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Abstract This paper is devoted to nonparametric estimation, through the £;-risk,
of a regression function based on observations with spherically symmetric errors,
which are dependent random variables (except in the normal case). We apply a
model selection approach using improved estimates. In a nonasymptotic setting,
an upper bound for the risk is obtained (oracle inequality). Moreover asymptotic
properties are given, such as upper and lower bounds for the risk, which provide
optimal rate of convergence for penalized estimators.
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1 Introduction

The paper deals with nonparametric estimation of a regression function under
observations with dependent errors. More specifically, we consider the model

Y=S5+¢ (1)
with
Y=, ..., %), S=(Sx),...,Sx,)) and &= (&,...,&),
where S : [0, 1] — R is some unknown function, {x, ..., x,} is the partition of

the interval [0, 1], such that x; = i /n, and & is a vector of dependent errors whose
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distribution will be specified below (here the notation ’ holds for transposition).
The aim is to estimate the function S based on the vector of observations Y.

Numerous papers are devoted to this problem with i.i.d. errors &1, ..., &,. See,
for example, Donoho et al. (1995), Efroimovich (1999) and Nemirovski (2000).In
this context, various properties have been studied such as, asymptotic minimaxity,
adaptive estimation etc. In fact, in practical regression problems, the observations
are more often dependent. A broad statistical review of long-range dependence
has been given by Beran (1992) with discussions and references. In particular,
Dahlhaus (1995) studies this problem for long-range dependent linear models. In
a nonparametric setting, Hall and Hart (1990) and Csorgo and Mielniczuk (1995)
have investigated the asymptotic properties of the kernel estimate.

Fourdrinier and Wells (1994) considered the model (1) for linear function with
dependent observations, more specifically under spherically symmetric distribu-
tions. They address the selection problem of significant predictors of the linear
function through a decision theory approach based on quadratic loss estimation.

In this paper, we consider the spherically symmetric model (1) proposed in
Fourdrinier and Strawderman (1994) and Fourdrinier and Wells (1994) in a para-
metric estimation context. More specifically, we assume that £ has a density of the
form g(| - |1%) for some nonegative function g. This class of densities gives rise to a
natural extension of normal distributions which lead to dependent components &;.
Actually the only case where the (&;) are independent is when g(t) ~ e’ / 2"2, that
is, when the distribution of & is normal N'(0, 2 I) where [ is the identity matrix.

General distributions of current use belong to this class. This is the case with
the multivariate Student’s distribution with v degrees of freedom for which g(¢) ~

4 . e . .
(1+1¢/ v)_vT. It is worth noting that this distribution can be viewed as a variance
mixture of normal distributions, that is,

1
gt)=E——e ", )
Q2r )2
where the mixing random variable © has the inverse gamma distribution ZG (5 , 3)
(see Kariya and Sinha (1993)). Another example (which is not a variance mixture
of normal distributions) is the Kotz distribution with

F(n/2) l‘q e_l/2o,2

T2 (202)1/2+4T (n/2 + q) ’ ®)

gt) =

for some real number ¢ such as ¢ > —n/2 (see Fang et al. 1989). Introduced by
Kotz (1975), this distribution was found to be useful in constructing models in
which the usual normality assumption is not applicable. Note that the case ¢ = 0
corresponds to the normal case mentioned above.

As a last example, quoted by Berger (1975) (who gives an extensive class of
spherically symmetric distributions), the function

o= (@ +h)

—(]+e—(at+ﬁ))2 a>0, BeR “4)

gr) ~

leads to a logistic type distribution.
Under this spherical distributional context, our main goal is to tackle the non-
parametric estimation problem of S through the £>-norm in a non-asymptotic
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setting. We make use of the model selection method (see, for example, Gunst and
Mason 1980) developed by Barron et al. (1999) in the non-parametric case. In this
last paper, the authors construct the model selection procedure in the particular case
where the model (1) is gaussian. They give a non-asymptotic upper bound for the
quadratic risk (oracle inequality), i.e. the main term in this bound is the infimum,
under all the models, of the sum of the approximate term and the penalization term.

Note that the model selection procedure proposed by Barron, Birge and Massart
(1999) is based on the least squares estimator. It is well known, since the founding
of Stein (1956), that the least squares estimator is not optimal in the entire class of
the estimators. Indeed, in the gaussian case, James and Stein (1961) constructed
improved estimators with quadratic risk less than the least squares estimator. Four-
drinier and Strawderman (1996) compared these various improved estimators for
the general linear spherically symmetric regression model.

In this paper, we construct a general model selection procedure based on any
general parametric estimator (non necessarily the least square estimator) under
spherically symmetric distributions in the model (1), for which we obtain an oracle
inequality (Theorem 1). Then we adapt the improved estimates from Fourdrinier
and Strawderman (1996) and Fourdrinier and Wells (1994) to this model (Theo-
rems 2, 3) and we construct the model selection procedure applying the improved
estimates. For this procedure, we specify an oracle inequality as well (Theorem 4).

Moreover, we also study asymptotic properties of the model selection proce-
dures. We find asymptotic upper and lower bounds for the minimax usual risk
and the adaptive risk which provide the optimal convergence rate of the proposed
procedures.

The paper is organised as follows. In Sect. 2, we describe the model selection
method for which we obtain a non-asymptotical upper bound for the £;-risk. In
Sect. 3, we illustrate the model in using improved estimation method. Sect. 4 yields
the upper bound for the asymptotical minimax risk of the penalized estimator in
case of known smoothness and Sect. 5 is devoted to a lower bound for the £,-risk.
In Sect. 6, we consider the adaptive estimation problem for the model (1). In Sect. 7,
we give some general conclusions. Finally, Sect. 8 is an appendix which contains
some technical results.

2 Penalization method

We consider the non-parametric regression estimation problem for the model (1).
We suppose that the vector & has a spherically symmetric distribution with density
g(l - ||2) in R, where || - || is the euclidean norm and g is some positive function.
Futhermore we assume that this distribution satisfies the following condition

‘H1) there exist two known constants g > 0 and (11 > 0 and there exists
M* > 0 such that

k

sup [P (D &7 >b)| —pok | <lnM*—pyb (5)
1<k<n =1

forany b > 0.
In Appendices 8.1, 8.2, we show that, for any variance mixture of normal distri-
butions as (2) such that the mixing random variable ¢ is bounded from above by a
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known positive constant o *, we have g = —0.5 In(1 —2106%),0 < u; < 1/20*
and M* = 1. We also show that, for any Kotz’s distribution as (3) with variance
parameter o> bounded by a known constant o*, we have ;1o = —0.5 In(1—2u10*),
0<puy <1/20* and M* = e24 10 Moreover, in Remark 1, we give a method for
choosing w1 (and hence ) in an optimal way.

