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Abstract Indicator functions are new tools for studying two-level fractional
factorial designs. This article discusses some properties of indicator functions.
Using indicator functions, we study the connection between general two-level fac-
torial designs of generalized resolutions.
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Resolution I /1* design - Extended word length pattern

1 Introduction

Regular two-level factorial designs have been studied quite extensively. These
designs have defining relations which can be used to study many properties of
these designs. Non-regular designs have not been well studied since they have no
defining relations. However, sometimes non-regular designs are more useful than
regular designs since they need fewer runs; see, for example, Addelman (1961),
Westlake (1965) and Draper (1985).

Pistone and Wynn (1996) introduced a method based on Grobner bases, an
area in computational commutative algebra, to study the identifiability problem in
experimental designs. Subsequently, Fontana et al. (2000) introduced the indicator
function as a tool to study fractional factorial designs without replicates, which was
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subsequently extended to the case of replication by Ye (2003). Indicator functions
are very useful when dealing with general two-level factorial designs. Applications
of Grobner bases to this and other areas of statistics have been discussed in detail
by Pistone et al. (2001).

Deng and Tang (1999) and Tang and Deng (2000) defined the generalized reso-
lution, that is, fractional resolution, and generalized aberration criteria for general
two-level factorial designs. These criteria were redefined through indicator func-
tions by Ye (2003) and Li et al. (2003). In this article, the definition of fractional
resolutions by Li et al. (2003) is used and we will denote fractional resolutions
by N-s, where N is an integer and s is a fraction. A resolution N* - s design is a
resolution N-s design such that its indicator function contains no (N + 1)-letter
word.

Regular resolution 7/77* designs are regular resolution /717 designs in which
no two-factor interactions are confounded with one another. This class of de-
signs is valuable in composite designs and were first examined by Hartley (1959).
Draper and Lin (1990) found that there is a connection between regular resolutions
I17* and V designs; especially, they showed that resolution 7/ I* m-factor regular
designs can be converted into resolution V (m — 1)-factor regular designs and,
conversely, resolution V m-factor regular designs can be converted into resolution
I111* (m+ 1)-factor regular designs, so that one can obtain resolution /7 I* designs
through well-known resolution V designs. In this article, we extend these results
to a more general case through indicator functions. We show that resolution I77*
designs can be converted into designs with a resolution at least V; on the other
hand, one can obtain regular resolution //7* designs from not only regular res-
olution V designs, but also regular designs with resolution greater than V which
are known and have better properties from a practical point of view. More general
results are also obtained. In particular, our results show that these generalizations
are also true for non-regular designs.

In Sect. 2, we introduce indicator functions, generalized resolution and the
extended word length pattern. Some properties of indicator functions and resolu-
tion N*-s designs are discussed in Sect. 3. In Sect. 4, we provide a way to convert
resolution (2/ — 1)*-s designs to designs of resolution at least (2/ + 1)-s. A link
between resolution (2/ — 1)-s designs and resolution 2/ - s designs is also presented
in this section. Finally, in Sect. 5, we show that resolution //7*-s designs can be
obtained from designs with resolutions equal to or greater than V.

2 Indicator functions, fractional word length and extended word length
pattern

Let Dy» be the full two-level m-factor design, i.e., Dym={x=(x1, X2, ... , X;)
|lx;, = lor — 1, i=1,2,... ,m}, M={1,2,... ,m},Lyn = {o = (a1, ay,
)=l or0Vi € M}, x* = x{"x5” - -x%, and | « ||= Y., ;. Then,

|| @ || is the number of letters of x*.

Let F be any two-level m-factor design such that for any x € F, x € Dy, but
x might be repeated in F. The indicator function of F is a function f (x) defined
on Dy» such that f(x) = r,, where r, is the number of appearances of the point x
in design F. In this article, we assume that F contains some but not all the points
in Dzrn .
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Fontana et al. (2000) and Ye (2003) showed that the indicator function f (x) of
F can be uniquely represented by a polynomial function

fo) =) bax", (1

aclom

where the coefficients {b,, ® € Lo} can be determined as b, = 2%,, D oer X%
In particular, |b, /byl <1 and by = n/2™, where n is the total number of runs in F.

