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Abstract Indicator functions are new tools for studying two-level fractional
factorial designs. This article discusses some properties of indicator functions.
Using indicator functions, we study the connection between general two-level fac-
torial designs of generalized resolutions.

Keywords Indicator function · Fractional word length · Generalized resolution ·
Resolution III ∗ design · Extended word length pattern

1 Introduction

Regular two-level factorial designs have been studied quite extensively. These
designs have defining relations which can be used to study many properties of
these designs. Non-regular designs have not been well studied since they have no
defining relations. However, sometimes non-regular designs are more useful than
regular designs since they need fewer runs; see, for example, Addelman (1961),
Westlake (1965) and Draper (1985).

Pistone and Wynn (1996) introduced a method based on Gröbner bases, an
area in computational commutative algebra, to study the identifiability problem in
experimental designs. Subsequently, Fontana et al. (2000) introduced the indicator
function as a tool to study fractional factorial designs without replicates, which was
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subsequently extended to the case of replication by Ye (2003). Indicator functions
are very useful when dealing with general two-level factorial designs. Applications
of Gröbner bases to this and other areas of statistics have been discussed in detail
by Pistone et al. (2001).

Deng and Tang (1999) and Tang and Deng (2000) defined the generalized reso-
lution, that is, fractional resolution, and generalized aberration criteria for general
two-level factorial designs. These criteria were redefined through indicator func-
tions by Ye (2003) and Li et al. (2003). In this article, the definition of fractional
resolutions by Li et al. (2003) is used and we will denote fractional resolutions
by N ·s, where N is an integer and s is a fraction. A resolution N∗ · s design is a
resolution N ·s design such that its indicator function contains no (N + 1)-letter
word.

Regular resolution III ∗ designs are regular resolution III designs in which
no two-factor interactions are confounded with one another. This class of de-
signs is valuable in composite designs and were first examined by Hartley (1959).
Draper and Lin (1990) found that there is a connection between regular resolutions
III ∗ and V designs; especially, they showed that resolution III ∗ m-factor regular
designs can be converted into resolution V (m − 1)-factor regular designs and,
conversely, resolution V m-factor regular designs can be converted into resolution
III ∗ (m+1)-factor regular designs, so that one can obtain resolution III ∗ designs
through well-known resolution V designs. In this article, we extend these results
to a more general case through indicator functions. We show that resolution III ∗
designs can be converted into designs with a resolution at least V ; on the other
hand, one can obtain regular resolution III ∗ designs from not only regular res-
olution V designs, but also regular designs with resolution greater than V which
are known and have better properties from a practical point of view. More general
results are also obtained. In particular, our results show that these generalizations
are also true for non-regular designs.

In Sect. 2, we introduce indicator functions, generalized resolution and the
extended word length pattern. Some properties of indicator functions and resolu-
tion N∗·s designs are discussed in Sect. 3. In Sect. 4, we provide a way to convert
resolution (2l − 1)∗·s designs to designs of resolution at least (2l + 1)·s. A link
between resolution (2l −1)·s designs and resolution 2l · s designs is also presented
in this section. Finally, in Sect. 5, we show that resolution III ∗·s designs can be
obtained from designs with resolutions equal to or greater than V .

2 Indicator functions, fractional word length and extended word length
pattern

Let D2m be the full two-level m-factor design, i.e., D2m={x=(x1, x2, . . . , xm)
‖xi = 1 or − 1, i=1, 2, . . . , m}, M={1, 2, . . . , m}, L2m = {α = (α1, α2,
. . . , αm)| αi=1 or 0 ∀i ∈ M}, xα = x

α1
1 x

α2
2 · · · xαm

m , and ‖ α ‖= ∑m
i=1 αi . Then,

‖ α ‖ is the number of letters of xα .
Let F be any two-level m-factor design such that for any x ∈ F , x ∈ D2m , but

x might be repeated in F . The indicator function of F is a function f (x) defined
on D2m such that f (x) = rx , where rx is the number of appearances of the point x
in design F . In this article, we assume that F contains some but not all the points
in D2m .
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Fontana et al. (2000) and Ye (2003) showed that the indicator function f (x) of
F can be uniquely represented by a polynomial function

f (x) =
∑

α∈L2m

bαxα, (1)

where the coefficients {bα, α ∈ L2m} can be determined as bα = 1
2m

∑
x∈F xα .

