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Abstract Let x € R? be an observation from a spherically symmetric distribution
with unknown location parameter & € R”. For a general non-negative function c,
we consider the problem of estimating ¢ (|| x — 0]|?) under the usual quadratic loss.
For p > 5, we give sufficient conditions for improving on the unbiased estimator
of c(|lx — 0|%) by competing estimators y; = ) + s correcting yp with a suitable
function s. The main condition relies on a partial differential inequality of the form
k As + s> < 0 for a certain constant k % 0. Our approach unifies, in particular,
the two problems of quadratic loss estimation and confidence statement estimation
and allows to derive new results for these two specific cases. Note that we formally
establish our domination results (that is, with no recourse to simulation).
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distribution - Green integral formulas - Sobolev spaces - Differential inequations
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1 Introduction

Let X be arandom vector in R? from a spherically symmetric distribution around a
fixed vector 6 € R”. More specifically, we assume that X has a generating function
[, thatis, X has a density of the form x — f(|]x — 6 |I?) where 6 is the unknown
location parameter. In what follows, as an estimator § of 6, we only consider the
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least square estimator §(X) = X. For a given non-negative function ¢ on R, we
are interested in estimating the quantity c(||lx — 6 %) when x has been observed
from X. This problem recovers both the usual case of estimating the quadratic
loss |lx — 0] (c is the identity function as in Johnstone, 1988; Lu and Berger,
1989; and Fourdrinier and Wells, 1995b) and the case of estimating the confidence
statement of the usual confidence set {# € R? /|lx — 6]|? < ¢4} with confidence
coefficient 1 — a (c is the indicator function 1o ,]; see Robert and Casella, 1994
for e.g.). This approach is in the framework of the theory of conditional inference
formalized by Robinson (1979a, b).

When Eg[c(| X — 0]]%)] < oo (where Ey denotes the expectation with respect
to the density x — f(|jlx — 612)), a natural estimator is the unbiased estimator
vo = Eolc(| X [I®)]. Since it is a constant estimator, it is natural to search other
estimators ¥ and a simple way of comparison is to use the quadratic risk defined
by

R(y.6) = Ea| (v = c(1X = 01%)°]. (M

Then an estimator y will be better than yq (or will dominate yy) if, for any 6 € R”,

R(y,0) = R(y0,0)

with strict inequality for some 8. Of course, the last inequality makes only sense
when Eo[c?(]| X||?)] < oo.

Note that, in lower dimension, yy is still a good estimator with respect to the
quadratic risk (1) since it can be shown that y; is admissible for p < 4. Therefore,
in the following, we assume that p > 5.

Any estimator y can be written under the form y = y; = Yy + s for some
function s which can be viewed as a correction of yy (actually s = y — yp). Our
goal is then to yield conditions on s such that y; dominates yg. Our approach con-
sists in developing an upper bound of the risk difference §9 = R(y;, 6) — R(yo, 0)
between y; and yy in terms of the expectation of a differential expression of the
form k As + s where k is a constant different from 0 and As = > | Dis is

the Laplacian of s for D;; = %22 Although it is not originally present in the risk

difference g, the introduction of the Laplacian of the correction s is the main key
of our results. Its intervention relies on a Green formula type which implies the
consideration of Sobolev spaces.

Often, in the literature, the domination of y; over yy is tackled through Taylor
expansions of their risk difference 9. The possible weakness of that technique is
that it may be difficult to control the sign of §y, so that formal domination is only
obtained for 6 around 0 and in a neighborhood of infinity (this is the case in Robert
and Casella (1994). The advantage of our approach is that it allows to give a formal
proof for all values of 6. A possible drawback is that we work with an upper bound
of 8y, which may be crude. However, under certain conditions, we are in a position
to provide an accurate upper bound.

In Sect. 2, we present the model and give a technical lemma useful to introduce
the Laplacian As in the risk difference. Then we establish our main result of dom-
ination over y. This domination relies on the upper bound 8¢ = Eg[k As + 52
of the risk difference &g, for a specific value of k, and one expresses the fact that
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89 < 0, and hence 85 < 0, through the differential inequality k As(x) +s2(x) < 0
for any x € R”.Inasecond result, we exhibit a smaller upper bound 8y for 8y corre-
sponding to a greater value of |k|. It is obtained at the price of additional conditions
on the functions f and c so that the differential inequation mentioned above allows
to yield a wider class of corrections s. Section 3 is devoted to several applications:
quadratic loss estimation, concave loss estimation and confidence statement esti-
mation. In Sect. 4, we give some conclusions and perspectives. Finally Sect. 5 is
an appendix containing technical lemmas with their proofs.

2 Improved estimators of ¢(]|x — 0||?)

The goal is to determine conditions on the function s so that the risk difference §g =
R(ys, 0) — R(yp, 0) is non-positive for any 8 € R” and negative for some 6 € R”.
As previously noticed in Sect. 1, it is necessary to assume that Ey (21X —-0]*)] <
oo. Then it is easy to check through the Schwarz inequality that R(ys, 6) < oo if
and only if Ey [sz] < o0. In that case, it is clear that

86 = Egl2 (yo — c(IIX — 011*) s(X) + s*(X)]. )

Our approach consists in introducing the Laplacian of the correction function
s, say As, under the expectation sign in the right-hand side of (2). We will see that
this can be done with the use of a Green formula type

/u(x) Av(x)dx = / v(x) Au(x)dx 3)
RP RP

for suitable functions u and v. Conditions for Formula (3) to hold are specified in
Lemma 1 below. Note that (3) is fundamentally an integration by parts formula
which depends on the spaces where the functions « and v live; those are naturally

Sobolev spaces. More precisely, we need u to be in the space WZ2O’Cl (RP) of the
functions twice weakly differentiable from R” into R. Recall that a function u
from R” into R is said to be weakly differentiable if u is locally integrable and
if, forany i = 1, ..., p, there exists a locally integrable function denoted by D;u
such that, for any function ¢ infinitely differentiable with compact support from
R? into R,

/u(x) Di¢p(x)dx = —/Diu(x)¢(x)dx.
RP RP

Although Formula (3) is symmetric in « and v, the assumptions on the function
u are not exactly the same as those on the function v. We require v to be in the
space W2 (RP) of the functions twice weakly differentiable from R? into R and
essentially bounded (that is, bounded almost everywhere).

In the following, for any open set 2 in R”, we denote by Ci(Q) the space of
the functions twice continuously differentiable and bounded on 2. Furthermore,
for any / € N and any r > 0, the set S"" () is the space of the functions  times
continuously differentiable v on €2 such that

sup Ix]1f |D* v(x)| < oo,
xeQ; |al<l; B<r
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where o = (o, ..., a)) denotes a multi-index (i.e. a p-tuple of non-negative
integers) such that its length satisfies |@| = a1 + -+ + @, < [ and D* is the
corresponding partial derivative operator.

Lemmal Leru € leu’cl (RP) and v € W>(RP). If there exist r > O such that

u e Cg(RI’ \ B,) and € > 0 such that v € S>P*€(R? \ B,) (where B, is the ball
{x € R? /||x|| < r}of radius r and centered at the origin), then the functions u Av
and v Au are integrable and the corresponding integrals on RP are equal, that is,

/u(x) Av(x)dx = / v(x) Au(x)dx.
Rp RP
Proof See Blouza et al. (2006).
We are now in a position to give a new expression for the risk difference &g in
2).
Theorem 1 Let s be a function from RP into R such that Eg [s2] < oo. Assume

that there exists v > 0 such that s € WI%,’CI RN C}% (RP\ B,). Assume also that
the functions f and c are continuous on R, except possibly on a finite set T, and

there exists € > 0 such that f and f ¢ belong to S%P/2+1+¢ (R%\T). Then

. [K<||X—9||2)
FAIX =619
where K is the function depending on f and c defined, for any t > 0, by

As(X) + sz(X)] , 4)

NI
K=373, [(7) —1](V0—C(y))f(y)dy- 5)

Proof According to Formula (2), the proof first relies on the fact that, in Lemma 2
of Appendix, it is shown that, for almost every x € R?,

AK (|lx = 011*) = 2(yo — c(lx — 811») f(llx — 0]%)

and hence

Eol2 (yo — c(IX — 0]1%) s(X)] =/AK(||x—9||2>s(x)dx.
RP

Now, by assumption, s € Wi)’cl RPY) N Cﬁ(Rp \B,) for some r > 0 and Lem-
mas 5 and 6 (see Appendix) express that the function x —> K (||x — @]?) is in
W2 (RP) N §% PT€(R? \ B,) for some € > 0. Therefore Lemma 1 applies and
gives

Eo[2(y0 — c(1X — 611*) s(X)] =/1<(||x —0]?) As(x)dx]
Rr

[K(nx —01%
0

— — As(X) .
Fax o )]
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Finally, as Eg[s%] < oo, the risk difference 8 exists and has the desired expression.
O

In order to obtain sufficient domination conditions of yy + s(X) over yy it is
K(lx=0[%)
o - ; flx—611%)
consists in giving conditions on the functions f, ¢, and s such that

needed to control the behavior of the coefficient in (4). Our approach

K(IX =617

Ey| —~——>-

SAX —01%)

for some constant k different from 0. Before stating these conditions in the fol-

lowing theorem, note that the fact that f € S% P/2F1+¢(R% \ T) implies that f is
bounded from above by a constant M > 0.