Let £,[ X, 1/n] be the Hilbert space of functionson X' = {xy, ..., x,} with the
scalar product (¢, u), = n! Z:'l:l t; u;, where t and u are functions on X’ defined
by t; = t(x;) and u; = u(x;) for 1 <i < n. In the following, we fix a system of
orthonormalized functions ¢, ..., ¢, in Lo[X, 1/n], i.e. (¢i, ;) =0,if i # j
and [|i 1|5 = (¢i, ¢i)n = 1.

Givenaclass M, of subsetsof {1, ..., n}, weconsidera family (D,, , m € M,)
of linear subspaces of R". For any m € M, the space D,, can be written as
Dy ={teR" :t= Zjem ajp;,a; € R} and we denote by dj, its dimension
(d, = dim Dy,). In this setting, Barron et al. (1999) construct a model selection
procedure based on the least squares estimators, that is, on the estimators S‘m, which
are minimizers with respect to t € D,, of the distance ||Y — ¢||,, or, equivalently,
of the empirical contrast

yu(t) = 1112 = 2(Y, 1), - (6)

In contrast to the Barron—Birgé—Massart procedure, we construct a model selection

procedure based on a general family of estimators S, of S, i.e. the S,,’s are any
mesurable functions of the observations Y taking their values in D,,. Through a
family of prior weights {l,,, , m € M,, : [,, > 1} such that

loo = sup Z e mdn < o0, (7
nxl meM,
we choose the penality term P, (m) of the form

4(M0 + lm)dm
win

Py(m) = (8)

and denote
i = argmin,, . vq {Va (Sm) + Pa(m)}, ©)

where y, (S‘m) + P,(m) is the penalized empirical contrast. For the least squares
estimators, we use

= argmin,, ¢ g, (Va(Sm) + Pa(m)}. (10)
Our aim, in this section, is to prove the following oracle inequality.

Theorem 1 Under the condition H,) the estimator Sy, of S satisfies the inequality

n —

Es 1S5 = SI3 < infuen, {3Es IS0 = SIZ +15, Pl |+ (1)

where

o 1
rr=2(1+ ) and p* =8 M*loo—. (12)
" ( mo + I OOMI
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As an immediate consequence of Theorem 1, we give in the following corollary
an upper bound for the left hand side of (11).

Corollary 1 Under the conditions of Theorem 1, we have

*

- ~ Ind w
2 . 2
EgSi — SlI;, < mlel}\f/tn !SES 1S, — Sll;, + 8« mnm} + o (13)

withk = Quo + 1)/11.

Remark 1 Notice that, for the Kotz distribution (given in (3)) with variance param-
eter o2 < o* and for variance mixtures of normal distributions (given in (2)) with
mixing random variable  bounded by o*,k = k(1) = (1 — In(1 — 2u10%)) /1
with 0 < ; < 1/20*. By choosing p| to minimize « (1), we obtain that

Xy — 2 X — 1

> M= , k= 207 xy, (14)

Ho= 20% xy

where x, is the maximal root of the equation Inx = x — 2.

Proof of Theorem 1 From (1) and (6) we have, for any ¢ € R",

It = S|I? = yu(t) +2(5, )0 + IS]% .

As by definition of 7 we have, for any m € M,,

Yu(S;) + Pu(it) < yu(S,,) + Pa(m)

this identity leads to

187 = Slz = va(Si) + 2. S, + 11517
< 7a(S,) + Pa(m) — P,() + 25,85, + ISI12
= |8 — S|I2 + Py(m) — Py(it) +2(€, D)y (15)
with f = S,;, — Sm.
Let m be fixed. For any ¢ € M,,, we introduce the random variable

2(%‘7 t)n

Z,(t) =
B [ PR A10)

teD +D,,

where 0, (1) will be choosen later. Let the functions ¢; , ..., ¢;, be a basis in
D, + D,, where N = dim(D, + D,,) (note that N < d, + d,,). Thus one can

write any normalized vector t = ¢/||t||, € D, + D, as t = Zi-v:l aj¢;, with

Z?’Zl ajz. = 1. This leads to the representation of Z,(¢) as

N

Mm@, Mm@ =D a;jg

j=1

e

7 = Wl
O =T
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where & = (&, ¢;)n +/n. Moreover

n—1/2

sup  |Z, (D] =

é-*
1€D+D,, on(1)

1/2
where ¢* = (Z?’Zl g‘l.zl_) / )

Notice now that the vector { = ({1, ...,¢,) is an orthonormal transforma-
tion of the vector & = (&1,...,§,) (i.e. ¢ = Q& where Q is a matrix such that
Q Q' = I). By making use of the fact that a spherically symmetric distribution is
invariant with respect to any orthonormal transformation, we see that the vector ¢
has the same distribution that the vector &. Thus the condition ) implies that,
for any b > 0,

N N
P (* > b) =PS(Z ¢? >b2) =Ps(z g2 >b2)
j=1 " j=1

N
= Py (Z & > b2) < M*exp{puo N — pu1 b%}.
k=1

Choosing b = b, (¢, x) = \/(/L() N +dl + x)/uy with x > 0 yields
Py(C* > by(t, x)) < M*e 4k,
Therefore, setting [, (x) = {SUPLeM,, C* /by (L, x) < 1}, we get, for x > 0,

PsTi) < X Pg(c* > by(tx) < M* e (16)

eM,

according to (7).
We now set 9, (1) = n~Y2p, (1, x) /T where T is some positive constant which
will be choosen below. On the set I';,(x) we have

sup sup [Z,(t)|<T.
teM, 1e€D+D,,

Thus, on I, (x),
2E,Dn = ZzOUIFP + 020m))
< |72 + b2, x)/nt < 2t||S; — SI? + 27| — S|

1 1 x
—_— d d- +d-1- -
+nM1t(M0 T Hody; + mm)+rnm

Applying this inequality to (15), we get on the set [, (x)

(1+27)
1-27

P,(m) — P,(m)

S — S| <
135 — SI2 < .

