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Abstract In this paper, we study the problem of estimating a multivariate nor-
mal covariance matrix with staircase pattern data. Two kinds of parameterizations
in terms of the covariance matrix are used. One is Cholesky decomposition and
another is Bartlett decomposition. Based on Cholesky decomposition of the covari-
ance matrix, the closed form of the maximum likelihood estimator (MLE) of the
covariance matrix is given. Using Bayesian method, we prove that the best equi-
variant estimator of the covariance matrix with respect to the special group related
to Cholesky decomposition uniquely exists under the Stein loss. Consequently, the
MLE of the covariance matrix is inadmissible under the Stein loss. Our method can
also be applied to other invariant loss functions like the entropy loss and the sym-
metric loss. In addition, based on Bartlett decomposition of the covariance matrix,
the Jeffreys prior and the reference prior of the covariance matrix with staircase
pattern data are also obtained. Our reference prior is different from Berger and
Yang’s reference prior. Interestingly, the Jeffreys prior with staircase pattern data is
the same as that with complete data. The posterior properties are also investigated.
Some simulation results are given for illustration.

Keywords Maximum likelihood estimator · Best equivariant estimator ·
Covariance matrix · Staircase pattern data · Invariant Haar measure · Cholesky
decomposition · Bartlett decomposition · Inadmissibility · Jeffreys prior ·
Reference prior

1 Introduction

Estimating the covariance matrix ��� in a multivariate normal distribution with
incomplete data has been brought to statisticians’attention for several decades. It is
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well-known that the maximum likelihood estimator (MLE) of ��� from
incomplete data with a general missing-data pattern cannot be expressed in closed
form. Anderson (1957) listed several general cases where the MLEs of the param-
eters can be obtained by using conditional distribution. Among these cases, the
staircase pattern (also called monotone missing-data pattern) is much more attrac-
tive because the other listed missing-data patterns do not actually have enough
information for estimating the unconstrained covariance matrix. For this pattern,
Liu (1993) presents a decomposition of the posterior distribution of ��� under a
family of prior distributions. Jinadasa and Tracy (1992) obtain a complicated form
for the maximum likelihood estimators of the unknown mean and the covariance
matrix in terms of some sufficient statistics, which extends the work of Anderson
and Olkin (1985). Recently, Kibria, Sun, Zidek and Le (2002) discussed estimat-
ing ��� using a generalized inverted Wishart (GIW) prior and applied the result to
mapping PM2.5 exposure. Other related references may include Liu (1999), Little
and Rubin (1987), and Brown, Le and Zidek (1994).

In this paper, we consider a general problem of estimating ��� with the staircase
pattern data. Two convenient and interesting parameterizations, Cholesky decom-
position and Bartlett decomposition, are used. Section 2 describes the model and
setup. In Sect. 3, we consider the Cholesky decomposition of ��� and derive a closed
form expression of the MLE of ��� based on a set of sufficient statistics different
from those in Jinadasa and Tracy (1992). We also show that the best equivariant
estimator of ��� with respect to the lower-triangular matrix group uniquely exists
under the Stein invariant loss function, resulting in the inadmissibility of the MLE.
We find a method to compute the best equivariant estimator of ��� analytically. By
applying Bartlett decomposition of ���, Sect. 4 deals with the Jeffreys prior and a
reference prior of ���. Surprisingly, the Jeffreys prior of ��� with the staircase pattern
data is the same as the usual one with complete data. The reference prior, how-
ever, is different from that for complete data given in Yang and Berger (1994). The
properties of the posterior distributions under both the Jeffreys and the reference
priors are also investigated in this section.

In Sect. 5, an example is given for computing the MLE, the best equivariant
estimator and the Bayesian estimator under the Jeffreys prior. Section 6 presents
a Markov Chain-Monte Carlo (MCMC) algorithm for Bayesian computation of
the posterior under the reference prior. Some numerical comparisons are briefly
studied among the MLE, the best equivariant estimator of the covariance matrix
with respect to the lower-triangular matrix group, the Bayesian estimators under
the Jeffreys prior and the reference prior with respect to the Stein loss. Several
proofs are given in Appendix.

2 The staircase pattern observations and the loss

Assume that the population follows the multivariate normal distribution with mean
0 and covariance matrix ���, namely, (X1, X2, . . . , Xp)′ ∼ Np(0, ���). Suppose that
thep variables are divided into k groups Yi = (Xqi−1+1, . . . , Xqi

)′, for i = 1, . . . , k,
where q0 = 0 and qi = ∑i

j=1 pi . Rather than obtaining a random sample of the
complete vector (X1, X2, . . . , Xp) = (Y′

1, . . . , Y′
k), we observe independently

the simple random sample of (Y′
1, . . . , Y′

i )
′ of size ni . We could rewrite these
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observations as the staircase pattern observations,
⎧
⎪⎪⎨

⎪⎪⎩

Yj1, j = 1, . . . , m1;
(Y′

j1, Y′
j2)

′, j = m1 + 1, . . . , m2;
· · · · · · · · · · · · · · · · · ·
(Y′

j1, · · · , Y′
jk)

′, j = mk−1 + 1, · · · , mk,

(1)

where mi = ∑i
j=1 nj , i = 1, . . . , k. For convenience, let m0 = 0 hereafter. Such

staircase pattern observations are also called monotone samples in Jinadasa and
Tracy (1992). Write

��� =

⎛

⎜
⎜
⎝

���11 ���12 · · · ���1k

���21 ���22 · · · ���2k

...
...

. . .
...

���k1 ���k2 · · · ���kk

⎞

⎟
⎟
⎠ ,

where ���ij is a pi ×pj matrix. The covariance matrix of (Y′
1, . . . , Y′

i )
′ is given by

���i =

⎛

⎜
⎜
⎝

���11 ���12 · · · ���1i

���21 ���22 · · · ���2i

...
...

. . .
...

