g(¢,v) under the
tilted distribution, namely E- ) Mp.

Note that we can show, after some computation, that

H{(y) = o [3K(r,(c,n))

3¢ lzr(;,ﬁ),n=ﬁ

The proof of Theorem 1 is omitted as it follows in the same way as the proof of
Theorem 2 given in Sect. 6.

The next theorem gives a result in the case of a Studentized statistic. Define
the transformation Zy = (1:9, ‘7(.) + 1:9 081(/9 s V_Vg) =g (I:Q, ‘_/9, V_Vg) and let J{ be
the Jacobian of the transformation. Suppose S = (71, T2, VT) and define the
transformation ((77 — 619)/S, T, Vr,Wy) = g(T1, T, Vr,Wpy) and let J, be
the Jacobian of this transformation. Let (§,n,v,w) = g2(¢,n,v,w) and define

AMEm,v,w) = —k(T(,n),(¢,m) and A, n,v,w) = AEn,v,w) + ulur/2,
where u* = ¥, 1 2(u — u7) and u* has 0 in the first p components. Now define

HE) = inf AEn.v.w) = HE.5.) 5)
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and
h(E) = inf (L&, .v.w)). (6)

Theorem 2 If Conditions (Al)-(A3) of Sect. 6 hold, then

S 1 1
Po(Ty = 010)/S = y) = [1 = d(/aw' ()] [1 +0 (;)} Lm0 (_) ,

n
)
where w'(y) = w(y) —logw() G)/H' () /nw(y), w(y) = 2H (),
I

GE)=— =
detAN detSy/% /2 /n

®)

and Ay denotes the submatrix of 32A(2)/02% for z = (&,n,v,w), excluding the
first row and column.

Remark Because we tilt only on the variables Ljy we are unable to obtain an
approximation in the Studentized case where the errors are fully relative. How-
ever, we can get a substantial improvement over absolute errors as was possible
in the case of smooth functions of means in Jing et al. (2002). It is worth noting
that the improved result for Theorem 1 over that for Theorem 2, follows since
in proving Theorem 1,

nll‘;lfw [_K(T(é" Tl), (;, 77))+U*TU*/2] :H;l]f [_K(T(é" n)a (;, 77))] = _K(T({v ﬁ)’ (;a ﬁ))v

whereas in Theorem 2, following the transformation to & which involves ¢, 7,
and v the minima used are given in (5) and (6).

3 Studentized bootstrap

In this section, we consider computing tail areas and P-values by using a stu-
dentized bootstrap. We are interested in ps(a) = Po((T1 — 619)/S > a), where
the probability is computed under Hy. The bootstrap approximation proceeds
as follows. Let X7, X7, ..., X, be a sample from the empirical distribution Fj,
and let T* denote the solution of

_le ¥ (X7,0) =0. (9)
]:

In the studentized bootstrap we replace the tail area above by p;(a) = P*((T} —
11)/S* > a), where §* is the bootstrap version of S. Our aim is to determine the
accuracy of pi(a) relative to ps(a). The result is given in the next theorem.
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Theorem 3 If conditions (Al)—(A3) of Sect. 6 hold, then for a < Cn=1/3, for
some constant C,

ps@ 3., -1
m_1+op(ﬁa vn ) (10)

This ensures that the Studentized bootstrap has relative error Op(1/n) for
values of a = O(1/+/n) to relative error Op(1/4/n) up toa = O(n~1/3). We note
that in the case of the Studentized mean (which is a special case of the results
considered here), under the assumption that Eexp(tX?) < oo for ¢ in an open
neighbourhood of 0, the relative error can be kept of order O(ﬁa3), that is of
order o(1) for a = o(n~1/%). We are not able, under these conditions and with
the methods used here, to extend Theorem 2 beyond a = O~ 1/3).

4 Bootstrap tilting

In the previous section, we showed that pj(a), the bootstrap approximation to
the P value of the studentized statistic was accurate to relative order Op(y/na’v
n~1). Here we will look at a tilted bootstrap which will avoid the issue of stu-
dentizing and compare the accuracy of the P value for the tilted bootstrap to

ps(a).