Thus, given a design, we can find the coefficients of its indicator function. For a
regular design, its indicator function is easy to find. For example, if /=x;x4xs and
I=x,x3x4x¢ are generators of a two-level 6-factor design, then we can easily check
that the corresponding indicator functionis f(x) = 2% (I4+x1x4x5) (14+X2X3X4X6) =
41—1(1 + X1X4X5 + XpX3X4X6 + X1X2X3X5X¢).

Conversely, given an indicator function of a two-level factorial design F, we
can check whether it represents a regular design or not. Fontana et al. (2000) and
Ye (2004) showed that F is a regular design (with or without replicates) if and only
if | b, /by | =1 for all nonzero b, in the indicator function of F.

Example 1 An 1nd1cat0r functlon of atwo level 5- factor design F without replicate
is f(x) =5 4x1x2x3 + x2x3x4 + x2x3x5 + 4x1x2x3x4x5 Since there exists
nonzero by, such that |b, / b0| #1,Fis not a regular design.

Li et al. (2003) extended the traditional definition of the word to non-
regular designs by calling each term with a nonzero coefficient (except the constant)
in the indicator function of a design a word. If x is a word, its length is defined as
[[x*|| = [lee|]| + (1 — |by/bol). Thus for regular designs, since |b, /bg|=1, for each
word x, its length is the number of letters of the word; for non-regular designs, the
length of words may be fractional since |b, /by| may be less than 1. In Example 1,
the length of the word xx,x3 is 3.5. The extended word length pattern of F is
defined to be (f1,..., firm—1y/n> J2s o+ s Sor—Vy/ns oo s Sons oo o s Smta—1)/n)s
where f;;/, is the number of length (i + j/n) words. The generalized resolution
is defined as the length of the shortest word. Thus, the resolution of the design in
Example 1is 111*-5. Given two extended word length patterns of two designs, the
aberration criterion is defined by sequentially comparing the two extended word
length patterns from the shortest-length word to the longest-length word.

In the following sections, W” = {a € Ly |by # Oand | « || # 0}, Wl =
{0 e WP ||| @ | isodd},and WY = {e e WP | || o | is even}.

3 Properties of indicator functions and resolution N* - s designs

In this section, we will study some properties of indicator functions which will
be used in the later sections. We will show that there is no (2] 4 1)-factor design
(without replicate) of resolution (2/ — 1)*-s when the run size of the design is not
equal to 2%,

Proposition 1 Assume that F is a two-level m-factor design and f (x) = by+byx*
is its indicator function. Then all the points in F have the same number of replicates
2by and F is a regular design.
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Proof For any x € Dy», x% can only be 1 or —1. Thus, f(x) equals either by + by
or by — by Since F contains some but not all the points in D;», there exists at least
one x € Dyn such that f(x)=0. Thus, either by + b,=0 or by — b,=0. Consider
by 4+ b,=0. Let by — b, = a # 0. Then, any point x such that f(x)=by — by,=a
is in F and has the same number of replicates a. In this case, we have a=2b, and
by= — by. When by — b, =0, the proof follows similarly. In this case, a=2b, and
by=Dby. Thus, |b, /by|=1, which shows F is a regular design.

Proposition 2 Assume that F is a two-level m-factor design. For any x € F, if
all the words in its indicator function are odd words, then the sum of the number
of replicates of the points x = (x1, X2, ... , X)) and —x = (—X1, —X2, ... , —X;)
is 2bg. If all the words in its indicator function are even words, then the points x
and —x have the same number of replicates.

If there is no replicate and all the words in its indicator function are odd words,
then either the point x or the point —x is in F and by = 1/2. In other words, if
by # 1/2, then there exists at least one o € W7 such that || « || is even. In this
case, there are at least two words in the indicator function.