AS(X)} < Eglk As(X)]

Theorem 2 Under the conditions of Theorem 1, assume that the function yo—c has
only one sign change. In the case where yy — c is first negative and then positive
(respectively first positive and then negative), assume that the Laplacian of s is
subharmonic (respectively superharmonic).

Then a sufficient condition for ys to dominate yy is that s satisfies the partial
differential inequality

k As + s> <0, (6)

where k is the constant defined by
k= qlrE [K(IX1)]
= 0 .

Proof Note that, in the case where the function yy — c is first negative and then
positive, the function K is positive according to Lemma 4 of Appendix and hence
k > 0. Then Inequality (6) imposes that As < O (that is, the function s is su-
perharmonic). Similarly, when yy — c is first positive and then negative, we have
k < 0 and consequently As > 0 (the function s is subharmonic). Therefore, in
both cases, for any x € R”, the product K (J]lx — 6 %) As(x) is non-positive and,
as f < M, we have

£ [K(IIX—GIIZ)
| Fax — a2y
JUX =01

Now the last expectation in (7) can be written as

1
AS(X)} = 57 BolK(IX —01I”) As(X)]. (7

Eg[K(IX —01I*) As(X)] = / K(lx —01%) As(x) f(llx — 0]|*) dx
RP

00 P
=bé/ As(x)dU,g(x) K(?) 13(7;1”/2) rp_lf(rz) dr,
r,0

()
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where U, g is the uniform distribution on the sphere S, 9 = {x € R?/ ||[x — 0| = r}
of radius r and centered at 6. Note that the function r rzfp—p//;) rp=1 f (r?) is the
radial density, that is, the density of the radius R = || X — 6.

For simplicity, we only develop the case where yy — c is first negative and
then positive. By assumption, the superharmonic function s has its Laplacian As
which is subharmonic (i.e. A(As) > 0). So the mean fSar As(x)dUp r(x) is a
non-decreasing function of r (see e.g. Doob, 1984). Furthermore, as by Lemma 4
the function K is non-increasing, then, by covariance inequality, it follows from
(8) that

o0 /2
Eg[K(IIX —0]1*) As(X)] < /K(rz)rzfp—';z)r'”f(rz)dr

X//As(x)dUr,e(x) 2 PPl pa?ydr

I'(p/2)
0 Sr,(ﬁ
=Mk Eg[As(X)]
by definition of k.
Now, returning to Inequality (7), we obtain that
6 [K(”X—_e”j) As(X)} < Eolk As(X)]
SUX =01

and finally that the risk difference in (4) satisfies
89 < Eglk As(X) +s*(X)]1 <0

according to (6).
The second case (yp — c is first positive and then negative) can be tackled in
the same way. Thus y; dominates yy. O

The proof of Theorem 2 uses, through Inequality (7), the property that the gen-
erating function f is bounded by M. This fact leads to a constant k in (6) which may
be small and hence may reduce the scope of the possible corrections s generating
the improved estimators y;. We give, in the next theorem, an additional condition
which avoids the use of M ; that condition relies on the monotonicity of the ratio ?

Theorem 3 Under the conditions of Theorem 2, assume that the functions K and
? have the same monotonicity (both non-increasing or both non-decreasing).

Then a sufficient condition for ys to dominate yy is that s satisfies the partial
differential inequality

KAs+s2§0 &)

with

K(||X||2)]
= FEo| ———|.
O[f(IIXIIZ)
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Proof We follow the proof of Theorem 2 in the case where yp — c is first negative
and then positive (hence As is subharmonic). The main point is to treat the left
hand side of Inequality (7); it equals

/OO/ As(x)dU (x)@ 20" P F o dr
PR T(p/2)

0 Sr,@
so/s/ As(x) AUy (x) rzg)l;z) Pl ey dr
r,0

[ K(?) 270/
f@?) T(p/2)

rP7l e dr

by covariance inequality since ? is non-increasing (K is non-increasing according

to Lemma 4) and r — |, s, , As(x) dUpg(x) is non-decreasing by subharmonicity
of As. Therefore we have obtained

E K(x—-61% A KX
ol 2 As(X) | < Eo| — > | Eg[As(X)].
FAIX =017 FAXI7)
Finally, the result follows the same way as in the proof of Theorem 2 with
E[KwX—QWq
=R Y — g |
SAX =617

]

Remark Theorem 3 gives an improvement on Theorem 2 as far as the constant in
front of As in (6) and (9) is concerned. Indeed, when K > 0 (and hence k > 0 and

As < 0), we have
wanq 1
= E > K(IX]?)
[waW> ol I=

and, when K < 0 (and hence k < 0 and As > 0),

Kman 1
=Ey K (|| X =k.
‘ [fwmu Eol K (IXI%)]

Theorems 1, 2 and 3 specify the spaces in which the correction function s
should belong and the question arises naturally as for the existence of such a func-
tion. Typically, functions s of the form s(x) = b+ﬁl—x|\2 where a and b are real

constants (with b > 0) constitute the basis of possible corrections, the particular

case where b = 0 being of interest. It can be easily shown that, if s(x) = W, we
have s € Wloc (RP) for p > Sands € Cb(R”\B ) for any r > 0.
Now, for p > 5, it is easy to see that, for any x # 0, As(x) = % and

hence that Inequality (6) is satisfied if and only if 0 < a <2k (p —4) whenk > 0



92 D. Fourdrinier and P. Lepelletier

Q2k(p —4) < a < 0when k < 0, respectively). Furthermore, for p > 6, the
bi-Laplacian of s verifies, for any x # 0, A(As(x)) = 8a(p=H (=6 Note that

[lx1®
the function As is subharmonic when a > 0 and superharmonic when a < 0.

Finally the finiteness risk condition Ejg [s2] < oo reduces to the existence of
the second inverse moment for the density x — f(|lx — 6]?).

3 Applications
3.1 Estimating a loss

Estimating the quadratic loss ||x — 0 |? is a natural first application of the previous
theory; in that case, the function c is the identity function (c(#) = t). Johnstone
(1988) treats this problem under the usual normal distribution N, (0, I,)(f (1)

(2;7) =75 € ~!/2) through a two fold application of Stein’s identity. Our approach
allows to obtain directly his expression of the risk difference, say

= Eg[—2 As(X) + s2(X)). (10)
Indeed, according to (2), the risk difference is
89 = Eg[2(p — IIX = 0% s(X) + s*(X)]

and it is easy to check that, for any x € R?,

1 1
(p—lx— 01 exp(—z llx — 0||2) = —Aexp(—z llx — 9||2)

so that a straightforward application of Lemma 1 gives (10).

Fourdrinier and Wells (1995a) address this loss estimation problem in the more
general context of spherically symmetric distributions and give a sufficient con-
dition of domination of yy by y;, of the form (6). Their distributional conditions
on f are more technical than ours and it is worth noting that their two examples
satisfy the conditions of Theorem 2. However we need here an extra condition on
the correction s, that is, As is a superharmonic function (nevertheless note that
they use the same correction s(x) = P ”2 as us, and hence this superharmonicity

condition is satisfied as above).