1S — SII? +

1
(/,Lo d, + (Mo +l,;,) d,,~1) + *

+nmr(1—2r) (1 —27) npuy
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In choosing t to maximize the function (1 — 27)7 (i.e. T = 1/4) we minimize the
upper bound of the estimation accuracy and we obtain on I, (x)

155 = Sllz < 311Sm = SIZ + Ly Pa(m) + 75 x, (17)

where [} is defined in (12). Furthermore, setting

n =18 —Sls =318 — Slz = 1y Pa(m) .
we have

1S5 = Sl7 < 308w — Slp + 1y Pa(m) + 1y,

where n4 = max(n, 0). Inequality (17) implies that n < 8x/(u1n) on the set
', (x). Therefore, by definition of n and by (16), we obtain that for x > 0,

Pg(ny > 8x/(uin)) =Pg(n > 8x/(uin), Ty (x)) < M* e ™ .
Then it follows that

o0 o0
8 _
Egny = /Ps(fl+ > z)dz = on /PS('?+ > 8x/(uin))dx < !,
0 0
which implies, by definition of n, that

EglISi — SI2 <3Eg 1S — SIZ + I Pu(m) + pu*/n.

As m is arbitary choosen in M,,, we obtain Inequality (11) and, finally, Theorem 1
is proved. o

Remark 2 We can calculate the right hand side of the oracle inequality (13) for

the least squares model selection procedure 3,;1 defined by (10). Indeed, denoting
by S, the orthogonal projection of S on D,,, it is easy to show that, for the least

squares estimate, Eq ||S,, — Sm||,2, = d’”Tg", where ¢, = Eélz. Therefore, since

1S — SI2 = 1S — SI2 + |8 — S . we can rewrite Inequality (13) as
n w*
Eg|IS; — SlI2 < inf @ (S) + — = a(s), (18)
meM, n
where

. . I d
am(S)=3Eg |15, — SI2 + SK%

2o + l) dm Iy
231 '
Then it is particularly interesting to consider the Kotz distribution (3) with known
scale parameter (i.e. 0* = 02). In that case, ¢, = o2(1 + 2g/n) so that, for the

model selection procedure .§,;l with parameters po and @ defined by (14), we
obtain that

< 3Sn — SI? + (39, +38 (19)

am(S) < 311w — SI2 + 02 3(1 +2g/n) + 16.x,) ndn
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and hence

€2410 x, 02

as) < inf an($) + 160 S,

Note that, for the gaussian model (i.e. the Kotz distribution with parameter g = 0)
with 62 = 1, we have

. . 2 I
aes) < inf {31ISm — SI2 + B+ 16x,)

meM,

d, 16 x4 1
loo—.
(xe—1) "n
Taking into account that x, ~ 3.1462, we obtain that 3 4+ 16 x, ~ 53.34 and

16 x4/ (xs« — 1) &~ 23.46. This bound is sharper than the corresponding one in
Barron et al. formula (2.3), for which the upper bound in (18) is equal to

m
n

In dpy

inf [3 I1Sm — SIZ +72

meMy

1
} + 32—
n n

3 Improved estimators under projections

In this section, we consider competitive estimators
Sy YeR"— S5 (Y) € Dy
of S which improve on S’m in the sense that, for any S € R”,
Eg 1Sy, = Slz < Eg 15, — SII; (20)

with strict inequality for some S.

Note that S, is also the orthogonal projector from R” onto D,,, with respect to
the usual inner product (., .) given by (¢, u) = > _, tju; and that the inequality
in (20) is equivalent to

Eg |IS% — S|I> < Egl|Sn — S| Q1)

where || - || is usual norm (||Ju]|? = Zl'-lzl ul.z). Note also that, if S,, denotes the

orthogonal projection of S on D,,, then the inequality in (21) reduces to
Eg IS, = Sull® < Eg 150 — Sull? (22)

since, for any t € Dy, ||t — S||> = ||t — Swll*> + S — S||?. The expectations in
(22) represent the quadratic risks of the considered estimators. It is clear that the
risk of S‘m is finite as soon as the distribution of Y has a finite second moment.
Then, as any estimator S, can be written as S = S’m + Y (with ¥, =
Sm — S, Si has a finite risk if and only if Eg ||, |2 < oo (which is assumed

in the following). This can be seen through the risk difference between S;;, and S
expressed, for any S, as

An(S) = Eg IS5 — Spll> = Eg IS — S l? (23)
= 2Eg (Ym» S — Sm) + Eg | ¥m|I?

and through Schwarz’s inequality.
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In the following, we yield another expression of A, (S). To this end, we need
to specify, form = {ji, ..., jdm} C {1, ..., n} fixed, the expressions of §,, and
Sy First note that D, = {r € R" 1 1t = 3" o ®;, » ok € R}, where ¢; =
¢/ «/n. Therefore the least squares estimator is equal to Sp = ZZ’; S WP
with § i = (Y, ¢;). Moreover, if we denote by i : D, — RY the natural iso-
morphism (i.e. i(t) = (1, ...,y ) fort = D3" | o ;) the random vector
Jn = i(Sy) = r e S i )’ has a spherically symmetric distribution in R%
with density g, (|lu — Jull®), where J,, = i(S,,) and where gm(w) = g4 (W) =

Jran gw + l121%) dz.
Now, the alternative estimators S, that we consider take their values in D,

and, more specifically, are functions of S‘m, that is

S =S A+ Ym(Sn) with Y (S) = Wy () , (24)
where W,, (+) is a function from R% into D,,.
Finally, for u = (uy, ..., uy ), we define the divergence of vy, (-) = i (¥ ()

as div v, (1) = 2?21 0 < vy (u) >; /ou;, where < v, (1) >; is the ith compo-

nent of the vector vy, (-).

Theorem 2 Let S;;, be an estimator as in (24) such that Eg ||y, I> < oo. Then the
risk difference between S, and S equals, for any S,

An(S) = Es (2Gun13n = Sl div v (o) + 1 7).

where G, (w) = Ofogm(a)da/ng(u)) .

Remark 3 The statement of Theorem 2 assumes that div i, exists. In order to

include basic examples of functions 1, proportional to the function u — W

which blows up at zero, it is assumed that v, is a weakly differentiable function.
This assumption is well adapted to the Stokes theorem which is the basis of the
proof of Theorem 2 (see, for example, Ziemer 1989).