Proof Assume that (1) is the indicator function of F. Then for any x € F, f(x) =
bo+)_yeyr boex®. If all the words are odd words, then f (—x)=by—_ 7 baXx®.
Thus f(x)+ f(—x)=2by. If all the words are even words, the proof f(x)=f(—x)
follows similarly.

Assume that there is no replicate and all the words in its indicator function
are odd words. Since #F # 0, 2", 0<by<]1. It follows that 0<2by<2. Note that
f(x)+ f(—x)=2by and f(x) and f(—x) can only be 0 or 1, and we get f(x) +
f(=x) = 1forall x € Dyn. It then implies that f(x) # f(—x), that is, either the
point x or the point —x is in F and by=1/2.

If by # 1/2, by Proposition 1, there are at least two words in the indicator
function.

Proposition 2 shows that a design with only odd words implies a half fraction.
The result “If all the words in the indicator function are even words, then the points
x and —x have the same number of replicates” has also been given informally by
Ching-Shui Cheng (a personal communication). He has shown that a design with
only even words is a foldover of another design.

Example 1 shows that in the case of non-regular designs without replicate, if
by = 1/2 and #W7 > 2, then it is possible that all the words in the indicator
function are odd words.

Hartley (1959) pointed out that there is no regular 2?,‘,2* design. Proposition 3
shows that this is also true in general.

Proposition 3 Assume that F is a (2l+1)-factor resolution (21 — 1) - s design
without replicate. Then, it is not a resolution (21 — 1)* - s design if #F # 2%.

Proof Since the design F has only 2/ 4 1 factors, it has no (2/ 4 2)-letter word.
If #F # 22 then by # 1/2. By Proposition 2, it must have a (21)-letter word.

Example 1 shows that when F is a 5-factor design and #F = 2*, there exists
a design of resolution /77 - 5.
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4 Changing resolutions by converting a m-factor design
into a (m — 1)-factor design

In this section, we extend Theorems 1 and 2 of Draper and Lin (1990) to a more
general case. We show that regular resolution //7* designs can be converted into
designs with resolution at least V. A more general theorem will be proved in this
section. As another special case of this theorem, a relation between designs of res-
olution (2] — 1) - s and resolution 2! - s is also presented. For this purpose, we will
use the same transformations as Draper and Lin (1990) used in their work.
Assume that xy, x5, ... , x,,, are the m factors that form a two-level factorial
design F with the indicator function (1). Let x; be any of the m factors and let

yi=xixj, j=1,2,...,m (j # k). Then yi, y2, ..., Ye—1> Yk+1>--- , Ym fOrm a

(m — 1)-factor two-level factorial design F. We define o =a;,i=1,2,...,m
(i # k). Then x* = x{* [T, (ey)®] = x}*!y*, and || &' ||I= || & || if ex = 0
and || o || —1if o = 1.

Lemma 1 gives the indicator function of F.Lemma 2 provides the resolution
of F and follows from Lemma 1 and the above discussion directly.

Lemma 1 Let F be a two-level m-factor design and F be the corresponding
(m — 1)-factor design. If (1) is the indicator function of F, then g(y) = 2by +
2, WF boy® is the indicator function of F.

Proof From the above discussion, the indicator function of F can be written as
f(x) = by + xy Zaewl}" boy* + Zaewzf by y* . This can also be seen as the indi-
cator function of the design with the factors yi, y2, ..., Yk—1, Xks Yk+1s - - - » Ym-
When it is projected onto yi, y2, ..., Yk—1, Yk+1» - - - » Ym, the resulting projected
design is F. By Theorem 1 in Ye (2003), the indicator function of the projected
design is g(y) = 2bo + 2,y by y¥.