Our method typically applies to estimating a loss given through a function of
the usual quadratic loss. Brandwein and Strawderman (1980, 1991a, b) and Bock
(1985) consider a non-decreasing and concave function ¢ of ||x — 6 I in order to
compare various estimators § of 6. As in the case tackled by Johnstone (1988) and
Fourdrinier and Wells (1995b), it is still of interest to assess the loss of § (X) =
that is, to estimate ¢ (||x — 9||2). When c is non-decreasing, as in Brandwein and
Strawderman (1980, 1991a, b) and also in Bock (1985), we are in the case where
the function yy — c is first positive and then negative; Theorem 2 directly applies
and note that concavity of ¢ plays no role. We illustrate that fact with the following
examples.
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Assume that c(r) = t# with 0 < 8. Consider the Kotz distribution with gener-
ating function

I'(p/2) 1 ~0. (1)

1) = Nut™e ™% with N, =
SO = N 5 W N = S 2 vmy a2 ™ Z

A simple calculation shows that the unbiased estimator yg = E[c(]| X 1] equals

C'(p/2+m+p)
_op N/
=2 C(p/2+m) (12)

It is also clear that Eo[c?(|| X ||2)] < 00 (actually it is easy to check that this finite-
ness condition is obtained for p + 2m + 4 B8 > 0). Conditions on f and c¢ in
Theorem 1 are satisfied since f € CO(R )and ¢ € CO(R ); moreover, due to the

form of f, we have f € S%P/2+<FI(R* ) if and only if sup,ers f (1) < 00, which

is satisfied since m > 0. Then it is clear that f ¢ € S%P/>T¢T!(R*). Finally, the
function ) — c is non-increasing and hence has only one sign change.

As for the moment condition of s, that is Ep[s?] < oo, it is satisfied for
s(x) = le PR since such functions are bounded for » > 0. When b = 0, that

condition reduces to

Ilx — 6> 1 2
”4 exp —§||x—9|| dx < oo.

If 6 # 0, we have to check that, for any R > 0,

1
dx < o0
/ (B
Br

which is satisfied since p > 5. If & = 0, the corresponding condition is

1
—dx < X
/ =27
Br

which imposes p + 2m > 4 and is satisfied since m > 0 and p > 5.
We can now calculate the constant k in Theorem 3. First it is easy to check that
the constant M equals

Lp/2) | (2)" (13)

T T(p/2+m) Qn)P”?

Secondly, through the expression of K given by (5), we show in Lemma 7 (see
Appendix) that Eo[K (| X ||?)] is expressed in terms of hypergeometric functions
and finally that
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2—p/2-2m e\m

T (p-2T(p/2+m) (Z)
X(r(p/2+2m+1)2ﬂ C(p/2+m+ B)

m+1DT(p/2+m)
_T(p/2+2m+ D22 T(p/2+m + p)
C(p/2+m+1)
xoFi(1, p/24+2m~+1; p/2 +m+1,1/2)
_Tp/2 +m2fl+ﬂ T R p2 e am et p lim +2.172)
T(p/2+2m+B+1)
p/2+m

2P (L, p/242m+1m+2,1/2)

2P, p/242m+B+1;p/24+m+1, 1/2)).

This constant k reduces to a simple form when 8 = 1 (that is, we estimate the qua-
dratic loss ||x — 6|%) since it can be shown, through Formula 9.137 8. page 1,044
of Gradshteyn and Ryzhik (1980) witha =0, 8 = p/2+2m+ 1,y =m + 1
and z = 1/2, that

m+D+(p/2+m)F1(1,p/24+2m+1;m+2,1/2)
1
=(p/2+2m+ l)EzFl(l,p/2+2m+2;m +2,1/2).

According to the same formula witho =0, 8 = p/2+2m+ 1,y = p/2+m
and z = 1/2, we have

(p/24+m)y+m+1)2Fi(1,p/24+2m+1;p/24+m+1,1/2)
1
=(p/24+2m+ 1)§2F1(1,p/2+2m+2; p/24+m+1,1/2).

Then, after simplification, we obtain

k= —p-p/22m (i)’” Fp/2+2m+1)
m/  T(p/2+m+1)
xaFi(1, p/2+2m+1; p/2+m+1,1/2).

In particular, form = 1,
k=-2"2"P2¢(p+6) (14)
and, when m goes to 0, by a continuity argument we obtain the Gaussian case with
k=—2'=p/2,

Note that this constant k is much smaller in absolute value than the constant 2
exhibited by Johnstone (1988). So it is interesting to seek a better constant turning
our attention to Theorem 3 in the case where § = 1 and m > 0. It is shown in
Lemma 8 (see Appendix) that, for any ¢ > 0,

o0
t
K(t) = —N,, / y"e /2 dy = —N,, 2! F(m +1, 5) , (15)
t
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where I'(a, x) denotes the incomplete gamma function

@]

I(a,x)= /t“—le—’ dr.
X

It follows that

00 2 00 00
K(t)__f, yme=y/ dy:_/(X)me_(y_,)/zdyz_/(1+E)me_z/2dy
t
0

f@) tme=t/2 t
t
using the change of variable y = z + ¢.
Thus the function ? is non-decreasing and has the same monotonicity as K
(see (15)). Hence Theorem 3 applies with

2
_ g p2tm
p
according to Lemma 8. It is worth noting that Theorem 3 leads exactly to the
constant given by Johnstone (1988) in the Gaussian case.
We pursue comparing the constants k and « for any m. Since K < 0, we know

that k < k < O (see remarks after Theorem 3). More precisely the relative gain
using « instead of k is

(16)

_ ] — k|
9
2-p/2=2m (£)" %zFl(l,p/Z—}—Zm—l—l;p/Z—i—m—}— 1,1/2)
=1- 4 p[2+m :
)4
In particular, form = 1,
ep(p+6)

R e )

and, when m = O (that is the normal case),
T=1-2"77

Note that the gain increases with the dimension p.

Although our results are formally established, we illustrate them through sim-
ulations. Figure 1 yields, for the Kotz distribution (11) withm = 1 and p = 8,
what brings Theorem 3 with respect to Theorem 2, and also, what is lost in using
the upper bounds 8y = Ey[k As + s2] and (Svg = Ep[k As + s2] instead of the
risk difference ¢ = R(yp + 5,0) — R(y0,0). According to (14) and to (16),
k=—2"27r2, (p+6)and x = —% (% + m) respectively, and the correction
s is choosen of the form s(x) =

”x“”z with a = k(p — 4), since this value of a
minimizes

k As(x) +s2(x) = [—2ka(p —4) + a1 |x||"*.
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-0.2 1
-0.4
-0.6 1
08"/

-1 lJ'

Fig. 1 Estimation of ||x — 61> when p = 8 under Kotz distribution with m = 1: risk difference

8¢ (dashes) and its bounds 8y (solid) and 6V9 (crosses) plotted against |6 I (Calculations based
on 1,000,000 simulations)

All quantities &g, 8p and 8V9 are plotted against ||0 |%. Note that the values at
6 = 0 can be easily checked since, from (2), it can be shown that

a a
50:—( —|—4).
p\p—2

Now

_ a a —4
50:[—2ka(P—4)+a2]Eo[||X||_4]:—( —2k L )
p\p—2 p—2

and also

— a a —4
50=[—Luup—4)+aﬁEOMXw4]:-—( —2x ? ).
p\p—2 p—2

For the value of a, k and « mentioned above, with p = 8, we finally obtain

8o =—1.07, 8, =—0.118 anddy = —0.873
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The upper bound 8 is significatively below the upper bound 8y, so that there is a
noticeable improvement in using Theorem 3 instead of Theorem 2. While 8y is far
from &y, it is worth noting that 8p is very close to 8y, indicating that Theorem 3
yields an accurate upper bound for &g.

3.2 Estimating a confidence statement

Another context for estimating a function of the squared norm c(||x — 6 %) is the
confidence statement estimation problem. Consider, for fixed « € [0, 1], the usual
confidence region for the unknown parameter 6 € R? which is given by

Ca(X)=1{0 €RP /X — 0] < cq,

where ¢, is the constant which guarantees that C,(X) has confidence coefficient
1 — «. Robert and Casella (1994) recall the defect of using 1 — o as a report con-
fidence statement for C, (X). They develop, in the normal case, the conditional
approach suggested first by Kiefer (1977) and formalized by Robinson (1979a, b).
Thus they propose, as a confidence procedure, the couple (Cy(X), y (X)) where,
if X = x is observed, y(x) is a reported confidence statement for the set Cy (x).
In this framework, y (x) is an estimate of the indicator function 1¢,(y) and thus
we are reduced to estimate ¢ (|lx — 6 ||2) with ¢ = 1o, (,]- Note that the standard
estimator yp here is yp = 1 — «.