Proof of Theorem 2 According to (23) the proof reduces to show that
Eg (s Sm = Su) = Eg G (1S = Sull®) div v (i) -
Now, taking into account that
Wns S = Sm) = (W), i (Si) = i(Sm)) = (T, Ton = )

we obtain
Es W, Sn— Sw) = [ @), tt — Ju) g (Il = T |1?) due
dm

R

e¢]

- / / (Om@0), 1 = J) 0y (@it) | g2 dr

0 r.m
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where o, ,, is the superficial measure on the sphere Sy, = {u € R : u—J,| =
r} of radius r and centered at J,,. Introducing the unit outward normal vector
nw) = W —Jn)/||lu— Jnl atu € S, it follows that

oo

Eg (I/fmvgm_sm):/ /(vm(u),n(u))Qr,m(du) r gm(r*)dr

0 \§Sr,m
/ div vy, (u)du rgm(rz)dr

by applying the Stokes theorem where B, ,, = {u € R% : |lu— J,| <r}.Now,
through Fubini’s theorem, we have

Eg (Ym, Sp — Sn) = / / r gm(r2)dr | div v, (u)du
Rém  \|u—Sn]
00
= / % / gm(a)da | div v, (u)du
Rdm lle—Sm 112

with the change of variable a = r2. Finally, dividing and multiplying trough by
gm([lu = Ju 1), we obtain

Eg (Y, Sm — Sm) = / G (e = T l1?) gm (e = T lI?) div vy (u)du
Rdm
= Eg G (lJn — Jnll*) div vy, (J)
=Eg G (|1Sm — Sull®) div v, (Jn) ,

which is the desired result. m]

Remark 4 1tis easy to check that, when the sampling distribution is normal (0, 0%,
then the function G, is constant and equal to o 2. In that case, the risk difference
is

Ap(S) =202 Egdivup (Ju) + Eg ¥,
which is the expression given by Stein (1981).

We now give a sufficient condition, denoted by H>), for which S;; improves
on S’m, that is, for which A,,(S) < 0. It is well known that such an improvement
can only happen if the dimension d,, is greater than or equal to 3 (see Stein (1956)
in the normal case and Brown (1966) in the general case). This fact means that the
least squares estimator S’m is admissible when d,,;, < 2.

‘H>) There exists a constant ¢ > 0 such that, for any w > 0, G, (w) > c.
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Theorem 3 Assume that the condition Hy) holds. Assume also that d,, > 3 and
let S an estimator as in (24) such that E¢ ||, 1% < oo.

Then a sufficient condition for which S, improves on Sy is that, for any u €
Rdm’

Ly () =2 div vy, () + [ v @)[|> <0 (25)
(with strict inequality on a set of positive Lebesgue measure). Moreover,
An(S) = Eg Ln(Ju) - (26)

Proof The result follows immediately from Theorem 2 since condition (25) implies
that div ¥, (u) < 0. Note that, the fact that d,, > 3 is implicit in (25). Indeed, Blan-
chard and Fourdrinier (1999) showed that Inequation (25) has non trivial solutions
only in the case where d,, > 3. O

Remark 5 While condition (25) is a condition on the estimator S, the assumption
G, (w) > c is a condition on the sampling distribution.

Example 1 Consider the Kotz distribution in R" with density (48), where we as-

. . . . 2
sume ¢ > 0. Thus the generating function g(w) is proportional to w?e™*/%°" and
we have

o0 oo 5
[ g(a)da [ a9=te=4/27" dqa

Gw)=-2 =62 40%¢"
() 2 g(w) T ree wie—w/20?

Then, according to Lemma 4 in the Sect 8.3, the generating function g, satisfies

[ g4, (@) da

>o'2

Gy, (w) = e )

N | =

Thus the distributional assumption ) is satisfied with the constant ¢ = o%. Now
Inequation (25) has the classical James—Stein type solutions

u

with 0 < @ < 2(d,, — 2)o'%. It is shown in the Appendix (see Sect. 8.4) that
Eg 1Y (Sm) 1> = Eg lum (Su)[|* < o0 (28)
for d,,, > 3. Moreover, with o = (d,, — 2)02, it is easy to check that

(dy — 2)%c*

Lm0 = =702

(29)
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Now we can apply the improved estimator to the selection model procedure.
We pose

m* = argmin,, ¢ rq, (Va(S,,) + Pa(m)}, (30)
where y,(-) and P, (m) are defined by (6) and (8), respectively.

Theorem 4 Under the conditions Hi)—H2) the improved model selection proce-
dure S} . of S satisfies the inequality

Eg IS5 — Sl < infret, {3Es ISy, — SIZ + I Pam)} + &, (31)

m* n —

where I and u* are defined in (12). Moreover, for any m € M,,
Eg ISy, — Sliz < Es 15, — SI; -
Proof This theorem follows immediately from Theorems 1 and 3. O

Corollary 2 Under the conditions H1)—H2) the improved selection model estima-
tor Sy . of S satisfies the inequality

*

. 2
Eg IS5 — SIZ < Jinfan($)+ -, (32)

with a’(S) = am(S) + 3A,(S)/n, where a,,(S) is defined in (19) and where
A (S) <0, foranym € M,,.

Proof The corollary follows immediately from Inequality (18) and Theorem 3. O
Now we compare the improved estimator S in (24), corresponding to the

function (27) for & = (d,, — 2)o'2, with the least squares estimator S‘m in terms of
relative efficiency (of ), with respect to S,,) defined by

Eg IS — Sz

An upper asymptotic bound for €, (S) is given in the following theorem.

Theorem 5 For the Kotz distribution given by (3), the improved estimator S, of
S satisfies

Y (8) +4di(9)

limsup €, () =€) = "5 sy (33)
where
Qd*(S) ) 3 )
y(S) = (;TOE;(S)’ d}(S) = lim sup —”Sdm”
dm"OO

T 1S —S1*
and di(S) = limsup = .
dyy—> 00 "
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Proof By (26) and (29) we have, for d,,, > 3,
Eg 1S = Sull* < Eg 1S — Sull®> + Eg Lin(S)
N 1
=Eg[ISn — Sull* — (dn — 2)* 0 'Eg —

1S 117
<Es S = Sull> = (dn — 2% 0" ———.
Eg [Sn1?
Thus
Bs 1S5 = Sull; _ | (dn=2%" 1
Eg [1Sn — Smll2 ~ dnsn  EglISul?
_ 4 ((6n)* =) +4dn — )o* + G [|Sn > dn
- dmgn(”Sm||2+dm Sn) ’
As, for (3), ¢, = 02(1 + 2¢/n) we have the desired result. O

Remark 6 Note that, for S = 0, €*(§) = 0. Now, for a continuous function S, if
the dimension d,,, goes to infinity with n (more specifically, if d,,/n — § > 0) and
if |1 S, — S| = o(n) (ie. di(S) = 0) then

1
f S2(x) dx
e (§) = —2

- )
028+ [ $2(x)dx
0

4 Estimation with known smoothness properties
Using the following system of trigonometric functions in £,[0, 1]

e1(x) =1, er(x) = v2cos2r x), e3(x) =+/2sin(27 x), ...,
eri(x) = ﬁcos(Zin x), ext1(x)= \/ESiH(ZiJT X))y

we assume that the function S to estimate belongs to

Op, ={S: Skx) = Z}sj- ej(x), max 1?$ 0i(8) <%}, (34)

where Q;(S) = Z;Lif sj2. and 8 > 1 is a known constant, and is 1-periodic (i.e.