For the tilted bootstrap we will choose weights w; which minimize the back-
ward Kullback-Leibler distance between the weighted distribution and the
distribution with weights 1/n subject to the constraints that, for each 6,

n
> wir(xi,0) =0 (11)
i=1
and > ; w; = 1. Thus, we minimize
n n n
> wilognwy) — BT D" wiv (xi,0) + V(Z wi — 1) (12)
i=1 i=1 i=1
with respect to w;. This, together with the constraints, leads to

wi = eﬂ(a)Tl/f(xi,9)—f<*(/3(9),0)’ (13)

where

n
K*(B,0) = log Z BTV (i)
i=1

and with 8(0) chosen so that (11) holds. The minimum of (12) is—«*(8(0),0) +
logn. Now if 6; = 0y¢, we can choose 6, to minimize this by choice of 6, as the
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solution to ;
D wiB®) 9y (xi,6)/06> = 0. (14)
i=1

Denote the solution by 6, where 6; = 6.
We now sample from the tilted empirical distribution with weights

Wi = POV B (15)

We denote this empirical distribution by F;, and the bootstrap sample as X, =
1,...,n. We now solve

D VX =0
i=1

to get the estimate 7*. Our interest is in approximating the P value
pia) = P*((T{ = 610)/s > a),

where s is the standard deviation of «/nT; computed with the original data and
a = (1 — 610)/s, and comparing it with p}(a). To get this saddlepoint approxi-
mation we use Theorem 1 with «(7,0) = log > L | W; exp(tTw(x,-, 0)). The next
theorem gives the result.

Theorem 4 If conditions (Al)~(A3) of Sect. 6 hold, then for a < Cn=1/*, for
some constant C,
p5(a)
pi(a)
This is not quite as good as the result for the Studentized bootstrap although
it still gives relative error O(n~!) fora < Cn~1/? but we can only obtain relative
error o(1) for a = o(n~1/%).

=1+ O@ma*vn™. (16)

5 Numerical example

In this section, we illustrate the numerical accuracy of the tail areas approxima-
tions derived in the paper. Consider a Poisson regression model, Y; ~ P(w,;),
where

logui=91+92x,-2+6’3xi3=xiT9 i=1,...,n

xi = (1,xp,x3)T,0 = (61,6,,63)T. We want to test the null hypothesis Hyp : 63 =
630 = 1.

(xi2,x;3) are generated from a uniform distribution on (0, 1) for each sample
and then Y; are obtained as Poisson variables with mean p;. The parameter 6 is
set to (1,1,1)7 and the sample size n = 30.
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3000 MC Simulations - 100 Tilted Bootstrap Samples per Simulation

0.‘4
I

0.3

]
T

il

0.1

| il

u
m

o |
o

.20 .10 .05 .01

Fig. 1 The first panel gives tail probabilities for the saddlepoint approximation to the tilted boot-
strap and approximate tail probabilities from 30,000 tilted bootstrap samples from one original
sample. The second panel gives the relative errors of these two approximations

We consider the maximum likelihood estimator for the parameter 6, 6, the
M-estimator defined by the equation

> U(Yi,0) =0,

i=1

where ¥ (Y:,0) = (Y; — ui)x; and pu; = e/ 9.

We first consider the accuracy of the saddlepoint approximation of Theorem 1
by simulating a single sample of size 30 and obtaining the saddlepoint approxi-
mation to the tail probabilities, p} (a) for a sequence of values of a, for the tilted
bootstrap for this sample. Then we obtain 30,000 tilted bootstrap samples from
the original sample and get approximate tail area probabilities from these. These
tail areas are plotted in the first panel of Fig. 1 together with the saddlepoint
approximation from Sect. 4 (We note that derivatives used in the saddlepoint
approximation are calculated numerically without loss of accuracy). In the sec-
ond panel we plot the relative errors. It is clear that throughout the range an
excellent approximation is obtained, illustrating the results of Theorem 1.