We follow first Robert and Casella (1994) in considering the normal case, that
is, the case where the generating function f is of the form f(z) = (2 ) P2 e71/2,
Note that these authors give only formal proof of an improvement y; = 1 —a + s
(withs(x) = W) over ygp = 1 —« inthe case where 6 is close to 0 and ||0 | is close

to infinity. In the other cases, they show improvement of y; through simulations.
We will see that Theorem 2 applies in this context with a completely specified con-
stant k and gives rise to a formal proof that y; dominates 1 — « for any value of 6.
Actually, Fourdrinier and Lepelletier (2003) yield a theorem, specifically adapted
to the confidence statement estimation problem, which guarantees the domination
of ys over yp through a partial differential inequation k1 As + s> < 0. However,
in addition to the specificity of their theorem, their constant k1 is smaller than the
constant k in (6).

First it is clear that the functions f and c satisfy the assumptions of Theorem
I and that 1 — o — 1o, ¢,] has only one change sign (being first negative and then
positive). Note that the condition Eolc®(|1 X ||2)] < oo is clearly satisfied since
Eolc*(IX1)] = Eole(IX )] = ».

So, according to Theorem 2, any function s € Wl%)’cl RP) N Ci (RP\ B,) (for
some r > 0) such that Eg [s2] < oo and such that its Laplacian As is subharmonic
gives rise to an improved estimator s = 1 — « + s as soon as Inequality (6) is

satisfied. As recalled in Section 2, a typical correction s is s(x) = W Thus, for

such a function, straightforward calculations of the left hand side of Inequality (6)
show that an improvement is guaranteed if 0 < a < 2k (p — 4). According to
Lemma 9 and denoting by y (a, x) the incomplete gamma function
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X

y(a,x) = /t”_l e ! dt,

0

we have

_ 7(p/2.ca) =y (p/2.ca/2) =272 ey (p/2, ca/2)

g (p—2)T(p/2)2r/22

and thus the range of values of a is completely specified. Note that, in the neigh-
borhood of 0 for 8, this range can be wider. Indeed Robert and Casella (1994) show
that, when 6 = 0, y; dominates yg if and only if 0 < a <2 (p —4) (0« — v) where
v satisfies P[)(;f2 < cq]l =1 —v. Therefore k < o — v.

For a Kotz distribution with parameter m (see (11)), improvement of y; is still
valid with the same type of range for the constant a (0 < a < 2k (p — 4)). An
explicit expression of k is more involved. However, for specific values of m, the
corresponding calculation can be made; thus, for m = 1, it can be shown that

P Ay (/24 L) +2y(p/2+2,ca) — (p+6+ 2P/ 72T (2, ¢4 /) y (p/2 + 1, ca/2))
B (p—2) pT(p/2)2r/?

As in Robert and Casella (1994), simulations are made for the normal distri-
bution NV}, (0, I,,); here p = 8 and s is given by s(x) = W witha =k (p — 4).
In Fig. 2, the risk difference §9 = R(1 —a +5,6) — R(1 — «, 0) and its bound
8o = Eglk As + 52] given by Theorem 2 are plotted against ||0 2.

Values at 6 = 0 are, respectively,

a
p—2

8o =

y(p)2—lca/?)  a
(2(1_“)_2 C(p/2—1) +p—4)

and

_ a a —4
«So:[—Zka(p—4>+a2]Eo[||X||—4]=—( —2k L )
p\p—2 p—2

that is, for the value of a and k mentioned above with p = §,
8o = —8.38 x 1072 and 5y = —0.25 x 107>,

Clearly the upper bound 8y is crude. Since Theorem 3 does not apply, an alter-
native would consist in a combination of the two approaches in Theorems 2 and 3,
that is, to find a sub-interval on which K and ? have the same monotonicity and
to bound f on the complementary of this interval.
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Fig. 2 Estimation of a confidence statement when p = 8 under normal distribution: risk differ-
ence 8y (dashes) and its bound 8y (solid) plotted against |0 ||2 (Calculations based on 1,000,000

simulations)

4 Concluding remarks

We have seen that, in the general estimation problem of a function ¢ of a quadratic
function ||x — 62, improvements of the form y; = yp + s on the unbiased estima-
tor yo = Ep[c(|| X || 2)] can be obtained through a unified approach and via solutions
of partial differential inequations of the form k As + s> < 0. This method applies
to various setting (in particular to the confidence statement estimation problem, to
the loss estimation problem (with c(¢#) = t and, more generally, c(t) = # with
B > 0) and to a wide class of sampling distributions (included in the class of the
spherically symmetric distributions). This approach is very efficient in the sense
that, for a few classical estimation problems, such as the confidence statement esti-
mation problem in the normal case, it brings a formal solution. Recall that, for that
problem, Robert and Casella (1994) yield formal proofs in the only cases where
6 = O and ||| in a neighbourhood of infinity while, in the other case, they illustrate
the improvements of y; through simulations.
At first sight, the role of the Laplacian of the correction s is non explicit in the

derivation of the risk calculation of y; (except in the case where c(¢#) = ¢ and we
estimate ||x — 6||? since As appears through repeated uses of Stein’s identity as it
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is shown in Johnstone (1988). However As turns out to be crucial in the solution
of the problem of finding improvements on )y (even in the case where we estimate
a confidence statement with ¢(t) = 1o ¢,1(?)).

Our idea was first to introduce the Laplacian in the risk difference 8y in (2) in
expressing the cross product term as the Laplacian of a function. Then the Lapla-
cian of s can be exhibited through a Green formula type (see Lemma 1). Note that
the conditions we need in using such a formula are quite general (and non standard)
since the conditions on the function ¢ (such as the indicator function) and on the

correction s of the form s(x) = W impose a lack of regularity.

Before giving a few perspectives, note that a possible problem with the im-
proved estimators y; is that they can take values outside the range of the func-
tion c. To avoid such a problem, instead of an estimator y;, the use of y;" =
max{min{supleR+ c(t), ys(x)}, 0} leads to an improved estimator over y; as it can
be shown through straightforward calculations of their loss difference.

Our examples are centered around the Kotz distributions. However numerous
spherically symmetric distributions satisfy the conditions of Theorem 1. Thus it is
easy to show that this is the case for the logistic type distribution with generating

function f(¢) . More generally generating functions f converging fast

e t
enough to infinity are good candidates. It is worth noting that the Student ¢-distribu-
tion with v degrees of freedom is suitable (as soonas v > 2whenc(t) = Ijg.,1(t),
as soon as v > max{4 B, 2 B + 2} when c(r) = 1#).

Other extensions are conceivable. Thus, when a residual vector U is available
(that is, when the density is of the form f (||x — 0|>+ |lu||?)), improved estimation
of 6 is classical [see Brandwein and Strawderman (1991a) and improved estima-
tors of the quadratic function ||x — 6 ||? are given in Fourdrinier and Wells (1995a).
In this context, estimation of a function of the type ¢(|lx — 6> + |lu]|*] used in
Brandwein and Strawderman (1991b) is a natural perspective.

Finally, as it is clear that our improved estimators are not admissible, a natural
question is how to determine Bayesian (formal) estimators y = yg + s where the
corresponding correcting function s satisfies a differential inequality of the type
(6)? We will consider finding prior distributions which lead to such estimators.

Appendix

Most of this appendix is devoted to the properties of the function K defined in (5).
It will be convenient to write K under the form

—1 iy
k()= —> (Hw+ [ Goar). a7
p—2
t
where
; /2—1
_ (2"
H(”—/(t) G(y) dy (18)

0
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and

G(y) = Wo—c() f(y). (19)

Note that H () is perfectly defined for any # > 0 since, through a change of variable
in polar coordinates, it can be easily shown that

L'(p/2) tlfp/g

H() = =5

Eo[(vo — c(I1X — 01) Lio,q(I1 X — 6]H)]

the existence of the last expectation being guaranteed since Eg [c(||X -6 ||2)] <
oo. Note also that, by definition,

Yo =

P2 7

¥y ey f(y)dy
r 2
(p/2) )

and, as f is the generating function of a spherically symmetric distribution,

T oapl2
= 0/ o ) dy
and hence it follows from (19) that

o

/ YW G dy =o. (20)

0

Furthermore H can be extended at 0 by lim;_,o H (t) = 0. Indeed, according to the
assumptions of Theorem 1, |G| = |y — ¢| f is bounded on R* \T by a constant
v > 0 since the functions f and fc belong to S%7/2+1+¢ (R%\T). Then, for any
t >0,

t

v 2v
p/2-1 -
0
and hence lim;_,o H(t) = 0.
In the following, setting T {ti,....tm} C Rj with 1} < -+ < t,, for

any 6 € R”, we denote by 7p UL S /.0 Where S /74 is the sphere {x €
RP/ ||x — 01> = t;} of radius J/1; and centered at 6.

