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Abstract In this paper, we study the problem of estimating a multivariate nor-
mal covariance matrix with staircase pattern data. Two kinds of parameterizations
in terms of the covariance matrix are used. One is Cholesky decomposition and
another is Bartlett decomposition. Based on Cholesky decomposition of the covari-
ance matrix, the closed form of the maximum likelihood estimator (MLE) of the
covariance matrix is given. Using Bayesian method, we prove that the best equi-
variant estimator of the covariance matrix with respect to the special group related
to Cholesky decomposition uniquely exists under the Stein loss. Consequently, the
MLE of the covariance matrix is inadmissible under the Stein loss. Our method can
also be applied to other invariant loss functions like the entropy loss and the sym-
metric loss. In addition, based on Bartlett decomposition of the covariance matrix,
the Jeffreys prior and the reference prior of the covariance matrix with staircase
pattern data are also obtained. Our reference prior is different from Berger and
Yang’s reference prior. Interestingly, the Jeffreys prior with staircase pattern data is
the same as that with complete data. The posterior properties are also investigated.
Some simulation results are given for illustration.

Keywords Maximum likelihood estimator - Best equivariant estimator -
Covariance matrix - Staircase pattern data - Invariant Haar measure - Cholesky
decomposition - Bartlett decomposition - Inadmissibility - Jeffreys prior -
Reference prior

1 Introduction

Estimating the covariance matrix X% in a multivariate normal distribution with
incomplete data has been brought to statisticians’ attention for several decades. It is
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well-known that the maximum likelihood estimator (MLE) of X from
incomplete data with a general missing-data pattern cannot be expressed in closed
form. Anderson (1957) listed several general cases where the MLEs of the param-
eters can be obtained by using conditional distribution. Among these cases, the
staircase pattern (also called monotone missing-data pattern) is much more attrac-
tive because the other listed missing-data patterns do not actually have enough
information for estimating the unconstrained covariance matrix. For this pattern,
Liu (1993) presents a decomposition of the posterior distribution of ¥ under a
family of prior distributions. Jinadasa and Tracy (1992) obtain a complicated form
for the maximum likelihood estimators of the unknown mean and the covariance
matrix in terms of some sufficient statistics, which extends the work of Anderson
and Olkin (1985). Recently, Kibria, Sun, Zidek and Le (2002) discussed estimat-
ing ¥ using a generalized inverted Wishart (GIW) prior and applied the result to
mapping PM; s exposure. Other related references may include Liu (1999), Little
and Rubin (1987), and Brown, Le and Zidek (1994).

In this paper, we consider a general problem of estimating X with the staircase
pattern data. Two convenient and interesting parameterizations, Cholesky decom-
position and Bartlett decomposition, are used. Section 2 describes the model and
setup. In Sect. 3, we consider the Cholesky decomposition of ¥ and derive a closed
form expression of the MLE of X based on a set of sufficient statistics different
from those in Jinadasa and Tracy (1992). We also show that the best equivariant
estimator of X with respect to the lower-triangular matrix group uniquely exists
under the Stein invariant loss function, resulting in the inadmissibility of the MLE.
We find a method to compute the best equivariant estimator of X analytically. By
applying Bartlett decomposition of X, Sect. 4 deals with the Jeffreys prior and a
reference prior of X. Surprisingly, the Jeffreys prior of X with the staircase pattern
data is the same as the usual one with complete data. The reference prior, how-
ever, is different from that for complete data given in Yang and Berger (1994). The
properties of the posterior distributions under both the Jeffreys and the reference
priors are also investigated in this section.

In Sect. 5, an example is given for computing the MLE, the best equivariant
estimator and the Bayesian estimator under the Jeffreys prior. Section 6 presents
a Markov Chain-Monte Carlo (MCMC) algorithm for Bayesian computation of
the posterior under the reference prior. Some numerical comparisons are briefly
studied among the MLE, the best equivariant estimator of the covariance matrix
with respect to the lower-triangular matrix group, the Bayesian estimators under
the Jeffreys prior and the reference prior with respect to the Stein loss. Several
proofs are given in Appendix.

2 The staircase pattern observations and the loss

Assume that the population follows the multivariate normal distribution with mean
0 and covariance matrix X, namely, (X, X, ..., Xp)/ ~ N,(0, X). Suppose that
the p variables are divided into k groups Y; = (X, 41, ..., Xg) . fori =1,... k,
where go = 0 and ¢; = Z’j:] p;. Rather than obtaining a random sample of the
complete vector (X, X,,...,X,) = Y, ..., Y}c), we observe independently
the simple random sample of (Y7, ..., Y;)’ of size n;. We could rewrite these
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observations as the staircase pattern observations,

Y1, j=1,...,my;
(Y. Y5)', J=my+ 1, my; )
(Y’j,l,...7ygk)/, J=mg_ 41, my,

where m; = Z;’:l nj,i =1, ..., k. For convenience, let my = 0 hereafter. Such

staircase pattern observations are also called monotone samples in Jinadasa and
Tracy (1992). Write

i X Xy
Yo Yoy - B

Y = ,
Y By -+ Bk
where X;; is a p; X p; matrix. The covariance matrix of Y, ..., Y;)’ is given by
Xy Yoo Xy
3o Xy oo My
= . . . . (2)
i X e Xy
Clearly X = ¥, and the likelihood function of X is
k m; 1
L =[] :
i=1 j=mi_i+1 132
X ex —l(Y’ Y )= Y Y.
p 5 Vi Y%, i Y
1 1.,
= l_[ - etr( - =X Vi), 3)
i=1 |zi|7 2
where
m; Yfl
V; = Z (YY), i=1 Lk 4)
Jj=m;_1+1 le.
Clearly (Vy, ..., Vy) are sufficient statistics of X and are mutually independent.
To estimate X, we consider the Stein loss
LE. ) =uw(EZEx)—log|Ex""| - p. 5)