���i1 ���i2 · · · ���ii

⎞

⎟
⎟
⎠ . (2)

Clearly ���1 = ���11 and the likelihood function of ��� is

L(���) =
k∏

i=1

mi∏

j=mi−1+1

1

|���i | 1
2

× exp

{

−1

2
(Y′

j1, . . . , Y′
ji)���

−1
i (Y′

j1, . . . , Y′
ji)

′
}

=
k∏

i=1

1

|���i |
ni
2

etr
(

− 1

2
���−1

i Vi

)
, (3)

where

Vi =
mi∑

j=mi−1+1

⎛

⎜
⎝

Yj1
...

Yji

⎞

⎟
⎠ (Y′

j1, . . . , Y′
ji), i = 1, . . . , k. (4)

Clearly (V1, . . . , Vk) are sufficient statistics of ��� and are mutually independent.
To estimate ���, we consider the Stein loss

L(�̂��, ���) = tr(�̂�����−1) − log |�̂�����−1| − p. (5)

This loss function has been commonly used for estimating ��� for a completed sam-
ple, for example, Dey and Srinivasan (1985), Haff (1991),Yang and Berger (1994),
and Konno (2001).



214 X. Sun and D. Sun

3 The MLE and the best equivariant estimator

3.1 The MLE of ���

For the staircase pattern data, Jinadasa and Tracy (1992) show the closed form of
the MLE of ��� based on sufficient statistics V1, . . . , Vk . However, the form is quite
complicated. We will show that the closed form of the MLE of ��� can be easily
obtained by using a Cholesky decomposition, the lower-triangular squared root of
��� with positive diagonal elements, i.e.,

��� = ������′, (6)

where ��� has the blockwise form,

��� =

⎛

⎜
⎜
⎝

���11 0 · · · 0
���21 ���22 · · · 0

...
...

. . .
...

���k1 ���k2 · · · ���kk

⎞

⎟
⎟
⎠ .

Here ���ij is pi × pj , and ���ii is lower triangular with positive diagonal elements.
Also, we could define,

���i =

⎛

⎜
⎜
⎝

���11 0 · · · 0
���21 ���22 · · · 0

...
...

. . .
...

���i1 ���i2 · · · ���ii

⎞

⎟
⎟
⎠ , i = 1, · · · , k. (7)

Note that ���1 = ���11, ���k = ��� and ���i is the Cholesky decomposition of ���i ,
i = 1, . . . , k. The likelihood function of ��� is

L(���) =
k∏

i=1

|���i���
′
i |−

ni
2

mi∏

j=mi−1+1

× exp

{

−1

2
(Y′

j1, . . . , Y′
ji)(���i���

′
i )

−1(Y′
j1, . . . , Y′

ji)
′
}

. (8)

It is necessary that an estimator of a covariance matrix is indeed positive definite.
Fortunately, with a Cholesky decomposition, it will guarantee that the resulting
estimator of ��� is positive definite if each diagonal element of the corresponding
estimator of ���ii is positive for all i = 1, . . . , k.

Furthermore, we could define another set of sufficient statistics of ���. We first
define

⎧
⎪⎪⎨

⎪⎪⎩

W111 = ∑mk

j=1 Yj1Y′
j1,

Wi11 = ∑mk

j=mi−1+1(Y
′
j1, . . . , Y′

j,i−1)
′(Y′

j1, . . . , Y′
j,i−1),

Wi21 = W′
i12 = ∑mk

j=mi−1+1 Yji(Y′
j1, . . . , Y′

j,i−1),

Wi22 = ∑mk

j=mi−1+1 YjiY′
ji ,

(9)

for i = 2, . . . , k.. Next, we define the inverse matrix of ���. i.e., ��� = ���−1. Clearly
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��� is also lower triangular. We write ��� as a block matrix with similar structure as
��� in Eq. (7). Define

ϒϒϒi = (���i1, . . . , ���i,i−1), i = 2, . . . , k. (10)

Then the likelihood function of ��� is

L(���) =
k∏

i=1

|���i |ni

mi∏

j=mi−1+1

exp

{

−1

2
(Y′

j1, . . . , Y′
ji)���

′
i���i(Y′

j1, . . . , Y′
ji)

′
}

=
k∏

i=1

|���ii |mk−mi−1 etr
(

− 1

2
���iiWi22·1���′

ii

)

×
k∏

i=2

etr

{

−1

2
(ϒϒϒi + ���iiWi21W−1

i11)Wi11(ϒϒϒi + ���iiWi21W−1
i11)

′
}

, (11)

where

W122·1 = W111 and Wi22·1 = Wi22 − Wi21W−1
i11Wi12, i = 2, . . . , k. (12)

It is easy to see that

W̃ ≡ {W111, (Wi11, Wi21, Wi22) : i = 2, . . . , k} (13)

is sufficient statistics of ��� or ���. Recall that the sufficient statistics V1, . . . , Vk ,
defined in Eq. (4), are mutually independent. Here W111, (W211, W221, W222), . . . ,
(Wk11, Wk21, Wk22) are no longer mutually independent.

We are ready to derive a closed form expression of the MLE of ���.

Theorem 3.1 If

nk ≥ p, (14)

the MLE �̂��M of ��� exists, is unique, and is given by

⎧
⎪⎨

⎪⎩

�̂��1M ≡ �̂��11M = W111
mk

,

�̂��iM ≡ (�̂��i1M, . . . , �̂��i,i−1,M) = Wi21W−1
i11�̂��i−1,M,

�̂��iiM = Wi22·1
mk−mi−1

+ Wi21W−1
i11�̂��

−1
i−1,MW−1

i11Wi12, i = 2, . . . , k.

(15)

Proof It follows from Eq. (11) that the log-likelihood function of ��� is

log L(���) = −1

2

k∑

i=1

{
tr(���iiWi22·1���′

ii ) − (mk − mi−1) log |���′
ii���ii |

}

−1

2

k∑

i=2

tr
{(

ϒϒϒi + ���iiWi21W−1
i11

)
Wi11

(
ϒϒϒi + ���iiWi21W−1

i11

)′}
. (16)
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It is clear that W111, Wi11 and Wi22·1, i = 2, . . . , k are positive definite with
probability one if the condition (14) holds. Thus, from Eq. (16), the MLE of ���
uniquely exists and so does the MLE of ���.Also, from Eq. (16), the MLE �̂�� satisfies
{

(�̂��
′
ii�̂��ii)

−1 = Wi22·1
mk−mi−1

, i = 1, . . . , k,

ϒ̂ϒϒi = (�̂��i1, . . . , �̂��i,i−1) = − �̂��iiWi21W−1
i11, i = 2, . . . , k.