Lemma 2 [fthe functions f and c are continuous (except possibly on T') then the
function H is derivable on R\ T and, for any t € R%\ T, we have

1 p— 2
H () =G() — = H(). (21)
Furthermore the function K is twice derivable on RA\ T and, for anyt € R7\ T,
H(t
K'(t) = aw (22)

2t
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and

GO _ p
2t 412

Finally, for any 6 € RP and any x € RP\ Ty, we have

K'(t) = H(@). (23)

AK (Ix —011%) =2G(lx — 01%). (24)

Proof According to (18), setting, forany y € RY\ 7', g(y) = yP/2=1 G(y) we can
define, for any t € R%, ¢(r) = fol g(y)dy. Then, for fixed z € R*, the function
g. =g lp ;isin L! (R% ) since

Z

o0 Z

_ 2v
/|gz()’)|dy=/|g(y)|dySv/y”/2 lay =20 <o
0 0 0

using the upper bound v of |G|. Therefore the function ¢, defined, for any ¢ €
R, by ¢.(1) = fot g:(y)dy is absolutely continuous and ¢ (1) = g.(t) =
g(®) 1y, ;;(t) a.e. As z has been arbitrarily chosen, we have in fact ¢’'(t) = g()
a.e. (choose t < 7).

Now, the function g being continuous on eachinterval 10, #[, I#1, ©2[,....]th—1,
tn[, the function ¢ is derivable on R%\ T and ¢'(r) = g(t) for any t € R\ T.

Finally, as H(t) = t1-p/2 ¢(t), the usual rules of derivation give the stated expres-
sion of H'(1).
We turn now our attention to the function K. The integral term in (17) satisfies

o0

/G(y)dy S/Iyo—C(y)lf(y)dy
t

t
oo oo

< / yo £ dy + / c(y) F(») dy

t t

<[ ()" wroas [()" e s
t t
<

since Eg[c(]|X — 0|?)] < oo. Thus K is well defined on R% and it is clear from
(17) that K is derivable at any r € R% \ T and

K'(t) = b (H'(1) = G(1)) = G
p—2 2t
according to (21).
Formulas (22) and (21) insure in fact that K is twice derivable and give, for
any t € RY\ T,

20H' ()-2H(1) 201G — LEH®)—2H®) G1) pH®)
412 - 412 T2t 472

K”(t):
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Finally, the calculation of the Laplacian of K (|x — 6|%) can be done as follows.
Let1 <i < pandlet x € RP\ 7y. We have

HK(Ix — 01> =2 (x;i —6) K'(Jlx — 0]?) (25)
and
i K(x — 01 =2K'(Ix —01*) +4 (i —6)* K" (Ix —6]%).  (26)
Using (26), (22) and (23), we obtain
AK(lx =015 =2pK'(Ix —01*) + 4 [x — 011> K"(llx — 0]*)

2pH(lx —601%) G(lx —01*)
= T4l =0
2)x -0 2x — 6|
_4lx =061 pH(lx =61
4lx —o*
=2G(|lx —0|*).

O

We now give conditions for which the function x +— K (||x — 6 1% belongs to
the space S>P+"(R” \ B Roy), for some n > 0 and some Ry > 0, and to the space
W2 (RP). To this end, we recall a few inequalities about the quadratic norm. Let
(x,0) e RP xRPand 1 <i < j < p. We have

2(xi —6) (xj —0)) < |lx — 0|, 27)
(xi —6)> < lx —6]>, (28)
lxi — 6;] < max{|lx —0]%; 1}. (29)

Furthermore, if 2 ||#|| < r and x ¢ B,, then

lxll <2 lx—8]. (30)
Lemma 3 Ifthe functions f and f ¢ belong to S“P/>1%¢(R% \ T) for some € > 0
then
H(1)
sup |——=| < o0
teR} !

and H € S"P/>T€(RY).

Proof By assumption, the functions f and f ¢ are bounded from above by a con-
stant M. Thus, according to (18) and (19), for any ¢ > 0,

t

1

H(1) _
== [ YT = eI f 0 dy
0
t
(vo+ 1) Mo - 2(ro+1 Mo
- p/2 ¥y =
t p

0
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which gives the first result.
For 0 <r < £ + ¢, note that, if 0 <7 <, Vv 1, then

" |H([)| — l,r-‘rl |Ht(t)| < (tm V. 1)[7/2+6+1 %
p

2(po+1) My

Now assume that 7 > f,, 1. Since the functions f and f ¢ belong to §O-7/2+1+¢

(Ri\ T), there exists a constant M such that, forany y > ¢, vV 1,

YT £(y)y < My, PRI F(y)e(y) < My
and hence
YPPHHIGO)] < (o + 1) My.

Now note that, according to (18) and (20), we have

o0

H() = / (2)" e

t

Hence

A

7 /21
ol = [(2)"7 6o

t

IA

o0
(Yo+ 1) M, trH_”/z/y_z_e dy
t

_ wt+ DM r—pl2—e
l1+¢€ '

(3D

where (31) was used in the second inequality. Ast > 1l and 0 < r < % + €, it

follows that

(o + 1) M,

t"H@®)| <
| ®)] =< T

which gives the fact that H € S%P/2+¢(RY).

]

Lemma 4 Assume that the functions f and fc belong to S%P/2+1+¢ (RI\T) for
some € > 0 and that the function yy — c has only one sign change. If yo — c is
first negative and then positive (respectively first positive and then negative) then
the function K is non-negative and non-increasing (respectively non-positive and

non-decreasing).
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Proof First note that the function H defined in (18) is such that lim;, o, H(t) =0
since, according to Lemma 3, we have H € §0.p/2+e (Jt V1 ; 00l) for some € > 0.
Furthermore, as f € SOP/2TIH¢(R%\ T) and f ¢ € SOP/2+1F€(R* \ T), for any
B < p/2+ 1+ €, the function y# |G(y)| is bounded from above. In particu-
lar, for B = 1 + €, there exists a constant M> > 0 such that, for any y > 0,
y!*€|G(y)| < M. Thus we have

o0 o0
G(y)d g
() dy| <M, ST v=—o

t t

Consequently, according to (17), we obtain
lim K (1) = 0.
[—00

Now assume, for example, that there exists yg > 0 such that yy — c¢(y) < 0 for
y < yp and yp — c(y) > 0 for y > yg. Then it is clear according to (18) that, for
t < yo, H(t) <0. When t > yg, we can write

.

t
no=[ (0" emar+ [ (1) sma

0 Yo
T oyyp-1 T (y\p/2-t

= [ ()" emar+ [ (3)" 6w
0 Yo

—0

by (20).

Thus the function H is non-positive and hence, according to Lemma 2, we have
K’ < 0. Finally the function K is non-increasing and vanishes at infinity; therefore
K is non-negative.

The case where the function yg — c is first positive and then negative can be
treated similarly. O

Lemma 5 Assume that the functions f and fc belong to S®P/*T1T¢(R* \ T) for
some € > 0. For any fixed 8 € R” and for Ry = max{2; 2|0||; 2 /tm}, the
function x > K (||x — 6|?) belongs to S*PT2¢(RP \ Bg,).