In particular, |bα/b0|≤1 and b0 = n/2m, where n is the total number of runs in F .
Thus, given a design, we can find the coefficients of its indicator function. For a

regular design, its indicator function is easy to find. For example, if I=x1x4x5 and
I=x2x3x4x6 are generators of a two-level 6-factor design, then we can easily check
that the corresponding indicator function isf (x) = 1

22 (1+x1x4x5)(1+x2x3x4x6) =
1
4 (1 + x1x4x5 + x2x3x4x6 + x1x2x3x5x6).

Conversely, given an indicator function of a two-level factorial design F , we
can check whether it represents a regular design or not. Fontana et al. (2000) and
Ye (2004) showed that F is a regular design (with or without replicates) if and only
if | bα/b0 |= 1 for all nonzero bα in the indicator function of F .

Example 1 An indicator function of a two-level 5-factor design F without replicate
is f (x) = 1

2 − 1
4x1x2x3 + 1

4x2x3x4 + 1
4x2x3x5 + 1

4x1x2x3x4x5. Since there exists
nonzero bα such that |bα/b0| �= 1, F is not a regular design.

Li et al. (2003) extended the traditional definition of the word to non-
regular designs by calling each term with a nonzero coefficient (except the constant)
in the indicator function of a design a word. If xα is a word, its length is defined as
||xα|| = ||α|| + (1 − |bα/b0|). Thus for regular designs, since |bα/b0|=1, for each
word xα , its length is the number of letters of the word; for non-regular designs, the
length of words may be fractional since |bα/b0| may be less than 1. In Example 1,
the length of the word x1x2x3 is 3.5. The extended word length pattern of F is
defined to be (f1, . . . , f1+(n−1)/n, f2, . . . , f2+(n−1)/n, . . . , fm, . . . , fm+(n−1)/n),
where fi+j/n is the number of length (i + j/n) words. The generalized resolution
is defined as the length of the shortest word. Thus, the resolution of the design in
Example 1 is III ∗ ·5. Given two extended word length patterns of two designs, the
aberration criterion is defined by sequentially comparing the two extended word
length patterns from the shortest-length word to the longest-length word.

In the following sections, WF = {α ∈ L2m |bα �= 0 and ‖ α ‖ �= 0}, WF
1 =

{α ∈ WF |‖ α ‖ is odd}, and WF
2 = {α ∈ WF | ‖ α ‖ is even}.

3 Properties of indicator functions and resolution N∗ · s designs

In this section, we will study some properties of indicator functions which will
be used in the later sections. We will show that there is no (2l + 1)-factor design
(without replicate) of resolution (2l − 1)∗·s when the run size of the design is not
equal to 22l .

Proposition 1 Assume that F is a two-level m-factor design and f (x) = b0+bαxα

is its indicator function. Then all the points in F have the same number of replicates
2b0 and F is a regular design.
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Proof For any x ∈ D2m , xα can only be 1 or −1. Thus, f (x) equals either b0 + bα

or b0 −bα . Since F contains some but not all the points in D2m , there exists at least
one x ∈ D2m such that f (x)=0. Thus, either b0 + bα=0 or b0 − bα=0. Consider
b0 + bα=0. Let b0 − bα = a �= 0. Then, any point x such that f (x)=b0 − bα=a
is in F and has the same number of replicates a. In this case, we have a=2b0 and
bα= − b0. When b0 − bα=0, the proof follows similarly. In this case, a=2b0 and
bα=b0. Thus, |bα/b0|=1, which shows F is a regular design.

Proposition 2 Assume that F is a two-level m-factor design. For any x ∈ F , if
all the words in its indicator function are odd words, then the sum of the number
of replicates of the points x = (x1, x2, . . . , xm) and −x = (−x1, −x2, . . . , −xm)
is 2b0. If all the words in its indicator function are even words, then the points x
and −x have the same number of replicates.

If there is no replicate and all the words in its indicator function are odd words,
then either the point x or the point −x is in F and b0 = 1/2. In other words, if
b0 �= 1/2, then there exists at least one α ∈ WF such that ‖ α ‖ is even. In this
case, there are at least two words in the indicator function.

Proof Assume that (1) is the indicator function of F . Then for any x ∈ F , f (x) =
b0+

∑
α∈WF bαxα . If all the words are odd words, then f (−x)=b0−

∑
α∈WF bαxα .

Thus f (x)+f (−x)=2b0. If all the words are even words, the proof f (x)=f (−x)
follows similarly.