This loss function has been commonly used for estimating X for a completed sam-
ple, for example, Dey and Srinivasan (1985), Haff (1991), Yang and Berger (1994),
and Konno (2001).
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3 The MLE and the best equivariant estimator
3.1 The MLE of X

For the staircase pattern data, Jinadasa and Tracy (1992) show the closed form of
the MLE of X based on sufficient statistics V1, ..., V. However, the form is quite
complicated. We will show that the closed form of the MLE of ¥ can be easily
obtained by using a Cholesky decomposition, the lower-triangular squared root of
¥ with positive diagonal elements, i.e.,

T =0d, (6)
where ® has the blockwise form,
®, 0 --- 0

Dy P -0 0
o = .. .
Dy P - Pux
Here ®;; is p; x p;, and ®;; is lower triangular with positive diagonal elements.
Also, we could define,

®, 0 --- 0
D D0 0

D, = . . ], i=1,-- k. @)
D P Py

Note that ®; = ®;;, &, = P and ®; is the Cholesky decomposition of X;,
i =1, ..., k. The likelihood function of ® is

k m;
L) =[]1e®1 % []
i=1 j=mi_1+1
1 _
xexp{—E(Y;l,...,Y;i)(dn(D;) I(Y’jl,...,Y/ji)/}. ®8)

It is necessary that an estimator of a covariance matrix is indeed positive definite.
Fortunately, with a Cholesky decomposition, it will guarantee that the resulting
estimator of X is positive definite if each diagonal element of the corresponding
estimator of ®;; is positive foralli =1, ..., k.

Furthermore, we could define another set of sufficient statistics of X. We first
define

Wi =375 Y,Y

jl
— mg / / / ! /
Will - Zj:m’._lJrl(le’ ey Yj,,‘_l) (le» ey Yj,,‘_l), (9)
_ / _ my / /
Wio = i — Zj:m,,wl in(le, s Yj,i—l)’

. — mk 4
W122 - Zj:m,-,1+] YJlei’

fori =2, ..., k.. Next, we define the inverse matrix of ®.i.e., A = o ! Clearly
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A is also lower triangular. We write A as a block matrix with similar structure as
® in Eq. (7). Define

Y= (A, .. Aiy), i=2,...k (10)

Then the likelihood function of A is

k m;
_ ’ | /
L(A)=H|A,~|”' ]_[ exp{—E(le,...,in)A;Ai(Y’]-l,...,Y’ji)/}
i=1 j=mi_1+1

k
1
= 1_[ |Aii|n1k7nli’letl'( — EAiiWi22-lA;i)
i=1
u 1
xl_[etr {_E(Ti + A Wiy W DWi (T + AnWmWi_lll)’} , (A1)
=2

where
Wing = Wi and Winny = Wino — Wit Wi Wi, i =2,... k. (12)
It is easy to see that
W= (Wi, (Wi, War, Win) 1 i =2,..., k) (13)
is sufficient statistics of A or X. Recall that the sufficient statistics Vq, ..., Vg,
defined in Eq. (4), are mutually independent. Here W1, (Wa11, Waoy, Wono), ...,
(W11, Wiot, Wio) are no longer mutually independent.

We are ready to derive a closed form expression of the MLE of X.

Theorem 3.1 If

n = p, (14)

Qy =Cim .. Biim) = W521W,-_111§i71,M, (15)
Sin = 2L Wy Wil S0 WilWon, i=2,.. . k.

Proof 1t follows from Eq. (11) that the log-likelihood function of A is

k
1 /
log L(A) = —3 Y {tr(Ai Wizz.1 A7) = Oy = mi_y) log | A}, A
i=1
1 k
— — /
—3 Ztr [(Ti + Ay Wi Wi )W (T + AiiWiZIWilll)] . (16)
i=2
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It is clear that Wy, W;1; and Wi, i = 2,..., k are positive definite with
probability one if the condition (14) holds. Thus, from Eq. (16), the MLE of A
uniquely exists and so does the MLE of X. Also, from Eq. (16), the MLE A satisfies

1_ Wi -
(A} u) = =Lk L a7)
Y=, Aii) = — AWy Wil i=2,... k.

Because X = (A’A)~!, it follows

%, Z(A;Ai)717
2 ——A,Ti(A A" (1%
S = (AL A+ A T(A A )TITIAD T, =2, k.

Combining Eq. (17) with (18), the desired result follows.

From Theorem 3.1, the unique existence of the MLE of the covariance matrix
will depend only on the sample size n; for the whole variables (X, X», ..., X))’
in the model with staircase pattern data. Intuitively, this is understandable because
only the observations from the whole variables (X, X», ..., X,,)’ can give the
whole description of the covariance matrix. In fact, if n; < p, the MLE of the
covariance matrix will no longer exist uniquely no matter how many observations
of partial variables (Y], ...,Y}) there are i = 1,...,k — 1. In this paper, we
assume that n; > p such that the MLE of ¥ uniquely exists.

We also notice that it is difficult to evaluate the performance of the MLE of X
because of its complicated structure and the dependence among W. Some simula-
tion study will be explored in Sect. 6.