Proof Let0 < B < p + 2¢. The first step consists in showing that
sup {[xlI” [K (Ilx — 017} < oo. (32)
Ro

x¢B
According to (30), as Ro > 2 ||0]|, it suffices to show that

sup {llx —61° [K(lx — 61|} < oc. (33)

)C¢BRO
Now, for any x ¢ Bp,, we have

R
||x—9||>@>703@v1. (34)
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Thus
sup {lx =017 IK(lx —01P)1} < sup {# |K()]}
x¢BR, t>/tnV1
and to obtain (33) it suffices to show that

sup {t" |K(@®)|} < o0 (35)

t>t, V1

forO<r <p/2+e.
Fix ¢t > t,, v I and consider the integral term intervening in the expression of
K (t) givenin (17). Note that, as f and fc belong to S%P/>T1T¢ (R \ T), itis clear

from (19) that G € S*P/>1+¢(R* \ T) and hence there exists a constant i such
that, forany y € RY\ T,

1G(y)| yP/*H1Te < .

Then

[o.¢] oo

3 L Mtrfp/Zfe m
r G d < tr/ p/2—1 €dy = <
/ Mdy|=u y Y= hte S p2te

t t
since r < p/2+ € andt > 1. Hence, coming back to (17), we have

o0

sup |t K(t)|<;2 sup |[t"H(t)|+ sup t’/G(y)dy < 00

t>tyVv1 t>1Vity t>1Vvty,

according to Lemma 3. This gives (35) and finally (32) is satisfied.
As a second step, we need to show that, for | <i < p,

sup {Ilx[1? [8; K (IIx — 011")]} < oo. (36)

X¢BR,

Fix 1 <i < pand x ¢ Bp,. According successively to (25), (29), (34) and (30),
we have

1P 3 K (lx = 01| = 1x11P 2] (i — 6:) K'(llx — 01|
< 2|x)1? max {1; lx — 01} |K'(Ix — 0|
<2|x1?Ix =017 |K'(lx — 017
< 2P x — 012K (Ix — 0117 . 37

Therefore, using again (34), it suffices to show that

sup {tP/2TN K (1))} < o0 (38)

t>1Vt,

which is easily checked according to the expression of K’ in (22) and the fact that
H e 8%P/2*€()t,, v 1; o0[) (see Lemma 3).
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Finally we turn our attention to the second derivatives of K. Fix 1 <i,j < p
and x ¢ Bg,. Fori # j, we have

3K (Ilx —011*) =4 (x; —6) (x; —0) K"(Ilx — 6% 39)
so that, according to (27) and (30),
(1P 8 K (Ilx — 011%) < 28F 1 |1x —0)1P T2 |K"(IIx — 011 (40)
Therefore, using (34) and the expression of K” given in (23) we obtain

sup {Ilx 117 |3 K (lx — 017}

x&Bp,
<2 aup Itﬂ/2+1 SO P g ]
t>1Vity, 2t 412
<28 sup |PPPGW0)|+ p2F" sup 1PV H@)). (41)
t>1Vty t>1Vity

Aspreviously noticed, G € SOP/2*1+¢(R* \ T) andhence G € S*P/>T¢(R* \ T).
Furthermore, according to Lemma 3, H € S§0.p/2+e (Ri\ T), and hence the right
hand side of Inequality (41) is finite.

Fori = j, we need to show that

sup {llx[1? |3 K (Jlx — 61H)]} < oc. (42)

X¢BRO

According to (26), it suffices that

sup {lIxI? [2K'(IIx — 011))]} < o0 (43)
x¢BR,
and
sup {lIx[1? 4 x; — 6> K" (|x — 0117} < oo. (44)
X¢BR0

Using (30) and (34), we have
sup {lIlxI” 2K'(IIx — 01H)|} = sup {28 Ix —011P 2K’ (IIx — 0111}

X¢BRO X BRO
< sup {27 x — 01T K (Ix — 611}
x¢3R0
< 2P+ sup [P K ()]} (45)
t>1Vt,

We already showed in (38) that the last term in (45) is finite and hence (43) is
satisfied. Now it is clear from Inequalities (28) and (30) that, for obtaining (44),
it suffices to show that the upper bound, on the complement of Bg,, of the right
hand side of Inequality (40) is finite. This has been already treated above where
we proved that the right hand side of (41) is finite.

The finiteness of the left hand side of (40) in addition to (32), (36) and (42)
give, finally, that the function x > K (|lx — 6|/?) belongs to S>P+2¢(RP\ Bg,),
which is the desired result. O
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Lemma 6 Assume the functions f and f c¢ belong to S%P/>+1+e (REN\T) for

some € > 0. For any fixed 0 € RP the function x — K(||x — 011%) belongs to
W22 (RP).

Proof First, Lemma 5 insures that, for some € > 0, the functionx — K (||x — 6]%)
belongs to S P12 (RP \ Bg, ) ; hence it belongs to §2.0 (R? \ B, ) and, finally,
to W2 (R \ Bg, ). Therefore it suffices to show that it belongs to W*>°(Bg)
for R > Ry.

Fix R > Ry. The goal is to show that

sup K (lx —0|1")] < o0 (46)
XEBR ; x#0
and, for 1 < i, j < p, that
sup [y K(lx —0]H)] < o0 (47)

xe€Br\Tp ; x#0
and

sup |3 K (Ilx — 0]1*)| < o0. (48)
xeBp\Tp: x#0

As, for any x € Br\{0},

H(llx —61%)
|H(lx = 01P)] < (R+1161)* %
llx — 0]l
we have
H(lx —01%
sup  |H(Ilx — 0P| < (R+16]D* sup [HAlx = 01%)] 5 |
xeBr\{0) xeBr\o}  llx =0l

according to Lemma 3. Now, as G € S%-P/2+1+¢ (R%\T) (see the proof of Lemma
5), there exists M3 > 0 such that, for any y € R} \ T,

G| < M3, |y G| < Ms.

Then
o) 1 00
/ G(y)dy S/IG(y)Idy+/|G(y)Idy
lx—61 0 1

3

M3 1
< M3+ y—dy=M3(1+g)

Hence it follows from (17) that (46) is satisfied.
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As for (47), we can write

sup  |giK(lx—01H| = sup |2 —6) K (IIx — 0|7
xeBR\Tp ; x#6 xeBr\Tp ; x#0
H(t)
< (R+1161) sup —
O<t<(R+102;teT | 1

< 0

according to (22) and Lemma 3.
Now consider (48). For i = j, we have, according to (22) and (23),
sup [ K (Ix — 6]
x€Br\Tp ; x#0

= sup  2K'(lx =01 +40(; —0)* K" (Ix — 0[]
x€Br\Ty ; x#0

< sup 2K'(Jx —01H) +4lx — 0P K (|lx — 0|7
x€Br\Ty ; x#0

sup HO 56y - PHO

0<t<(R+[01)*: 1¢T
< 00 (49)
according to Lemma 3 and since G € SP/>+1+¢ (RE\T). Fori # j, according to
(39) and (27), we can write

sup |3 K (Ix —01)]
xeBr\7p ; x#0

= sup |40 —0) (x; —0;) K" (Ilx — 01|
x€BR\Ty ; x#0

< sup [2lx—01PK"(Ix — 61|
x€BR\Ty ; x#0

IA

p H()
< sup
0<t<(R+]61)%: 1¢T 21
<00 (50)

by similar arguments to these used for (49).

Finally we have shown that the function x — K(||x — 6)1?) and its partial
derivatives are essentially bounded; it remains to prove that it is a twice weakly
differentiable function.