Although g(y) is only related to the even words in f(x), the words in g(y)
can be odd words, that is, there may exist o € sz such that the length of its
corresponding «’ is odd. When there is only one even word in f(x), g(y) has only
one word. By Proposition 1, the design is a regular design. When all the words
in f(x) are odd words, g(y)=2bg for all y € Dyu-1, that is, F is a full two-level
(m — 1)-factor design with 25, replicates for each point in F.

Lemma 2 Let F be a two-level m-factor design and F be the corresponding
(m — 1)-factor design. Assume that 2r is the number of letters in the shortest even
word in (1). Let A = {a € WZ}- | || « ||= 2r}. Then, the resolution 0f.7-A" is
(2r — 1) - s if there exists an a € A such that o =1 and 2r - t otherwise.

To obtain the fractions s and ¢ in Lemma 2, if there exists an « € A such that
ay=1,and let A; = {0 € A | oy = 1}, then s = min{l — |b,/by|, @ € A};
otherwise, t = min{l — |b, /by|, o € A}.

Theorem 1 shows the relation between the resolutions of the original design F
and the resolutions of the transformed design F.
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Theorem 1 Let F be a m-factor two-level fractional factorial design with the indi-
cator function (1). Assume that 2r is the number of letters in the shortest even word
in (1). Then regardless of what resolution of F is, F can always be converted into
a (m — 1)-factor design F of resolution 2r — 1) - s in the same number of runs.
If there existsak € {1,2, ... ,m} such that forany a € A, oy # 1, then F can be

converted into a (m — 1)-factor design F of resolution 2r - t.

Proof Let o € A. Consider any k such that ox=1. By Lemma 2, we get the first
result. The second result follows from Lemma 2 directly.

The following corollaries are obtained readily from Theorem 1. Corollary 1 is
a generalization of Theorems 1 and 2 of Draper and Lin (1990), while Corollary 2
is an extension of Corollary 1 of Draper and Lin (1990).

Corollary 1 A m-factor two-level fractional factorial design of resolution (21 —
1)* - s1 can be converted into a design of resolution at least (21 + 1) - s, in the same
number of runs.

Corollary 2 Assume that a design of resolution 111* - s| can be converted into a
design of resolution V - s,. Then, if m is the maximum number of factors that can
be accommodated in the design of resolution I 11" - sy, then the maximum number
of factors that can be accommodated in the design of resolution V - s, with the
same number of runs is at least m — 1.

Example 2 An indicator function of a 6-factor design is f(x) = le + %x1x4x5 +
%x2x3x6 — %X1X5x6 — %XQ)C3X4 — %XQX5)C6 — %X1X3X6 — %XQ)C4X5 — %X1X3X4 +
%x1x2x3x4x5x6. This is a resolution /77* - 5 design. Take, for example, k=6 (one
can take any i, i=1,2,...,06), thatis, y;=xex;, i=1,2,...,5. Since f(x) only
contains one even-letter word x;x,x3x4X5xg, by Corollary 1, F can be converted
into a resolution V' design and g(y) = 5 + 5Y12Y34)s.

Corollaries 3 and 4 provide connections between two-level designs of resolu-
tion (2/ — 1) - s and resolution 2/ - ¢. In particular, when /=2, they show connections
between two-level designs of resolution /71 - s and resolution IV - ¢.

Corollary 3 Let F be atwo-level m-factor design of resolution (21 —1)-s. Ifthere is
a 2l-letter word in the indicator function of F and there existsak € {1,2,... , m}
such that for any o € A, ay # 1, then F can be converted into a (m — 1)-factor

design F of resolution 21 - t in the same number of runs.

Corollary 4 Let F be a two-level m-factor design of resolution 21 - t. Then, F can

be converted into a (m — 1)-factor design F of resolution (21 — 1) - s in the same
number of runs.