S(0) = S(1)). Any estimator Sn (i.e. a measurable function of the observations
(1, - -+, yn) In (5)) is evaluated by the risk defined by

Ru(Sy) = sup Egllga(S, — I, (35)

Se0y ,
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where ¢, = nP/?PT1 For this problem, we apply the ordered variables
selection (see Barron et al. (1999) p. 315), where the set M,, is defined as M,, =
{my,....,my}, withm; = {1, ..., 1} (therefore dj,,; = 7). Notice that, in this case,

Dy, ={t=01,....tn) 1 1 =Z<Xj¢j(x1),06j €eR,x =1/n}
=1

where ¢;(x) = vjej(x),v; =1forl < j <n-—-1,v, = 1/\/5 if n is even
and v, = 1if n is odd. Note also that the system (¢;) is an orthonormal basis in
Lo[X,1/n], ie. (pj,dp1)p =0forj #land 1 < j,I < n and ||¢j||% = 1 for
1 < j < n. In this context, one takes /,, = 1 for any m > 1, so that, according to
(D loo = 252 exp(—dm) = 1/(e — 1).

Theorem 6 Under condition H1) the upper bound of the risk R, (3‘,;1) for the least
squares model selection procedure Sy, in (10) is finite, i.e.

lim sup R, (8,;) < 0. (36)

n—-oo

Proof First of all, we show that condition ) implies that

limsupg, < wo/m (37

n—odo

where 1 and w1 are the two known constants involved in /). Notice that

o
QR 1 ‘
§n=E$f=;EZ§f=;/P > & = x| dx
Jj=1 0 j=1

and hence, for any xg > 0,

o0

X0 1 !
§n§7+;/P ;gjzix dx

X0

which implies, by (5), that ¢, < n=' 4 (uyn)~! M*eton—iXo  Thuys, setting
X0 = pon/ 1, we obtain (37). Now, (18) and (19) imply that

N ) 82uo +1 d 1
EglS; — SI2 < inf [3||S—Sm||%+(3gn + M)—’”}w*—
meM J75 n n

n

k 1
ke _ 2 -~ *
SCH]éQEn[IIS Smkll,,-i-n]-i-u =

where ¢ =3+ 3¢, + 8Quo + 1)/ and Sy, (x) = Zjem oel’/‘fqﬁj(x) with ocj =

(S, ¢)n. Taking into account that ||S,, — S|7 = infg; |S — >, @;d;l, itis
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easy to derive that || S,,,, — S| < ||Ak||% where Ay = ZjﬁiH s;j e . Notice now
that Inequality (34) allows

1

/ Ajyde <72 D" 7P = Q1) +2D 1 0111(S) + D, Q141(8)

0 = 1>1 =

<242 LY ) = <00

>1 >1

forany S € ®ﬂ’r with 8 > 1. In order to estimate || A ||%, we can write
1 n
Arlly = =D Aj(x)
Al = - ; ;

n M
= > / [AK() + (A(x) — Ap(x)]* dx
121)6171
1 n

2/A§(x)dx + 22/(Ak(x1) — Ap(x))*dx.

0 =y,

IA

Now, by Bunyakovski—Cauchy—Schwarz inequality, we have

n X ol X1 2
Z / (Ak(x) — Ag(x))*dx = Z/ /Ak(t)dt dx
=1y, =1y \
n x| X
<> / /(Ak(t))zdt (x; — x) dx
=1,

IA

n X
Y / (Ar(0)*de
=1

= x-1

1
= n~? / (Ap(x))? dx
0

and hence [|Ag]|? < 2Qk+1(S) + 2r* n=2 . Therefore, by Inequality (34),

. 2 * s E *l *i
Egl[S; — SI2 < ¢* inf 120401(S) + = | + " — +2r% —
1<k<n n n n

1 1
< QrPk+D)" +k/n)+ p* - +27% —
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1
for any 1 < k < n. Choosing k = k, = [n2F+1] yields
o 1 1
Egll$i— Sl < e @r2 4+ n 2P0 Ly — o — 0 (38)
n n

Finally Condition (36) follows from (38) and (37). |
Theorem 6 and Corollary 2 immediately imply the next result.

Theorem 7 Under conditions H1)—Hy) the upper bound of the risk R, for the
improved model selection estimator Sy . defined by (24) and (30) is finite, i.e.

lim sup R, (S+) < 00. (39)

n—oo

Remark 7 Notice that Theorems 6 and 7 give the classical nonparametric conver-
gence rate for the problem with known regularity, i.e. as for the case of independent
observations.

5 Lower bound

In this section, we give a simple condition for the lower bound of the risk (35) to
be positive. More precisely, we suppose that the density g in model (5) satisfies the
following finitness condition:

Fe =limsup Fj,(g) < o0, 40)

n—oo

-2 2
where F,(g) = 4 [gu ] % du . Notice that, for the Kotz distribution (48),

we have

2 (n/24+q+1) — 49T (/2 +¢) +2¢°T (/2 +q — 1)
o?nl(n/2+q)

Fu(g) =
and, therefore, (40) is satisfied with
Fy = lim F,(g) = 1/0?.
n— 00

Theorem 8 Under the condition (40), for B > 1 in (34), the lower bound of the
risk R, over all estimates is strictly positive, i.e.

n—oo

lim inf inf R, (S,) > 0. 41)
S

Proof First, it will be convenient to write 8 as § = k + o where k > 1 is an
integer and 0 < o < 1. Now, for z = (z1,...,2m) € Il = (—4,8)" with