3.2 The best equivariant estimator

Now we try to improve over the MLE 3, under the Stein loss Eq. (5). Let G denote
the group of lower-triangular p by p matrices with positive diagonal elements. Note
that the problem is invariant under the action of G,

X > AZA, V, > AVAL i=1,...k (19)

where A € G and A, is the upper left ¢; by ¢; sub-matrix of A,i =1,..., k. Itis
not obvious to see how W = {Wy, (W11, Wia1, W) 1 i =2, ..., k} changes
after the transformation (19). In fact, after the transformation (19), W will change
as follows:

Wi — AnWinAl;
Wi — Ai- 1W111A, 15
Wi — B; WzllA, L+ AW AL,

Wi»n — B; W,]]B + B; Wlle/ -|-A”W,21B +A”W,22A i=2,...,k,

i1

where B; = (A;1, ..., A;i—1),i =2, ..., k. Although it seems impossible to find
a general form of equlvarlant estlmator w1th respect to G, an improved estima-
tor of X over the MLE X ), may be derived under an invariant loss based on the
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similar idea of Eaton (1970). The Haar invariant measures will play an important
role in finding a better estimator over the MLE 3 ;. For & = (@ij) pxp € G, from
Example 1.14 of Eaton (1989), the right Haar invariant measure on the group G is

p
vg(@)d® = [[¢;"" " de. (20)
i=1

while the left Haar invariant measure on the group G is

V5 (®) dd = 1_[43_’ dd. 1)
i=1

To get a better estimator over the MLE 1, we need the following lemma. Hereaf-
ter, we exploit the notation for matrix variate normal distribution given by Defini-
tion 2.2.1 of Gupta and Nagar (2000), thatis, X ,x, ~ Np (Mpxn, B pxp @ Wixn)
if and only if vec(X') ~ N,,(vec(M'), . ® W).

Lemma 3.1 Let ® be the Cholesky decomposition of % defined by (7) and A =
® ! with a similar block partition as (7), and X ; be given by (10). For w defined
by (9), if the condition (14) holds, then the posterior p(A | W) of A under the
prior vg (®) in (20) has the following properties:

(a) p(A] W) is proper;

(b) Conditionalon W, A1, (Y2, Ap), ..., (T, Ay) are mutually independent;
(©) A11W1221A |W ~ Wp,(mk mi—1 — Qi—l’lpi)riz L...,k;

(d T;| A,,,W ~ Np g (— A,,W,ZIW”],IPI. ®Wi_1]1), i=2,...,k;

(e) The posterior mean of A A is finite.

Here Wy, is defined by (12).

Proof Combining (21) with the likelihood function (11), we will easily conclude
that the posterior distribution of A,

p(A | W) o l_[fsmk Texp {——tr(AnWmAn)}
ad M—mi_1—qi—1—J 1
i=2 j=1
1
X l_[ exp |:—§tr {(i + A Wiy Wi )Wy

x (T + A Wi Wiih) 1. (22)

The condition (14) will assure that W11, W;1; and W;2,.; are positive definite with
probability one, i = 2, ..., k. Thus (b), (c) and (d) hold. For (a), p(A | W) is
proper if and only if each posterior p(A;; | W) is proper,i = 1, ..., k, which also
is guaranteed by the condition (14).
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For (e), because

Zf:l AglAil Zf:z AZlAiZ A;dAkk

k ’ k ’ ’
COANLAL Y ALAL - AL A
AA = 21—2'12 12_2‘ 2802 ' k2. kk , (23)

Ajy A AyAiz - Ay Ag

so the posterior mean of A’A is finite if the following three conditions hold:

() E(A; A | W) <00, 1 <i <k;

(i) E(A};A; |W) <00, 1 <j<i<Kk

(iii) E(Al;Ai |[W) < 00,1 < j,s <i <k
To finish the proof of Lemma 3.1, we just need to show (i) because

E(A;A; | W) = —B;W|WinE(ALA; | W), (24)
E(A A | W) = Bij{piwill +W \WinE(AL A | VNV)WmWi_“}B/

s’

(25)
forl < j, s <i <k, where

Bij = (017j><171 EE) 0P;><P,'—| ’ ij’ 017/><17/+| DR ()ijpi—])PjXqi—l

Here we obtain (24) and (25) by using the result of part (d). From (22), we get

pPi
- e 1
(A | W) oc [ 8- Jexp{—Etr(A,-iWizg.lA;i)}.
j=1

Lemma 3 of Sun and Sun (2005) shows that E(A; A;; | W) is finite if my —m; 1 —
qgi-1—j=>0,j=1,...,pi,i =1,...,k, which is equivalent to n; > p.

Because the MLE 2 belongs to a class of G-equivariant estimators, the fol-
lowmg theorem shows that the best G-equivariant estimator > g, which is better
than ¥ ,,, uniquely exists.

Theorem 3.2 For the staircase pattern data (1) and under the Stein loss (5), if the
condition (14) holds, the best G-equivariant estimator X of X exists uniquely
and is given by

S ={(E(AA W)L (26)

Proof For any invariant loss, by Theorem 6.5 in Eaton (1989), the best equivariant
estimator of X with respect to the group G will be the Bayesian estimator if we take
the right invariant Haar measure v (®) on the group G as a prlor The Stein loss
(5) is an invariant loss, which can be written as a function of $>) e ! Thus, to find
the best equivariant estimator of X under the group G, we just need to minimize

HE) = /{tr(f]il_l) —log|EE7!| - p}L(E)Wj(®) dd.
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Making the transformation ® — A = &' and noticing that vlg(A)dA =
VG (®) dP, we get

H(S) /{tr(ﬁA’A) “log || — log |A'A| —p}p(A | W) dA,

where p(A | W) is given by Lemma 3.1. So H(B) attains a unique maximum
at ¥ = {E(A'A | W)} Lif E(A'A | W) exists. The result then follows by
Lemma 3.1(e).