Assume that there is no replicate and all the words in its indicator function
are odd words. Since #F �= 0, 2m, 0<b0<1. It follows that 0<2b0<2. Note that
f (x) + f (−x)=2b0 and f (x) and f (−x) can only be 0 or 1, and we get f (x) +
f (−x) = 1 for all x ∈ D2m . It then implies that f (x) �= f (−x), that is, either the
point x or the point −x is in F and b0=1/2.

If b0 �= 1/2, by Proposition 1, there are at least two words in the indicator
function.

Proposition 2 shows that a design with only odd words implies a half fraction.
The result “If all the words in the indicator function are even words, then the points
x and −x have the same number of replicates” has also been given informally by
Ching-Shui Cheng (a personal communication). He has shown that a design with
only even words is a foldover of another design.

Example 1 shows that in the case of non-regular designs without replicate, if
b0 = 1/2 and #WF ≥ 2, then it is possible that all the words in the indicator
function are odd words.

Hartley (1959) pointed out that there is no regular 25−2
III ∗ design. Proposition 3

shows that this is also true in general.

Proposition 3 Assume that F is a (2l+1)-factor resolution (2l − 1) · s design
without replicate. Then, it is not a resolution (2l − 1)∗ · s design if #F �= 22l .

Proof Since the design F has only 2l + 1 factors, it has no (2l + 2)-letter word.
If #F �= 22l , then b0 �= 1/2. By Proposition 2, it must have a (2l)-letter word.

Example 1 shows that when F is a 5-factor design and #F = 24, there exists
a design of resolution III ∗ · 5.
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4 Changing resolutions by converting a m-factor design
into a (m − 1)-factor design

In this section, we extend Theorems 1 and 2 of Draper and Lin (1990) to a more
general case. We show that regular resolution III ∗ designs can be converted into
designs with resolution at least V . A more general theorem will be proved in this
section. As another special case of this theorem, a relation between designs of res-
olution (2l − 1) · s and resolution 2l · s is also presented. For this purpose, we will
use the same transformations as Draper and Lin (1990) used in their work.

Assume that x1, x2, . . . , xm are the m factors that form a two-level factorial
design F with the indicator function (1). Let xk be any of the m factors and let
yj=xkxj , j=1, 2, . . . , m (j �= k). Then y1, y2, . . . , yk−1, yk+1, . . . , ym form a
(m − 1)-factor two-level factorial design F̂ . We define α′

i = αi , i = 1, 2, . . . , m

(i �= k). Then xα = x
αk

k [
∏

i �=k(xkyi)
αi ] = x

‖α‖
k yα′

, and ‖ α′ ‖= ‖ α ‖ if αk = 0
and ‖ α ‖ −1 if αk = 1.

Lemma 1 gives the indicator function of F̂ . Lemma 2 provides the resolution
of F̂ and follows from Lemma 1 and the above discussion directly.

Lemma 1 Let F be a two-level m-factor design and F̂ be the corresponding
(m − 1)-factor design. If (1) is the indicator function of F , then g(y) = 2b0 +
2

∑
α∈WF

2
bαyα′

is the indicator function of F̂ .

Proof From the above discussion, the indicator function of F can be written as
f (x) = b0 + xk

∑
α∈WF

1
bαyα′ + ∑

α∈WF
2

bαyα′
. This can also be seen as the indi-

cator function of the design with the factors y1, y2, . . . , yk−1, xk, yk+1, . . . , ym.
When it is projected onto y1, y2, . . . , yk−1, yk+1, . . . , ym, the resulting projected
design is F̂ . By Theorem 1 in Ye (2003), the indicator function of the projected
design is g(y) = 2b0 + 2

∑
α∈WF

2
bαyα′

.

Although g(y) is only related to the even words in f (x), the words in g(y)
can be odd words, that is, there may exist α ∈ WF

2 such that the length of its
corresponding α′ is odd. When there is only one even word in f (x), g(y) has only
one word. By Proposition 1, the design is a regular design. When all the words
in f (x) are odd words, g(y)=2b0 for all y ∈ D2m−1 , that is, F̂ is a full two-level
(m − 1)-factor design with 2b0 replicates for each point in F̂ .

Lemma 2 Let F be a two-level m-factor design and F̂ be the corresponding
(m − 1)-factor design. Assume that 2r is the number of letters in the shortest even
word in (1). Let A = {α ∈ WF

2 | ‖ α ‖= 2r}. Then, the resolution of F̂ is
(2r − 1) · s if there exists an α ∈ A such that αk=1 and 2r · t otherwise.