(17)

Because ��� = (���′���)−1, it follows
⎧
⎪⎪⎨

⎪⎪⎩

���11 = (���′
11���11)

−1,

���i = (���′
i���i)

−1,

���i = −���−1
ii ϒϒϒi(���

′
i−1���i−1)

−1,

���ii = (���′
ii���ii)

−1 + ���−1
ii ϒϒϒi(���

′
i−1���i−1)

−1ϒϒϒ ′
i (���

′
ii )

−1, i = 2, . . . , k.

(18)

Combining Eq. (17) with (18), the desired result follows.

From Theorem 3.1, the unique existence of the MLE of the covariance matrix
will depend only on the sample size nk for the whole variables (X1, X2, . . . , Xp)′
in the model with staircase pattern data. Intuitively, this is understandable because
only the observations from the whole variables (X1, X2, . . . , Xp)′ can give the
whole description of the covariance matrix. In fact, if nk < p, the MLE of the
covariance matrix will no longer exist uniquely no matter how many observations
of partial variables (Y′

1, . . . , Y′
i )

′ there are i = 1, . . . , k − 1. In this paper, we
assume that nk ≥ p such that the MLE of ��� uniquely exists.

We also notice that it is difficult to evaluate the performance of the MLE of ���
because of its complicated structure and the dependence among W̃. Some simula-
tion study will be explored in Sect. 6.

3.2 The best equivariant estimator

Now we try to improve over the MLE �̂��M under the Stein loss Eq. (5). Let G denote
the group of lower-triangular p by p matrices with positive diagonal elements. Note
that the problem is invariant under the action of G,

��� → A���A′, Vi → AiViA′
i , i = 1, . . . , k, (19)

where A ∈ G and Ai is the upper left qi by qi sub-matrix of A, i = 1, . . . , k. It is
not obvious to see how W̃ = {W111, (Wi11, Wi21, Wi22) : i = 2, . . . , k} changes
after the transformation (19). In fact, after the transformation (19), W̃ will change
as follows:
⎧
⎪⎨

⎪⎩

W111 → A11W111A′
11;

Wi11 → Ai−1Wi11A′
i−1,

Wi21 → BiWi11A′
i−1 + AiiWi21A′

i−1,
Wi22 → BiWi11B′

i + BiWi12A′
ii + AiiWi21B′

i + AiiWi22A′
ii , i = 2, . . . , k,

where Bi = (Ai1, . . . , Ai,i−1), i = 2, . . . , k. Although it seems impossible to find
a general form of equivariant estimator with respect to G, an improved estima-
tor of ��� over the MLE �̂��M may be derived under an invariant loss based on the
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similar idea of Eaton (1970). The Haar invariant measures will play an important
role in finding a better estimator over the MLE �̂��M . For ��� = (φij )p×p ∈ G, from
Example 1.14 of Eaton (1989), the right Haar invariant measure on the group G is

νr
G(���) d��� =

p∏

i=1

φ
−p+i−1
ii d���, (20)

while the left Haar invariant measure on the group G is

νl
G(���) d��� =

p∏

i=1

φ−i
ii d���. (21)

To get a better estimator over the MLE �̂��M , we need the following lemma. Hereaf-
ter, we exploit the notation for matrix variate normal distribution given by Defini-
tion 2.2.1 of Gupta and Nagar (2000), that is, Xp×n ∼ Np,n(Mp×n, ���p×p ⊗			n×n)
if and only if vec(X′) ∼ Npn(vec(M′), ��� ⊗ 			).

Lemma 3.1 Let ��� be the Cholesky decomposition of ��� defined by (7) and ��� =
���−1 with a similar block partition as (7), and ϒϒϒi be given by (10). For W̃ defined
by (9), if the condition (14) holds, then the posterior p(��� | W̃) of ��� under the
prior νr

G(���) in (20) has the following properties:

(a) p(��� | W̃) is proper;
(b) Conditional on W̃, ���11, (ϒϒϒ2, ���22), . . . , (ϒϒϒk, ���kk) are mutually independent;
(c) ���iiWi22·1���′

ii | W̃ ∼ Wpi
(mk − mi−1 − qi−1, Ipi

), i = 1, . . . , k;
(d) ϒϒϒi | ���ii, W̃ ∼ Npi,qi−1(−���iiWi21W−1

i11, Ipi
⊗ W−1

i11), i = 2, . . . , k;
(e) The posterior mean of ���′��� is finite.

Here Wi22·1 is defined by (12).

Proof Combining (21) with the likelihood function (11), we will easily conclude
that the posterior distribution of ���,

p(��� | W̃) ∝
p1∏

j=1

δ
mk−j

jj exp

{

−1

2
tr(���11W111���

′
11)

}

×
k∏

i=2

pi∏

j=1

δ
mk−mi−1−qi−1−j

qi−1+j,qi−1+j exp

{

−1

2
tr(���iiWi22·1���′

ii )

}

×
k∏

i=2

exp

[

−1

2
tr
{(

ϒϒϒi + ���iiWi21W−1
i11

)
Wi11

×(ϒϒϒi + ���iiWi21W−1
i11

)′}]
. (22)

The condition (14) will assure that W111, Wi11 and Wi22·1 are positive definite with
probability one, i = 2, . . . , k. Thus (b), (c) and (d) hold. For (a), p(��� | W̃) is
proper if and only if each posterior p(���ii | W̃) is proper, i = 1, . . . , k, which also
is guaranteed by the condition (14).
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For (e), because

���′��� =

⎛

⎜
⎜
⎜
⎝

∑k
i=1 ���′

i1���i1
∑k

i=2 ���′
i1���i2 · · · ���′

k1���kk∑k
i=2 ���′

i2���i1
∑k

i=2 ���′
i2���i2 · · · ���′

k2���kk

...
...

. . .
...