Remark 1 By Kiefer (1957), the best G-equivariant estimator ) p of X is minimax
under the Stein loss (5) because the group G is solvable.

Notice that the best G-equivariant estimator 5 is umformly better than the
MLE ¥ u under the Stein loss (5) because the MLE s M 18 equivariant under
the lower-triangular group G. However, it is still unclear how to get the explicit
expressions of the risks for X, and X g under the staircase pattern model. Some
simulation results will be reported in Sect. 6.

3.3 An algorithm to compute the best equivariant estimate

Eaton (1970) gave the explicit form of the best G-equivariant estimator 3 ; for
k = 2. In the following we will show how to compute X  analytically for general
k. The key point is to get the closed form of E(A’A | W). From (23), (24) and (25),
we only need to compute each E(A}; A;; | W), and this can easily be obtained by
Eaton (1970) as follows:

E(A;A; | W) = (K)™'DK;! @
where K; is the Cholesky decomposition of W;2,.1, D; = diag(d;, ..., d;,,), and
dij=my—mi_1—qi1+p; —2j+1. (28)

Combining_(23), (24), (25) and (27), we could derive the closed form of
E(A’A | W), and compute X p.

Algorithm for computing P

Step 1: For the staircase pattern observations (1), compute W based on ).
Step 2: Compute E(A];A;; | W) based on (27) and (28) i=1,...,k
Step 3: Compute E(A; A” | W) and E(A is | W) based on (24) and (25)
respectively, 1 < j, s <i =<k
Step 4: Obtain E (A'A | W) based on the expression (23).
Step 5: S ={E(AA W)L
From Theorem 3.1, the MLE £, has a closed form exphcltlxm terms of W. We
know that the best equivariant estimator is = B ={E(A'A | W)}~ ! although we
are able to give the closed form expression of E(A’A | W) interms of W. An i 1nter-
esting question is: could we derive a closed form expression for {E(A’A | W)}
directly? At the time we are unable to do so although this is not too restrictive in
computing X p.
In Sect. 4.4, we could see that the Bayesian estimator of % under the Jeffreys
prior 7;(X) has a similar form as that of the best G-equivariant estimator X p.
Again, we are not sure if 3, could be expressed explicitly in terms of w directly.
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4 The Jeffreys and reference priors and posteriors
4.1 Bartlet decomposition
To derive the Jeffreys and reference priors of ¥, we may use the parameterizations
of the Cholesky decomposition given by (6). It is more convenient to consider a
one-to-one transformation by Bartlett (1933),

'y =%y, 1
A =T, ..., Tijm) =g, Bm) B, (29)
ri=%;—-%,..., zi,i—l)zg__l](zils X)), =200k,

where X; is given by (2). It is easy to see that

I, 0 - 0\/T7 0 - 0 I, 0 -0
IR R T PR 0ry - o0 |[-Tul, -0
== . . . . . . (30)
=Ly =Tip -+ I, 0 0 -..r;')\-Tu-Tip -1,
fori =2, ..., k. For convenience, let
r,ry - I‘%l
Iy Typ--- T,
r=| . . . . (31
Ty Ty Tk

Notice that T is symmetric and the transformation from ¥ to I'" is one-to-one. In
fact, the generalized inverted Wishart prior in Kibria, Sun, Zidek and Le (2002) is
to define each I';; as an inverted Wishart distribution and each A; as matrix-variate
normal distribution. Moreover, the decomposition (30) may be viewed as a block
counterpart of the decomposition considered by Pourahmadi (1999, 2000), and
Daniels and Pourahmadi (2002), etc. Using I'" is more efficient than using ¥ itself
to deal with the statistical inference of the covariance matrix with staircase pattern
data.

4.2 Fisher information and the Jeffreys prior
First of all, we give the Fisher information matrix of I' as follows.

Theorem 4.1 Let @ =  (vech’'(T'y;), vec'(A»), vech’(T2), ..., vec'(Ay),
vech'(T'x1))’, where vec(-) and vech(-) are two matrix operators described in detail
in Henderson and Searle (1979), and for notational simplicity, vec'(-) = (vec(-))/,
vech’'(:) = (vech(.)). Then the Fisher information matrix of @ in multivariate
normal distribution with staircase pattern data is given by

1(0) = diag(A1, Az, Az, ..., Aoz, A1), (32)
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where

Ay g =(mp—mi_NE, ®T;', i=2,...,k

mp —m;_ f _ _ .
Aoy = =G @G i=1..k

with G; uniquely satisfying vec(T';;) = G; - vech(Ty;), i =1,..., k.

The proof of the theorem is given in Appendix. We should point out that the
method in the proof also works for the usual complete data. We just need to replace
my — m;_1 by the sample size n of the complete data. Thus the Jeffreys prior for
the staircase pattern data will be the same as that for the complete data. The details

can be seen in the following theorem.

Theorem 4.2 The Jeffreys prior of the covariance matrix ¥ in multivariate normal
distribution with staircase pattern data is given by

7 (8) o | BT, (33)
which is the same as the usual Jeffreys prior for the complete data.