We also consider the accuracy of the tilted bootstrap to the true distribu-
tion. We take 10,000 Monte Carlo samples and for each sample compute 6, S,
and (93 — 630) /S. We approximate the tail areas corresponding to ps(a) of the
Studentized statistic for a = (0.5,1.0,1.5,2.0) using these 10,000 Monte Carlo
samples. Then we obtain 10 samples and from each we get 1,000 tilted bootstrap
samples from which we get approximate tail probabilities corresponding to the
four values of a. The mean (BSM) and standard deviation (BSSD) of these
are given in Table 1. In addition, Table 1 gives the mean (SPM) and standard
deviation (SPSD) of the 10 saddlepoint approximations corresponding to each
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Fig. 2 Boxplots of 3,000 Studentized bootstrap p values corresponding to exact tail areas 0.2, 0.1,
0.05,0.01

Table 1 Values a, Monte Carlo approximation, mean and standard deviation of 10 saddlepoint
approximations to tilted bootstrap, mean and standard deviation of 10 tilted bootstrap approxima-
tions using 1,000 bootstrap samples and standard deviation of the difference of the approximations

a MC SPM SPSD BSM BSSD SDDIF
0.5 0.314 0.298 0.046 0.296 0.050 0.015
1.0 0.164 0.152 0.051 0.153 0.054 0.012
1.5 0.068 0.069 0.041 0.074 0.042 0.008
2.0 0.020 0.030 0.028 0.032 0.028 0.008

of the four values of a. It also gives the standard error of the difference between
the 10 pairs for each a value (SDDIF). The tilted bootstrap and the saddlepoint
are seen to be very close from the last column (SDDIF) and much of the small
variation can be explained by the fact that only 1,000 bootstrap samples were
used. The approximation to the true distribution is not as good, as is to be
expected from Theorems 3 and 4.

In addition, to examine the Studentized bootstrap, we take 3,000 Monte Carlo
samples and obtain approximations to the quantiles of (63 —630) /S, correspond-
ing to frequencies 0.2,0.1,0.05,0.01. For each of the 3,000 Monte Carlo samples
we generate 100 nonparametric bootstrap samples, (Y}, x7,x5) fori=1,...,n
and for each of these we compute (65 — 63)/S*. Using the “a” given by the
quantiles of the 3,000 Monte Carlo samples we compute the frequencies (out of

100) p¥(a) = >, ((65k —63) /8% > a). This provides 3,000 values for pj (a) which
are represented in the boxplots of Fig. 2 and can be used to compare pj (a) with
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3000 MC Simulations - 100 Bootstrap Samples per Simulation
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Fig.3 Boxplots of 3,000 tilted bootstrap p values corresponding to exact tail areas 0.2, 0.1, 0.05,0.01

the exact tail areas 0.2,0.1,0.05, 0.01. These give boxplots as expected for 3,000
random binomial (100, p) variates with p taking the values 0.2,0.1,0.05,0.01.
This is repeated with the tilted bootstrap to give Fig. 3.

Figures 2 and 3 show that the studentized bootstrap and the tilted bootstrap
(which is not studentized) tail areas are equivalent. Both are centred around the
exact values with the tilted bootstrap slightly less variable than the studentized
bootstrap at least for the 0.2 and 0.1 tail areas.

Acknowledgements The authors thank Joanna Flemming for her help with the computation of
the numerical example.

6 Appendix
6.1 Conditions

Consider independent, identically distributed observations X1, X>, ..., X, from
a distribution Fy. We have a score function (X7, 6) which assumes values in
NP such that [ ¢ (x,0)dFy(x) = 0 has a solution 6y. Suppose that ¥ (X1,60) has a
derivative ¥’ (X71,0) with respect to 6, with probability 1, and assume

(A1) det ([ v/ (x,60)dFy(x)) # 0.