First we show that its first partial derivatives exist at 6 and on 7y (see Lemma
2).Fix1<i < p.Forany y = (y1, ..., ¥p) € R? and for any & € R, we denote
by i the vector y; , = (y1,...,Yi—1,Yi + h, Yix1,...,¥p). Then, for h # 0,
we have

K(16:.n = 611*) — K(0) ’K(hz)—K(O)‘
h

G@) —

h =
oo

o0
1 |HH®Y 1

1
— — dy — — d
2| +h/G(y)y h/G(y)y
0 0
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by definition of K and reminding that H (0) = 0. Now, using the upper bound v of
|G|, we have

h? h?
1 y )P/2—1 v / 2 2v |h|
<— [ (= G(y)|dy < PPl gy = .
< |h|/(h2 GOy < ooy [P ay =
0 0

‘H(fﬂ)
h

Hence

‘K<||9,»,h—9||2>—1<(0) B

h2
i/

< +— [ IG(Idy
h p—2 p ] /

A
S| e
=
o=
/4SS
<N
+
—_
N—

and finally

K(16;n — 01I*) — K(0)

lim
h

h—0

-

which proves that the i-th partial derivative of x — K (||x — 6 %) at 6 exists and
equals 0.
As for its continuity, we have, according to (22),

. . H(|lx —6|*)
1 2(x; —6;) K’ —91H =1 2(x; — ) ——————==
xl_Izlel (x; ;) K'(|lx 1)1 xl—>In€ ‘ (x; i) 2(x — 9”2

< sup |[——| lim |x; — 6;] =0
reR% t x—0

where Lemma 3 insures the finiteness of the above supremum.
We have already seen, in Lemma 2, that the function x +— K (||]x — 6 %) has a

ith partial derivative at x € R”\(Zg U {#}) which equals (x; — 6;) M. We

(Ix=61*)
now show its existence on 7y as well with the same expression.
Fix a point x € 7y such that ||x — 0> = . According to (17), we have

K(llxin —011%) — K(lx — 011*)
H(llxi =017 = H(lx = 01) + [7%, o2 GOy = [[¥ 52 G dy
p—2
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Now, through (18), we can write

H(llxin — 017

N2
s
- s o2 SO Y

llx—61> llxi.n —0112

yl’/2—1
— = G(y)dy + / S E—
(B lxi0 — 01172

ypI2=1
G(y)dy

lx—01%
llxi.n—01?
H(llx — 011> +

Ix—61*

yp/2—l

lxin — 61772

Ix — 61172
= G(y)dy.
lxip — 611772

Hence
K(lxin —011*) — K(llx — 61*)
— -2 ih— 2 p/2—1
(s — 1) Hax — o) + 7 (2= — 1) GO dy

~ \lxip—01772 x=61>  \llxin—=017">

p—2

Then we can write

(x; —6;)

K (Ilxi = 01 — K (lx = 011%) H(llx = 011%)
: - ———| < A(h) + B(h
‘ - g | =AW+ B,

where

llxi.n =012
A(h) = L
-3

yp/Zfl

—
llxi,n — 0117

1) G(y)dy

S| =

Ix—61

and

—_ 912 _p|p-2 P
B(h)ZIH(le Al )I‘%<||Ix o L4 (p—2)h x; —0; ) .

|xin — 611772 Ix — 6112

Reminding that the function |G| is bounded by v, we can bound from above A (h)
as follows: in the case where ||[x — 6 < ||x; , — 0], it is easy to check that

. llxi.n—012 | 9”1772
v X —
A(h) < —— — / ——l‘dy
p—21hl L xin — 01772
lx—=oll
v lx—er ‘ llxin — 611> = llx — 611>
T =2 [llxip—017? h ’
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the other case ||[x — @] > |lx;, — 6] can be treated in the same way. Note that
the limit of the right hand side of this last inequality, when /4 tends to 0, exists and
equals O since

lx —6)7~2

— —1|=0
h=0|lx; p — 0117~

and since
o1
Jim — (Ilxin = 017 = lx = 01%) =2 (xi = 6).
As for the limit of B(h), it relies on

0;

llx — 6]]P~2 L (p— 2 i
— S =1 =(p = - 7
llxin — 011772 Ix — 61

+ e =017 o(h?)
and gives
lim B(h) = 0.
Nim B(h)
Finally we have shown that

i K(llxin — 01I*) — K(llx — 01*)
1m —
h—0 h

H(llx = 01%)| _

xi — 0
( l l) ”x _9”2

which implies that the ith partial derivative of x > K (||]x — 6 1?) exists on Ty and
H(|x=6]*)
=61
To prove the continuity of this derivative, it suffices to show that the function
H is continuous at #. Using the fact that |G| < v on R} \ T and according to (18),
we have

|H (1 +h) — H(t)|
tx+h

yo\P2 ”‘ y\ P2
- / (tk+h) G(y)dy—/(g) G(y) dy
0 0
73
- y\P2! n \P2!
= /G(”(E) ((tk+h) —H)e
0

tc+h

y p/2—-1
T ) e

Tk

2v tk p/2=1
()
p tk+h

lim |H (t; + h) — H(t)| = 0
h—0

equals (x; — 6;)

p/2

Iy + |t +h —

).

(tx + h)P/>1
Then
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and the partial derivative of the function x — K (||x — 6||%) is continuous on
R?, consequently this function is continuously differentiable, and hence weakly
differentiable.

To prove that the function u# : x — 9;K(J]lx — 6 12) is weakly differentiable,
it is convenient to use the sufficient condition given by Morrey (1966) page 63,
that is, u € L°°(RP?), u is absolutely continuous in each variable for almost all
values of the other variables and its first partial derivatives are in L°°(R”). The
fact that u and its first partial derivatives belong to L°°(R?) follows from (47) and
(48), respectively. As for the absolute continuity part, we have, since |0;u(x)] is
symmetric with respect to 6,

o0 o0
/ |0ju(x)|dx; =2/|8ju(x)|dxj-
—00 6‘]'

0;+Ro o0
=2 / |aju(x)|dxj+2/ |0ju(x)|dx;
9j 9.,'+R()

with Ry = max{2; 2 |0|; 2 \/t} (see Lemma 5). Now

0;+Ro
|0ju(x)|dx; < oo

0;
according to (49) and (50) and

oo [o,]

My
/}Bju(x)|dxj< / dej<oo

X —
0;+Ro 0;+Ro

since, according to Lemma 5, for some constant M4 and forx ¢ Bg, ||[x — 0 %19 i

u(x)| < My. Therefore we have proved that the function x; — d;u(x)isin L L(R);
it follows that

Xi
X > / dju(x)dx; =u(x) a.e.
—0o0
is absolutely continuous. Finally u € W1 (RP) and hence the function x >
K (||x — 0]1*) belongs to W>®(RP). o
In the case where the sampling distribution is specified as a Kotz distribu-

tion, the constant k = % Eo[K (| X ||2)] defined in Theorem 2 can be completely
determined.
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Lemma 7 Suppose that X has a Kotz distribution as in (11) and that ¢ is a
polynomial function of the form c(t) = tP with B > 0. Then the constant k =
% Ey [K(||X||2)] can be expressed as

9—p/2-2m e\m
(p—z)r(p/2+m)(_)
5 (F(p/2+2m+ D28 T(p/2+m + B)
m+1)TC(p/24+m)
X2 F1(1, p/2+2m+1;m+2,1/2)
_r(p/2+2m+1)2ﬂr(p/2+m+ﬁ)
C(p/2+m+1)
xoF1 (1, p/2+2m+1;p/24+m+1,1/2)
T'(p/2+2 1
T/ +mj:1+ﬂ+ ) SR (L p/2+2m 4+ 1im+2.1/2)
T(p/2+2m+B+1)
p/2+m

x2F\(1, p/2+2m+ B+ 1 p/2+m+1, 1/2)).

k =

Proof According to (11) and the expression of the function K given by (5), we

have
EolK (IIX|1)]
o0
=/ 270" ot
) I'(p/2) p—2

o0
p/2—1 ‘
” / [(l) - 1} (Yo — ¥P) Ny y™ e™/2 dy N,y r2m e 2dr

72
2

_ 27PN
C(p/2) p—2

00 00
// ( p/2+m71 efy/Z — % ym efy/Z
0

2

p/2+m+B—1
_er e—y/2 + ym+,3 e—y/2) dy rp+2m—1 e—r2/2 dr

which equals, through the substitution ¢ = y/2,
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4P/2 N2
C(p/2) p—2

o0
2 2
N spp2im—1 - P Y om -
X/|:r1’22 F(2 +m, 2) Y02 F(m—i—l, 2)
0

2p/24m+p—1
e p(
rp—2

2 2
p r — r
= , = 2 r 1, —
2—|—m—i—,8 2)+ (m—i—ﬁ-i— 2):|

2
xpPT2m=le=r"/2 qp,

Then with the change of variable % = t, the expectation Eo[ K (|| X ||2)] equals

2p/2+m+lnp/2 N’%l
L'(p/2) p-2

0
X / vo 2" ™ F(g +m, t) e — 2" PP P+ 1,1) e
0
_omHBym p (§+m +B. z) e 42t P/ 24m =1 (L B L f) e dr.

Finally, according to (11), (12), (13) and Formula 6.4551. page 663 of Gradshteyn
and Ryzhik (1980), we have the desired result. O

Kx1»

As for the constant xk = Ep[ FAX1P)

] defined in Theorem 3, we have the fol-
lowing lemma.