Proof It is well-known that for A, , and B, [A ® B| = |A]7|B|”. Also, from
Theorem 3.13 (d) and Theorem 3.14(b) of Magnus and Neudecker (1999), it follows

IG/(T;' @ T;)Gi| = IGH(T; @ Ti)GH|™H = 27Pi=D2py, |=ri=t,

where G:r stands for the Moore—Penrose inverse matrix of G;. Thus from (32), we
can easily get the Jeffreys prior of I,

k—1
—(py+1)/2 - 12 —(pr 4 12 2
7;(T) o [Ty (p1+1)/ T2 (pr+pa+1)/ o Tl (pr+-+pt+1)/ H|zi|l’,+1/

i=1

k
— 1_[ |T;;|(P—20=D/2, (34)
i=1

Moreover, the Jacobian of the transformation from I'" to X is given by
k—1 k—1 k—1
JC =% = [[1E'®1L,,l = [[IZl" = [[ra". 39
i=1 i=1 i=1
Consequently, the Jeffreys prior of £ becomes

(%) = m,I)-JT = %),

which is given by (33) after simple calculation.
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4.3 The reference prior

Suppose that each p; > 2,i = 1, ..., k. Because I';; is still positive definite, it
can be decomposed as I';; = O;D,-O,-, with O; an orthogonal matrix with positive
elements for the first row and D; a diagonal matrix, D; = diag(d;1, ..., d;p,), with
dit = -+~ >d;,, i =1,..., k. With the similar idea in Yang and Berger (1994), a
reference prior may be derived in the following proposition.

Theorem 4.3 Suppose that p; > 2,i =1, ..., k. For the multivariate normal dis-
tribution with staircase pattern data, the reference prior tgr(X) of X is given as
follows, providing the group ordering used lists Dy, . .., Dy before (Oy, ..., O,
A, ..., Ay)andforeachi, the {d;;} are ordered monotonically (either increasing
or decreasing):

k
TR(2)dE {1‘[|r‘ii|—‘ I (dis—di,rl}dr. (36)
i=1

1<s<t<p;

Proof Because we have obtained the Fisher information matrix of I" in Theorem
4.1, the proof is thus similar to that of Theorem 1 in Yang and Berger (1994) based
on a general algorithm for computing ordered group reference priors in Berger and
Bernardo (1992). O

Notice that although ]_[f=1 IT;;| = |X], there is no ordering between the ei-
genvalues of T';; and those of I'j;, 1 < i # j < k. Because the reference prior
(36) depends on the group partition of the variables, it is totally different from the
reference prior obtained by Yang and Berger (1994). Although the Jacobian of the
transformation from I to X is given by (35), we actually just gave the explicit form
of the reference prior of I' rather than X itself because it is hard to express the
eigenvalues of I';; in terms of X. However, this will not result in any difficulty in
simulation work because we just need to simulate I" first and then get the required
sample by transformation for further Bayesian computation of X. The details will
be shown in Sect. 6

Remark 2 1f p; = 1 for some i, the corresponding reference prior under the condi-
tion of the above proposition will be obtained by replacing the part | ;| ' [T, <s<t<p;

(dis — dir)""in (36) by 1/|T;4].

4.4 Properties of the posteriors under 77; (%) and 7z (%)

The following two lemmas give the properties of the posterior distributions of the
covariance matrix under the Jeffreys prior (33) and the reference prior (36). Both
proofs can be seen in Appendix.

Lemma 4.1 Let T be defined by (31) and (29). Then under the Jeffreys prior 7w ; (%)
given by (33) or the equivalent Jeffreys prior w;(I') given by (34), the posterior
ps (T | W) has the following properties if the condition (14) holds:

(a) py;(I'| W) is proper
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®) Ty, (A2, T2), ..., (A, L) are mutually independent

(¢) Themarginal posterior of I';; isIW, (W1, mg—m;_1+qi—p),i =1,...,k
(@ (A [Ty, W) ~ Np g (Wit W, Ty @ Wi, i =2,k

(e) The posterior mean of £~ is finite.

Here the definition of an I1W, (inverse Wishart) distribution with dimension p
follows that on page 268 of Anderson (1984).

Lemma 4.2 Let T be defined by (31) and (29). Under the reference prior mg(X)
given by (36), the posterior pr(I" | W) has the following properties if the condition
(14) holds:

(a) pr(I | W) is proper
®) Ty, (A, To), ..., (Ag, Ti) are mutually independent
(c) Fori=1,...,k,

1
|T;; |ome—miz1=gqi-1)/2+1

1 1 _
X 1_[ exp {—Etf(riilwizz-l)} ;

is — Wit

pr(Tii | W) o

I<s<t<p;

) Fori=2,....k (A; | T, W) ~ Nppgis Wiy Wi, Ty @ Wi,
(e) The posterior mean of £~ is finite.

From Yang and Berger (1994), the Bayesian estimator of X under the Stein

loss function (5) is s = {E(EI’l | VNV)}A. So we have the following theorem
immediately.

Theorem 4.4 If the condition (14) holds, the Bayesian estimators of X under
7y (X) and mgr(X) under the Stein loss function (5) uniquely exist.

Based on Lemma 4.1, an algorithm for computing Bayesian estimator %, under
77 (%) can be proposed, which is similar to that for computing the best equivariant
estimator X in Sect. 3.3. In Sect. 6, we will present an MCMC algorithm for
computing Bayesian estimator X gz under 7wz (%).

5 The case when k = 3

As an example, we apply the algorithm of computing $ ; in Sect. 3.3 for k = 3.
In this case,

R o Qng QIZB S}BB -
S ={EAA W)} = Q15 Q225 Q238 ;
Q313 Q35 Q333
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where

Q13 = (K)"'DK;’

3
+ 3 Bir Wi + Wil Wi (KD ' DK Wi WL | B,

i
Qs =Ry = — Wy, Wan(K) 7 'DoK; !