To obtain the fractions s and t in Lemma 2, if there exists an α ∈ A such that
αk=1, and let A1 = {α ∈ A | αk = 1}, then s = min{1 − |bα/b0|, α ∈ A1};
otherwise, t = min{1 − |bα/b0|, α ∈ A}.

Theorem 1 shows the relation between the resolutions of the original design F
and the resolutions of the transformed design F̂ .
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Theorem 1 Let F be a m-factor two-level fractional factorial design with the indi-
cator function (1). Assume that 2r is the number of letters in the shortest even word
in (1). Then regardless of what resolution of F is, F can always be converted into
a (m − 1)-factor design F̂ of resolution (2r − 1) · s in the same number of runs.
If there exists a k ∈ {1, 2, . . . , m} such that for any α ∈ A, αk �= 1, then F can be
converted into a (m − 1)-factor design F̂ of resolution 2r · t .

Proof Let α ∈ A. Consider any k such that αk=1. By Lemma 2, we get the first
result. The second result follows from Lemma 2 directly.

The following corollaries are obtained readily from Theorem 1. Corollary 1 is
a generalization of Theorems 1 and 2 of Draper and Lin (1990), while Corollary 2
is an extension of Corollary 1 of Draper and Lin (1990).

Corollary 1 A m-factor two-level fractional factorial design of resolution (2l −
1)∗ · s1 can be converted into a design of resolution at least (2l +1) · s2 in the same
number of runs.

Corollary 2 Assume that a design of resolution III ∗ · s1 can be converted into a
design of resolution V · s2. Then, if m is the maximum number of factors that can
be accommodated in the design of resolution III ∗ · s1, then the maximum number
of factors that can be accommodated in the design of resolution V · s2 with the
same number of runs is at least m − 1.

Example 2 An indicator function of a 6-factor design is f (x) = 1
4 + 1

8x1x4x5 +
1
8x2x3x6 − 1

8x1x5x6 − 1
8x2x3x4 − 1

8x2x5x6 − 1
8x1x3x6 − 1

8x2x4x5 − 1
8x1x3x4 +

1
4x1x2x3x4x5x6. This is a resolution III ∗ · 5 design. Take, for example, k=6 (one
can take any i, i=1, 2, . . . , 6), that is, yi=x6xi, i=1, 2, . . . , 5. Since f (x) only
contains one even-letter word x1x2x3x4x5x6, by Corollary 1, F can be converted
into a resolution V design and g(y) = 1

2 + 1
2y1y2y3y4y5.

Corollaries 3 and 4 provide connections between two-level designs of resolu-
tion (2l−1) ·s and resolution 2l · t . In particular, when l=2, they show connections
between two-level designs of resolution III · s and resolution IV · t .

Corollary 3 Let F be a two-level m-factor design of resolution (2l−1)·s. If there is
a 2l-letter word in the indicator function of F and there exists a k ∈ {1, 2, . . . , m}
such that for any α ∈ A, αk �= 1, then F can be converted into a (m − 1)-factor
design F̂ of resolution 2l · t in the same number of runs.

Corollary 4 Let F be a two-level m-factor design of resolution 2l · t . Then, F can
be converted into a (m − 1)-factor design F̂ of resolution (2l − 1) · s in the same
number of runs.

Example 3 An indicator function of a 7-factor regular design with generators
x5=x1x2x4,x6=x1x3, andx7=x2x3 isf (x) = 1

8 + 1
8x1x3x6+ 1

8x2x3x7+ 1
8x1x2x4x5+

1
8x4x5x6x7 + 1

8x1x2x6x7 + 1
8x2x3x4x5x6 + 1

8x1x3x4x5x7. This is a resolution III
design. Since there exists a k(=3) such that x3 is not present in all the four-letter
words, F can be converted into a 6-factor design of resolution IV and its indicator
function is g(y) = 1

4 + 1
4y1y2y4y5 + 1

4y4y5y6y7 + 1
4y1y2y6y7.
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Example 4 An indicator function of a 7-factor design is f (x) = 3
4 + 1

4x1x3x4x7 +
1
4x1x2x4x5 + 1

4x2x3x5x7 + 1
2x2x3x4x6x7. This is a resolution 4 2

3 design. If we take
k=1, then F is converted into a 6-factor design of resolution III and its indicator
function is g(y) = 3

2 + 1
2y3y4y7 + 1

2y2y4y5 + 1
2y2y3y5y7.