Example 3 An indicator function of a 7-factor regular design with generators
X5=X|X2X4,X6=X1X3,and x7=x2x31s f(x) = %-i—éx1x3x6+%x2x3X7+%x1x2X4x5+
éxu@xém + §x1x2x6x7 + %XQX3X4)C5)C6 + §x1X3x4x5x7. This is a resolution 1117
design. Since there exists a k(=3) such that x3 is not present in all the four-letter
words, F can be converted into a 6-factor design of resolution 7V and its indicator
function is g(y) = § + §Y1y2)4Ys5 + 1V4YsYey7 + TV1Y2Y6)7-
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Example 4 An indicator function of a 7-factor design is f(x) = % + %x1x3x4x7 +
ix 1X2X4X5 + %x2x3x5X7 + %x2x3x4x6x7. This is a resolution 4% design. If we take
k=1, then F is converted into a 6-factor design of resolution /77 and its indicator

function is g(y) = 3 + 3y3y4y7 + 3245 + 3Y2)3)5)7-

5 Obtaining a resolution 711* design by converting a m-factor design
into a (m + 1)-factor design

Assume that y;=(x;x))x;, i=1,2,...,m, yu+1 = xex;. Then, yi, vo, ..., Y+l

form a (m + 1)-factor two-level factorial design and x;=yi, xx=y;, and x; =y, y; i,
for any i # k, /. Since

m m
x(x — l_[ (kalyi)ai yzll yIOlk — l_[ (yi)ai y]Ea”_akyl”a”_al ,

i=1 i=1
ikl ikl

we define
o, if 1<i<m and i#k, I,
T T
0, ifi=m + 1.
Then x* = y*'.

Lemma 3 gives the indicator function of the transformed design.

Lemma 3 Let F be a two-level m-factor design and F be the transformed (m+1)-
factor design. If (1) is the indicator function of F, then the indicator function of F

is 00) = 5 germ bay” + Ypery bay* "N D), where g is a1 x (m + 1)
vector such that k, [ and the (m + 1)-th entries are 1 and all others are 0.

Proof The indicator function of the 2"+D~! design with the defining relation

V1 = kY118 fo(y) = %(l =+ Y& Y1 Ym+1)- From the above discussion, the right hand
side of (1) canbe writtenas ) _,; . by ¥ . Thus, the indicator function of the design

formed by the factors yy, y2, ..., ym is f1(y) = ZaeL2m bayo‘/.Therefore, e indi.
cator function of F is g(y) = fo) f1(») = 31 + Yiyiym+1) > et byy® =
%(ZWELZWI baya, + ZO{ELZIYI bOlya,-Hp(mOd 2))

The following theorem is a generalization of the converse of Theorem 1 in
Draper and Lin (1990). It shows that a regular resolution /7/7* design can be
obtained from a design with resolution of not only V, but also greater than V. The
result is also true for general two-level factorial designs.

Theorem 2 Any m-factor two-level fractional factorial design F with resolution
at least V can be converted into a (m + 1)-factor design F of resolution 111*.



616 N. Balakrishnan and Po Yang

Proof By (2),

ol =2, if |« isodd, and ox=1, a;=1,
le I=3 llell+2,if || | isodd, and a;=0, a;=0, 3)
e |l, otherwise,
o, if 1<i<m and i#k,1,
, _J el —a+1(mod2), ifi=k,
@+ =1 \a o +1mod2), ifi=l,
1, ifi=m+1,
and therefore
|| =1, if || | iseven, and ay=1, a;=1,
le'+@ll=4 laell+3, if ||| iseven,and ax=0, ;=0 @)

la|l+1, otherwise.

By (3) and (4), for any « € W7 such that || o ||> 5, | o || and || o’ + ¢ | are
all at least 3 but not equal to 4. From Lemma 3, the indicator function of F has a
word y¥ = y; V1 V1 and its length is 3. Thus, the resolution of F is 111*.

The following corollary is an extension of Corollary 2 of Draper and Lin (1990).

Corollary 5 If (im — 1) is the maximum number of factors that can be accommo-
dated in a design F of resolution V - s, then the maximum number of factors that
can be accommodated in a resolution 111" design with the same number of runs
is at least m.