+ B3, {P3W3_111 + W3 Wi (K5) 7' DK Wiy Wi }Béz,
Qi35 = Q%) = — B3 W3, W3 (K5 'DsKS

Q5 = (Ky) 'DK;!
+B32{P3W3_111 + W3_111W312(K/3)_1D3K3_1W321W3—111 }Bgz’
Qs =Q, = — B3 W3\ W3 (K)) T'D3KS
Q35 = (K 'D:K;
Here,
By =1, Bsi =, 0pxp), Bz =(0p,xp,,1p,). (37)

To see the difference between the best equivariant estimator | % 5 and the max-
imum likelihood estimator ¥, when k = 3, we could rewrite X, as follows:

~ —~ —~ 1
Qiim Qiom Lizm

Xy = | Qum Quy Lim |
Q310 3oy R33m

where
Qi1y = m3(K) 'K}
3
+ Z(m3 —mi_ B W\ Wi (KD 'K 'W,0, W, 1 B;,,
i=2

Quoy = Q) = —(m3 — m)W5 i Wapn (K5) 'K !
+(m3 — m2)B3 W, Wi (K K3 ' Wi W3\ BY,
Q3w = @,y = —(m3 — m2) By W3, Wapo (K5 7'K;
Qooy = (m3 —mp)(Ky) 'K
+(m3 — m)Bn Wi, Wi (K) ' K3 ' Wi Wi B,
Qo3 = iy = —(ms — mo)Bu W3, Wan(K5) 7'K;
Qa3p = (m3 —may) (K 'K3

Finally, the Bayesian estimator 3, under the J effreys prior 7, (%) can be cal-
culated analytically,

. Wiy Wiag Wiy
X = | Yoy Yoy Yoy |,
Wiy Wiy W3y
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where

Q) = (m3 + p1 — W+ Wi

+(m3 —my + py — pYWy, Waa W Way WS,

+Bs; {P3W;111 + (m3 —my + p3 — P)ngllW312W§212-1W321W§111 }B/sl’
Q) = §/12] = (m3—my+ p2 — P)W;212-1W221W;111

+B32{P3W§111 + (m3 —my + p3 — pYW3/\ W3, Wayh Wiy W }Bg"
Q) = s/5/131 = (m3—may+ p3 — P)Wip Wi W3\ BS
Q3 = Q) = (m3 —ma+ p3s — p)Wip Wiy W3, By,
Qo = (my —my + py — p)Wayy

+Bsz{p3W§111 + (m3 —ma + p3 — pYW3 ;W3 Wi Wiy Wi }Bgz’
Q337 = (m3 —ma+ p3 — pYWih .

Here B3, and B3, are given in (37).

Unfortunately, it is almost impossible to calculate the Bayesian estimator TR
analytically under the reference prior 7z (%). Some simulation work will be given
in the next section.

6 Simulation studies

In this section, we evaluate the performances of the MLE % M, the best
G-equivariant estimator 2 B, the Bayesian estimator b ; for the Jeffreys prior and
the Bayesian estimator % for the reference prior. For a given W, we know how
to compute the above estimators except X g from Sects. 3 and 4.4. However, it is
still impossible to compute the risks for the above four estimators analytically. So
we will derive their approximate risks by simulation instead. For a given W, we
first show how to simulate X z because there is no closed form for this estimator.
Because the transformation from X~ !to I' is one-to-one, we consider simulat-
ing from thgposterlor pr(T | W) of T" and then obtaining the samples of £ ! from
pr(E~" | W) by using the transformation described in Sect. 4. From Lemma 4.2,
we justneed to simulate from the posteriors pr(I'q1 | W) Pr(A2, T W) ..y PR
(A, T | W) respectively. By Lemma 4.2(b) and (c), the question turns out to
simulate from the posterior pg(I';; | W) of I';; foreachi = 1, ..., k. Yang and
Berger (1994) provided a hit-and-run algorithm based on the exponential matrix
transformation. Berger, Strawderman and Tang (2005) presented an easier Metrop-
olis—Hastings algorithm and investigated some properties of the algorithm such as
MCMC switching frequency and convergence. Here we adopt the Metropolis—Has-
tings algorithm to simulate from the marginal posterior distribution pg(I";; | W) of
I’;;. For convenience, we will denote the marginal posterior distribution pg(I;; |
W)ofI;;as fi(Ty;),i =1, ..., kand U (0, 1) as the uniform distribution between
Oand 1.
An algorithm for simulating from the marginal posterior distribution of T j;:



226 X. Sun and D. Sun

Step 0: Choose an initial value /I:E?) and set / = 0. Usually, we choose the MLE
of [';; as T\, which is based on (29) and (15).

Step I: Generate a random variable I';; ~ g;(I";;) and another random variable
U ~ U(0, 1), where g; (T';;) is a probing distribution, which will be given
later.

Step 2: Compute

_ i) @)

= T =1,...,k.
f,l-‘u) 8i (L

Step 3: If U > R;, set I‘(H'l) I‘,(f), [l =1+ 1, and return to Step 1.

If U < R;, set I‘gﬂ) =TI, =1+ 1, and return to Step 1.

According to Berger, Strawderman and Tang (2005), an efficient probing dis-
tribution g; (I';;) can be chosen as

1
gi(Fii) X |Fii |7(mk7mi_l7%_]er1+1)/2 eXp {—Etr(f‘;lwizz_l)} s

whichis IW ,, (W21, mg —m;_1 —qi—1),i =1, ..., k. Therefore, the resulting
R; in Step 2 becomes

U] 0] B
Hl<s<t<p, d dit ) " |Pii|(p' /2
nlsmtsm (dis — dir) |I‘x)|(17,-71)/2’

Suppose that we now have the sample {Ff?), l"l(ll), ey I‘l(.?)} by using the

above algorithm for eachi = 1, ..., k. Then, by Lemma 4.2(c), simulate Al@ ~
Npor Wiy WL T @ Wi b, L= 1mi =2k, Consequently, by
(31), we may have the sample ro, I‘(")} of size n being appropriately from
the posterior pg(I" | W).
Once we have {T", ..., T™}, an MCMC sample {(Z~H)D, ..., (E~H")}
of size n for each W can be obtained by using the transformatlon (30) So the
Bayesian estimator ¥ & can be approximately calculated as