1
m =m, = [n?¥+T] and § = v/¢, for some v > 0, define a function S, by

S:0) = adrx) with Y00 =V (x ;‘”) . 42)
=1
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Here V (-) is a positive function k 4+ 1 times continuously differentiable such that
V(x) = 0for |x| > 1; moreover @ = [/(m, + 1) and h = 1/2(m, + 1). Notice
that, for all 1 < j <k, the jth derivative of S, equals

. L
S () = ZZI—V(’)( p )

and hence Sz(j )(0) = Sz(j )(1) = 0. Note also that, for all z € Ils and for all
-xv y € [07 1]9

max |Sz(j)(x)| <v v* < gkl yx

1<j<k—1 = hklg,

with V* = max| <j<k+1 supjy < | V) (a)| and furthermore

V¥ x —y|¥ <204 V¥ |x -y

1
k k
1900 = SO =20

n

Therefore, by Lemma 6, there exists v > 0 such that S, € @g , forall z € I15 and
n>1.

Now a lower bound for R, (S,,) will be obtained through introducing the prior
distribution on I1s with density

- 1
m5(2) = @1 zn) = [[ s with 25) = 3G (3)

j=1

-1
N N
and G(u) = Gye 1-¢2 1y <1y where G, = (f_ll e 12 dv) )

For S, (x), an estimate of S(x) based on observations yy, ..., y, in (1), we have

sup EglS, — S|I2 z/Ez 1S, — 2112 75 (2) dz

NSO i,
where E, is the expectation under the distribution of y = (y1,..., yn) in (1)
with § = S,. By definition of S, [|S, — ;12 = 37",z — 2)? |Y]|% , where
21 =2(y) = (Su, ¥0)u/ V115 Therefore
m
Ru(Sn) = i Egllon(Sa — )z = o7 D Arlvall; (43)
O

where

A1=/Ez(21—zl)2n5(z)dz= / [[rsG) 1 ] dz;

s (—8,5)"’_1 J#l J#l
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and

)
() = / E.Gi — 2)%hs(z)dz = / / G0 — 20 £y Ddyrs(dz
s

—5 R

with f(y,z) = g(|ly — S:|1?). In this case, it is easy to see that df (y, z)/dz =
(v, 2) f(y, z) where

L&y = 8:1%) (xi—az)
1 Sz i \%4 .
a(y,2) = g<||y_5||z>2<y (xi) p

By definition of A5, we have

1)
d
/a_ (f (v, Drs(z)) dz = 25(8) f (v, Z)‘ — As(=38) f(y, Z)‘
E 2] e Zj=—
and

5

§
d
//zz a—Zl(f(y,z))»s(zz))dzz dy = —// f(y,2)dyrs(z))dz = —

R" —§ —§ R"
Therefore
N 0
// @) — ) Py (f(y, 2)As(z1)) dzy dy
R" —§ !
= //(Zz(y) —z2y(y,2) f(y,2)dy rs(z) dz
_8 R”
)
= /Ez(il — V(@) As(zp)dzy =1,
-5
where

o (f (v, Dhs(@)
F (v, DAs(z)

@ =y, 2= = §(y,2) +is(z1)

with

how) _ o1 G (5)
ww G

is(u) =
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Thus, by Cauchy-Bunyakovski-Schwarz inequality, A; > 1/J;(5), where

Ji(8) :/Ez v (D)ms(2) dz :/Ez (&(2) +is(z))ms(2) dz
I1s Is
and ¢;(z) = ¢ (-, z). Taking into acount that
Bo@ = [ ato fo.0dy = [ S roudar =0,
R" R"
we obtain that

E: (01(2) +is(@)? = E: () +i5 (@) -
As for the first term of the right hand side of this last equality, we have

) 2 ! 2
E. 2 :4/M "V(Xi_al) :
Y @) R" g(”u”Z) ;u ! u

= Fi(p) > v? (x" ;“’)
i=1

= Fu(@)nllval;
where the function F},(g) is defined in Condition (40). Then we obtain that

Ji(8) = Fu(g)n |1ynll% + / i3 (z)ms(2) dz

I
§

= Fa()nllvill; +/ i (W)hs(u) du
s

= Fu(@)n vl +2v2g,

where I = 8 [} u(1 — u?)™*G(u) du.
Finally, according to (43), the risk of S‘n satisfies

m

2 2
< ARG
Rn(Sp) > E
"0 = 2 E Il + v g

and, furthermore, taking into account that n i/ (p,% — 1/2 as n — o0 and that

Jim —IIIMII = limy oo 77 2hm V2 (B5%) = f Vi) du = |V,

we obtain that Condition (40) implies that

Vv 2
hm 1nf 1nf Rn(Sp) > | 3 I — > 0.
F@IVIF+2v—7ig
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Remark 8 Theorem 8 means that the estimators S‘m and Sy . are optimal in the
sense of the risk (35).

6 Estimation of functions with unknown smoothness properties

We consider here the estimation problem of the function § € Ug2 ;O .., where the
set ®ﬂ), is defined in (34).

Let us introduce the adaptive risk related to an estimator S, as follows

~ ~ B
Ri(Sy) = sup sup Egllg, (S, — S)||2 with ¢, = n26+1 44)
B>1 SEG)ﬂ,,.

Note that, in this case, the smoothness parameter 1 < 8 < oo is unknown. Theo-
rem 8 yields immediately that

lim inf inf R%(S,) > 0

n—oo S
and Inequality (38) implies that, under the condition Hy),

lim sup R%(S;) < oo (45)

n—oQ

and, under the conditions H;) — H>),

lim sup R;(S,+) < 00 (46)

n—oo

respectively.

Notice that Sm and S . are independent of 8 and (45)—(46) express that they
attain the optimal rate for every class ® g, uniformly over 8 > 1. Such estimators
are called optimal rate adaptive (see e.g. Tsybakov 1998).

7 Conclusions

In this article, we provide an extension of the classical model ¥ = S + &, where
& = (&1, ..., &) isavector of independent errors &;, to the case where these errors
are dependent, but non correlated. Such an extension is given in the framework of
the spherically symmetric distributions. Our basic examples are variance mixture
of normal distributions and the Kotz distributions.

For this model, we develop the selection model method proposed by Barron et
al. (1999) for a regression of the form (1). Our contribution to this problem consists
in the construction of a model selection procedure based on general estimators for
which we can derive an Oracle inequality. Note that the procedure proposed by
Barron et al. (1999) is founded on the least squares estimator alone.