���′
kk���k1 ���′

kk���k2 · · · ���′
kk���kk

⎞

⎟
⎟
⎟
⎠

, (23)

so the posterior mean of ���′��� is finite if the following three conditions hold:

(i) E(���′
ii���ii | W̃) < ∞, 1 ≤ i ≤ k;

(ii) E(���′
ij���ii | W̃) < ∞, 1 ≤ j < i ≤ k;

(iii) E(���′
ij���is | W̃) < ∞, 1 ≤ j, s < i ≤ k.

To finish the proof of Lemma 3.1, we just need to show (i) because

E(���′
ij���ii | W̃) = −Bij W−1

i11Wi12E(���′
ii���ii | W̃), (24)

E(���′
ij���is | W̃) = Bij

{
piWi11+W−1

i11Wi12E(���′
ii���ii | W̃)Wi21W−1

i11

}
B′

is , (25)

for 1 ≤ j, s < i ≤ k, where

Bij = (0pj ×p1, . . . , 0pj ×pj−1, Ipj
, 0pj ×pj+1, . . . , 0pj ×pi−1)pj ×qi−1 .

Here we obtain (24) and (25) by using the result of part (d). From (22), we get

p(���ii | W̃) ∝
pi∏

j=1

δ
mk−mi−1−qi−1−j

qi−1+j,qi−1+j exp

{

−1

2
tr
(
���iiWi22·1���′

ii

)
}

.

Lemma 3 of Sun and Sun (2005) shows that E(���′
ii���ii | W̃) is finite if mk −mi−1 −

qi−1 − j ≥ 0, j = 1, . . . , pi, i = 1, . . . , k, which is equivalent to nk ≥ p.

Because the MLE �̂��M belongs to a class of G-equivariant estimators, the fol-
lowing theorem shows that the best G-equivariant estimator �̂��B , which is better
than �̂��M , uniquely exists.

Theorem 3.2 For the staircase pattern data (1) and under the Stein loss (5), if the
condition (14) holds, the best G-equivariant estimator �̂��B of ��� exists uniquely
and is given by

�̂��B = {E(���′��� | W̃)}−1. (26)

Proof For any invariant loss, by Theorem 6.5 in Eaton (1989), the best equivariant
estimator of ��� with respect to the group G will be the Bayesian estimator if we take
the right invariant Haar measure νr

G(���) on the group G as a prior. The Stein loss
(5) is an invariant loss, which can be written as a function of �̂�����−1. Thus, to find
the best equivariant estimator of ��� under the group G, we just need to minimize

H(�̂��) =
∫
{
tr(�̂�����−1) − log |�̂�����−1| − p

}
L(���)νr

G(���) d���.
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Making the transformation ��� → ��� = ���−1 and noticing that νl
G(���) d��� =

νr
G(���) d���, we get

H(�̂��) ∝
∫ {

tr(�̂�����′���) − log |�̂��| − log |���′���| − p
}
p(��� | W̃) d���,

where p(��� | W̃) is given by Lemma 3.1. So H(�̂��) attains a unique maximum
at �̂�� = {E(���′��� | W̃)}−1 if E(���′��� | W̃) exists. The result then follows by
Lemma 3.1(e).

Remark 1 By Kiefer (1957), the best G-equivariant estimator �̂��B of ��� is minimax
under the Stein loss (5) because the group G is solvable.

Notice that the best G-equivariant estimator �̂��B is uniformly better than the
MLE �̂��M under the Stein loss (5) because the MLE �̂��M is equivariant under
the lower-triangular group G. However, it is still unclear how to get the explicit
expressions of the risks for �̂��M and �̂��B under the staircase pattern model. Some
simulation results will be reported in Sect. 6.

3.3 An algorithm to compute the best equivariant estimate

Eaton (1970) gave the explicit form of the best G-equivariant estimator �̂��B for
k = 2. In the following we will show how to compute �̂��B analytically for general
k. The key point is to get the closed form of E(���′��� | W̃). From (23), (24) and (25),
we only need to compute each E(���′

ii���ii | W̃), and this can easily be obtained by
Eaton (1970) as follows:

E(���′
ii���ii | W̃) = (K′

i )
−1DiK−1

i (27)

where Ki is the Cholesky decomposition of Wi22·1, Di = diag(di1, . . . , dipi
), and

dij = mk − mi−1 − qi−1 + pi − 2j + 1. (28)

Combining (23), (24), (25) and (27), we could derive the closed form of
E(���′��� | W̃), and compute �̂��B .

Algorithm for computing �̂��B

Step 1: For the staircase pattern observations (1), compute W̃ based on (9).
Step 2: Compute E(���′

ii���ii | W̃) based on (27) and (28), i = 1, . . . , k.
Step 3: Compute E(���′

ij���ii | W̃) and E(���′
ij���is | W̃) based on (24) and (25)

respectively, 1 ≤ j, s < i ≤ k.
Step 4: Obtain E(���′��� | W̃) based on the expression (23).
Step 5: �̂��B = {E(���′��� | W̃)}−1.

From Theorem 3.1, the MLE �̂��M has a closed form explicitly in terms of W̃. We
know that the best equivariant estimator is �̂��B = {E(���′��� | W̃)}−1 although we
are able to give the closed form expression of E(���′��� | W̃) in terms of W̃.An inter-
esting question is: could we derive a closed form expression for {E(���′��� | W̃)}−1

directly? At the time we are unable to do so although this is not too restrictive in
computing �̂��B .

In Sect. 4.4, we could see that the Bayesian estimator of ��� under the Jeffreys
prior πJ (���) has a similar form as that of the best G-equivariant estimator �̂��B .
Again, we are not sure if �̂��J could be expressed explicitly in terms of W̃ directly.



220 X. Sun and D. Sun

4 The Jeffreys and reference priors and posteriors

4.1 Bartlet decomposition

To derive the Jeffreys and reference priors of ���, we may use the parameterizations
of the Cholesky decomposition given by (6). It is more convenient to consider a
one-to-one transformation by Bartlett (1933),

⎧
⎨

⎩

���11 = ���11,




i =̂ (���i1, . . . , ���i,i−1) = (���i1, . . . , ���i,i−1)���
−1
i−1,

���ii = ���ii − (���i1, . . . , ���i,i−1)���
−1
i−1(���i1, . . . , ���i,i−1)

′, i = 2, . . . , k,

(29)

where ���i is given by (2). It is easy to see that

���
−1
i =

⎛

⎜
⎝

Ip1 0 · · · 0
−���21 Ip2 · · · 0

.