Then, if for some y > 0, [ ¥/(x,0)dFy(x) is continuous at all § € BI; (6p), the
solution 6y is the unique solution in B‘; (6o), where by B‘; (6p) we mean a cube
with side length 2y of dimension p centred at 6.

Assume that

(A2) The elements of ¥ (X71,0) and its first four derivatives with respect to 6
exist and are bounded and continuous.
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In order to apply an Edgeworth expansion we need a smoothness condition
for the variables U'. Assume

(A3) 0 <c <det2l? < Candif ¢, (&) = Ee'U", then |, (§)] < 1 — p, for
p>0andforallc < [§| < Cnd/z,whered:p+q+r+1.

Choose 0 < € < ‘l‘|d€tEOI///(X1,9())|, y > 0 and B > 0 and define the set E by

E =E(,y,B)

I _ . 3
=[|detM91Q9M91|> ¢, max|M}| <B, Lol <57, for 6 e Bf;(eo)]. (17)

Then the conditions (A1)-(A3) together with Cramér’s large deviation theorem
ensure that

Py(E) > 1 —e™"

for some ¢ > 0 depending only on €, y,B. We can then restrict attention to
X € Esince for any event A

Po(A) = Py(AN E) + O(e™)

and we will be concerned only with approximations to probabilities of events
with errors atleast O(e~“"). In the following, we will restrict attention to samples
in E. Then

o _ 1
|My (Mg, — Mg)|| < By /e < J

for 0 € B{i (fp) by choice of y < €/4B. The inequality allows the application
of Lemma 1 of Almudevar et al. (2000) with « = 1/4 to show that there is a
unique solution 7' of >/, ¥ (Xj,0) = 0'in B, (60).

6.2 Proof of Theorem 2

Since in the problem considered here no densities exist we find the probability
of the tail event {(T7 — 019)/S > y} by partitioning the space of (7, V) into
small regions and approximating Py((T7 —619)/S > y) by summing probabilities
of the appropriate small regions. To do this we need to bound the probabilities
of these small regions in the space of (7, V) by probabilities of regions in the
space of Uy. These bounds are derived in the technical lemma below. Next we
use indirect Edgeworth approximations to these probabilities and an integral
approximation to the sum of the indirect Edgeworth approximations. As part
of this we find bounds for the errors of approximation.
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Approximations for M-estimates 217

Lemma 1 Take 0 € B[;,,(GO)’ veRTand0 < § < %y. Then there is a C > 0,
7
depending only on B, € such that for § chosen so that C§ < %‘,

. .|V
{Lo € By _cs (0} N Ivg + Ly [3_99} e Bg(l_ca)(v)]
C{T e By®)}n{Vr e Bl(w)
6

. _ AV,
C{Lo € Bf 1, 5O} N [Vg + Lo [W} € BZ(1+C5)(V)] . (18)

Proof Suppose T € BY(9) and V7 e B (v). Expanding L7 = 0 about 6 and
noting that in E, |]\_/[’9| are bounded and that |det My| > €, we can choose

|Lg — (0 —T)| < C8?

and then similarly

verifying the second inclusion of (18). Conversely, we can choose C such that

_ - 1
sup [My' My — 1| < = C8.
0'eBt 0) 2
So from Lemma 1 of Almudevar et al. (2000), if Ly € Bg (1—cs)(0) and § is such
that C§ < 1/4, then there is a unique solution 7 € Bg (). Also as before, if
Vo + i@[%] € BZ(l—Cé)(V)’ then V7 € Bg (v). This concludes the proof of the
lemma.