5 Obtaining a resolution III∗ design by converting a m-factor design
into a (m + 1)-factor design

Assume that yi=(xkxl)xi, i=1, 2, . . . , m, ym+1 = xkxl . Then, y1, y2, . . . , ym+1
form a (m+1)-factor two-level factorial design and xl=yk, xk=yl , and xi=ykylyi ,
for any i �= k, l. Since

xα =

⎡

⎢
⎣

m∏

i=1
i �=k,l

(ykylyi)
αi

⎤

⎥
⎦ y

αl

k y
αk

l =

⎡

⎢
⎣

m∏

i=1
i �=k,l

(yi)
αi

⎤

⎥
⎦ y

‖α‖−αk

k y
‖α‖−αl

l ,

we define

α′
i =

⎧
⎪⎨

⎪⎩

αi, if 1≤i≤m and i �=k, l,
‖ α ‖ − αk(mod 2), if i=k,
‖ α ‖ − αl(mod 2), if i=l,
0, if i=m + 1.

(2)

Then xα = yα′
.

Lemma 3 gives the indicator function of the transformed design.

Lemma 3 Let F be a two-level m-factor design and F̂ be the transformed (m+1)-
factor design. If (1) is the indicator function of F , then the indicator function of F̂
is g(y) = 1

2 (
∑

α∈L2m
bαyα′ + ∑

α∈L2m
bαyα′+ϕ(mod 2)), where ϕ is a 1 × (m + 1)

vector such that k, l and the (m + 1)-th entries are 1 and all others are 0.

Proof The indicator function of the 2(m+1)−1 design with the defining relation
ym+1 = ykyl is f0(y) = 1

2 (1+ykylym+1). From the above discussion, the right hand
side of (1) can be written as

∑
α∈L2m

bαyα′
. Thus, the indicator function of the design

formed by the factors y1, y2, . . . , ym is f1(y) = ∑
α∈L2m

bαyα′
. Therefore, the indi-

cator function of F̂ is g(y) = f0(y)f1(y) = 1
2 (1 + ykylym+1)

∑
α∈L2m

bαyα′ =
1
2 (

∑
α∈L2m

bαyα′ + ∑
α∈L2m

bαyα′+ϕ(mod 2)).

The following theorem is a generalization of the converse of Theorem 1 in
Draper and Lin (1990). It shows that a regular resolution III ∗ design can be
obtained from a design with resolution of not only V , but also greater than V . The
result is also true for general two-level factorial designs.

Theorem 2 Any m-factor two-level fractional factorial design F with resolution
at least V can be converted into a (m + 1)-factor design F̂ of resolution III ∗.
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Proof By (2),

‖ α′ ‖=
⎧
⎨

⎩

‖ α ‖ − 2, if ‖ α ‖ is odd, and αk=1, αl=1,
‖ α ‖ + 2, if ‖ α ‖ is odd, and αk=0, αl=0,
‖ α ‖, otherwise,

(3)

(α′ + ϕ)i =

⎧
⎪⎨

⎪⎩

αi, if 1≤i≤m and i �=k, l,
‖ α ‖ − αk + 1(mod 2), if i=k,
‖ α ‖ − αl + 1(mod 2), if i=l,
1, if i=m + 1,

and therefore

‖ α′ + ϕ ‖=
⎧
⎨

⎩

‖ α ‖ −1, if ‖ α ‖ is even, and αk=1, αl=1,
‖ α ‖ + 3, if ‖ α ‖ is even, and αk=0, αl=0
‖ α ‖ + 1, otherwise.

(4)

By (3) and (4), for any α ∈ WF such that ‖ α ‖≥ 5, ‖ α′ ‖ and ‖ α′ + ϕ ‖ are
all at least 3 but not equal to 4. From Lemma 3, the indicator function of F̂ has a
word yϕ = ykylym+1 and its length is 3. Thus, the resolution of F̂ is III ∗.

The following corollary is an extension of Corollary 2 of Draper and Lin (1990).

Corollary 5 If (m − 1) is the maximum number of factors that can be accommo-
dated in a design F of resolution V · s, then the maximum number of factors that
can be accommodated in a resolution III ∗ design with the same number of runs
is at least m.

Example 5 An indicator function of a two-level 11-factor resolution V II design
is f (x) = 1

4 + 1
4x2x3x5x6x7x10x11 + 1

4x1x3x4x5x8x9x11 + 1
4x1x2x4x6x7x8x9x10.