.

.
.
.
.

. . .
.
.
.

−���i1 −���i2 · · · Ipi

⎞

⎟
⎠

′⎛

⎜
⎜
⎝

���−1
11 0 · · · 0
0 ���−1

22 · · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · ���−1
ii

⎞

⎟
⎟
⎠

⎛

⎜
⎝

Ip1 0 · · · 0
−���21 Ip2 · · · 0

.

.

.
.
.
.

. . .
.
.
.

−���i1 −���i2 · · · Ipi

⎞

⎟
⎠ (30)

for i = 2, . . . , k. For convenience, let

��� =

⎛

⎜
⎜
⎝

���11 ���′
21 · · · ���′

k1
���21 ���22 · · · ���′

k2
...

...
. . .

...
���k1 ���k2 · · · ���kk

⎞

⎟
⎟
⎠ . (31)

Notice that ��� is symmetric and the transformation from ��� to ��� is one-to-one. In
fact, the generalized inverted Wishart prior in Kibria, Sun, Zidek and Le (2002) is
to define each ���ii as an inverted Wishart distribution and each 


i as matrix-variate
normal distribution. Moreover, the decomposition (30) may be viewed as a block
counterpart of the decomposition considered by Pourahmadi (1999, 2000), and
Daniels and Pourahmadi (2002), etc. Using ��� is more efficient than using ��� itself
to deal with the statistical inference of the covariance matrix with staircase pattern
data.

4.2 Fisher information and the Jeffreys prior

First of all, we give the Fisher information matrix of ��� as follows.

Theorem 4.1 Let θθθ = (vech′(���11), vec′(


2), vech′(���22), . . . , vec′(


k),
vech′(���kk))

′, where vec(·) and vech(·) are two matrix operators described in detail
in Henderson and Searle (1979), and for notational simplicity, vec′(·) ≡ (vec(·))′,
vech′(·) ≡ (vech(·))′. Then the Fisher information matrix of θθθ in multivariate
normal distribution with staircase pattern data is given by

I(θθθ) = diag(A1, A2, A3, . . . , A2k−2, A2k−1), (32)



Estimating a normal covariance matrix 221

where

A2i−2 = (mk − mi−1)���i−1 ⊗ ���−1
ii , i = 2, . . . , k;

A2i−1 = mk − mi−1

2
G′

i (���
−1
ii ⊗ ���−1

ii )Gi , i = 1, . . . , k

with Gi uniquely satisfying vec(���ii) = Gi · vech(���ii), i = 1, . . . , k.

The proof of the theorem is given in Appendix. We should point out that the
method in the proof also works for the usual complete data. We just need to replace
mk − mi−1 by the sample size n of the complete data. Thus the Jeffreys prior for
the staircase pattern data will be the same as that for the complete data. The details
can be seen in the following theorem.

Theorem 4.2 The Jeffreys prior of the covariance matrix ��� in multivariate normal
distribution with staircase pattern data is given by

πJ (���) ∝ |���|−(p+1)/2, (33)

which is the same as the usual Jeffreys prior for the complete data.

Proof It is well-known that for Ap×p and Bq×q , |A ⊗ B| = |A|q |B|p. Also, from
Theorem 3.13 (d) and Theorem 3.14(b) of Magnus and Neudecker (1999), it follows

|G′
i (���

−1
ii ⊗ ���−1

ii )Gi | = |G+
i (���ii ⊗ ���ii)G+′

i |−1 = 2pi(pi−1)/2|���ii |−pi−1,

where G+
i stands for the Moore–Penrose inverse matrix of Gi . Thus from (32), we

can easily get the Jeffreys prior of ���,

πJ (���) ∝ |���11|−(p1+1)/2|���22|−(p1+p2+1)/2 . . . |���kk|−(p1+···+pk+1)/2
k−1∏

i=1

|���i |pi+1/2

=
k∏

i=1

|���ii |(p−2qi−1)/2. (34)

Moreover, the Jacobian of the transformation from ��� to ��� is given by

J (��� → ���) =
k−1∏

i=1

|���−1
i ⊗ Ipi+1 | =

k−1∏

i=1

|���i |−pi+1 =
k−1∏

i=1

|���ii |qi−p. (35)

Consequently, the Jeffreys prior of ��� becomes

πJ (���) = πJ (���) · J (��� → ���),

which is given by (33) after simple calculation.
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4.3 The reference prior

Suppose that each pi ≥ 2, i = 1, . . . , k. Because ���ii is still positive definite, it
can be decomposed as ���ii = O′

iDiOi , with Oi an orthogonal matrix with positive
elements for the first row and Di a diagonal matrix, Di = diag(di1, . . . , dipi

), with
di1 ≥ · · · ≥ dipi

, i = 1, . . . , k. With the similar idea in Yang and Berger (1994), a
reference prior may be derived in the following proposition.

Theorem 4.3 Suppose that pi ≥ 2, i = 1, . . . , k. For the multivariate normal dis-
tribution with staircase pattern data, the reference prior πR(���) of ��� is given as
follows, providing the group ordering used lists D1, . . . , Dk before (O1, . . . , Ok,



2, . . . , 


k) and for each i, the {dij } are ordered monotonically (either increasing
or decreasing):

πR(���) d��� ∝
{ k∏

i=1

|���ii |−1
∏

1≤s<t≤pi

(dis − dit )
−1

}

d���. (36)

Proof Because we have obtained the Fisher information matrix of ��� in Theorem
4.1, the proof is thus similar to that of Theorem 1 in Yang and Berger (1994) based
on a general algorithm for computing ordered group reference priors in Berger and
Bernardo (1992). �


Notice that although
∏k

i=1 |���ii | = |���|, there is no ordering between the ei-
genvalues of ���ii and those of ���jj , 1 ≤ i �= j ≤ k. Because the reference prior
(36) depends on the group partition of the variables, it is totally different from the
reference prior obtained by Yang and Berger (1994). Although the Jacobian of the
transformation from ��� to ��� is given by (35), we actually just gave the explicit form
of the reference prior of ��� rather than ��� itself because it is hard to express the
eigenvalues of ���ii in terms of ���. However, this will not result in any difficulty in
simulation work because we just need to simulate ��� first and then get the required
sample by transformation for further Bayesian computation of ���. The details will
be shown in Sect. 6

Remark 2 If pi = 1 for some i, the corresponding reference prior under the condi-
tion of the above proposition will be obtained by replacing the part |���ii |−1∏

1≤s<t≤pi

(dis − dit )
−1 in (36) by 1/|���ii |.