An important feature of our method is that we can improve their procedure
replacing the least squares estimator by improved estimators with respect to the
quadratic risk.
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8 Appendix
8.1 A property of variance mixtures of normal distributions

In this section, we consider a generating function g corresponding to a variance
mixture of normal distributions, that is,

1 o
g(f)=EWe 2, 47

where ¥ is a non negative random variable.

Lemmal Let & = (&1, ..., &,) a random vector having a generating function as
in (47). If the random variable ¥ is bounded by a constant c* > 0 then, for any
0<pu <1/20%,

k
sup <1n E et Zim & —,uok) <0,

1<k<n
where |Lg = —% In(1 —20*uy).

Proof If &y, ..., &, are i.i.d. N'(0, 1) and Fy is the distribution of ¢

0.*

Ee Zi=1 & = / et Xt & Fy(dv)
0

Therefore the result follows from the fact that, if © < 1/ 202, then

k 2 * k £2
Ee’“zi:l Sj < | Mle:l Ej :e“ok.

O
8.2 A property of the Kotz distribution
Lemma 2 Let& = (&1, ..., &) arandom vector in R" with spherically symmetric
density of the form g(|| - |*) with
I'(n/2
g(t) = (n/2) 14 =127 (48)

()2 (202)"/2H4T (n/2 + q) ’

where q is a real number such that n/2 + g > 0. Then for any 0 < pu; < 1/20?

k 2
sup (In Ee' =18 — ji0k) < In M*,

1<k<n

where (g = —% In(1 — 202p1) and M* = e2amo,
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Proof First note that, for k = n,

my e s Kl n
Be = [ g (3] auay,
R j=1
o
2 n/2
:/el"lr ul rnfl g(rZ) dr
'(n/2)
0
oo
= 1 / (/2+q-1 6*20%(1*202un)t dt
20/244 T'(n/2 + q)
0

1

— — eHon+2qpuo
(1 —202puy)"/>+a

Now, for 1 < k < n, we can write, through conditioning on ||£] = r,

k
n

k
m Y& w Y x; 5
Ese j=1 :/e j=1 g le dxl,...,d.xn
J=l1

Rn
27.[11/2 3
= T2 L g(r?)dr
0
with
k

w2 sz-

I = / e 575 dx (49)

5

and where 9, (+) is the uniform distribution on the sphere
Sr={xeR":|x|=r},

ie. 0,(-) = 0,(-)/0,(Sr) where ,.(-) is the superficial measure on S;.
The integrand term in (49) depends of § = (§1, .. ., §,) through the orthogonal

projection & = (&1, . .., &). Now, under g,, this projection has the density
> L\ b2
'(n/2)r==" 5 5
- j 1 e XK
I'((n —k)/2)mk/2 d ; Xj B, (X1 Xk)

where 15 denotes indicator function of the ball B, = {x € RF @ |Ix|| <7} of
radius r and centered at 0 in R” (see Fourdrinier and Strawderman (1996) for more
references). Hence the integral in (49) can be written as
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k (n—k)/2—1

~

T(n/2) r2" w2
Ir= (n/ )r /e j=1 rz_ijz. dx1,...

T'((n—k)/2)mk/?
2P/ rt
- D =h/2r&/2) ]

j=l1

2
e,um (r2 _ MZ)(n—k)/z—l l/lk_l dl/l

_ I'(n/2) wirlt (1 — 1)=R/2=1 tk/2=1 4

~ T'((n—k)/2)T(k/2) /

1
— pirtt d
- € Vk’n( t) )
0

where v, (+) is the Beta distribution with parameters k/2 and (n — k) /2.
Therefore it follows from (50) that

k 1
w3
Ege /= =/ J (1) vy ,dt

0

where

27'["/2
T(n/2)
0

J(t) = erir’t pn=l g(r?)dr

2
T Qo) T ()21 q)

[e'9)

_ —(1— 2,2 2
/r2q+n 1e (1-2u0°t)r< /2o dr
0

1
= Qo) T ()2 + q)

0
/ vn/2+q—1 e—(l—Z;Llozt)v/an dv
0

1
- (1— 2[L10’21)"/2+q :

Finally (51) gives that

k 1
m X & 1
Ese j=l =
(1— 2M102t)n/2+q
0

Vg ndt

1
1
= dv, (¢
T (=207 / (1 —2u1021)1/2 Vk.n (1)
0

1

_ — oMo k+2q 1m0
T (0= 2m02)d 2 = ©

, doxy

(50)

(5D
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since the last integral corresponds to the case ¢ = 0 (that is the normal case) and
equals (1 — 2u10%)~*/2, Hence we obtain the desired result. a

Notice that this lemma implies the condition 1) by the Markov inequality.

8.3 Some properties of spherically symmetric distributions

Lemma 3 Consider a spherically symmetric distribution on R" with generating
function g. Let D be a linear subspace of R" with dimension d such that0) < d < n
and let S be the orthogonal projector from R" onto D. Then the distribution of Sis
spherically symmetric on D with generating function gq defined, for any w € Ry,
by

g =/ (n—d)/2—1 d
ga(w) = F((n——d)/Z) v gw+v) dv.
0

Proof The density of the spherically symmetric distribution on R” is the form
x —> g(|lx — 0] for some 6 € R". It is clear that the proof reduces to the case

where § = 0 and to consider that D is isomorphic to R? so that the density of §
can be written as

y — / gy l? + lzIPdz .
Rnfd

Thus the distribution of § is spherically symmetric (around 0) and has the gener-
ating function g, defined, for any w > 0, by

ga(w) = / g(w + [|z]|*)dz
Rnfd
2p (1=d)/2

_ 2N n—d—1
RRXCEE, glwtrr

through polar coordinates. With the change of variable v = 2, we obtain the stated

result. m]

Lemma 4 In the context of Lemma 3, consider the functions G and G, defined,
SJorany w > 0, by

1 fljog(v)dv 1 fufo ga(w)dv
=2 g M OWE T W

If there exists a constant ¢ > 0 such that, for any w > 0, G(w) > c then G4(w) >
c.