= {l Z(g—l)(j)}
n 4
j=1

We report several examples for staircase pattern models with nine variables
below. The results of each example are obtained based on 1,000 samples from the
corresponding staircase pattern model. To get the Bayesian estimate of X under
the reference prior for each of those 1,000 samples, we ran 10,000 cycles after 500
burn-in cycles by applying the algorithm described above. In fact, our simulation
shows that taking 500 samples and running 5,500 cycling with 500 burn-in cycles
is accurate enough to compute the risks of four estimators. Notice that R( > Ry )
depends on the true parameter ¥ while R(EM, ), R(EB, ) and R(Ej, ) are
independent of X.

R, = =1,...,k.

—1

Example 1 Forthecaseofp] = 3, Py = 4, p3 =2,n = l,n, = 2,n3 =

10, we have R(EM, ¥) = 6.3325, R(EB, ¥) = 4.4445, R(E,, ¥) = 4.4472,
R(ER, ) = 4.1801, when the true parameter ¥ = diag(1,2,...,9).
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Example 2 For the case of pj = 3, p» = 4,p3 = 2,ny = 4,n, = 6,n3 =
10, we have R(Xy, X) = 6.9642, R(X3p, X) = 4.9364, R(X;, ) = 5.3014,
R(X g, X) = 4.7620, when the true parameter ¥ = diag(1, 2, ...,9).

Example 3 For the case of pj = 2, pp = 3,p3 = 4,n, = 3,n, = 2,n3 =
10, we have R(2y, ) = 5.6764, R(E 3, £) = 4.2538, R(Z,, B) = 3.8374,
R(X g, X) = 3.5454, when the true parameter X = diag(9, 8§, ..., 1).

Theoretically, we have shown that the best equivariant estimator 3 ; beats the
MLE X, in any case. Our simulation results also show that the Bayesian estimator
Y. g is always the best one among the four estimators while the MLE X, is the
poorest. It must be admitted, however, that all these conclusions are quite tentative,
being based on only a very limited simulation study.

7 Comments

In this paper, we apply two kinds of parameterizations to deal with the estimation of
the multivariate normal covariance matrix with staircase pattern data. One is based
on the Cholesky decomposition of the covariance matrix and is convenient to get
the MLE and the best equivariant estimator with respect to the group of the lower
triangular matrices under an invariant loss. The other is based on Bartlett decom-
position and is convenient to deal with the Bayesian estimators with respect to the
Jeffreys prior and the reference prior. Simulation study shows that the Bayesian
estimator with respect to our reference prior is recommended under the Stein loss.
Notice that the Bayesian estimator with respect to Yang-Berger’s reference prior
(Yang and Berger, 1994) performs well in estimation of the covariance matrix of
the multivariate normal distribution with the complete data. However, it seems to
be difficult to apply this prior to the staircase pattern model discussed in this paper.
It is even hard to evaluate the performance of the resulting posterior distribution
of the covariance matrix. Another advantage of our reference prior is that it can
reduce the dimension of the variables in MCMC simulation. Because our reference
prior depends on a group partition of variables, it is still unclear how to choose
the best one from a class of reference priors. More study about this prior will be
investigated in the future.

8 Appendix: Proofs

Proof of Theorem 4.1 For brevity, we just give the proof for k = 2. It is easy to
extend it to the case for general k. Because the likelihood function of T is propor-
tional to

1
Mk

1 1 & Y
X——exp{ —= Y, Y, )2:1( / )

1 & _
exp 1 —> ZY’ﬂS”lYﬂ
j=1
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1 1 & _ I*
= ——m —m CXP —QZY}lrulYﬂ—g ;
j=1

T2 [Tl 2
where
—-A)\ (T 0 I, 0)\ /Y
I* = Y., v P /)
—;4-1( ! <0 Iy, >( 0 F221> (_A2 Ipz) (sz
my 1
- v (), o)
/=;+1 Y 0 Ty ) Y- A2y,

my mp
= > Yu'Yu+ Y (Yo — AY;)Ty (Y — AYj).
j=mi+1 Jj=mi+l1

The log-likelihood becomes

my
. my 1 /-1
log L = const — 5 log [T'y1| — 3 ;YﬂFn Yji

1
——log|r‘zz|—— Z (Yo — A2Y;1) T3, (Y2 — Ao o).

]—m1+l

Thus the Fisher information matrix 7 (@) will have the following block structure,

A; 0 0
10)=1 0 A/zz Ans
0 Ay Az

Similar to the calculation of C in Sect. 4 of McCulloch (1982), we can get
m n
Ay = 72(}/1([';1‘ ®T)G; and A= EZG/Z(I‘Q‘; ®T3)Gs.

Now we calculate A,,. Because

dlogL 2
r, (Y AY )Y,
3, _%:H 5 (Y2 — MY ) i
we have
dlog L
e Y r Y AY
avec(Az) Z (Y1 @) (Yjo — A2Y)).
j=mi+1
Therefore,

dlog L dlogL '
Ap =E :
avec(A») dvec(A»,)
= E[ (Y1 ® T5) Y2 — AoY oy 1) Y2 — Ao Y, 1) (Y, @ T3]

= mE[(Ym,1 ® T3 T(Y,,  ®T35)]
=mX F2_21



Estimating a normal covariance matrix 229

In addition,

dlog L ny . 1_. < -1
=——T,+=-T E Xpo— A Y )(Yjo— A Y))T
9T Sl THln . j J j j 2

Similar to the calculation of B in Sect. 4 of McCulloch (1982), we have
dlog L dlogL
A/23 =E - o8
dvech(I'y) \ dvec(A»)
_GyE dlog L dlogL
dvec(I"y) \ dvec(Aj)

, ny
=G,E |vec 1 —— 2+ I‘ Z (Yj2 — MY 1XY 2 — AyY ;)T
j=mi+1

X Z (Yj] ® F;zl)(YjZ - Aij])
j=mi+1
=0.