4.4 Properties of the posteriors under πJ (���) and πR(���)

The following two lemmas give the properties of the posterior distributions of the
covariance matrix under the Jeffreys prior (33) and the reference prior (36). Both
proofs can be seen in Appendix.

Lemma 4.1 Let ��� be defined by (31) and (29). Then under the Jeffreys prior πJ (���)
given by (33) or the equivalent Jeffreys prior πJ (���) given by (34), the posterior
pJ (��� | W̃) has the following properties if the condition (14) holds:

(a) pJ (��� | W̃) is proper
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(b) ���11, (


2, ���22), . . . , (


k, ���kk) are mutually independent
(c) The marginal posterior of ���ii is IWpi

(Wi22·1, mk−mi−1+qi−p), i = 1, . . . , k

(d) (


i | ���ii, W̃) ∼ Npi,qi−1(Wi21W−1
i11, ���ii ⊗ W−1

i11), i = 2, . . . , k

(e) The posterior mean of ���−1 is finite.

Here the definition of an IWp (inverse Wishart) distribution with dimension p
follows that on page 268 of Anderson (1984).

Lemma 4.2 Let ��� be defined by (31) and (29). Under the reference prior πR(���)
given by (36), the posterior pR(��� | W̃) has the following properties if the condition
(14) holds:

(a) pR(��� | W̃) is proper
(b) ���11, (


2, ���22), . . . , (


k, ���kk) are mutually independent
(c) For i = 1, . . . , k,

pR(���ii | W̃) ∝ 1

|���ii |(mk−mi−1−qi−1)/2+1

×
∏

1≤s<t≤pi

1

dis − dit

exp

{

−1

2
tr(���−1

ii Wi22·1)
}

;

(d) For i = 2, . . . , k, (


i | ���ii, W̃) ∼ Npi,qi−1(Wi21W−1
i11, ���ii ⊗ W−1

i11);
(e) The posterior mean of ���−1 is finite.

From Yang and Berger (1994), the Bayesian estimator of ��� under the Stein
loss function (5) is �̂�� = {

E(���−1 | W̃)
}−1

. So we have the following theorem
immediately.

Theorem 4.4 If the condition (14) holds, the Bayesian estimators of ��� under
πJ (���) and πR(���) under the Stein loss function (5) uniquely exist.

Based on Lemma 4.1, an algorithm for computing Bayesian estimator �̂��J under
πJ (���) can be proposed, which is similar to that for computing the best equivariant
estimator �̂��B in Sect. 3.3. In Sect. 6, we will present an MCMC algorithm for
computing Bayesian estimator �̂��R under πR(���).

5 The case when k = 3

As an example, we apply the algorithm of computing �̂��B in Sect. 3.3 for k = 3.
In this case,

�̂��B = {
E(���′��� | W̃)

}−1 ≡
⎛

⎝
�̂��11B �̂��12B �̂��13B

�̂��21B �̂��22B �̂��23B

�̂��31B �̂��32B �̂��33B

⎞

⎠

−1

,
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where

�̂��11B = (K′
1)

−1D1K−1
1

+
3∑

i=2

Bi1

{
piW−1

i11 + W−1
i11Wi12(K′

i )
−1DiK−1

i Wi21W−1
i11

}
B′

i1,

�̂��12B = �̂��′
21B = − W−1

211W212(K′
2)

−1D2K−1
2

+ B31

{
p3W−1

311 + W−1
311W312(K′

3)
−1D3K−1

3 W321W−1
311

}
B′

32,

�̂��13B = �̂��′
31B = − B31W−1

311W312(K′
3)

−1D3K−1
3 ,

�̂��22B = (K′
2)

−1D2K−1
2

+B32

{
p3W−1

311 + W−1
311W312(K′

3)
−1D3K−1

3 W321W−1
311

}
B′

32,

�̂��23B = �̂��′
32B = − B32W−1

311W312(K′
3)

−1D3K−1
3 ,

�̂��33B = (K′
3)

−1D3K−1
3 .

Here,

B21 = Ip1, B31 = (Ip1, 0p1×p2), B32 = (0p2×p1, Ip2). (37)

To see the difference between the best equivariant estimator �̂��B and the max-
imum likelihood estimator �̂��M when k = 3, we could rewrite �̂��M as follows:

�̂��M ≡
⎛

⎝
�̂��11M �̂��12M �̂��13M

�̂��21M �̂��22M �̂��23M

�̂��31M �̂��32M �̂��33M

⎞

⎠

−1

,

where

�̂��11M = m3(K′
1)

−1K−1
1

+
3∑

i=2

(m3 − mi−1)Bi1W−1
i11Wi12(K′

i )
−1K−1

i Wi21W−1
i11B′

i1,

�̂��12M = �̂��′
21M = −(m3 − m1)W−1

211W212(K′
2)

−1K−1
2

+(m3 − m2)B31W−1
311W312(K′

3)
−1K−1

3 W321W−1
311B′

32,

�̂��13M = �̂��′
31M = −(m3 − m2)B31W−1

311W312(K′
3)

−1K−1
3 ,

�̂��22M = (m3 − m1)(K′
2)

−1K−1
2

+(m3 − m2)B32W−1
311W312(K′

3)
−1K−1

3 W321W−1
311B′

32,

�̂��23M = �̂��′
32M = −(m3 − m2)B32W−1

311W312(K′
3)

−1K−1
3 ,

�̂��33M = (m3 − m2)(K′
3)

−1K−1
3 .