G(w)
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Proof Let w > 0. According to Lemma 20, we have

o0 o0 0
2Gd(w)/v(”_d)/2_1g(w + v)dv = //v("_d)/z_lg(u + v)dvdu
0 w 0

ee]

o
=//g(u—|—v)du = D21 gy
0

w

[c.SlNe o}
=/ / g(t)dr v D2 1gy

0 w4v
Therefore
o
1[5, 8t D21 g(y 4y
Gi(w) = 3 wto) © dv
w+v
0 8 J 2= D2~ g (w + 2)dz
0
which can be written as
Gy(w) = E,y G(V +w),
where E,, denotes the expectation with respect to the density
=D 2= g (y 4 w)
V> .
[ 2= D2l g(z + w)dz
0
Thus, if G(w) > ¢ for any w > 0, then G4(w) > ¢ as well. O

8.4 Proof of condition (28)

Notice that, to check (28), it suffices to show that, for any d,,, > 3,
Eg [|Sn]72 < oo.

Indeed, we have that

. 1
Eg ISul7% = / T gy, (u) du
m

Rém
u) u
= / dewr / %du
le + Sl lu + Sl
lutSml <1 lu+Sml1 =1
1
< sup g, (u) / —du+/g (u)du
lu+Smll<1 dn lu + Spll? 9m
[lu+Sp <1 RYm
1
= sup g, (u) / ——du+1.
St ]2

lull <1
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By using polar coordinates in the last integral, we obtain the desired result. O

8.5 Some properties of the Fourier coefficients

The following lemma s inspired from Timan (1963) (p. 254). We give a proof which
underlines the link between the upper bound in (53) and the regularity condition
expressed in (52).

Lemma 5 Let f be a function in C'[0, 1] such that £(0) = f(1), f'(0) = /(1)
and, for some constants Lo > 0, L > 0and 0 < o < 1,

sup |f(x)| < Lo and |f(x)— f()|<Llx—yl* (52)

0<x<l

for all x,y € [0, 1]. Then the Fourier coefficients (ar)k>0 and (by)i>1 of the
function f, defined through

ao

fx) =7

o0
+ D (ak cos(2 kx) + by sin(2 kx))
k=1
satisfy the following inequality

s 1/2
sup(n + 1) (Z(mf + (bk)z) <c*(L+Lo) (53)

nz0 k=n
where p =1+ a and
o -3 - 4
' =1+4+2F 4 749f Joo u®™ sin*(w u) du .
8 fol/z M_4 Sil’l4(]'[ Lt) du

Proof Let F (x)bea l-periodic function on R suchthat F(x) = f(x) forx € [0, 1].
Note that we can also represent this function as

x
Fo=24% (ak cos( kx) + by sin(r kx)) ,
2 k=1
where @y = a,, and by = by, if k = 2m and @ = by = 0 for k = 2m + 1,
m > 0. Then, by denoting p,(x) = %0 + > i (ag cos(2m kx) + by sin(27 kx)),
we obtain that, forn > 2,

~ 1/2
> (aj +bp) = / (F(x) = pn—1(x))*dx
fe=n ~172
L. 1 @ gy . ’
= Ealjigj/ Fo—— = > (eu cos(r kx) + B sin(r kx))|  dx

e k=1

IA

1 / 2
5/(F(X)—tm(X)) dx,
1
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where
172 1
1 uU—Xx

tm(x) =2 / F(u) pm(u — x)du — E/ F(u)pm (T) du ,

—1,2 -1
m 4 4

1 1 . 1 (sin(2m + )7 u)

m —_ — — 2 = — N

Pm (1) o | 2 —I—jzlcos( T ju) . ( 2 sinGr 1) )
1/2 A

. / sin((2m + 1) u) d
Yim = 2sin( u) !
—1,2

and m = [n/8]. Here [a] denote a integer part of any number a. We rewrite the
term 7, (x) as

1/2
I (x) = / QFu+x) — F(x + 2u)) pp (u) du .
-1/2

Note that the condition f/(0) = f’(1) implies that the function F is continuously
differentiable and satisfies the following inequality

|F(x 4+ 2u) —2F(x +u) + F(x)| <2L |ul?

for all u,x € R. Hence, taking into account that 2u < sin(wu) < mu for
0 <u < 1/2, we obtain that

172
ltm (x) — F(x)| < / |F(x +2u) —2F(x + u) + F(x)| pm (u)du
-1/2
1/2 . A
- L/ iy (sm((Zm—i—l)Tru)) du
~ 4y, sin(7T u)
0
1/2 _ A
- L /uﬂ (sm((Zm—i— D u)) du
64y, u
0

By a change of variable in the last integral and setting

00 . 4
mz/yﬁcmwm)dm
u
0

LQ2m +1)3 1 B
It (x) — F(x)] < (m+)91( ).
64 v, 2m + 1

we obtain
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Furthermore, for m > 0,

1/2 A
/ sin((2m + D) u)
Ym = ; du
2 sin(r u)
—-1/2
1/2 A
1 sin((2m + D) u)
> — du
8m# u
_ @m+ 13 o
> ! p)
where
172 4
0, = / (sin(n u)) du .
u
0
The last inequality implies that
p 71401
t —F <p*L ith p*=——
f‘;ﬁ""(” @ =p (2m+1) with  p 80,
Taking into account that
n—+1 n+1

sSup ——— =sup ——— <9,
LTS B TP N
we obtain that

1

o0 2
sup(n + 1)” (Z(mf + (bk)z) <9 p*L.

n>2 k=n

Moreover, by the Parseval equality and the condition of this lemma, we have
that

1
2

00 ! !
(Z(ak>2+(bk>2) = / fPxydx | < Lo.
k=0 0

Finally we obtain (53).

Now we extend this lemma to a k time differential function with & > 1.

Lemma 6 Ler S be a function in CK[0, 1] such that S (0) = SY (1) for all
0 < j < k and, such that, for some contants Lo > 0, L > 0and 0 <« < 1

max max [SY(x)| < Lo and |SP(x) —SPG) < Lix—y* (54)
0<j<k—10<x<l
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for all x,y € [0, 1]. Then the Fourier coefficients (ay)k>0 and (bi)k>1 of the
function S satisfies the inequality

1

2

sup(n + 1P | D (aj)® + b))* | <c*(L+Lo), (55)

n>0 j=n

where 8 = k + o (k being an integer and 0 < a < 1) and c* is defined in (53).

Proof For k = 1, Inequality (55) is shown in Lemma 3. For k > 2, first, note that,
by Lemma 3, the Fourier coeficients (a}) and (b;.) of the function f = §%-1
satisfy Inequality (53). Therefore, taking into account that

@) + @) = (@22 (@) + 1)) |

we obtain Inequality (55). O
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