Example 5 An indicator function of a two-level 11-factor resolution V11 design
is f(xX) = § + §X2X3X5X6X7X10X11 + FX1X3X4X5X8X0X1] + §X1X2X4X6X7X5X0X10.
If we consider k = 2 and [ = 3, then xpx3X5X6X7X10X11 = YsY6Y7Y10V11>
X1X3X4X5X8X9X11 = Y1 Y2Y4Y5Y8Y9 V11, ANd X1 X2 X4X6X7X8X9X10 = Y1 Y2Y4Y6Y7Y8Y9Y10-
Thus, by Lemma 3, the indicator function of the transformed design is g(y) = % +
%ywwu + %ysyf)ywlo)’u + %)’1y2y4)’5y8yw11 + %ylyzywawysywlo + %)’2)’3)’5

YeY7Y10Y11¥12 + §Y1Y3Y4Y5Y8YoV11 Y2+ §Y1Y3Y4Y6y7YsYoyioyi2. This is a resolu-
tion I 11* design.

Example 6 An indicator function of a two-level 9-factor design is f(x) = % +
iX1X3X4x6X7 + %XQX3X5X6X9 + %X1XQX4X5X7X9 + %xleX5x6)C8X9.

If we consider k=1 and /=6, then x| x3xX4X6X7 = Y3Y4Y7, X2X3X5X6X9 = Y1 Y235
Y9, X1X2X4X5X7X9 = Y1Y2Y4Y5Y7Y9, and X|XpXs5XeXgX9 = Y1Y2Ys5Y6YsYo. Thus,
by Lemma 3, the indicator function of the transformed design is g(y) = % +
2Y1Y6 Y104 §Y3V4Y7H §V1Y2V3Y5 Y0+ & ¥1Y2Y4Y5¥7Y0+ £ V125 Y6 Vs Yo+ & V1 Y3 Vs Ve
Y1¥10 + §Y2Y3Y5¥6Y0)10 + Y2Y5Y8YoVio +§Y2VaYsYey7¥eyio. The word lengths
of the 3-letter words y; ysy1o and y3y4y7 are 3 and 32, respectively. Thus, the res-
olution of the transformed design is 711. Since there is no four-letter word in its
indicator function, the transformed design is therefore of resolution 777*.
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If we consider k =4 and / =8 (note that xg is not in any five-letter word),
then x1x3X4X6X7 = Y1Y3Y6Y7Y8, X2X3X5X6X9 = Y2Y3V4Y5Y6Y8Y9, X1X2X4X5X7X9 =
Y1Y2YaYs5Y7Y9, and X1 X2X5X6XgX9 = Y1 V2 V5V6 Vs V9. Thus, the indicator function of
the transformed design is g(y) = 3 4 2 yaysy10-+ § Y13Y6)7Ys + 5 V1¥2Y5 V6 Vs Yo -+
§y1y2y4y5y7y9 + %yIYSY4y6)’7YIO + %y2y3y5y6)’9)’10 + 31)’1)’2)’4%%)’9)’10 +
£2Y3Y4Y5Y6Y8Yo + §¥1Y2Ys5¥7YsYoyio0. There is only one three-letter word y4ysyio
and its word length is 3. Note that there is no four-letter word in the indicator
function and hence this is also a resolution /71* design. However, if we compare
the two transformed designs by the minimum aberration criteria, the second design
is better since it has only one three-letter word.

Hence, when we choose k or [, it is better to choose the one whose factor is not
contained in any five-letter word.

6 Conclusions

In this article, we have studied some properties of indicator functions. Using indi-
cator functions, we have showed that there are connections between designs of
resolution /77* and designs of resolution greater than or equal to V. These have
generalized the results of Draper and Lin (1990) and are also true for general
two-level factorial designs. Theorem 4.1 in Sect. 4 is a more general result. As a
special case of the theorem, we have also provided a connection between resolution
(21 — 1) - s designs and resolution 2/ - s designs.
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