We want

Po((T1 = 610)/S 2 y) i
= Po((T, V) € B 760, EoVip)) 0 {(T1 = 610)/S = yD+0(e™ ™). (19)

Let (¢, mj, vi), where i, ], k take values ..., —2,—1,0,1,2,.. ., be centres of cubes
of side 28 giving a partition of RP*4 with (o, no,vo) = (910, %20, Eo‘_/go). Denote
by > 7 the sum over {(i, ], k) : (i, nj,vi) € Bg;q(é’o,EoVeo) and &;/s(&i, nj, Vi) =

v}, where s(¢, n, v) corresponds to S. Then

Po((T1 — 610)/S = y)
=D TPo((T1, T2, V1) € By (&, vi) (1 + O(8)) + O(e™™)  (20)
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where the relative error O(8) is due to using the cubes touching the boundary
of the region {(T7 — 619)/S > y} within Bp+q (6o, Engo)

Now the lemma applied to the probablhty of this cube gives
8V9 q
PO {L(ft 7]/) € B5(1 Cb‘)(o)} N V(Ct '7/) + L(Ct n, 80 € BB(I—C(S)(vk)
0=(%i.nj)

< Po((Ty, T2, V1) € BY (¢, mj, vi)

aVy
<P0 {L({z 77/) € B(S(]J,-C(S) (O)}m V(Ct 77/ +L({L 77] |: 96 :| € B(Sq(l-‘rcﬁ) (Vk)
0=(&i.nj)

Take By, to be a typical B 5(1—C8) (0) x BS(1 Ca)("k) X B§(w,y), or by a similar
term with 1 — C§ replaced by 1+ C§, where m takes values ..., —2,-1,0,1,2.
The w,, are centres of cubes of radius § giving a partition of R” with wy =
E(Wg,). We can bound the sum in (20) by

> T EPo(Zigay € Bim) + O™,

where > ¥ is a sum over m such that [wy,| < %y and where for the lower bound
By, has 1 — Cé and 1 + C$ for the upper bound.
Writing u = (£,v,w), let

exp(—nu*Tu*/2)

eq(u, F*) =
Q7 /n)P+a+0/2 det £/

d
14> OQn*Vn)
=1

Then using Theorem 1 of Robinson et al. (1990), we have

Po(Zy € Bym) = Po((Lo, Ve, Wp) € g7 (Biom))

= (@ ©).0) / e T O (0, v, w), F)dedvdw + R |,

g7 (Biow)
(21)

where R = R; + Ry + R3 corresponding to the three residuals of Robinson et al.
(1990). The first term in the last equation is equal to

T
emc(r(&),@) / J1 (Z)e—nl T(G)ed(gl—l(z)’ Ff)dz,
Bim
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where J(z) is the Jacobian of the transformation z = g{(¢,v,w) and we write
gl_l(z) = (£(2),v(z),w(z)). Noting that for this transformation gl_l(O, V,w) =
(0,v,w), we can approximate this integral by

Py(Zg € B) = e™ O D110, v, wim)ea((0, vi, wy), F)SP T (1 + O(ns)) +RI.

Take § = n—2 so that the term O(n8) is O(n~!). Then noting that d = s — 3
from Theorem 1 of Robinson et al. (1990) and that our result concerns means
rather than sums,

Ry < Cvol(g ' (B))nPTan/2=(@+D/2 - Cyol(g ' (B)n™! (22)
ifd=p+q+r+1, where vol(A) is the volume of the set A. Also
R3 < Csur(gy ' (B)nPT92e < Cvol(gy ' (B)nPT9t7%¢/5,  (23)

where € is the smoothing parameter in the theorem, where sur(A) is the surface
area of the set A. Taking € = n~@+9/2 we get

Rs < Cvol(g; ' (B)n~".
To bound the other term we use (A4) from which we see
Ry < Ce™ . (24)

Approximating the sums by integrals, we have

Po((Ty — 610)/S > y) = / e &m-EM) g1 (0, v, w)ea((0, v, w), F)dzdpdvdw

y

x(1+0mh) + / e TEMEM e dpdvdwO(n™ 1),
Ay

(25)

where A, = {(¢,1,v) : {(£ — 601)/s(Z,n,v) = ¥} N ng"“(em,ezo,Eo%,Eom)

and where we may incorporate the exponential error term in the relative error
term by bounding y by a sufficiently small constant.