Finally, the Bayesian estimator �̂��J under the Jeffreys prior πJ (���) can be cal-
culated analytically,

�̂��J ≡
⎛

⎝
	̂		11J 	̂		12J 	̂		13J

	̂		21J 	̂		22J 	̂		23J

	̂		31J 	̂		32J 	̂		33J

⎞

⎠

−1

,
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where

�̂��11J = (m3 + p1 − p)W−1
111 + p2W−1

211

+(m3 − m1 + p2 − p)W−1
211W212W−1

222·1W221W−1
211

+B31

{
p3W−1

311 + (m3 − m2 + p3 − p)W−1
311W312W−1

322·1W321W−1
311

}
B′

31,

�̂��21J = �̂��′
12J = (m3 − m1 + p2 − p)W−1

222·1W221W−1
211

+B32

{
p3W−1

311 + (m3 − m2 + p3 − p)W−1
311W312W−1

322·1W321W−1
311

}
B′

31,

�̂��31J = �̂��′
13J = (m3 − m2 + p3 − p)W−1

322·1W321W−1
311B′

31,

�̂��32J = �̂��′
23J = (m3 − m2 + p3 − p)W−1

322·1W321W−1
311B′

32,

�̂��22J = (m3 − m1 + p2 − p)W−1
222·1

+B32

{
p3W−1

311 + (m3 − m2 + p3 − p)W−1
311W312W−1

322·1W321W−1
311

}
B′

32,

�̂��33J = (m3 − m2 + p3 − p)W−1
322·1.

Here B31 and B32 are given in (37).
Unfortunately, it is almost impossible to calculate the Bayesian estimator �̂��R

analytically under the reference prior πR(���). Some simulation work will be given
in the next section.

6 Simulation studies

In this section, we evaluate the performances of the MLE �̂��M , the best
G-equivariant estimator �̂��B , the Bayesian estimator �̂��J for the Jeffreys prior and
the Bayesian estimator �̂��R for the reference prior. For a given W̃, we know how
to compute the above estimators except �̂��R from Sects. 3 and 4.4. However, it is
still impossible to compute the risks for the above four estimators analytically. So
we will derive their approximate risks by simulation instead. For a given W̃, we
first show how to simulate �̂��R because there is no closed form for this estimator.

Because the transformation from ���−1 to ��� is one-to-one, we consider simulat-
ing from the posterior pR(��� | W̃) of ��� and then obtaining the samples of ���−1 from
pR(���−1 | W̃) by using the transformation described in Sect. 4. From Lemma 4.2,
we just need to simulate from the posteriors pR(���11 |W̃), pR(


2,���22 |W̃), . . . , pR

(


k, ���kk | W̃), respectively. By Lemma 4.2(b) and (c), the question turns out to
simulate from the posterior pR(���ii | W̃) of ���ii for each i = 1, . . . , k. Yang and
Berger (1994) provided a hit-and-run algorithm based on the exponential matrix
transformation. Berger, Strawderman and Tang (2005) presented an easier Metrop-
olis–Hastings algorithm and investigated some properties of the algorithm such as
MCMC switching frequency and convergence. Here we adopt the Metropolis–Has-
tings algorithm to simulate from the marginal posterior distribution pR(���ii | W̃) of
���ii . For convenience, we will denote the marginal posterior distribution pR(���ii |
W̃) of ���ii as fi(���ii), i = 1, . . . , k and U(0, 1) as the uniform distribution between
0 and 1.
An algorithm for simulating from the marginal posterior distribution of ���ii :
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Step 0: Choose an initial value �̂��
(0)
ii and set l = 0. Usually, we choose the MLE

of ���ii as �̂��
(0)
ii , which is based on (29) and (15).

Step 1: Generate a random variable ���ii ∼ gi(���ii) and another random variable
U ∼ U(0, 1), where gi(���ii) is a probing distribution, which will be given
later.

Step 2: Compute

Ri = fi(���ii)

fi(���
(l)
ii )

· gi(���
(l)
ii )

gi(���ii)
, i = 1, . . . , k.

Step 3: If U > Ri , set ���
(l+1)
ii = ���

(l)
ii , l = l + 1, and return to Step 1.

If U ≤ Ri , set ���
(l+1)
ii = ���ii , l = l + 1, and return to Step 1.

According to Berger, Strawderman and Tang (2005), an efficient probing dis-
tribution gi(���ii) can be chosen as

gi(���ii) ∝ |���ii |−(mk−mi−1−qi−1+pi+1)/2 exp

{

−1

2
tr(���−1

ii Wi22·1)
}

,

which is IW pi
(Wi22·1, mk − mi−1 − qi−1), i = 1, . . . , k. Therefore, the resulting

Ri in Step 2 becomes

Ri =
∏

1≤s<t≤pi
(d

(l)
is − d

(l)
it )

∏
1≤s<t≤pi

(dis − dit )
× |���ii |(pi−1)/2

|���(l)
ii |(pi−1)/2

, i = 1, . . . , k.

Suppose that we now have the sample {���(0)
ii , ���

(1)
ii , . . . , ���

(n)
ii } by using the

above algorithm for each i = 1, . . . , k. Then, by Lemma 4.2(c), simulate 



(l)
i ∼

Npi,qi−1(Wi21W−1
i11, ���

(l)
ii ⊗ W−1

i11), l = 1, . . . , n, i = 2, . . . , k. Consequently, by
(31), we may have the sample {���(1), . . . , ���(n)} of size n being appropriately from
the posterior pR(��� | W̃).

Once we have {���(1), . . . , ���(n)}, an MCMC sample {(���−1)(1), . . . , (���−1)(n)}
of size n for each W̃ can be obtained by using the transformation (30). So the
Bayesian estimator �̂��R can be approximately calculated as

�̂��R =
{

1

n

n∑

j=1

(���−1)(j)

}−1

.

We report several examples for staircase pattern models with nine variables
below. The results of each example are obtained based on 1,000 samples from the
corresponding staircase pattern model. To get the Bayesian estimate of ��� under
the reference prior for each of those 1,000 samples, we ran 10,000 cycles after 500
burn-in cycles by applying the algorithm described above. In fact, our simulation
shows that taking 500 samples and running 5,500 cycling with 500 burn-in cycles
is accurate enough to compute the risks of four estimators. Notice that R(�̂��R, ���)
depends on the true parameter ��� while R(�̂��M, ���), R(�̂��B, ���) and R(�̂��J , ���) are
independent of ���.