Lemma 8 Suppose that X has a Kotz distribution as in (11) and that c(t) = t.

— K(X[
T =Eo|—=5
hen the constant k 0 [f(HXHz)

] can be expressed as
_ gy b2tm
p
Proof As B equals 1 and according to (12), we have yy = p + 2 m. Expanding the
expression of K given in (5), we obtain

00 )
N p+ 2m p/2+m—1 —y/2 1 p/2+m —y/2
ko = p—2 \ /2~ /y e Tdy - tl’/2—‘t g ©d

o0

o0
—(p+2m)/y’”e’”2dy+/y’"“e’y/zdy
t

t
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Through an integration by parts (u = e~*/?) in the second and in the fourth integral,
the function K equals

o o
N, , :
K(t) = p—_”’z —(p+2m)/yme—>/2dy+(2m+2)/yme—)/2dy
t t

o0
= _Nm/ym e/ dy
t
m—+1 !
According to the definition of « and to that expression of K, we have
o0 o0
2 P/2 2 g P/2 2
i /K(rz)rpfldrz— il NmZmH/l"(m—i-l,%) P ar.,

Kz:F(p/z)o T(p/2)

Finally, through the substitution 7> = z and according to (11) and to Formula
6.4551. page 663 of Gradshteyn and Ryzhik (1980) with u = %, B=0,v=m+1

and ¢ = %, we obtain

P/? mit 1 T(p/2+m+1)

KZ_F(p/Z)N'”Z it 5 ozt 2Bl p/2+m+ 1 p/2 4 1:0)
5(2)
2
_ 4 p2tm
p

O

The next lemma is devoted to the confidence statement problem in the normal
case.

Lemma 9 Suppose that X has a Gaussian distribution N,(0, I,) and that ¢(t) =
1. ¢, 1(t). Define, for any t > 0,

_ r/2
Ki(t) = -« ( 2 F(B, i) _ 2e—'/2)
(p—2)@mP/2 \ep/271 -\ 272

1
(p —2)Q2m)Pr?

2r/2 t 2r/? ,
x (,pm F(% 5) — o (55 ) v - 26_’/2) :

Then the function K defined in (5) verifies

and

K> (1) =

K(1) = K1(t) — K2(1)  ift <cq.
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and
K@) =K((t) ift>cq.
Furthermore the constant k can be expressed as

_ Y(p/2.¢c0) =y (p/2.ca/2) = 2P17 e @2y (p)2, ¢y /2)
B (p —2)T(p/2)2r/2-2 '

k

Proof 1f c is the indicator function Ijg. ], then yp equals 1 — & and, according to
the expression of K given in (5), we have

BTN /2
k=50 [(G) 1) 0 oo g

The indicator function leads to separate the two cases t > ¢4 and t < ¢4. When
t > co we have

]

K(f)= ———=~ /(—) e/ dy—/e 2ay | = K1)
— /2
w-ven? |\ \i

t

through the change of variable z = % Now it is clear that, when ¢ < ¢,, we have

ok e s

1) = t) — —— — _— — _—

() 1() p_2 /(l) (27_[)17/2 y /(27_[)1)/2 Yy
t

t
= K1(r) — Ka(7)

through the same change of variable.
This expression of K allows us to evaluate the constant k = % Eo[K (| X ||2)].

Note that, in the normal case, M = W The expectation of the function K

equals
EolK (IX|*)]
o p/2 —r2/2
:/ 2n P~V K(r?) ° 5 dr
I'(p/2) QP!
ﬂznp/z p—1 2 2, €7 d
_b/l"(p/Z)r (K1(r7) — Ka(r ))W r

o0
2Pl /2
+/ T K () s dr
L(p/2) @m?

(- h—-(0-—a)b-B+l4—I5+1
B (p—2)mP/2T(p/2)2r~!

: D
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where
& 2
:/Zp/zrl‘(g,%) e "2 dr,
0
o0
12=2/rp_1e_’2drzr(§),
0
Vea 5
I3=2”/2/r1"(§,%) e /2 dr,
0
N
14:21’/2/rF(£ C—a) e dr = 21’/2F(p Ca) (1 —eca/?)
2’2 22 ’
0

Is = 2eco? / L2 4, _ op/2 —ca/zy(ﬂ,c_‘x)
22
0

and
JCa

Ig =2 rp_le_rzdr:y(g,ca).

o

Now [} and I3 can be reexpressed. First, using the change of variable z = ; and
according to 6.451 2. p 662 of Gradshteyn and Ryzhik (1980), we have

o0
2
— [ op/2 P T2y — P2 _
_/2 rF(2,2) dr r()(z 1.
0

As for I3, using the change of variable z = é, by definition of the incomplete
gamma function and by Fubini theorem, we have

VCa
r2 2
I3=2”/2/rr‘ E,— e " 2dr
2 2
La/ZOO
—2p/2//tp/2 le'dre ?dz

z
tNCq /2

0
o0
/t”/z Le—t / e *dzde

0
e (B) -y (a) ~2reerr(2 )
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In order to complete the last expression in (51), note that

) T o ppl2 - , e
1 —a =1y = Eplc(]| X ]:/—r_]l-ar ——=dr.
Y0 = Eole(IXIP) [ Tom" o %)
Then, using the change of variable 7 = %, we obtain
2,¢q/2
l—a= M (52)
I'(p/2)

Finally, according to (51) and (52) and after simplifications, we obtain the desired
expression of constant k. O

Acknowledgements The authors express their gratitude to two referees for a careful reading of
the original manuscript and for their suggestions.

References

Blouza, A., Fourdrinier, D., Lepelletier, P. (2006). A Green’s formula in a weak framework: an
application in statistics. Technical report, UMR 6085, Université de Rouen, France.

Bock, M. E. (1985). Minimax estimators that shift towards a hypersphere for location vectors of
spherically symmetric distributions. Journal of Multivariate Analysis, 17, 127-147.

Brandwein, A. C., Strawderman, W. E. (1980). Minimax estimation of location parameters for
spherically symmetric distributions with concave loss. Annals of Statistics, 8, 279-284.

Brandwein, A. C., Strawderman, W. E. (1991a). Generalizations of James—Stein estimators under
spherical Symmetry. Annals of Statistics, 19(3), 1639-1650.

Brandwein, A. C., Strawderman, W. E. (1991b). Improved estimates of location in the presence
of unknown scale. Journal of Multivariate Analysis, 39, 305-314.

Doob, J.L. (1984). Classical potential theory and its probabilistic counterpart. Berlin Heidelberg
New York: Springer.

Fourdrinier, D., Lepelletier, P. (2003). Estimation améliorée d’un degré de confiance conditionnel.
Comptes Rendus de I’Académie des Sciences, Paris, Ser. 1 337, 749-752.

Fourdrinier, D., Wells, M. T. (1995a). Estimation of a loss function for spherically symmetric
distributions in the General Linear Model. Annals of Statistics, 23(2), 571-592.

Fourdrinier, D., Wells, M. T. (1995b). Loss estimation for spherically symmetric distributions.
Journal of Multivariate Analysis, 53(2), 311-331.

Gradshteyn, I. S., Ryzhik, I. M. (1980). table of integrals, series, and products. London: Aca-
demic.

Johnstone, 1. (1988). On admissibility of some unbiased estimates of loss. In S. S. Gupta, J. O.
Berger (Ed.) Statistical decision theory and related topics IV, 1, (pp. 361-380). Berlin Heidel-
berg New York: Springer.

Kiefer, J. (1977). Conditional confindence statements and estimators (with discussions). Journal
of American Statistical Association, 72, 789-827.

Lu, K., Berger, J. O. (1989). Estimated confidence procedures for multivariate normal means.
Journal of Statistical Planning and Inference, 23, 1-19.

Morrey, Jr. C. B. (1966). Multiple integrals in the calculus of variations. Berlin Heildelberg New
York: Springer.

Robert, C., Casella, G. (1994). Improved confidence estimators for the usual multivariate normal
confidence set. In S. S. Gupta, J. O. Berger (Ed.) Statistical Decision Theory and Related Topics
V, (pp. 351-368). Berlin Heidelberg New York: Springer.

Robinson, G. K. (1979a). Conditional properties of statistical procedures. Annals of Statistics,
7(4), 742-755.

Robinson, G. K. (1979b). Conditional properties of statistical procedures. Annals of Statistics,
7(4), 756-771.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