Consider the transformation (¢,n,v,w) = g2(¢,n,v,w), where § = (¢ —
610)/s(¢,n,v) with Jacobian J> (&, n, v, w). So we can write

p ean(S,n,v,w)JlJz
Po((Ty — 610)/S > y) = / / I dedndvdi(l + O(1/n)
5 Q2m/n)Pra+tn/2dets,

+ / / e HENW g dydvdwO(n ), (26)
y D
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where the first Edgeworth term in eg((0,v,w), F*) integrates to zero by
symmetry and the other terms are in the O(1/n) relative error term, and v
and the sides of the rectangle D are chosen small enough so that (y,v) x D

is in Bp3+q+r_1(0, Eo‘_/eo,EoV_VgO), and so the transformation is one to one and
37

i
A(&,n,v,w) and A(&,n,v,w) remain convex as functions of (&, n, v, w).
Now define H and 4 as in (5) and (6). Then using (A2)

o nH ()

2 /n

PoT ~00)/S =) = [ [ G(E)(1+0(1/m) +¢ 0 (%)} de.
y
)

Puttingw = w(&) = v2H(E) andw'(§) = w(&)—logw (&) G(&)/H'(£))/nw(§)
we can obtain (7) of Theorem 2 as in Jing and Robinson (1994).

6.3 Proof of Theorem 3

In order to prove the result, we need to have an approximation for the tail area
which is valid both under sampling from Fy and under bootstrap sampling. In
particular the approximation must be valid for the situation when the quantity
of interest does not have a density. Theorem 2 gives such a result covering both
cases since Condition (A3) still holds for the bootstrap (see Weber and Kokic
1997). To apply Theorem 2 to the bootstrap, denote the cumulant-generating
function of ¢ (X7, 6) by

K*(7,0) = log > exp(t” yr(xi,0))/n. (28)
Our interest is now in the approximation for the tail area
P*(TF —1)/S* = a) = (1 — @(nw™(@))(1 + O(1/n)),
where P* denotes the probability computed under F,, and w*(a) is defined in
the same way as w' in Theorem 2 with F; replaced by F,,.

Part of the argument follows closely that given in Sect. 2.1 of Feuerverger et
al. (1999). To match their notation, write «(w(a)) = w(a)G(a)/H'(a) and note
that w' here corresponds to w* and « corresponds to ¥ in their paper. As both
w(a) and a(w(a)) are analytic functions of y in a neighbourhood of the origin,
we obtain

w(a) = Ao + Ara + Ara® + Aza® + Asa® + o)
and

a(w(a)) = Bo + Bia + Bya®> + B3a® + Bsa* + O(a),
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where the coefficients A; and B; depend on the cumulants of ¥ (X;,0) and its
derivatives under F* but not on n. We have a similar expression for w* and
a*(w*) from the bootstrap tail area.

By the same calculations as in the proof of Theorem 2 in Robinson et al.
(2003) we obtain

HO) =0, H©) =0, H'O0) =1. (29)

Therefore, from the expansion of w, we get Agp = 0 and A1 = 1. Moreover, by
equating the integral in (27) taken over 9! to 1, we obtain «(0) = 1 and thus
By = 1. We want to consider the ratio

pi@ 11— & (J/nw') )
po@ — T—wymeny | T OUMIIY T

od/n).  (30)

The first term here is considered in the same way as in Sect. 2.1 of Feuerverger
etal. (1999) and we can bound it by 1+ Op(/na’) fora < n=1/3. For the second
term, we need to note that (29) holds and similarly that £(0) = 0, #'(0) =
0, 1"(0) =1, so exp(—nh(a))/(1 — ®(/nw")) = Oma’). So if we restrict atten-
tion to @ = O(n~1/3) we can see that the ratio in (30) is 1 + Op(y/na’), which,
fora = On13),is 1 + Op(1//n).

6.4 Proof of Theorem 4

In the case of the tilted bootstrap, the cumulant generating function of F), is
given by

7*(z,0) = log (Z wiefrm‘ﬁ)) . (31)

This is used in Theorem 1 to obtain the saddlepoint approximation to the tilted
bootstrap.