If we consider k = 2 and l = 3, then x2x3x5x6x7x10x11 = y5y6y7y10y11,
x1x3x4x5x8x9x11 =y1y2y4y5y8y9y11, andx1x2x4x6x7x8x9x10 =y1y2y4y6y7y8y9y10.
Thus, by Lemma 3, the indicator function of the transformed design is g(y) = 1

8 +
1
8y2y3y12 + 1

8y5y6y7y10y11 + 1
8y1y2y4y5y8y9y11 + 1

8y1y2y4y6y7y8y9y10 + 1
8y2y3y5

y6y7y10y11y12 + 1
8y1y3y4y5y8y9y11y12+ 1

8y1y3y4y6y7y8y9y10y12. This is a resolu-
tion III ∗ design.

Example 6 An indicator function of a two-level 9-factor design is f (x) = 3
4 +

1
4x1x3x4x6x7 + 1

4x2x3x5x6x9 + 1
4x1x2x4x5x7x9 + 1

2x1x2x5x6x8x9.
If we consider k=1 and l=6, thenx1x3x4x6x7 = y3y4y7,x2x3x5x6x9 = y1y2y3y5

y9, x1x2x4x5x7x9 = y1y2y4y5y7y9, and x1x2x5x6x8x9 = y1y2y5y6y8y9. Thus,
by Lemma 3, the indicator function of the transformed design is g(y) = 3

8 +
3
8y1y6y10+ 1

8y3y4y7+ 1
8y1y2y3y5y9+ 1

8y1y2y4y5y7y9+ 1
4y1y2y5y6y8y9+ 1

8y1y3y4y6

y7y10 + 1
8y2y3y5y6y9y10 + 1

4y2y5y8y9y10 + 1
8y2y4y5y6y7y9y10. The word lengths

of the 3-letter words y1y6y10 and y3y4y7 are 3 and 3 2
3 , respectively. Thus, the res-

olution of the transformed design is III . Since there is no four-letter word in its
indicator function, the transformed design is therefore of resolution III ∗.
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If we consider k = 4 and l = 8 (note that x8 is not in any five-letter word),
then x1x3x4x6x7 = y1y3y6y7y8, x2x3x5x6x9 = y2y3y4y5y6y8y9, x1x2x4x5x7x9 =
y1y2y4y5y7y9, and x1x2x5x6x8x9 = y1y2y5y6y8y9. Thus, the indicator function of
the transformed design is g(y) = 3

8 + 3
8y4y8y10 + 1

8y1y3y6y7y8 + 1
4y1y2y5y6y8y9 +

1
8y1y2y4y5y7y9 + 1

8y1y3y4y6y7y10 + 1
8y2y3y5y6y9y10 + 1

4y1y2y4y5y6y9y10 +
1
8y2y3y4y5y6y8y9 + 1

8y1y2y5y7y8y9y10. There is only one three-letter word y4y8y10
and its word length is 3. Note that there is no four-letter word in the indicator
function and hence this is also a resolution III ∗ design. However, if we compare
the two transformed designs by the minimum aberration criteria, the second design
is better since it has only one three-letter word.

Hence, when we choose k or l, it is better to choose the one whose factor is not
contained in any five-letter word.

6 Conclusions

In this article, we have studied some properties of indicator functions. Using indi-
cator functions, we have showed that there are connections between designs of
resolution III ∗ and designs of resolution greater than or equal to V . These have
generalized the results of Draper and Lin (1990) and are also true for general
two-level factorial designs. Theorem 4.1 in Sect. 4 is a more general result. As a
special case of the theorem, we have also provided a connection between resolution
(2l − 1) · s designs and resolution 2l · s designs.
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653–666.
Pistone, G., Riccomagno, E., Wynn, H. P. (2001). Algebraic Statistics: Computational Commu-

tative Algebra in Statistics. Chapman & Hall/CRC, London.
Tang, B., Deng, L-Y. (2000). Minimum G2-aberration and nonregular fractional factorial designs.

The Annals of Statistics 27, 1914–1926.



618 N. Balakrishnan and Po Yang

Westlake, W. J. (1965). Composite designs based on irregular fractions of factorials. Biometrics,
21, 324–336.

Ye, K. Q. (2003). Indicator function and its application in two-level factorial designs. The Annals
of Statistics, 31, 984–994.

Ye, K. Q. (2004). A note on regular fractional factorial designs. Statistica Sinica, 14, 1069–1074.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