The last equality follows because Y;; and Y;, — A,Y;; are independent and
E(Y j1) = 0. The proof of Theorem 4.1 is completed.

Proof of Lemma 4.1 The likelihood function of I is given by
1 &
L(T) = [Ty |/ exp{—§ ZYhFIﬁYﬂ}
j=1

my
><|I‘22|_(’"k_’”')/zexp{ =Y (Yjp— MY )Ty (Y — AzY,l)}
—}’I’I|+1

- Yji
X| T g | 7702 exp 5 Do Yiu—A]
Jj=mp_1+1 Yj,k—l
Y1
XTI | Y — Mg :
Y -1

k

! o —(my—m;
= |I‘11|’"k/zexp{—ztr(l‘”lwm)} X l_[|ril.| (my—mi_1)/2
i=2

1
X exp [—Etr{rfi](wizz — AW — Wi Al + AiwillA;)}:|
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and thus the posterior of I"

9 1
ps(T | W) oc [Ty [t =ptD/2 exp {—Etra‘nlwm)} dry,

k
X l_[ T I_(mk_mi—l+2‘1i_P+l)/2
=2

1
X exp I:_Etr{riil(wi22 — AW — Wi Al + AinA;)”

k
1
— l_[ IT;; |—(mk—m,4+£]f+P:—P+1)/2 exp {_Etr(F;lWiQZI)}
i=1

k
X 1_[ T~/
i=2
1
X eXP[—EU{F”l(Ai — Wi W, DWW, (A — WiZIW“ll)/}] ,

which shows the parts (b)(c) and (d). Here the condition (14) is required to guar-
antee that W;;, and W;y,.; are positive definite with probability one for each
i=1,...,k. - -

For (a), we know that p;(I" | W) is proper if and only if p,;(I";; | W) is proper
foreachi =1, ..., k, and this is still guaranteed by the condition (14).

For (e), from (30), we get

I, 0 -0\ (/T 0 - 0 I, 0 -0
g |7 I e 0 0 ry - 0 |[-Tu 1, -0
T =Tz -0 1, 0 0 -..T;)) \-Tu T I,
W Wy - Wy
| W W Wy
Wi Wi oo Wiy
where

k
W =T;'+ > Tr/Ty i=1.. k-1,
s=i+1
vy, =T,

k
=W, =T;'T;+ ) T, 1<j<i<k-1,
s=i+1
U, =W, =T, /Ty, i=1..k—1
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So E(7!| W) 1s finite if and only if the posterior means of the following items
are finite: (i) T';;', i = 1,...,k; (i) T;;'A;, i = 2,...,k and (iii) A;T;;'A;,
i=1,...,k. Based on Lemma 4.1(d), we get
E(T;'A; | T, W) = T ' Wi Wi,
E(AT'A; | Ty, W) = piWih + Wi Wil Way Wi
To complete the proof of part (e), we just need to show each posterior mean of I‘lfil
is finite, i = 1, ..., k. By Lemma 4.1(c), we will easily see that the marginal pos-

terior of I';; !is proper if the condition (14) holds and follows Wishart distribution
with parameters W;»,.; and m; — m;_; + q; — p. Consequently, it concludes

ET; | W) = (g —mi_y+q; — pWihy, i=1....k
The results thus follow.

Proof of Lemma 4.2 Similar to the proof of Lemma 4.1, we have

k

pr(T | W) o 1_[ |Fii|—(mk—m171—q,>1+2)/2 1_[

i=1 l<s<t=<p;

1
X exp {—Etr(I‘i_ilW,-zz.l) }

k
X 1_[ Ty =472
i=2

1 _ _ _
X exp |:—§tr{l"i,-](Ai — Wiy W, DWiip x (A; — WiZIW“l])/}i|s

1
di‘v - dit

which concludes (b)(c) and (d). For (a), pr(T" | W) is proper if and only if pg(T;; |
W) is proper foreachi = 1, ..., k. As stated by Yang and Berger (1994), the mar-
ginal posterior of T';;

pr(Tii | W)dT; oc Dy~ a0/
1
X exp {—ztr(ogni—‘oiwm.l)} dD; dH;

and is proper because it is bounded by an inverse Gamma distribution if n; > p,
where d H; denotes the conditional invariant Haar measure over the space of
orthogonal matrices O; = {O; : 0;0; = I, } (see Sect. 13.3 of Anderson (1984)
for definition).

For (e), 51m11ar to the proof of part (e) of Lemma 4.1, we still just need to
prove E (I‘ | W) < oo with respect to the posterior distribution of I';; given

by Lemma 4.2 (c),i = 1,..., k. Note that E(I‘“1 | W) < oo if and only if
[{tr( N2 v~v] < oo. Considering that {tr(I;)}1/2 = (X0, d;2)"* <

s=1"is
a’lpl, where d;j; > --- > d;), are the eigenvalues of I';;, we have E(I‘* |
W) < xif E (d | W) < 00. By a similar method used in the proof of Theo-
rem 5 in Ni and Sun (2003), we easily get that E (dip; | W) < o0 if the condition
(14) holds. Hence part (e) follows. The proof is thus complete.
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