We first prove the second order accuracy of the Edgeworth in this case. This
is needed to obtain the comparisons of the expansions of wI(a) of Theorem 1
and w'(a) of Theorem 2, used later in the proof. The first part of the following
proof is related to that of DiCiccio and Romano (1990) but differs in significant
ways. We could use the general results of Hall (1992) to give the Edgeworth
results but it is more transparent to write them out directly. For simplicity we
will neglect all terms of smaller order than n~!/2 in the rest of this section. We
have
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ps(@ =P*(IT7 —1)/S* = a)

T*_t *¥2 2
:P*(1 1_ 8 Saza)

s 2s3

k  Q¥2
—1- ¢(ﬁa(l M)+ —p(Jna)p(/na)
s3 n
% Qx2
— 1 — o + 2V o Jray — 2T ) ()
vn $3

and, if § is the variance of 77 under the tilted distribution,
pi(a) = P*((T} — 610)/s < a)
= P*((T} — 610)/5 < a(1 — (* — 5%)/25))

=1-— d(Vna(l — 3 —s%)/28%) + %pma)m\/ﬁa)

2 _ 2
— 10w + 20 (o - i) 69

To show that

pi@ —pi@ = o(1/vn)

we need to show
252 cov(T%,8%%)

a2 =a 3 . (34)

We can see that t — 6y = BQT 1:90, where BQT = ]\_/19_01 and T* —t = BTZ,,, SO
i —n = B Lt Let Yy be the vector of all elements of My and Qp and let
g(Ye) = s> = B/ Q:By1. Then

§2 = g(Yr+) = g(Y) + (Y = Vg (Vo) + (T* — z)—g/m)

So
% ok2 T e T 8}_’[ /()
cov(T7,8%) = B, C128' (Yy) + BﬂCle—at g Yy,

where Cp = cov(L}, }_’*) and C; = var(L}).
Also T — 010 = Zl 106 ,9)/n and s = g(Y;) and §* = g(Y ), where

by Y~ we mean Welghted means of ¥ (x;,0) and similar terms with weights w;.
Then B B B 3 B B
F =5+ ;- Vg (V) + (V5 - Yy)g (V. (35)

Now Y; — Y, = (§ — 1)3Y,/dt and
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n
Y; = Zwiyié =Yg, + )‘BtTlclz
i=1

since w; = 1/n + XB[Tll/f(xl-, ). Also h = —(t — 010)/s2 = —a/s and expanding in
(11) we have

Ly H0) + X 3 : AT _
;léw(x“e)H‘waz»f)wx,,t) =0.

i=1

Now 6 — t = AB!' Q;, so using these in (35) gives (34).
In order to obtain a result on the relative error, we can use Theorems 1 and
2 to get

pi@ 11— ®(/nw))

= 36
pi@ 1—(/nw; (9
and then use Mill’s ratio to get
1 - CD * * * *
—(ﬁws) < nwiwl — wkle"svi sl (37)
1— o(Jnw))

We now expand the functions w} and w;. Since the expansion has the same
form for each, we write an expansion for w* noting that the coefficients will
differ for the two functions. Now

log(1+Bla+B2a2+~~)
n(a+ Axa® + Azad +--+)
:a+A2a2+A3a3—+—~-~—Bl/n—aB/z/n+---.

w¥(a) = a+ Aya® + Aza®> + - -

As aresult

Wi (W — w¥) = na(Ass — Ao)a® + na(Ass — Az)a® — na(Big — By)/n+ - .
(38)

Now Ay, — Ay, and By — By; are both of order O(1/4/n) from the equivalence

of the Edgeworth expansions up to order O(1/n) but Az; — A3; can only be
shown to be of order O(1). As a result we have that

1— o(/nw}) _

4., 1
1—®(ﬁw;k)_1+o(na vn) (39)

if we restrict a to O(n~1/3).
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