Example 1 For the case of p1 = 3, p2 = 4, p3 = 2, n1 = 1, n2 = 2, n3 =
10, we have R(�̂��M, ���) = 6.3325, R(�̂��B, ���) = 4.4445, R(�̂��J , ���) = 4.4472,
R(�̂��R, ���) = 4.1801, when the true parameter ��� = diag(1, 2, . . . , 9).
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Example 2 For the case of p1 = 3, p2 = 4, p3 = 2, n1 = 4, n2 = 6, n3 =
10, we have R(�̂��M, ���) = 6.9642, R(�̂��B, ���) = 4.9364, R(�̂��J , ���) = 5.3014,
R(�̂��R, ���) = 4.7620, when the true parameter ��� = diag(1, 2, . . . , 9).

Example 3 For the case of p1 = 2, p2 = 3, p3 = 4, n1 = 3, n2 = 2, n3 =
10, we have R(�̂��M, ���) = 5.6764, R(�̂��B, ���) = 4.2538, R(�̂��J , ���) = 3.8374,
R(�̂��R, ���) = 3.5454, when the true parameter ��� = diag(9, 8, . . . , 1).

Theoretically, we have shown that the best equivariant estimator �̂��B beats the
MLE �̂��M in any case. Our simulation results also show that the Bayesian estimator
�̂��R is always the best one among the four estimators while the MLE �̂��M is the
poorest. It must be admitted, however, that all these conclusions are quite tentative,
being based on only a very limited simulation study.

7 Comments

In this paper, we apply two kinds of parameterizations to deal with the estimation of
the multivariate normal covariance matrix with staircase pattern data. One is based
on the Cholesky decomposition of the covariance matrix and is convenient to get
the MLE and the best equivariant estimator with respect to the group of the lower
triangular matrices under an invariant loss. The other is based on Bartlett decom-
position and is convenient to deal with the Bayesian estimators with respect to the
Jeffreys prior and the reference prior. Simulation study shows that the Bayesian
estimator with respect to our reference prior is recommended under the Stein loss.
Notice that the Bayesian estimator with respect to Yang-Berger’s reference prior
(Yang and Berger, 1994) performs well in estimation of the covariance matrix of
the multivariate normal distribution with the complete data. However, it seems to
be difficult to apply this prior to the staircase pattern model discussed in this paper.
It is even hard to evaluate the performance of the resulting posterior distribution
of the covariance matrix. Another advantage of our reference prior is that it can
reduce the dimension of the variables in MCMC simulation. Because our reference
prior depends on a group partition of variables, it is still unclear how to choose
the best one from a class of reference priors. More study about this prior will be
investigated in the future.

8 Appendix: Proofs

Proof of Theorem 4.1 For brevity, we just give the proof for k = 2. It is easy to
extend it to the case for general k. Because the likelihood function of ��� is propor-
tional to
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= 1
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The log-likelihood becomes

log L = const − m2
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Thus the Fisher information matrix I (θθθ) will have the following block structure,

I(θθθ) =
⎛
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Similar to the calculation of C in Sect. 4 of McCulloch (1982), we can get
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Now we calculate A22. Because
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In addition,

∂ log L
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Similar to the calculation of B in Sect. 4 of McCulloch (1982), we have
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The last equality follows because Yj1 and Yj2 − 


2Yj1 are independent and
E(Yj1) = 0. The proof of Theorem 4.1 is completed.

Proof of Lemma 4.1 The likelihood function of ��� is given by
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and thus the posterior of ���

pJ (��� | W̃) ∝ |���11|−(mk+2q1−p+1)/2 exp
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which shows the parts (b)(c) and (d). Here the condition (14) is required to guar-
antee that Wi11, and Wi22·1 are positive definite with probability one for each
i = 1, . . . , k.

For (a), we know that pJ (��� | W̃) is proper if and only if pJ (���ii | W̃) is proper
for each i = 1, . . . , k, and this is still guaranteed by the condition (14).

For (e), from (30), we get
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So E(���−1 | W̃) is finite if and only if the posterior means of the following items
are finite: (i) ���−1

ii , i = 1, . . . , k; (ii) ���−1
ii 


i , i = 2, . . . , k and (iii) 


′

i���
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i = 1, . . . , k. Based on Lemma 4.1(d), we get
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To complete the proof of part (e), we just need to show each posterior mean of ���−1
ii

is finite, i = 1, . . . , k. By Lemma 4.1(c), we will easily see that the marginal pos-
terior of ���−1

ii is proper if the condition (14) holds and follows Wishart distribution
with parameters Wi22·1 and mk − mi−1 + qi − p. Consequently, it concludes

E(���−1
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i22·1, i = 1, . . . , k.

The results thus follow.

Proof of Lemma 4.2 Similar to the proof of Lemma 4.1, we have
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which concludes (b)(c) and (d). For (a), pR(��� | W̃) is proper if and only if pR(���ii |
W̃) is proper for each i = 1, . . . , k. As stated by Yang and Berger (1994), the mar-
ginal posterior of ���ii
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× exp
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and is proper because it is bounded by an inverse Gamma distribution if nk ≥ p,
where d Hi denotes the conditional invariant Haar measure over the space of
orthogonal matrices Oi = {Oi : O′

iOi = Ipi
} (see Sect. 13.3 of Anderson (1984)

for definition).
For (e), similar to the proof of part (e) of Lemma 4.1, we still just need to

prove E(���−1
ii | W̃) < ∞ with respect to the posterior distribution of ���ii given

by Lemma 4.2 (c), i = 1, . . . , k. Note that E(���−1
ii | W̃) < ∞ if and only if
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are the eigenvalues of ���ii , we have E(���−1
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| W̃) < ∞. By a similar method used in the proof of Theo-

rem 5 in Ni and Sun (2003), we easily get that E(d−1
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| W̃) < ∞ if the condition
(14) holds. Hence part (e) follows. The proof is thus complete.
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